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EXISTENCE OF EXPONENTIALLY GROWING FINITE ENERGY
SOLUTIONS FOR THE CHARGED KLEIN-GORDON EQUATION ON
THE DE SITTER-KERR-NEWMAN METRIC

NICOLAS BESSET AND DIETRICH HAFNER

ABSTRACT. We show the existence of exponentially growing finite energy solutions for the
charged Klein-Gordon equation on the De Sitter-Kerr-Newman metric for small charge and
mass of the field and small angular momentum of the black hole. The mechanism behind is
that the zero resonance that exists for zero charge, mass and angular momentum moves
into the upper half plane.

1. INTRODUCTION

In this note we show the existence of exponentially growing modes for the massive charged
Klein-Gordon equation on the De Sitter-Kerr-Newman metric when the product of the charge
of the black hole and the charge of the particle is small, and the angular momentum of the
black hole and the mass of the field are small with respect to the charge product. The
cosmological constant is also supposed to be small. A calculation with physical constants
shows that this smallness assumption is fulfilled for physical slowly rotating black holes. A
natural global energy associated to the charged Klein-Gordon equation on the De Sitter-
Kerr-Newman exterior is finite, but exponentially growing. The origin of the growing mode
is the strong coupling of the charges (with respect to the mass of the field) for non-rotating
charged black holes i.e. on the De Sitter-Reissner-Nordstrom metric, and the mode still exists
for slowly-rotating backgrounds. This is in contrast to the case when the charge product is
small with respect to the mass, in which no exponentially growing mode exists, see [Be]. In
the latter case the system can be understood as a small perturbation of the massive Klein-
Gordon equation for which there exists a resonance free region Imo > —4, § > 0. For small
perturbations no resonance can move up to the real axis. In contrast to the Klein-Gordon
equation, the wave equation has a zero resonance, see [BoHa]. The present setting is a
perturbation of this case. It turns out that for small perturbations the zero resonance moves
into the upper half plane if the cosmological constant is small enough as shown in this paper.
Note that this is different from the wave equation on the De Sitter-Kerr metric which can
also be considered as a perturbation of the De Sitter-Schwarzschild case, but for which the
zero resonance persists, see [Dy]. Our results are consistent with the numerical results of
[CCDHJ]. Existence of exponentially growing modes is known for the Klein-Gordon equation
on the Kerr metric for certain masses, see [SR]. We also refer to [Mosch] for similar results
for the wave equation with an additional potential.

The De Sitter-Kerr-Newman metric defines a rotating charged black hole and is a solution
of the Einstein-Maxwell system with positive cosmological constant. As mentioned above,
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2 EXPONENTIALLY GROWING MODES

the main result of this paper is essentially contained in the non-rotating case i.e. for the De
Sitter-Reissner-Nordstrom metric. The question of growing modes for hyperbolic equations
on black hole type backgrounds is usually very much linked to the question of stability of this
background itself as a solution of the Einstein equations. In the present case the instability
comes from the charge of the particle which is not relevant for the stability question for the
Einstein-Maxwell system. In particular the De Sitter-Kerr-Newman solution is known to be
stable as a solution of the Einstein-Maxwell system with positive cosmological constant and
a small angular momentum, see [Hi]. Our result nevertheless suggests a possible instability
of the coupled Einstein-Maxwell-charged scalar field system.

There exists a huge literature concerning dispersive estimates for hyperbolic equations on
black hole type spacetimes linked to the stability question, see [HiVa] for the stability of
the De Sitter-Kerr black hole for small angular momentum, [KISz] for the stability of the
Schwarzschild black hole under polarized perturbations as well as references therein for an
overview.

We first formulate and show our result only for the De Sitter-Reissner-Nordstrom black hole.
This is technically easier and all central arguments are already contained in this part. The
existence of an exponentially growing mode is then stable with respect to a small perturbation
of the spacetime and thus holds for the De Sitter-Kerr-Newman spacetime if the angular
momentum is small with respect to the charge product. The decomposition we use for our
perturbation arguments is inspired from [HHV].

