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NEWTON-LIKE INERTTAL DYNAMICS AND PROXIMAL ALGORITHMS
GOVERNED BY MAXIMALLY MONOTONE OPERATORS

HEDY ATTOUCH* AND SZILARD CSABA LASZLO 1

Abstract. The introduction of the Hessian damping in the continuous version of Nesterov’s accelerated gradient
method provides, by temporal discretization, fast proximal gradient algorithms where the oscillations are significantly
attenuated. We will extend these results to the maximally monotone case. We rely on the technique introduced
by Attouch-Peypouquet (Math. Prog. 2019), where the maximally monotone operator is replaced by its Yosida
approximation with an appropriate adjustment of the regularization parameter. In a general Hilbert framework, we
obtain the weak convergence of the iterates to equilibria, and the rapid convergence of the discrete velocities to zero.
By specializing these algorithms to convex minimization, we obtain the convergence rate o (1/k2) of the values, and
the rapid convergence of the gradients towards zero.

Key words. Damped inertial dynamics; Hessian damping; large step proximal method; Lyapunov analysis;
maximally monotone operators; Newton method; time-dependent viscosity; vanishing viscosity; Yosida regularization.

AMS subject classifications. 37N40, 46N10, 49M30, 65K05, 656K10, 90B50, 90C25.

Introduction. Let H be a real Hilbert space endowed with the scalar product (-, -) and norm
| - |I. Given a general maximally monotone operator A : H — 2%, based on Newton’s method, we
want to design rapidly converging proximal algorithms to solve the monotone inclusion

(0.1) 0¢€ Ax.

Solving (0.1), i.e. find a zero of A, is a difficult problem of fundamental importance in optimization,
equilibrium theory, economics and game theory, partial differential equations, statistics, among
other subjects, (see for instance [20, 23, 24, 25, 26, 28, 30]). As a guide to our study, the algorithms
will be derived from the temporal implicit discretization of the second-order differential equation

(DIN — AVD)a,ﬁ Z(t) + %I(t) + ﬂ% (A)\(t)(:r(t))) + A,\(t) (z(t)) =0, t>tg>0,

where «, 8 are positive damping parameters, and Jya = (I + )\A)fl , Ay = %(I — Jxa) stand
respectively for the resolvent of A and the Yosida regularization of A of index A > 0. According to
the Lipschitz continuity property of Ay, (DIN — AVD)_, ; is a well-posed evolution equation which
enjoy nice asymptotic convergence properties. The obJect of our study is the ”Proximal Regularized
Inertial Newton Algorithm for Monotone operator”, called (PRINAM) for short, and which can be
viewed as a discrete temporal version of (DIN — AVD), 5. It is written as follows:

Yk = (1 - B (;k - )\:1)> x + (o — )\fil Y xk — zp—1) + )%J/\kA(l’k) - %JAk,lA(xk—l)

Akt1 _ s
A1+ 8 A1+ s

Tkt+1 = J(M+1+S)A(yk)'

*IMAG, Université Montpellier, CNRS, Place Eugene Bataillon, 34095 Montpellier CEDEX 5, France. E-mail:
hedy.attouch@umontpellier.fr, Supported by COST Action: CA16228

fTechnical University of Cluj-Napoca, Department of Mathematics, Memorandumului 28, Cluj-Napoca, Romania,
e-mail: szilard.laszlo@math.utcluj.ro., This work was supported by a grant of Ministry of Research and Innovation,
CNCS - UEFISCDI, project number PN-III-P1-1.1-TE-2016-0266, Supported by COST Action: CA16228

1



2 H. Attouch, S. C. Laszl6

This algorithm includes both extrapolation and relaxation steps. Compared to the extrapolation
step in the accelerated gradient method of Nesterov, its main characteristic is to include an addi-
tional correction term which is equal to the difference of the resolvents computed at two consecutive
iterates. As a main result, we will prove that for an appropriate adjustment of the parameters, any
sequence (z) generated by this algorithm converges weakly to a zero of A. Moreover, when A = 9 f
specializes in the subdifferential of a convex lower semicontinuous function f : H — R U {+o0},
we obtain the convergence rate o (k%) of the values, and the fast convergence of the gradients to-
wards zero. Our study is based on several recent advances in the study of inertial dynamics and
algorithms for solving optimization problems and monotone inclusions. We describe them briefly
in the following paragraphs. Our main contribution is to show how to put them together.

