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Abstract. We develop a self-consistent description of the slowly changing magnetic
configuration of the near-Earth plasma sheet (NEPS) during substorm growth phase.
This new approach is valid for quasi-static fluctuations w < kjjva (va being the
Alfvén velocity), with characteristic frequency lower than the bounce frequencies of
electrons and ions (w < wp;,wse), and for spatial scales larger than the ion Larmor
radius. The basic equations are obtained from a linearization of the cyclotron and
bounce-averaged Vlasov equation, together with Maxwell equations. The Vlasov-
Maxwell system of equations is solved for the quasi-dipolar NEPS region. Using a
2-D dipole for the equilibrium, we calculate analytically the perturbed components
of the electromagnetic field as a function of an external forcing current. The
quasi-neutrality condition (QNC) is solved via an expansion in the small parameter
T./T; (T./T; is the ratio between the electronic and ionic temperatures). To the
lowest order in T./T;, we find that the enforcement of QNC implies the presence of
a global electrostatic potential which is constant for a given magnetic field line but
varies across the magnetic field. The corresponding electric field shields the effect of
the inductive component of the electric field, thereby producing a partial reduction
of the motion that would correspond to the inductive electric field. Furthermore,
we show that enforcing the QNC implies a field-aligned potential drop which is
computed to the next order in T,/7; in a companion paper [Le Contel et al., this
issue]. In the present paper, we show that the direction of the azimuthal electric
field varies along the field line, thus the equatorial electric field cannot be mapped
onto the ionosphere. Furthermore during the growth phase, the (total) azimuthal
electric field is directed eastward, close to the equator, and westward, off-equator.
Thus large equatorial pitch angle particles drift tailward, whereas small pitch angle
particles drift earthward.

1. Introduction

The process(ses) by which the plasma is transported
in the Earth’s magnetosphere is a critical issue, and
there is no consensus yet about its exact nature. Earlier
models are generally based on simple assumptions: a
static magnetospheric electric field (i.e., an electric field
derived from a scalar potential), driving a steady earth-
ward “convective” motion (e.g., Cowley and Ashour-
Abdalla [1975) or Huang and Birmingham [1994]). Flow
velocities deduced from the measurements of coherent
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and incoherent scatter radar tend to support the view
that there is a regular earthward convective motion no-
tably prior to substorms [e.g., Forme et al., 1998]. In
the case of incoherent scatter radar, however, the Earth
rotation is used to build maps of the flow velocity in
the ionosphere, thus a steady state (over one Earth ro-
tation) is implicitly assumed. However, electric field
and/or flow velocity measurements, carried out in the
magnetosphere on board several spacecraft, are not easy
to reconcile with the simple view of a steady convec-
tion. Huang and Frank [1986] carried out a statisti-
cal survey of plasma flows, measured on ISEE 1, in-
side the plasma sheet. In their survey they excluded
flow velocities above 150 km/s. Their results show that
the average flow is too small to account for the rate
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expected by steady convection models. Baumjohann
et al. [1989] conducted a survey of slow and fast flows
from AMPTE/IRM data. While slow flows were ob-
served most of the time, in agreement with Huang and
Frank [1986], Baumjohann et al. [1989)], taking advan-
tage of a better time resolution, gave evidence for tran-
sient bursts of fast flows, with speeds above 300 km/s,
generally directed earthwards (at least inside of 19 Rg,
REg being the Earth radius). Conversely, the slow flows
have no preferred direction. Angelopoulos et al. [1992]
further analyzed the fast flow bursts and defined bursty
bulk flows (BBFs); these authors suggest that most of
the radial transport of the flux could be effected through
these short lasting but intense flow bursts. These mea-
surements indicate that there is not a unique regime.
These results and other similar results, not described
here, have led Kennel [1995], to introduce the possibil-
ity of a bimodal plasma sheet flow, to stress the differ-
ence between the morphology of fast laminar flows and
slow turbulent flows. The standard convection models,
based on a constant potential electric field, do not de-
scribe these complex situations characterized either by
a high temporal variability of the fast transient BBFs,
or by slow flows with no obvious preferred direction.
Thus “one wonders if steady uniform convection has
ever been found” [Kennel, 1995, p. 22].

In the present paper we do not assume any static
convection electric field. We adopt a different view
point and investigate the transport under the influence
of an externally applied electromagnetic perturbation
that mimics the variation induced by the solar wind.
What is the difference between a steady convection and
a time-dependent transport? In a steady state mag-
netosphere the electric field can only be electrostatic.
Then, the assumption of the absence of a parallel elec-
tric field E)| is equivalent to consider the magnetic field
lines as equipotentials (Ey = —0®/0l = 0 <= the po-
tential electrostatic ® is independent of I the distance
along the magnetic field line). Conversely, in a non-
stationary approach, £y = —0®/0l - 0/0tA| = 0 <=
®+9/0t [ dlA)| = const, where J A in the paralle]l com-
ponent of the vector potential. Therefore the absence of
parallel electric field does not imply the equipotentiality
of the magnetic field lines bui only that the variation
along the field line of the electrostatic component of the
electric field cancels the inductive component. Thus, for
a time-dependent perturbation the mapping between
the equatorial and the ionospheric electric fields is not
granted. Here we investigate the relation between a
time-dependent transport and the formation of thin cur-
rent sheets (TCS) during the substorm growth phase.
For the sake of simplicity, in the rest of the paper, we
will call “convection” a steady motion driven by a con-
stant (e.g., dawn to dusk) electric field, derived from
a constant scalar potential. The term “transport” will
be used to describe the effect of time varying perturba-
tions, associated for instance with a growing current in
the tail.
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The theoretical basis of standard convection mod-
els also deserves some discussion. Most of the mod-
els rely upon the assumption that convecting particles
are moving in a given magnetic field; in other words,
no attempt is made to take into account the effect the
particles have on the fields; the approach is not self-
consistent, which introduces serious limitations on the
significance of the results. MHD is a priori more appeal-
ing, because it is self-consistent, and provides a simple
description of plasma dynamics [Schindler and Birn,
1982; Erickson, 1992]. The validity of the MHD ap-
proach, however, is also subject to restrictions. Indeed,
MHD approach is only valid for perturbations whose
the frequency is greater than kjve (k| being the par-
allel component of the wave vector and v, the thermal
velocity of the electrons). In a magnetic-mirror geom-
etry as the NEPS, particles are trapped between mir-
ror turning points. Therefore the validity condition of
MHD writes w > wpe = ve/Ly (Lj being the magnetic
field length) or equivalently the characteristic timescale
T < Tpe, the bounce period of electrons. In the NEPS,
at 7 Rg, 1, is typically 1 s for energetic electrons (1
keV). Thus MHD is not a valid approximation for long-
period fluctuations (see, for instance, Rosenbluth and
Varma [1967], Rutherford and Frieman [1968], Anton-
sen and Lane [1980], and Hurricane et al. [1994]). The
bounce resonance is only one of the nonlocal processes
that limit the validity of MHD; the magnetic field gra-
dient, the pressure gradient, also introduce nonlocal ef-
fects, as will be discussed in the course of the paper. See
also discussions on the importance of these resonances
by Chen and Hasegawa [1988, 1991], Cheng [1982], and
Cheng and Johnson [1999].