The paper is organized as follows. In Section 2 we recall some essential features of the De
Sitter-Reissner-Nordstrom solution. In Section 3 we recall the Fredholm framework which goes
essentially back to [Va] and formulate the main result in the De Sitter-Reissner-Nordstrom
case. Section 4 is devoted to the proof of the main theorem. Finally, we extend our result to
the rotating case in Section 5.
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2. THE DE SITTER-REISSNER-NORDSTROM METRIC

In this section we closely follow [Hi, Section 3]. Let M > 0 be the mass of the black hole,

Q € R its electric charge and A > 0 the cosmological constant. We will assume |Q| < ;J‘//%

and A sufficiently small such that

r 2 3
has four real roots r, < 0 < r. < r— < r4, and is positive on (r_,ry) and that T% has a
single non degenerate maximum on (r_,ry), see [Hi, Proposition 3.2] and [Mo, Proposition

1]. Note that for Q = 0 the assumption is fulfilled for 9AM? < 1. The (exterior) De Sitter-
Reissner-Nordstrom spacetime is the Lorentzian manifold (M, g) with

M =Ry x (r_,ry), xS2, g = pdt? — ptdr? — r2dw?
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where dw? is the standard metric on the unit sphere S2. We want to consider a charged scalar
field on this spacetime with charge ¢ € R. Let

A= th, s:=qQ, V(r):= 1
r r

Note that A comes from the Maxwell equation as the vector potential of the Coulomb solution.
Then the charged wave operator on (M, g) is

, a . ogay L , L I
2y = (Va — igda) (V* —igA") = - ((at —isV)? = 550,200, - T—QASZ)

and the corresponding charged Klein-Gordon equation reads
Zyu+m?u =0
where m > 0 is the mass of the particle.

Let v € (r—,r4) be the unique non-degenerate maximum of x in (r—,ry) (see [Hi, Section

3] for the existence and uniqueness) and put ¢® := pu(r)"'/2. We define a function T' €
C*((r_,r4+)) such that

v
T,(T‘) =
I
where v = F4/1 — pc? for +(r — t) > 0. Note that v is smooth. We then put
te =t —=T(r).

By [Hi, Lemma 3.3] the metric and its inverse read in the coordinates (t.,r,w) € R x (r_ —
N0, 7+ +10) X S with ng > 0 small,
g = pdt? — 2vdt,dr — dr? — r?dw?, gt = 028?* — 200, 0, — u(‘)f —r2egs,

where eg2 is dual to dw?. Observe that the coordinate transformation turns the electromag-
netic potential A to

A= % <dt* - %m) = A, dt, + A,dr.

Notice that A, is singular at r4. The charged Klein-Gordon operator now becomes:

. 1 . . 1 . .
By +m? = (0, —iqA,)? — ﬁ(at* —iq Ay )r*v (0, — iqA,) — r—2(3r —igA)r*v (0, — iqAy.)

1

1
- 7"_2(8T —iqA) T (9, — igA,) — ﬁAga + m?.

We then observe that the charged Klein-Gordon equation is gauge invariant and that
d(%dr) = 0. Thus, if u is a solution to the charged Klein-Gordon equation with the above

electromagnetic potential, then e~y with R'(r) = % is a solution of the Klein-Gordon
equation with the (smooth) electromagnetic potential A" = %dt*. This is equivalent to

conjugating &1, + m? with e~*?. We have:
iR oy —irl _ 2 - 2 1 ~ 2 41 1o o - 1
re' (=g +m®)e o= (0, —iqAs,)” — ;(at* —iqAys,)r V@T; - ;arr v(0, — Zth*);
1 1 1
— O o= — —Ag2 + m?.
T roor2 e
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Note that the operator is in particular conjugated by r. We denote by ]5(0, s,m) the Fourier
transformed operator, i.e.