Plasma transport can also be achieved via low-
frequency hydromagnetic waves, as discussed by John-
son and Cheng [1997] and by Chen [1999]. These works
are based on a quasi-linear formalism applied to the gy-
rokinetic equations; hence the rate of transport is pro-
portional to the square of the amplitude of these hydro-
magnetic waves. Observations carried out in the near-
Earth plasma sheet (NEPS), for instance, by GEOS-2
[Rouz et al., 1991], show that during the growth phase,
the amplitude of hydromagnetic waves is very weak.
Thus wave-induced transport is unlikely to play an im-
portant role during the growth phase. While periodic
oscillations are negligible, one regularly observes a slow
change in the magnetic configuration that will be mod-
eled as a quasi-static perturbation. Therefore, in the
present paper we describe a linear self-consistent ap-
proach to the transport of the plasma in the NEPS,
In response to quasi-static variations of the magnetic
field. We use an approach developed for electromag-
netic perturbations with a frequency lower than the
bounce frequency of electrons and ions (W < whi,wbe)
and for spatial scales larger than the ion Larmor ra-
dius (ki p < 1), but we neglect Alfvén waves, assum-
ing w < kjva. The present approach is based on the
linearized response of the plasma to low frequency elec-
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tromagnetic perturbation (w < wp) obtained by Pellat
from the Vlasov equation by assuming conservation of
the first adiabatic invariant [Pellat, 1990]. The response
of the plasma is completed by Maxwell equations. For
long perpendicular wavelength electromagnetic pertur-
bations (ki Ap < 1, where Ap = /eokpT/(nog?) is
the Debye length, €; is the vacuum permittivity, kp the
Bolztmann constant, 7' the temperature, ng the den-
sity, and ¢ the charge of particles), the Gauss’s equation
reduces to the QNC. Yet, owing to the low frequency
of the perturbations, we need to take into account the
existence of nonlocal terms. For instance, in the elec-
trostatic case, for a multipole, the QNC implies the ex-
istence of an electrostatic perturbed potential &, con-
stant along the field line [Pellat et al., 1994]. This result
has been extended to electromagnetic perturbations by
Hurricane et al. [1995b)] for w > wy,Wa (ws being the
diamagnetic drift frequency and @, being the bounce-
averaged magnetic drift frequency), and applied to the
magnetotail. In section 2.2 we solve the QNC to the
lowest order in T./T; < 1 and give a generalization of
Hurricane’s result valid for perturbations with arbitrary
frequencies.

Finally, the system is completed by the parallel and
perpendicular projections of the Ampére’s law. Unlike
substorm injection which is known to be a sudden pro-
cess (w > wpi) with a small spatial scale (ky — 00),
the buildup of a tail-like configuration is a slow process
(~ 30 min) affecting a large fraction of the tail (small
ky). Thus the applied electromagnetic perturbation is
not considered as being the consequence of a local inter-
nal instability (as it is probably the case for breakup).
The change from a dipole to a tail-like configuration, in-
stead, is considered as the result of the response of the
magnetotail to a quasi-static forcing caused by varia-
tions in the solar wind [e.g., Jacquey, 1996]. The full
treatment of this problem is very difficult since it would
require a full description of the forcing caused by the so-
lar wind, taking into account the boundary conditions
imposed at the magnetopause. Moreover, the way the
solar wind drives the stretching of the magnetic field
lines is still not completely understood. To simplify, we
assume that the change of the dipolar field close to the
Earth is due to an increase of the westward current far-
ther in the tail [e.g., Jacquey, 1996], neglecting the local
electrical currents (low A assumption, § being the ra-
tio between the kinetic pressure and the magnetic pres-
sure). Thus, for the equilibrium, Ampére’s law gives
VxB="7. Perturbing the equilibrium with an exter-
nal current located far from the dipolar region, we solve
the linearized Ampére’s law gives V x 6B = 1400 7 ext
to obtain the perturbed components of the magnetic
field.

The above few lines suggest the following questions,
to be discussed in the course of the paper: (1) What
are the consequences of enforcing the QNC in a time-
dependent situation? (2) What is the role of the time
varying electric fields (associated with electromagnetic
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perturbations) on the transport of the plasma inside the
plasma sheet? (3) Can we map the electric field from
the equatorial magnetosphere, down to the ionosphere
during the growth phase?

The linearized response of the plasma is described
in subsection 2.1 and the QNC is solved in subsection
2.2. In subsection 2.3 we build a Green function and
solve the linearized Ampére’s equation to obtain the
perturbed magnetic field from the external current. In
order to allow an analytical approach, a simple mag-
netic field model, a two-dimensional (2-D) dipole, is
used. This model is also presented in subsection 2.3.
In section 3 we give the spatial profile of the azimuthal
electric field along the field line and show the implica-
tions on the transport of the plasma across magnetic
field lines during the growth phase. The solution of the
QNC, to the first order in (7. /T;), will be described
in a companion paper [Le Contel et al., this issue], to-
gether with its consequences, namely the development
of a finite parallel electric field.

2. Linearized Vlasov-Maxwell System of
Equations

2.1. Solution of the Bounce-Averaged Vlasov
Equation

Assuming that the electromagnetic perturbation is
periodic in time (¢) and in space (across the magnetic
field) we take the erturbing electrostatic (6®) and
magnetic vector (& ; potentials as

59(7,1), FA(T, 1)
= ﬁ(lz,w,l),ﬁ(lﬂ),w,l) exp [z(H 77 +wt)] ,
where 7 (k 1) is the position vector (the wave vec-
tor) and | denotes the component perpendicular to the

magnetic field. For the sake of simplicity we omit the
hat symbol and the exponential factor in the following

formulas, then the linearized response éf is given by

of — uydA,

(1) - (142) ], @

where fo(E, py) is the equilibrium distribution function
(£ is the particle energy and p, the canonical momen-
tum), u, is the diamagnetic drift velocity, w, = kyuy is
the diamagnetic drift frequency, ky is the wavenumber
in the y direction (azimuthal). We work in local field-
aligned coordinates defined by the triad of unit vectors:

B vy

Jfo [
= 9%5E

_).

R=p = N & X & (2)
In this frame, the velocity becomes
= |vL|(&] cos€ + &g sin€) + vy &y . (3)



12,932

To obtain the linear response (1), a change of vari-
ables (v,p, vy, v|) = (E, p, £) has been made, where
E = mv” + uB is the kinetic energy, p = —va_/B
is the magnetlc moment, and £ is the gyrophase angle.
The elementary volume in velocity space becomes d3v =
Yo=—1,+1 BdEdudE/(m 2y ), where o = sign(vy) (for
more details, see Rutherford and Frieman [1968] Hur-
ricane [1994], and Hurricane et al. [1995a, b]). In (1)
the function g contains the nonlocal wave-particle inter—
action. To first order in w/ws, the function g becomes
g= e_"s( w_H
W+ Wy

+0'iw/i[H— 77]),

|vy]

S = kyvysin(ax — €)/Q, ar = Arctan(ky/ky), Q is
the cyclotron frequency, wq = kyvq is the gradient-
curvature drift frequency, the upper bar denotes bounce
averaging and H is given by

W+ wy
W+ g

(w+ wq)

H = Jo (6@ — vadAy) + A

k k
+iJivy (ﬁmy - ﬁmw) . (5)

where A = w f’ dl' JodA) and J,, are Bessel functions
of argument ky|vy|/Q. In the next section we sub-
stitute the linearized solution of the Vlasov equation
into the QNC. The bounce-averaged linear solution of
Vlasov equation obtained here is similar to those devel-
oped and used by different authors [e.g., Antonsen and
Lane, 1980; Cheng, 1982; Chen and Hasegawa, 1991].