- ) 1 1 1 1 1 1
P(o,s,m) = —c*(c+sV)?+ 1(0+3V)r21/8r— +EarT2V(O'+SV)— — =012 0p— — — Agz +m?,
r roor ror ror2 e

3. MAIN RESULT

3.1. Function spaces. We choose 79 > 0 sufficiently small such that p has no root on
(r— —mo,r—)U(re,re +m0). Let Y = (r— —no,7+ +m0) x S? and let for v € R, H? (Y;drdw)
be the Sobolev space of order v consisting of extendible distributions. We also put

X' ={ueH'(Y) : P(o,s,m)u € HH (V).
Observe that X7 does not depend on o, s and m. We have indeed:
XV ={ue H'(Y) : P(0,0,0)u c H}(Y)}.

We denote by (f,g) = ﬁ Iy fgdrdw the inner product on L?(Y;drdw). We then have (see
[Hi, Theorem 4.1]):

Theorem 3.1. Let o > 0. Then there exists g > 1/2 such that for all v > vy, s € R,
P(o,s,m) = X7 — H7YY), Imo > —a

1s a holomorphic family of Fredholm operators. The inverse exists for Im o large enough. In
particular the index is O for all Imo > —au.

We fix v > 5/2 in the following.

3.2. Main Theorem. The main result of this note is the following one :

Theorem 3.2. Fiz M > 0 and Q such that 0 < |Q| < % There ezists Ag > 0 such that
for all A € (0,Ap) there exists a constant co(A) > 0 such that the following holds. Suppose
m? < co(A)g®. Then for |q| > 0 sufficiently small, there exists o € C with Imo > c1¢? > 0
such that

Ker P(0,5,m) N Ker(Agz ) # {0}.
Remark 3.3. (i) There exists sy > 0 such that for all |s| < so and all ¢ > 1,
Ker P!(0,s,m)N{oc €C : Imo > —6} = {0}

for some 6 > 0 and Pé(d, s,m) the restriction of 15(0, s,m) on Ker (ASE) +0(0+ 1))
This can be shown in the same way as in [Be].
(ii) The condition on the size of A can be made more explicit. It is for example sufficient

that

ri +rt = 267’_%7% >0, 7‘3_ —2rpr_ — r? > 0,

which is clearly fulfilled for A small enough (ry — oo and r_ remains bounded when
A — 0). We refer to Subsection 4.4 for details.
(iii) We expect that no such growing modes exist for large values of A. However for all

physically realistic black holes, the conditions in (i1) are fulfilled. We refer to Remark
4.5 for details.
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3.3. Finite energy. Let u € Ker P(o, s, m)NKer(Agz ). The function v(t.,r) = e R

K e—iat* u(,r.)
solves

(/Zg + m2) v = 0
Natural energies associated to the t, foliation are finite, but exponentially growing in %, e.g.
H(v) = [0 —igAe)v]|* + (o] 1.

It is also interesting to go back to the Boyer-Lindquist coordinates and the original gauge.
We find

. . e_iR(r) .
v(t,r) = e_“’tewT(T)iu(r) = e “hw(r)
r
with
(e—Im o)|T(r)| 72 g, dr
weEe L (r_,r+)><S,;dw
for all € > 0.

The natural conserved energies associated to solutions of the charged Klein-Gordon equa-
tion are

&(v) = [ — il)ol* + ((uP(0,0,m) — (sV = 1)*)v, )
for all [ € R; we can check that none of them is positive. Here (.,.) is the scalar product in
L? ((7‘_, ry) x S% %dw). Following [GGH] and [Be], we associate to the constructed solution

@ty the positive global energy

E(v) = 2mo)t (”(O’ + sV)wl||* + (uP(0,0,m)w,w)>

v =e

which is finite but exponentially growing in time. Note that the energy £ is conserved for
s =0.

Remark 3.4. In the Boyer Lindquist picture we can apply directly [GGH_, Proposition 3.6]
to see that all possible eigenvalues o with Imo > 0 have to lie in the disc D(0, |s]||V||o0)-

4. PERTURBATION THEORY
We will decompose the function spaces with respect to the kernel and cokernel of P (0,0,0).

4.1. Kernel and cokernel of ]5(0, 0,0).

Lemma 4.1. For ¢ # 0, KerP%(0,0,0) = {0}, where P%(0,0,0) denotes the restriction of
P(0,0,0) on Ker (Agz +£(£+1)).