2.2. Quasi-neutrality Equation

In this subsection, we solve the QNC via an expansion
in the small parameter T./T;. The validity of this ex-
pansion is suggested by several observations indicating
that this ratio is small in the magnetotail. For instance,
Lui et al. [1992] presented a statistical study of cur-
rent disruptions from AMPTE/CCE when the space-
craft was in the near-Earth current sheet. They showed
that the electron to proton temperature ratto is in the
range of 0.11 to 0.57. They pointed out that these val-
ues are higher than those reported by Baumjohann et al.
[1989] based on IRM data. Indeed, Baumjohann et al.
[1989] obtained average plasma properties, notably an
electron to proton temperature ratio in the range: 0.09-
0.18. These authors also noticed that this ratio is nearly
the same as the one found by Slavin et al. [1965] at
distances of |X|=30-60 Rg. More recently, during a
dusk-dawn crossing of the near-Earth tail by Geotail,
during a relatively quiet period, a ratio around 0.2 was
measured [Frank et al., 1996)]. It is therefore possible to
consider T; /T; as a small parameter over a wide range of
radial distances from the Earth, and for different levels
of activity.
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From the linear response of the plasma (equations (1)
to (5)) and assuming that fo is a Maxwellian distribu-
tion function (fo = no [m/(21rT)]3/2 exp —(E/T)), the
QNC: 3-;_; . 4; Jf d®vdf; ~ 0 can be written

2
Z (ﬂ_) i/47rBdEduf0j [5<I>
se\mi) T |oyl
+(“’+"’*A Wreq )Jo] ~0, (6)
J

w w—+ Wy

where we have performed the gyrophase integration and
summed over streaming and antistreaming velocities.
This latter operation cancels out the part of §f that is
an odd function of o. The above relation was derived
earlier by Hurricane et al. [1995b], where more details
are given about the derivation. The gauge d4, = 0
has been chosen. Since we are interested in large-scale
perturbations (the growth phase), the usual wavelength
ordering k1 p; < 1 is made. In this limit, the Bessel
functions become Jy =~ 1 and J; ~ k |v1|/2Q, and the
expression for H simplifies; we get

H=§0+A+5, W)

where Z = wgl/w —ipkydAy/q. Then, after some alge-
braic manipulations, the QNC can be written as

gj \o 1 47 BdEdy 5 _— -
iy P — _
Y (g [T R 00 -58) + (0 -%)
am T n

- _ Z qJ 2 1 47rBdE'duf0J

o) T; En
e =i GF4N) - Lt 5] 8
[wm]( +N-2tm )] @

where the terms w,;A cancel between electrons and
ions, because uy;/T, + uye/Te = 0, [Hurricane et al.,
1995b]. Note that the diamagnetic drift frequency and
the purely magnetic drift frequency of electrons can
easily be related to the corresponding terms for ions:
wfi';( ) = -T/T, ‘-_in’:( ) and wye = —T¢/T; wyi (where
th means thermal quantities and o denotes the particle

pitch angle). The QNC becomes

AnBdEdu
m2 |'l)|| |

ABEPU | (60 58+ (-

Te _— —
+ 7 (62 - 58) + (A - /\))]

Te [ 4nBdEdy [ a (@~ wai) o=
_ Le 6P + A
T.J miy Joi | =t +ma) G@+%)
Wai —Wai /=
+ W+ wq, (H')]. ®)

Since the right-hand side (RHS) term of (9) is propor-
tional to (T¢/T;), we get to the lowest order in (T, /T;):
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/ 4w BdEdu

m2|y)|

foe [(w )
+(A—X)] =04 O(T./T). (10)

A trivial solution of (10) is

80 + A = ®o(¢, y) + O(T./T,), (11)

where @, is constant for a given magnetic field line.
This constant component of the perturbed electrostatic
potential is always taken to be equal to zero (§®+\ = 0)
in studies based on MHD. An external electrostatic
field, modeling the convection, is often added to the
inductive part of the electric field in order to better fit
the data [e.g., Sauvaud et al., 1996]. In the present pa-
per, we show that the quasi-neutrality over the volume
of the flux tube implies that ®¢ is different from zero.
We compute ®¢ in a self-consistent manner, as a func-
tion of the electromagnetic perturbation defined by A
and §B)|. Integrating the QNC (9) over the volume of
the flux tube, we find

/g 4nBdBdy
B m2ly| "
Wai (Wi — Wai) Wi — Wdi = H
. ¢ —_— (= =0, 12
[ ww +wg,) (®0) + w+ Wi (=) (12)

where the left-hand side (LHS) term of (9) has vanished
thanks to the identity [dl/B [d3v(X — X) = 0, valid
for any function X(E, p, ). Finally, ®¢ writes

dl | r 4nBdEd s (T
3|1 e | i )]

dl 4rBdEd, War (War—=Wds) ‘
IE[I 1:n?|v"|”f01|: : w+w::)d ” (13)
Now, we can calculate the self-consistent perturbed
electric field. Taking into account the implications of
the QNC (11) to the lowest order in 7,./T;, the per-

turbed electric field 5B = —?(6@) - 3/6t((ﬁ), in the
y direction, becomes (remembering that § 4, = 0):

@y =

0By = —iky(6®) = —iky(Po — A). (14)
Thus the complete perpendicular electric field associ-
ated with the perturbation is the sum of an inductive
component () plus an electrostatic component (®o) de-
termined from the QNC. This electric field will produce
a transport of the plasma. Notice that this transport
is different from a steady convection; it is associated
with an electromagnetic perturbation (see discussion in
introduction). The electrostatic component, associated
with @, tends to reduce the effect of the inductive com-
ponent of the electric field A, thereby producing a par-
tial shielding of the motion that would correspond to
the inductive electric field (if it was not shielded). This
effect can explain why large bulk flows are not detected
in the NEPS during the growth phase.
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The expression A = iw fl dl'6 A shows that the par-
tial derivative of A with respect to [ is equal to the in-
ductive component of the parallel electric field (0A/dl =
03 A) /0t). Thus locally and in the limit T, < T3, (11)
implies that the inductive component of the parallel
electric field 06 A|| /0t is balanced by the parallel gra-
dient of the perturbed electrostatic potential 86®/dl.
Hence (11) is equivalent to the usual MHD approxima-
tion, where one assumes the absence of a parallel electric
field (E) = —0/0l(6® + A) = 0). In the present study,
the absence of a parallel electric field is not an assump-
tion but an (approximate) result, obtained by solving
the QNC in the limit T, < T,. We show, however, in a
companion paper [Le Contel et al., this issue], that the
solution of the QNC to the first order in (T, /T;) allows
us to compute a finite parallel electric field.

Studying low-frequency perturbations, Chen and
Hasegawa [1991] considered a magnetospheric plasma
consisting of two populations: a core (100 eV) and an
energetic component (10 keV). In their work the core
population is denser than the energetic population and
therefore plays a key role in the QNC. For this popu-
lation, wpe > w > wp,. They obtained §& + A = 0, i.e.,
no parallel electric field (§Ey = —9;(6® + A) = 0). In
the present work carried out for wpe,wp; > w, we also
find JE" ~ 0 in the limit T, < T; since we have ob-
tained §® + A = ®y(¢, y) where ®q is constant along a
field line. However, this constant potential ®; modifies
the perpendicular transport of the plasma as already
mentioned.

Finally, one should notice that the perpendicular elec-
tric field (14) varies along the field line even when there
is no parallel electric field. Thus, in the quasi-static
limit, the absence of a parallel electric field does not im-
ply that the equatorial perpendicular electric field can
be mapped onto the ionospheric electric field. This is
true only in the purely electrostatic case (steady convec-
tion); an assumption which is certainly not valid during
the growth phase. In the next subsection, we solve the
Ampeére’s law to determine the magnetic field pertur-
bation.

2.3. Ampére’s Law

Close to the Earth, we can neglect the local elec-
trical currents which corresponds to assuming # < 1.
Thus we can approximate the field by a dipole. To al-
low us to carry out analytical calculations, we use a
two-dimensional (2-D) dipole [Huang and Birmingham,
1994] to describe the equilibrium magnetic field. Using
cylindrical coordinates (r,8,y) where 8 is the colatitude,
the 2-D magnetic field model is defined by

B = —22 (cos 0 + sin 07F) , (15)
r

where D is the dipolar moment.
strength is given by

The magnetic field
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Beg
sin@’

(16)

where Bo, = D/L?, is the equatorial magnetic field
strength, L is the equatorial-crossing distance of the
relevant field line. For the 2-D dipole the local coordi-

nates become
¥ =—-D/L,y,x = Dcot 6/L. (17

It follows that B = Vzp x &y, and the magnetic field
strength is

B= v

= = . 8
Dsin? [arccot (—x/®)] (18)

The bounce period and the bounce average curvature-
gradient magnetic drift velocity are

2rL dl
Tb=%,ﬁ=]{ 7 =

dl —2E
v

€.
qL B, y

(19)

Then, we perturb the dipolar equilibrium by an external
current, flowing in the westward direction and located
far in the tail. The linearized Ampére’s law becomes

V % 0B = pobjent €. (20)
y

We assume that
J_B)(_r’, t) = t%(w, ky,l,w)exp [i(kyy + wt)],

for the sake of simplicity we omit the hat symbol and
the exponential factor in the following formulas. The
external current §j.,: is defined by

Jje.‘l:t(L) ky: eaw) = Jjeq(kyrw)J(L - LC)
-sin®" @ [(2n + 1) cot? 6 — 1]. (21)

We have assumed that the current is highly localized
in radial distance, and we choose for simplicity a Dirac
function (L — L.), where L. is the radial location of the
forcing current. Therefore we are interested in L values
between 0 < L < L. where the 2-D dipole assumption is
valid. Along the field line, we have chosen a class of forc-
ing current whose the dependence allows us to obtain
easily the magnetic field perturbation and corresponds
to an increase in the equatorial current as suggested
by the observations [e.g., Sauvaud and Winckler, 1980;
Sergeev et al., 1993]. This class is labeled by an index
n, the larger n, the more localized is the perturbation
close to the magnetic equator (see Figure 1). Compari-
son between results obtained for various n gives insight
on how sensitive the results are to the  dependence of
the forcing current. For n = 0 the perturbed current
is divergent at high latitudes but as we will check later
on, this divergence does not modify the results because
the perturbed components of the electromagnetic field
do not diverge. For the sake of simplicity, in the course
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_6 L L L
0 50 100 150
colatitude 8 (degree)

Figure 1. Variation of the external current djyes: (4) o

sin® 8 ((2n + 1) cot? @ — 1) versus the colatitude ¢ for
n=0,1,23,4.

of the paper, we often use the case n = 0 to obtain
estimates of the various characteristic quantities.

After some algebra (described in Appendix A) and, in
the limit |ky|L > 1 and |ky(L — L.)| < 1, the perturbed
components of the magnetic field write

§By = _Molky|‘5]2eq(ky)’-")flz (sinz""'l 0 cos 0)
(22)
_ _Hodjeq(ky,w) LS
oB) = 2 L
-sin®" 9 [(2n +1) - 2n + 2) sin’ 4]
’ {H(L - Lc) - H[“(L - LC)]} (23)
For A, we obtain (Appendix A)
An(L, by, 0,w) = Aneg [ea(L, ky) + (sin? 6)"+1]
(24)

where we have defined ¢, (L, ky) = (n + DY (—|ky(L -
Le))*+! and Apeq = 1/[4(n+1)]/‘0(|ky,/ky)w‘5jeq(ky,W)
- L2L.To obtain the real components of the perturbed
magnetic field, we have to perform an inverse Fourier
transform in time and in y. We find (see Appendix B)

0By = %Lf (sin®™*1 g cos 9)
(o0} . /
.pf(/ dy/‘sieq(y ’tz))
—o  (y-)

. t 2
_NOJJe;(y» )%SinZn 9[(277, + 1)

(25)
§By =
— (2n + 2) sin? 0] {H(L — L)
- H-(- L)} (26)

Now, we have Lo specify the variation of the current in
the y direction. During the growth phase, spacecraft ob-
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servations close to midnight [McPherron, 1979; Sauvaud
and Winckler, 1980; Rouz et al., 1991] show that the
magnetic field changes from a dipole-like configuration
to a tail-like configuration. The equatorial value of the
magnetic field decreases, whereas, off-equator, the ra-
dial component increases. The duration of this vari-
ation is typically ~ 30-45 min. Moreover, breakup is
usually observed to start close to midnight in a longitu-
dinally narrow sector, while the rest of the magnetotail
keeps on stretching [Naga:, 1991]. These observations
suggest that while the reconfiguration at breakup is lo-
calized in longitude, the formation of the current sheet
during the growth phase is more homogeneous in lon-
gitude. Thus, while the limit k, — oo is adapted to
study breakup, the formation of the current sheet can
be better described by a finite k. Therefore we consider
an external current localized around the noon-midnight
meridian, flowing eastward and slowly increasing with
the time as

2
§jeq(y1) = Simexp(—xz)exp(r),  (27)
where &7, is the initial magnitude of the current, 1/y
is the characteristic time scale of the growth phase, and
A is the characteristic scale along y where the tail cur-
rent increases. The complete expression of the external
current becomes

(sje:vt(La Y, 91 t) = Jjﬁq(:% t)‘)(L - LC)
-sin?" 0 [(2n + 1) cot?d — 1] . (28)

We verify that for § = m/2 (magnetic equator), the
forcing current flows westward as suggested by observa-
tions. Then, we can compute the ¥ component of the
perturbed magnetic field which gives

By = —%{?Lf (sinz’”'1 0 cos 6’)
1 .
S {1+erwo]} @9

where W (¢) = 1/(v/m) [0, dV exp(—=V?)/(V —() is the
Fried-Conte function and we have defined V' = y'/A
and ¢ = y/A. Close to midnight, ¢ < 1, and in this
limit, the Fried-Conte function can be approximated
by PF(W(¢)) ~ —2¢ 4+ O(¢®) and we obtain

0By = —%Lz (sin®**! 6 cos 0)
1 y\2
A [1—2(5) ] - (30)

One should notice that in the opposite limit ¢ > 1 (far
away of the maximum of the current in the y direction),
the expansion of the Fried-Conte function is —1/¢ and
6By = 0. Finally, close to midnight (¢ < 1), the two
perturbed components of the magnetic field write

12,935
A Z
0
e
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1}
3B,
o X
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Figure 2. Schematic diagram of the electromagnetic
perturbation applied on a 2-D dipole field to model the
change of configuration which occurs during the growth
phase. As indicated by the arrows, the magnetic field
perturbation tends to produce a tail-like configuration.