Proof. Suppose 155(0, 0,0)uy; = 0. We multiply by @, and integrate by parts over [r_,r|:

T4 2
0= / ,W‘2
T

It follows v =0 on [r_,r,]. We can then apply [Zw, Lemma 1] to conclude. O

1
Or—uy
r

T+
drdw+/ 00+ 1)|upPdrdw.

Lemma 4.2. We have

KerP(0,0,0) = Cr := K, KerP*(0,0,0) = Cr* := K*, =10 ().
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Proof. By Lemma 4.1, we know that elements u of the kernel satisfy —Ag>u = 0. Integration

of P(0,0,0)u = 0 over [rg,r] for some 7o € (r_,r,) gives

T cl ,

u=r / —dr’ + cor
ro MT

with integration constants c¢i, co. Thus ¢; = 0 because the first term on the R.H.S. above

is not continuous at r = ry for ¢; # 0, so that the kernel is Cr. By the index 0 property,

the dimension of the kernel of ]5*(0,0,0) is also 1, we therefore only have to check that

r* € Ker P*(0,0,0). For all u € X7, we find

. 1 T 1 1 1
<7‘*, P(0,0, 0)u> = —— / Oppr20p —udr | dw — —/ - Ageudw | dr = 0.
A Js2 \ S, r ar J, 1 \UJs2

This completes the proof. O

4.2. Decomposition. Recall that X7 is independent of ¢, s and m. We decompose
X' =K-ak.

Let R be the closed subspace of H7~1(Y) such that

(fy,r'y=0, VfeR
and R+ = Cr. Then we have

H Y Y)=RaoR:
Indeed (r,7*) # 0 and f € HY~1(Y) writes

= () o

Within this decomposition we can consider ]5(0, s,m) as a matrix operator

. pOO(O',S,m) p()l(O',S,m) 1 1
P = 5 3 : '

Note that Py(o,s,m) is invertible for (o, s,m) in a small neighborhood of (0,0,0). This
follows from the fact that (o, s, m) — Pyy(o, s,m) is an analytic family of operators and that
Pyy(0,0,0) is invertible. We then obtain

Pyl(0,8,m) = Byt (0,0,0) + O(|s]).

The crucial point is that P is invertible if and only if P := Py — ]510]50_01]501 K — R s
Indeed, if P is invertible, then an explicit calculation gives
p_l(o_) _ < p&)l(]_ + pOlAP_EPIOP(R)l) —pO_OIPOI]P)_l

RORT - Kta K.
—P~1Pp Pyt P! > @ @

Conversely if Py — PIOP&)II:’(H = 0 then 15(0, s,m) has a non trivial kernel and an element of
the kernel is given by (—PO_OIP(HT, r) € K+ @ K. We will write in the following m? = s?m2.

4.3. Computation of P.
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4.3.1. Computation of Pyy. We have
(r*,ﬁ(a, s,m)r) = (r*,ﬁ(a, s,0)r) + stg(r*,r>.

We then compute:
(r*,P(o,s,0)r) = <r*, <—02(a +sV)? + ;8rr2u(0 + sV)%) r>

= [ — o2 (r*,r) — 2s0(r*, Vr) — s2(r*, V2r>] +1 <r*, %&r%(a + sV)> .
Let us compute the different terms:

4 7,,3 _ ,r.3
(r*,r) = / 2t = +——,
. 3

r4 2 2

(r*,Viry = (r*,1) :/ tdt = T+ 2T_,

T

=
(r*,V?r) = <r*,1>:/ dt=ry —r_,
r T_—

<7‘*, %@rzy(a + sV)> = /T+ ot’v(o + sV)dt = 7‘3_1/(7‘4_)(0’ + sV (ry)) —r2uv(r_)(o + sV (r_))

= —o(ri +r2) —s(ry +7ro).

4.3.2. Computation of Plop&)lpm. Let

~ r+—|—7“_
P
r2 +r2’

S = = [(&—1> r?v0, + 0,y <&—1>} 1
T T r)|r

We will assume that o = —s& + O(s2). We first consider the operator Py : K+ — R, Let
f € K*+; we have:

<r*,ﬁ(0’, S,m)f>
= <r*, <—c2(a +sV)2 + ;GT(U +sV)vr + ;(0 + SV)T2V8T% + m2> f>
= O(|s])-
We next consider the operator Py : K — R. Let f € R. We find in the same way
(f,P(o,s,m)ry = O(|s]).