0By = — ”(jzr;m L2 (sin®**1 § cos 0)

5 [1 +2 (%)2] (31)
§B =~ —"‘0‘”";(*‘” ) %3 sin®" ¢ [(2n +1)

— (2n + 2) sin® 0] {H(L — L)

- -z~ L) (52)

We verify that for a forcing current directed westward
(64m > 0) at the magnetic equator (§ = 7/2), the ra-
dial component of the equilibrium magnetic field in-
creases off-equator, whereas the equatorial component
decreases, which corresponds to observations carried
out during the growth phase (see Figure 2).

3. Transport of the Plasma

In the previous subsections 2.1, 2.2, and 2.3, we have
completely sojved the Vlasov-Maxwell system of equa-
tions in the quasi-static limit (w < kjva and w < wy).
In (5), only the terms wy)/w and iukydAy /g = ~6B)/q
appear. It is useful to compare the size of these two
terms. Remembering that wyl/w ~ kyUgAneq/w and
pdBj/q = —uBY /q 2 E[-2(n 4 1)Aneg|/w/D/q ~
1/(kyL)kyVgAneq/w, we can conclude that in the limit
|ky|L > 1 we have pdBj/q < wgh/w. Thus the term
containing § B can be neglected. In this case the lin-
earized Vlasov equation, which describes the behavior
of the plasma, can be simplified, (1) and (4) remains
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the same but the expression (5) of H becomes
H= (J06<1>+ (w-:;—w‘i))\) ,

where §® is given by the QNC (9) that implies §& =
®o — A, with ®; given by (13), and XA and d B)| given by
(24) and (32) (from the Ampere’s law solved in the limit
|ky|L > 1 and |ky(L—Lc)| < 1). Now, to obtain the self-
consistent perpendicular electric field associated with
the magnetic field perturbations, we need to compute
the constant part, ®p, of the perturbed electrostatic
potential. Taking into account that udB) /¢ < WaAJw,
the expression, (13), of ®g becomes
()]}

4nBdEd Wy =Wy,

f £ {f m2|u"|“ [ w+5,:
al 4rBdEd Wy (Wee =Wdy) .

f [f m’|u"|” ( c:.«)(w-i'wd'; )] (34)

From the expression (24) of A we obtain (see Appendix

(33)

oy =

+1
wd)\ d g (2k — 1)
e D N

. (1_ %) (1 +k%‘"’)]. (35)

Then, we compute the expression of ®y (see Appendix
D) and obtain

Py = (Cn + Sn) /\neq) (36)

where we have defined

n+1

(2k — 11 &
_ k ik
Sn—kz_%(—l) C’n+1 G T9) ”Z

2! (2J+2)(1+3/2)
2771+ 1)! (Hk (2 +3)(5+2) ) 0

J C'J

Now, from (14), the self-consistent perpendicular elec-

tric field writes
IEy = =ikyhneg [ 52— (6n?8)™] . (38)

After an inverse Fourier transform, we obtain

_ [L()LEL__’._ I . 9 nn+l]
o5, = {2120 [, o™
0 djeqy' s 1)
= | PF dy L2 (39
f’t[ (./..o(, y—z/)z)] )

Taking into account the expression of the current (27),
we find

#Oajrn')'@i _ {ein2 gy
St /o [S’n (sin®9) ]

%{1 +CPf [VV(C)] } exp(vt). (40)

0E, = —
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Then, in the limit { < 1 we obtain

65y = 8ELy (L, 10— [5 -

where we have defined
podjmyL2L L
2 VT
1 y\2
X [1 —2 (Z) ] exp(rt). (42)

The colatitude € where the perpendicular electric field
changes sign is given by

6y = arcsin ( '“"’2) .

Because S, is always smaller than unity, the direc-
tion of the perpendicular electric field changes along
the field line even in the absence of a parallel elec-
tric field (see Figure 3). As noted in section 2.2,
0F, is directed eastward (positive) close to the equa-
tor, it is null for @ = 6y, and it is directed west-
ward (negative) for § < 6y. The larger n, the larger
is 0o therefore the region where 0E, is eastward gets
thinner (as n increases). As an example, for n = 0,
So = 5/6, Ao = (Co -+ sin? 0) /\Oeqa Py = (CQ + 5/6) /\Oeq,
and §Ey = SEn(L,y,t) (5/6 —sin®). The electric
field §E, is directed eastward (positive) close to the
equator, it is null for § = arcsin(5/6)'/2 and is directed
westward (negative) for 8 < arcsin(5/6)'/2. From (42)
we can estimate the intensity of the perpendicular elec-
tric field during the growth phase. For instance, the
characteristic variation of the equatorial magnetic field
at the geostationary orbit (L. ~ L = 6.6 Rg) is of order
of 30 nT for a duration of the growth phase of 30 min.
We assume that the radial scale of the current sheet is
~ 1Rg; therefore 10djm ~ 30 x 107%/(6.4 x 10%)T/m.
In the y direction we assume that the spatial scale A
is ~ 4Rg. We obtain for the inductive component of
the perpendicular electric field (without the contribu-

JEL,y,t(L, y)t) = -

(43)

A(6)

05

0.0

-0.5} - 1

_1 O 1 ] i
0 50 100 150
colatitude 8(degres)

Figure 3. Variation of A and § E,, versus the colatitude
8 for n=0.
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tion of ®g), dEL,y: ~ 2.5 mV/m which is reduced to
0.4 mV /m at the equator due to the contribution of the
electrostatic component ®¢ (S, in (41)). As we have
previously mentioned, the effect of the @ is to decrease
the magnitude of the total electric field compared to the
inductive component. Therefore the plasma transport
is also reduced.

Next, we can compute the bounce average electric
drift to study the motion of the particles along 1 as a
function of their pitch angle. We obtain (see Appendix
E)

1 [ dl 6B, 8Biga(Lyt) |
wnJ |yl B Beq n+1

S uBeg
15 (14 25)
w2 2k — 1)

k=0

uEy =

n+2

S (A2e) ]

=0

We note that the bounce average electric drift, associ-
ated with dFy, depends on the magnetic moment. To
simplify, we can consider two extreme cases: equatorial
pitch angle particles of 90° (pBey/E =~ 1) and equa-
torial pitch angle particles of 0° (uBeq/E ~ 0). We
obtain

2
rio(=1)F

SEL yt/Beq (5,, /2 -
-CFk 42k — 1)!!/(2k)!!>,aeq =0°,

JEL,y,t/Beq (Sn - 1) y Oleg = 900’

UEy =

(45)

where 6 Fy y ¢, given by (42) is always negative close to
the midnight meridian (y < A). Since S, is always
smaller than unity the bounce average electric drift of
90° particles and that of 0° particles have opposite di-
rections. The 90° particles drift tailward, whereas 0°
particles drift earthward, during the magnetic field line
stretching. When n increases, the perturbation is more
and more localized close to the equator and S, de-
creases. Therefore, from (45) we deduce that 90° parti-
cles drift more and more tailward, whereas 0° particles
remain almost at rest. Again for n = 0, we find

{ 1/24(8EL 4 +(L,y, 1)/ Beq), aeq = 0°,

YEy =\ —1/6(8EL y4(L, y,t)/ Beg), @eq = 90°.

Thus the correct treatment of the QNC implies a per-
pendicular motion in response to a quasi-static elec-
treragnelic perturbation (w < kyva and w < wp).
Yat, because the perpendicular electric field direction
varies with the positicn along the field line, the bounce-
averaged motion is different for different pitch angles.
Ninety degrees pitch angle particles, which mirror close
to tbe equator drift tailward while zero degree parti-
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cles auift earthward. This result 1s very different from
the resulls of Huang and Lirmingham [1994], who con-
sider a static magnetic field and impose an electrostatic
field to ensure the convection of the plasma toward the
Earth. In the present work, the transport is due to the
response of the plasma to the quasi-static perturbation
and to the necessity of enforcing the quasi-neutrality.

4. Conclusion

In the present paper, we have given a self-consistent
description of the quasi-static transport of the plasma,
during the growth phase, in response to an external
forcing. The full linearized Vlasov-Maxwell system of
equations has been solved for quasi-static electromag-
netic perturbations, satisfyingw < kjv4 and w < wp. In
order to get a stmple equilibrium the pressure gradient
has been assumed to be small. Thus the local current is
small, and the local perturbation of the magnetic field
is due to currents flowing farther in the tail. From Am-
pére’s law we have obtained the perturbed components
of the electric and magnetic fields as functions of the
external forcing current. For the sake of simplicity, this
current is assumed to be localized close to the mag-
netic equator and around the noon-midnight meridian.
It flows in the east-west direction, as expected during
the growth phase. Using a 2-D dipole model to describe
the region close to the Earth (the NEPS), we have built
a Green function to relate the fields in the NEPS with
this external driving current. Thus the solutions for the
fields, in the plasma sheet, have been obtained as the
products of the Green function by the forcing current.
Using the linear bounce-averaged solution of the Vlasov
equation obtained by Pellat [1990], the QNC has been
solved. To the lowest order in T, /T; (Te/T, < 1), we
found the following;:

1. The QNC imposes the existence of a component
®y, given by (13), of the perturbed electrostatic po-
tential. This component @ is constant along the field
line and varies in the azimuthal direction, thereby con-
tributing to the azimuthal electric field. This electric
field tends to reduce the effect of the inductive compo-
nent of the electric field, which explains why no large
bulk flows are associated with large timescale electro-
magnetic perturbation (7 > m) like the growth phase.
Unlike what is done for the particle test and MHD ap-
proaches, in the present paper, the electrostatic compo-
nent of the azimuthal electric field is not assumed; it is
determined, in a self-consistent manner, by the response
of the plasma and related to an externally applied elec-
tromagnetic perturbation. We point out that the ex-
istence of the component ®( is a purely kinetic effect
occuring for w < wp. In a forthcoming paper we will
show that the component ®y exists as long as w < wpe.
In all cases it cannot be described by MHD.

2. The total azimuthal electric field (14), which is
the sum of these two components, varies in amplitude
and direction, as a function of the position along the
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field line. The changes in amplitude and in direction of
the azimuthal electric field implies a bounce-averaged
transport of the particles (44) that strongly depends on
the pitch angle.

3. The parallel electric field is null to the order
T:/T, < 1 (see (11)), therefore the residual parallel elec-
tric field should be calculated from the QNC developed
to the order T, /T;. This calculation is presented in a
companion paper.

Notice that the full Vlasov-Maxwell system of equa-
tions has been solved only in the quasi-static limit, no-
tably the solutions of Ampére’s law, (31) and (32), are
valid only in this limit. However, the results obtained
to the lowest order in T,/T; from the QNC (summa-
rized above) are, also basically valid for low-frequency
perturbations w < wp. Furthermore, for the sake of sim-
plicity and because in the NEPS the effect of magnetic
drift are expected to be more important than the finite
larmor radius effects, the present calculations have been
performed in the long wave length limit. However, we
can easily include these effects if necessary since they
are retained in the expression of the perturbed distri-
bution function (5).

For the magnetic field variations corresponding to the
growth phase, namely for a slow decrease (increase) of
the component of the magnetic field, perpendicular to
the equatorial plane (radial), the azimuthal electric field
is explicitly computed. It is found to be directed east-
ward, close to the equator and westward off-equator.
As a consequence, during the growth phase, large equa-
torial pitch angle particles, which mirror near the equa-
tor, drift tailward, whereas small equatorial pitch angle
particles, which mirror far away from the equator, drift
earthward. Furthermore, this result suggests that the
mapping between the perpendicular electric field in the
equatorial region and the electric field in the ionosphere
is not simple; a self-consistent approach, including non-
local kinetic effects associated with the bounce motions
of particles, is needed to sort out the consequences of a
time-dependent transport. The corresponding charac-
teristic azimuthal electric field is of order of 0.4 mV/m
at the magnetic equator. In order to test these theoret-
ical results it would be necessary to have electric field
and/or plasma flow data organized as a function of the
distance from the center of the current sheet, during the
growth phase.

Appendix A: Solution of the Linearized
Ampere’s Law

Using the local field-aligned coordinates and with the
gauge 6 A, = 0, the curl of B gives
(JA.,, )

,' _am,,,)_ii[ 9
6)Mb}_lay( Ay JB dx | J \ dx

- % (JB5A||))]}?’¢
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35 (5°a")

-5 (5]
(BB
—%(JBJAII))]

B i _BJA" ) }?
dy dy Il

where J is the Jacobian of the change of coordinates
between the cartesian and the local frame (see also the
Appendix A of Hurricane et al. [1995b]). We assume
that

(A1)

FA(P, 1) = FAW, by, ,w) explilkyy +wt)],

for the sake of simplicity we omit the hat symbol and the
exponential factor in the following formulas. Defining
two variables X = k,A\/w and Y = ik,dAy/B as Bern-
stein et al. [1958], 1nterchanglng the partial derivatives,
0y(JBO) = JBO,8y, (see Hurricane et al. [1995Db] for
details about the interchange of the partial derivatives)
when necessary, the Ampére’s law writes

1 6 )% 62X
d (18X 18 e .
BE (E_al ) + j—a¢ (JB Y) —ﬂoajyezt()A3)
B 8 Y ED'¢ ., 0X
T (BW - Bm) “ihr =0 (A9)

One can show that (A4) can be obtained from (A2) and
(A3); therefore the system is reduced to these two latter
equations. Inserting (A2) to (A3), we obtain

d (19X 1 9 a(_ oy
Bai (Eﬁ) * ﬂg%["Ba(Bﬁ
LD ,
— Bm):’ = ﬂOJ]yext- (A5)

Again, we interchange the partial derivatives (8 (JB&;)
= JBG;0y), divide by B and integrate along the field

line which yields
oY X
(B o P alaw)

Loxy, 10
B ol
di .
:HO/EJ]yext- (A6)

k2 0

Therefore we have 10 solve the following system of equa-
Lions:
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v = 1o @ — BW_X
CEBa\T A Tadw)’  (aq
18X 10 (. 8Y X
(E W) * IT;EE(B_@T B Bm)
dl
ZMO/ 6]ye:z:t

(A8)

To go further, we assume a priori that dY /6l < 92X/l
0% (and will check it afterwards) which corresponds to
assume that the variation of §B) along the field line is
smaller than the variation of § By in the radial direction.
This assumption is well adapted to the choice of an
external current highly localized in the radial direction.
The system becomes

~ 1 0 ?X
Y="wuBa (Bam)’ (A9)
1oy 1o (X
Boi ) kay \" ooy
=Ho 5]ye.1:t
(A10)

Defining a new variable, U = .X/0l, (A10) becomes

82U , JB 8lnJB2OU Ky U[
ay? 9 op ~ B?
B 9 (10JB\] _ poky
k2 0y \J avy R
Assuming that the perturbation varies faster in the ¢ di-
rection than the equilibrium, the second term of (A11)
can be neglected. Moreover, in the limit |ky|L > 1 the
term between parenthesis is equivalent to unity. There-

fore (A11) can be rewritten in a classical form of a linear
second-order differential equation:

Eéjyen. (A11)

Uk
8_¢2—_U S(lp ky,l,UJ)

where S(%, ky,1,w) = —(pokZ/B) [ldl/Béject(¥, ky, L,

w)] is the forcing tern.. To solve (Al2), we have to
build a Green function from the solutions of the ho-
mogeneous equation; U; = exp (|ky| [ dy/B) and Uy =
exp (—|ky| [ d¥/ B) Isee, e.g., Zwillinger, 1989]. Taking
into account the propertles of the 2-D dipole model it
is more convenient to use the variables L and @ defined
by (17). While L and 0 are not strictly speaking inde-
pendent variables, we can consider them as such in the
limit where we neglect the variations of the equilibrium
compared to those of the perturbation, these variables
allow us to easily solve (A12), which becomes

(A12)

i)

2 4 —
6—17—(kys1n 0)YU = S(L, ky,0,w),

(A13)
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where S(L, ky,0,w) = p0k2L31n deﬁsm 08jest (L, ky,
6,w). Now, the solutions of the homogeneous equatlon
become U; = exp Iky|L sin® @ and Us = exp —|ky|L sin® 6.
The Green function is defined by

( Ui (L)Uz(Le)
ik 0)
exp(|ky|(L—-Lo)sin” @
= yW(Lo; ,0< L < Ly;
G(L,Lo) = X
U (Lo)U2(L)
S (Il (LLe) o 0)
exp(—|ky|(L—Lo)sin“8
| = yW(LD)D y Lo < L < o0,

where W(Lo) = —2|ky|sin®#é, is the Wronskian of Ui

and Uy. The Green function becornes

exp (—|ky(L — Lo)|sin? )
2|ky|sin? 8

The complete solution of (A13) writes (omitting to
specify all the dependences)

U(L):/ dLoG(L, Lo)S(Lo),
0 (A15)
which yields (specifying all the spatiotemporal depen-
dences)

U(L,8, ky,w)
= —%/ dLoLo exp (—|ky(L — Lo)|sin® 6)
0
- / d@sin? 86 jyest (Lo, 0, ky,w). (AlS)
Taking into account the expression (21) of the external

current, the complete solution for this class of current
is

kylbieq(k
Un(L,ky,0,w) = _ polky] J;q( y,w)Lz

- exp (—|ky(L — L.)|sin’ 9)

- (sin®**! @ cos 6 + C(ky,¥)), (Al7)

where we have used the integral [ d6sin?**29[(2n + 1)
-cot?d — 1] = sin***1fcosf + C(ky,¥). We impose
U = 0X/0l = §By = 0 at the equator (6 = 7/2) which
implies C = 0. From (A17) we obtain

polky |5qu(ky""’) L2L

-/duu" exp(Zu), (Al8)

where we have defined u = sin® @ and Z = —|ky(L—L.)|.
The solution becomes

polkyldjeq(ky, w) Lz u”
4 Z

u® k
Zk+1) exP(Z(“K’lg)

Xn(Lyky,0,0) =

Xn(L, ky,0,0) =

+Z

n(n—1)..(n—%k+1)
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where we have used the integral [ duu”exp(Zu) =
W*/Z+ Y h_ (=)fn(n—1)...(n— k+ )ur—k/Zk+]]
-exp(Zu). Now, we can solve the second equation (A9)
of the system to obtain Y. With the variables L and 8,
and in the limit |ky|L > 1, (A9) becomes

-1 9 ([ L*0U
Y‘k;BL%(B )

5oL (A20)
After some algebra, we obtain

~ 8Feqlk
7 = it pp knss (an 41) ~ on 200

+27u(l— u)) {H(L — L)

- H[-L- L) fexp(2u), (A1)

where H stands for the Heaviside function. As claimed
above, we verify a posteriori that the assumption Y /8!
< 02X/818% is valid. Indeed, we have

ov/ol  _8vyjoL 1
02X/0loy — dU/dy ~ k2L*

(A22)

Thus the above assumption is valid in the limit |ky|L >
1. Then, we take the limit [Z]| = |ky(L — L¢)|] < 1,
which implies that the wave length of the perturbation
is larger than the distance between the current and the
location where the solution is calculated. In this limit,
one can show that X writes

Holky |‘5]eq(ky""’)L2L( n!

X (L kyag ) 4 Zn+1

n+1

+n+1

+ O(Z)). (A23)

Finally, we obtain for A
(L, ky,0,w) 2 Aneq [cn(L, ky) + (sin? g)"+!
O(-Iky(L - L)), (A2)
where we have defined ¢, (L, ky) = (n + 1)!/(—|ky(L —

Le)|)*+ and Aneq = 1/[4(n:|'1)]N0(|ky|/ky)‘*’5jeq(ky,w)
L2L. The second variable Y becomes

- k
Y =2(n+ 1)Aneq ; Y

|Fey |

sin2"+20((2n +1)
— (2n + 2) sin® 9) {H(L — L)
~H-@- L)} (a29)

Therefore, in the limit |ky|L > 1 and |ky(L — Lc)| < 1
the perturbed components of the magnetic field write

_ﬂ0|ky|‘5jeq(ky:“’)
2

§By = Un(L,6) =

- L2 (sin®**1 0 cos f) (A26)
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L sin?" @ ((271 +1)
— (2n + 2) sin® 0) {H(L - L)

L}

Appendix B: Inversion of the Fourier
Transform

—H[-(L- (A27)

In this appendix we do not omit the Fourier nota-
tions; therefore we have

0=9%_s5,

al (B1)

and the real component § By, writes

+o0 +o0 e
/ dw/ dky6By (L, ky,0,w)

exp[z( vy + wt)] (B2)

+0o0 400
QW/ dw/ dky|ky|

(B3)

§By(L,y,0,t)

5B¢(L, Y, G,t) =

‘ ‘sJeq(ky""’) exp [i (kyy + wt)],

where f(0) = L2sin®**!f0cosd. The w integration is
straightforward and gives
+oo
1) [ iyl

Jjeq(ky,t exp (tkyy) .

For the k, integration we note that

ik 1 1
k,| = kysign(k,) = —LFT{ Pf| -
Iky| = kysign(ky) Ly ( f (y)) T

(g oo

oy

where FT' denotes a one dimension Fourier transform
and Pf the Cauchy principal value. The perturbed

magnetic field component becomes
+o00
Mo 1 d [
dBy = —— -
o= [ G5 e G

8By(L,y,0,t) = 2\/_

(B4)

T (6jeq(y, t)) exp (ikyy) . (B6)
Moreover, the convolution theorem gives
frg=F G frg=FT"" (f-ﬁ)-
(B7)

Therefore we obtain

+o0
(0) / 4y Sjeq 8/ 1)

1
Py (——(y_y,)z)- )

§By = —£2
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Finally, we can write
+o00 . !
5B, = L2 5(0)Pf (/ dy el 1) ’tz)) :
2m —o (YY) (B9)

Appendix C: Nonlocal Terms

Here we compute the first nonlocal term wg /w of Sf.
In the field-aligned coordinates the expression of the
magnetic curvature-gradient drift is [Hurricane et al.,
1995b]

(C1)

After the ¥ derivative we obtain
10 (1_,\ myja
q5¢( 'J g (In 7B),

vg = 59
replacing 1/ 2mv" by E—puB and taking into account the
conservation of the kinetic energy E (static magnetic
field and absence of electrostatic field) and conservation
of the magnetic moment y, in the adiabatic regime, we
obtain

_1.0B

"5

where J = 1/B2
Jacobian J = (1/B?)exp (—fdw(ﬁ’ x B) -
[Bernstewn et al., 1958], we have

mvjj 0B
¢B 0¢’

V4

Indeed, from the definition of the

/B

OlnJ _ _231113 pop’
oy oy B2’
which can be approximated by
dlnJ - _l _ 2u0p
oy ~ LB L,B¥

where L, is the scale length of the pressure gradient

and L is the scale length of the magnetic field gradient.