Lemma 4.3. We have Sr € R.
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Proof. We compute

<T*7ST> = i<1(7«¢+),aﬂ’21/ <T+ - - l>>

2 2
r++r_ r

P N N O s S W O o s
= 1\ =" | =3 2 r—\ 2 2
7’+—|—7*_ Ty T+—|-7’_ r_

= —7:(7"_1_—1—7"_—7"_’_—7‘_):0.

This completes the proof.

Now recall that PO_Ol(a, s,m) = 150_01(0, 0,0) + O(|s|). Therefore
Plo(o*, S,m)PO_Ol(U, s,m)Pm(a, s,m) = 1510(0, s,m)P&)l(O, 0,0)1601(0, s,m) + (9(|s|3).
Now observe that

(r*, Pio(o, s,m)P~1(0,0,0) Py (0, s,m)r) = s2(r*, SP71(0,0,0)Sr) + O(|s|?).

4.4. Zeros of the principal term. Let us put
Po(o, s,m) := P1(0,s,m) — s*(r*, SP~(0,0,0)57).
Note that Py(c,s,m) = P(c,s,m) + O(|s|?). We have Py(c, s, m) = 0 if and only if

As(r2 —r2) +i(r? +r2)

2
3
m e
(4.1) +3ssc2(r+ —r_) + s(r¥, S;)P_I(BO, 0,0)Sr) +i(ry +7r-) B S2m_2(2) o
(r3 —7r2)c? c
. . . 3(r%r+r3)
Remark 4.4. If s =m =0 then Py(0,0,0) =0 if and only if c =0 or o = 255y
+ —
4.4.1. Computation of the roots. Let
- A(r2 —r?) o r? 4+ r2 _— A(rg —ro) + (r¥, SP=1(0, 0,0)57)  md
ay = 77 ag = K ) 1-= K 02 )
2(,.3 3
by = % K= % A= say +iay, B := s, + isby.

Then (4.1) writes 02 + Ao + B = 0. We have the roots

A 4B

and are mainly interested in

A 4B B
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2 2
The root o_ is a perturbation of o = —i% and is thus expected to stay in the lower
half plane for small perturbations. We compute
B
B = —(s%a3 + a3)73(s?by + isba)(s%a? — 3is*alag — 3sayal + iad)
= (s%a? + a3)73(3is?byara3 — is?bias + sbaad) + O(|s]?),
A+ B = 8261% + 2isajag — a% + $%by + isbs.

Thus

oy = (s%a?+a3)3 [— sboal + is?as(brad 4 b3 — baaraz)] + O(Js®)

b bia3 + b3 —b
= 5242102 i 2 2092 O(|s]*).

We are interested in the sign of Imo,. We therefore compute

bla% + b% — b2a1a2

1 ry +r)? () =2
— F(cz(m_—7"_)(7"_%4—7"3)24-c(TJF T;(TJF r-)

LR SRT0)Sr) o (] #1220 =)

K3 0 3K3
Ary —r_)3 9 (r3 +7r2)2(r*, SP=1(0,0, 0)Sr)
= () ) +
e (ri 4+r2)2(r3 —r3)
0 3K3 ‘

Putting all together we find

is2c(ry —r_)3((ry —r_)2 +ryr)
3(7’_2F +72)3

O'+:—36'+

is? A ma(r2 — 3
(4.2) > <(7’*,SP_1(0,0,0)S7’> — %) + O(|s]?).

ri 2
4.4.2. Computation of (r*, Sp_l(O, 0,0)Sr). We consider the equation 15(0,0, 0)f = Sr:
1 1 )
— =00~ f = 18,17‘21/ (6—-V).
r r r
Multiplying by —r then integrating over (r_,r) for some r € (r_,r;) yields

7‘2,u8r%f =—i <r2u (6 —-V)—riv(r ) (6 — V(r_))).