Noticing that 8 = 2uep/ B2, the above relation becomes
dlnJ _i (

ay ~ LB 4ﬂL,,)

In the limit 8 < 1 even if the scale length of the pressure
gradient is small (L/ L, >> 1), we can still get SL/L, <
1 and write

2 0B

8InJ . _20B
B oy’

o
which gives J = 1/B?. Now, we have to compute the

1 derivative of B, keeping x constant. From (18), we
obtain

(C2)

0B 2
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The purely magnetic drift becomes
2
vg = _qiL p+ Tj;)l (C4)
The bounce average of the product vz gives
s )
o] qL B ’ (C5)

With the definition of A given in (24) we obtain

af By,
logl L ¢L

mvlzl
7)(sin2 0)n+1:| /\neq- (06)

WA = wdcn)\neq -

n (C6), Ti, the first term of the expression between
bracket becomes

l]{ i(sin2 g+,

nJ |y (C7)

2k
T = _q_;/i)\neq
The parallel velocity is given by

2
logl = 4/ —(E = uB), (C8)
and from (16) we obtain
[2F pBe
=4/— 1- —L .
|U"| m ( E sin® 9) (C9)
Then, the term T becomes
df(sin® g)"+!
= ,u neq_/ o N1/ (C]'O)
z uB. )
Esm []

where v is the velocity, 8, is the colatitude of the mirror
point and we have used that | = L(w/2 — 8) so dl =
—Ldf. Taking Z = cos0/A with A =1— puB.,/E, we
obtain

1
L q4 / dz
(1

_ 2\ n+l
———55ﬂ3(1 AZ?).

(C11)

Using the binomial formula, we obtain

neq_/

— 72) (1— g2
n+l
‘Z(—l) C'n+1AkZ2k, (C12)
k=0
n+1
T = _I"\neq Z C§+1Ak
1
. 4 d—ZZ2k (C13)
Tr Jo (1_22)1/2 .
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We give the following relation

1 2k —_ 1
/ @2 172 SpaL 111)”’,‘720,
o (1-22) 2 (2" (C14)
and perform the Z integration
2k, N ¢ e 1
Ty = —"Lpdneg P _(—1)FCr AF e,
gL Pyt (2k)1 (C15)

Following the same approach, the second term T3 of
(CB6) gives

2
T, = 144 [ 2ky (m) (sin® g)"+1
Il "o \'B (C16)
Qk E n+l
;= ~¢LB. ’\nqu Z C'r’:+1A’c
k=0
(2k — 1)!! 1
et \F¥i) (C17)
Summing all terms, we obtain
n+1l
— (2k - 1)H
— k
Wik = Walneq [Cn +2 Z Cn+1 m

.(1_%) (1+48)], (e

where &y = —2ky E/(qLB.q).

Appendix D: Calculation of the
Constant Part ®; of the Perturbed
Electrostatic Potential

Thanks to the simplicity of the 2-D dipole, we are
able to compute completely 9 Remembering that in
the limit |ky|L > 1, ®g writes

dl | [ 4xBdEd a—Tae @)
f [f "|v|||JJ (ww+u_:? (_3_
dl 4nBdEd | W (e —wes) '
IE[I Tol "foi( a0 )] (D1)
Using (C18), the numerator noted N of (D1) becomes

N = /dl{ 41rBdEd,uf [wd, Wi — Wdi)

Py = -

o] w(w + Tg;)
n+1
(2k — 1)1
k
o (421 G

() ()]}

Using again the binomial formula, we can write

_fdl Wi (Wi — Wai)
N = E{f4ﬂ'dEf0, [—w—(w + “_Jd")
ek, . (Zk-1)N
Aneq (Cn +2 Z Cn+1 @2
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Sever() ()]

j=0

We give the following integral
/E/B du \/__
0 |U|||

and we perform the y integration (remember that for
the 2-D dipole wy; is independent of u):

N :‘/-d—l{'/41rdEf0i\/2miE1/2 [w—di(w*l __wdi)
B (w +wd,-)

(2n)lt  ErtL2
(2n+ 1)t B+l

(D2)

n+1

neq (cn +2 Z

(25)"

(2k — 1)!

&
C"+1(2k+2 n Z
Beg\’ J (2]+2) eq)) }
(%) i (1 |
The denominator D of D1 gives

(27 +3)
[l =t ()]
_/‘g[/MrdEfo,\/—El/z
() oo

The terms being integrated over the energy vanish be-
tween the numerator N and the denominator D, we
obtain

JCJ

dl ! (2k
QOZ/B[ neq(cn+2z Crli+1
k

. B\ (2
PR (—BE) T

(s

Remember that B = Bey/ sin? @, we perform an ! inte-
gration and we obtain :

dl AR . k=1
Qo—/B{\neq[cn‘l';Z(—l) Cn+1—(2k+2)”

k=0
k
2 )G

j=0

— 1!
2k + 2)1

W i +3/2)
2 + nn T(j+2)
(27 +2)(5 +3/2))]} dl
{1+k& —=.
( T ED W
where we have used the following integral:
I((p+1)/2)

dfsin® § = gl /22T /)
/ T(p/2+1)"°

where I is the classical Gamma function ([(n+1/2) =
(2n — 1)!1x/2/2"). Finally, we obtain

P = )\neq (Cn + Sn) ,

(D6)

(D7)
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where we have defined
n+41

B (2k — 1)
5 _kzﬂ(—1)kc,’:+1(2k+2)”
k
; (25)" j+1
2=V Gy (1+455) - @9

Appendix E;}Calculation of the Bounce-
Averaged (6E, x F»)/B2 Drift

Taking into account the expression (41) of the per-
pendicular electric field § Ey, the bounce-averaged elec-
tric drift writes

- dl JE 4L JEL,y_t(L, y,t) 1
T il
Ey = |v||| Tom Beg n+1
Om
: ] —ﬁ—l (S,, — (sin® 0)"+1) sin? 9.
= #Beg /2
: (1 ~ Esm? 0)

Using the same change of variables as in Appendix C,
we obtain
gJEL,y,t(Ly y:t) 1
Uy Beq n+1
1
az
| 1-AZ%) - 1—AZ“+2).
[ w2 (s -4z -0 az

Again, we use the binomial formula and perform the Z
integration (see Appendix C), we get

AL 6EL y:(L,y,t) 1 T A

= Yy s Z(1==
VT Beg n+1 "9 ( 2 )

n+2 (

N
‘kzﬂ(‘l)kck (2k+2§!!§)'

Then, we substitute the expression of 7, = 2rL/v and
A = (1 — pBey/F) and obtain

5EL,y,t(L) Y, t) 1 S 1 4= /‘Beq
Beq ntl|2 E

uEy =

uEy =

UEy =

n+2

-2

(2k - 1)!

e () ]
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