Notice that we can indifferently use the value at r_ or r for the right-hand side ¢f. the proof
of Lemma 4.3. It follows

XTI ) R RY ()
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which is smooth at ry as u(r) = (r — r1)g(r) where g is smooth and does not vanish at 7.
We eventually obtain

0= e [ (s (r-2) e (o= 2)) gl et

v [riy(u) (5 - i) 1) 2y (5 - %) f(“)}
_ /;+ (5 _ %) r2y <T2V(r) <5 —) ) (5 - %)) %
+ <& - %_) 2u(r) /;+ <T2y(r) (5 - %) —r2u(r_) <& - %)) %.

Here we have used that r2v(r}.) (5 - i) =riu(r_) (& -

v

>, see the proof of Lemma, 4.3.

T+
Putting
R
X(r) = - v(r),
we see that
* H—1 _ " 2 _ 2 dr
(r,SP (0,0,0)5r>—/r (2022 = 20?) s

Using that v(r)? = 1 — pc?, we can write
E(r)2 — E(r_)2 =52 (r4l/(7‘)2 — rfu(r_)2) — 25‘(T’3V(7‘)2 — r?il/(r_)z) + (7"21/(7‘)2 — 7‘31/(7‘_)2)
3

(4.3) = [52 (7‘4 - 7‘4) —26(r° — r?i) + (r2 - r%)} —r?uc?(6r — 1)%

We may notice here that X(ry)? — X(r_)? = 0 (because v(r_) = 1 = —v(ry)).
The second term on the right-hand side of (4.3) can be directly integrated:

i d ry
/ —r?ucP(Er —1)2 o = —c2/ (522 — 267 +1]ar
r_ rp r_
= ¢ (&2(r*,r> —25(r*,Vr) + (r*, V27’>)
e R v 4 2)
3(rk 4+ r2)?
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4.4.3. Sign of the imaginary part. Recall from (4.2) the explicit form of 0. It follows that

s T+ dr  $*mi(r3 —r3)

S F(r)— — + - O 3

where F(r) := 62(r* —r2) — 25 (r® — r2) + (r? — r%). We have the following factorization
for F(r) :

F(r)y=r*6r—1)2 —r2(6r_ —1)?

Ima.,. =

= [& 2—r+r_(&7‘_ —1)] [&7’2—7’—7‘_(67*_ — 1)}

o gzm )| e (-G )]

=6 r —r_)(r —ry) <r + w) <r - M) .

r—+ry r—+ry

Writing 1u(r) = 25 (r —r_)(ry —r)(r —ry)(r — ). Let 8 = - Note that pry < and
that r_ < pry if and only if

(4.4) r3 —2rir_ =12 >0,
We will suppose (4.4) in the following. We then have :
M, = 3 </m*ﬁ+ﬁhxr—&4hr+/”(%H%JW—BMJM>
52 A2 +r2) \J, (r—rp)(r—re) gry  (r—rp)(r—re)
el )
3(rf +7r2)
352 s m%(ri”r —7r3)
- ) — Bry)dr — 0T T T)
XCTT G, g o . (P = srar = S

An explicit calculation gives
" T+ —T— 4 4 2.2
_ /T (r+ pr_)(r — Bry)dr = m(nr +rl —26rire).
Thus if we suppose (4.4) and
(4.5) rt 4+t —26r3r? >0,
3(rt 4+t —26r272)

4.6 2 < :
(45) "0 < IRGT By — ) (Brr — r) (R + T T )
then

(4.7) Imoy > Cys?, Chy >0

uniformly in |s| < sg for sp small enough. Noting that in the limit A — 0, r; — oo whereas
r_ stays in a bounded domain, so that for A sufficiently small (4.4) and (4.5) hold. We fix
A > 0 small enough and my > 0 as in (4.6) in the following.

Remark 4.5. (i) If
(4.8) r2 —2rir_ —r2 <0,

then we have Bry < r_ and the function F is negative on (r_,ry). oy has in this
case negative imaginary part for s small enough. We then expect that all modes have
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negative imaginary part for s small enough. (4.8) is fulfilled near extremal black holes
for 9AM? close to 1 and Q close to zero.

(ii) Planck’s latest value for the cosmological constant [PC] is A = 1.106 1072 m~2. Re-
placing M and Q in natural units by respectively GM/c? and Q(G [4meg)'/? with
G = 6.6741071 m? kg~ '.s72 the gravitational constant, ¢ = 2.998 108 m.s~! the speed
of light in vacuum and ¢y = 8.854107 2 F.m™! the vacuum permittivity, numerical
computations give

rd bt —26rir2 > 735710 mt, - 2r s — 2 > 2.71410°% m?

for black hole masses ranging from 0 to 1.3110% kg, the mass of the heaviest known

black hole TON 618 (cf. [CCFMNOS]), and electric charges |Q| < ;’\%\52 Therefore

our conditions are fulfilled in physical realistic cases.

4.5. Proof of the main theorem. Let 0 € 9D(0, 5 s?) C {0 € C : Imo > 0}, where C,
is as in (4.7). We then have

Po(0,5,m)| Z (0 = 04)(0 — o) Z s>
On the other hand by the computations in the previous subsections we have
|P0(07 S, m) - P(U7 S, m)‘ 5 ’3’3'

The existence of a zero of P(o,s,m) in D(o, %82) then follows from the Rouché theorem for

s small enough. All the arguments in the proof work for the operators restricted to KerAgp .

There is therefore an element in Ker P(o,s,m) that lies also in KerAgz for some o with
Imo > ¢15? > 0. This completes the proof. ]

5. GROWING MODES ON THE DE SITTER-KERR-NEWMAN METRIC

We extend in this last section Theorem 3.2 to the De Sitter-Kerr-Newman metric. Let

2
ta(r) = (1% 4 a?) (1 — ATT2> —2Mr + (1 + ATCL2> Q*

As g = 72 + O(a?), there exists a; > 0 such that g, still has two largest positive roots
r—q < T4q for a € (—aj,a;). Note that ri, are close to ry for |a| small. On M, =
Ri X (1= 0, 74.0)r X Sg,qﬁ we define

-2 2 2
Ha . 9 2 Kk sin“ 0 9 9 2 o (dr® df
g SN (dt — asin®6dg) N (adt — (r* + a®)d¢)” — p ( " + -
where

A= —, k=14 \cos®0, p? =12+ a’®cos? 6.

Observe that g, = g + O(|a|) and p = r + O(a?). Following [IiVa, Lemma 3.4], we introduce
for |a| small new coordinates t, : =t —T1'(r), ¢y := ¢ — ®(r) with T, & smooth on (r_ 4,74 4),
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such that the inverse metric reads near r4 ,

— a a(l+ A B
gl = _ Ha — (0 T cx,alr, T ix a(%*) % (Or F c.a0r, F Cx,00p, )0,
2(1+ A B
+ ( p2 ) (7‘2 + a2) (67« F C:I:,aat* F C:l:,aa(b*)at*
(1 + )‘)2 22 2 K 49
-5 00, + O, - —=0;.
/ip2 sin2 6 (a Sl b+ ¢*) ,02 0

Here ¢+ 4 = ;ﬁgci,a and pgct q = rz,uci,o + O(a?). The electromagnetic interaction gener-
ated by the charge and the rotation of the black hole is now encoded by the electromagnetic
potential A, (dt — asin 9d¢) in Boyer-Lindquist coordinates; it becomes in the new

1+ A
A, = Q—;dt* + <%Ci7a + M) dr — Q—;asin2 0do..
p r2+a 1 P

coordinates:

We write A, = Al (r,0)dt, + AT (r)dr + AL*(r,0)d¢, and put R, (r) = A"(r). After a te-
dious computation, we see that the Fourier transformed operator associated to the gauge-

transformed Klein-Gordon operator pe'fteeiot« (,nga + m2)e_i°t* e‘iR“% is

P(o,s,m,a) = — gt (o + sV,)% — ; ((o 4 sVa)p* gl "0y + 0, p%gl" (o + sV)))

=

1 1
— 2igZ*¢* (0 4 sV,) (04, + iasV, sin? 0) — ;ar,ua&;

1
+ - (87“/)29”;5* (0, +iasV,sin?0) + (9y, + iasV, sin? 0)p? g% 8r>
p

=

Oyk sin 989— + g9+ (04, +iasV, sin? 0)2 + m?,

psin

where V, = % =V +0(a?) and gt glsr, gf{‘¢* mﬁ*’ gf*¢* are the coefficients of the inverse
metric, smooth on Y and satisfying gt = —c + O(a?), gb" = —v + O(a?), gff*d)* =
—r2sin"260 4+ O(a2) and gk, gi%* = O(|a|). Theorem 3.1 still holds for a sufficiently small
that is P(0,s,m,a) : X — HY"'(Y) is Fredholm of index 0. We consider in the following
P(0,5,m,a) restricted to Ker(0y,), i.e. we put dy, = 0 in the above expression. With this

restriction X, becomes independent of a. The operator ———dgk sin 69y can in this context
be understood as the restriction of

sin 6

2

sin 0 cos 00y

1 . 2Aa
_S_—alg/{ sin 00y — 8¢* /{Aggm +

inf nZé

to Ker(dy, ) which is smooth. For s sufficiently small and m? < ¢g|q|? we obtain using Theorem
3.2 the existence of o(s,m) with Imo(s,m) > %32 and
Ker(P(o(s,m), s,m,0)) # {0},

We now write a2 = a332 and observe that

A~

Pij(o,s,m,a) = Isij(a, s,m,0) + 820((13), Vi, j € {0,1}
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C142. In particular we have

uniformly in [0 — o(s,m)| < s
Poo(0,5,m,a) = Pyo(c,s,m,0)(1 + Py'(a,s,m,0)s°O(ad)).

For a sufficiently small ]500(0, s,m,a) is thus invertible and we have
Pyt(0,8,m,a) = Byl(o,s,m,0) + s°0(ad)
uniformly in |0 — o(s,m)| < Cl s2. Putting all together we find
]P’(a s,m,a) = P(o,s,m,0) + s20(ad)
uniformly in |0 — o(s,m)| < Cl s2. Then for s sufficiently small we have :

P(c,s,m,0)| > Cys?, |P(c,s,m,a) —P(a,s,m,0)| < Czas>

for some constants Cy > 0, C'5 > 0. By choosing ag gz we obtain by the Rouché theorem:

Theorem 5.1. Fiz M > 0 and @Q such that 0 < |Q] < % There exists Ag > 0 such that

for all A € (0,Ap) there exists a constant co(A) > 0 such that the following holds. Suppose
m? < co(A)g?, a® < co(A)g?. Then for |q| > 0 sufficiently small, there exists o € C with
Imo > clq2 > 0 such that

Ker P(o,s,m,a) N Ker(0y,) # {0}.
Remark 5.2. Let u € Ker P(o,s,m)N Ker(dy,) so that v(t,,r,0) = et #u(r, 0) solves

(Zga + m2) v = 0

Again

H(v) = [|(Be. — igAs)ol” + o] F
is finite but exponentially growing in t.. Going back to the original coordinates and gauge, we
find

. . e_iR(T) .
v(t,r,0) = e_Wte“’T(’")iu(r,w) = e "hw(r,0)
r

with

2
v € - TmNT) 12 <(7«_7a77‘+7a) xs2, 7

a

drdw) , w? = (r? + a®)*k — a’pg sin” 0

for all e > 0 (notice that w? > 0 if ag is small enough). Following [GGH], we associate to
this solution the energy

E(v) = M (||(o + k)w|]? + (how, w)) ,

where (.,.) is the scalar product in L> ((7‘_7,1,7’4_7@) x S2, ” Kdrdw) and
k= sV + altta = (;22+ a*)K) (Dy + sVasin? 9),
ho = %(m +sVasin?0)® + %Dmm T A‘)‘;; —Dysin 6D,
* (1 f§§§w2 m

Here we used the notation De = —i0s. We have hg > 0 and thus S(U) > 0. Furthermore, this
energy 1s finite for all t > 0 but it is exponentially growing.
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