0.1. Asymptotic Vanishing Damping. The inertial system
(AVD),  i(t) + Ti(t) + Vf(a(t) =0,

was introduced in the context of convex optimization by Su-Boyd-Candes in [32]. For a general
convex differentiable function f, it provides a continuous version of the accelerated gradient method
of Nesterov. For o > 3, each trajectory z(-) of (AVD), satisfies the asymptotic convergence rate
of the values f(z(t)) — infy f = O (1/t?). As a specific feature, the viscous damping coefficient
< vanishes (tends to zero) as time ¢ goes to infinity, hence the terminology. The case a = 3,
which corresponds to Nesterov’s historical algorithm, is critical. In the case a = 3, the question
of the convergence of the trajectories remains an open problem (except in one dimension where
convergence holds [9]). For « > 3, it has been shown by Attouch-Chbani-Peypouquet-Redont [§]
that each trajectory converges weakly to a minimizer. For o > 3, it is shown in [14] and [29] that
the asymptotic convergence rate of the values is actually o(1/t?). These rates are optimal, that is,

they can be reached, or approached arbitrarily close. The corresponding inertial algorithms
!
Ye = Tk + (1 - E> (T — T—1)
Th1 =Yk — sV (yk)-

are in line with the Nesterov accelerated gradient method. They enjoy similar properties to the
continuous case, see Chambolle-Dossal [22], and [6], [8], [14] for further results.

0.2. Hessian damping. The following inertial system
#(t) + Ti(t) + BV (2(t)a () + V((t) = 0.

combines asymptotic vanishing damping with Hessian-driven damping. It was considered by Attouch-
Peypouquet-Redont in [15], (see also [3, 11]). At first glance, the presence of the Hessian may seem
to entail numerical difficulties. However, this is not the case as the Hessian intervenes in the form
V2 f(x(t))i(t), which is nothing but the derivative with respect to time of the function t — V f(z(¢)).
So, the temporal discretization of this dynamic provides first-order algorithms of the form

Yk = T + o (vr — vp—1) — Br (Vf(zr) = Vf(zr-1))
Thy1 = Ye — sV [ (yr)-
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As a specific feature, and by comparison with the accelerated gradient method of Nesterov, these
algorithms contain a correction term which is equal to the difference of the gradients at two consec-
utive steps. While preserving the convergence properties of the Nesterov accelerated method, they
provide fast convergence to zero of the gradients, and reduce the oscillatory aspects. Several recent
studies have been devoted to this subject, see Attouch-Chbani-Fadili-Riahi [7], Bot-Csetnek-Laszlé
[21], Kim [26], Lin-Jordan [27], Shi-Du-Jordan-Su [31].

0.3. Inertial dynamics and cocoercive operators. Let’s come to the case of maximally
monotone operators. Alvarez-Attouch [2] and Attouch-Maingé [10] studied the equation

(0.2) B(t) +yi(t) + Alz(t) =0,

when A is a cocoercive ! (and hence maximally monotone) operator. Cocoercivity plays an impor-
tant role in the study of (0.2), not only to ensure the existence of solutions, but also to analyze
their long-term behavior. They showed that each trajectory of (0.2) converges weakly to a zero
of A if the cocoercivity parameter A and the damping coefficient v satisfy the inequality Ay? > 1.
Since A, is A-cocoercive and A;*(0) = A~1(0), we immediately deduce that, under the condition
My? > 1, given a general maximally monotone operator A, each trajectory of

B(t) +v2(t) + Ax(z(t)) =0
converges weakly to a zero of A. In the quest for a faster convergence, the analysis of
(DIN — AVD),_, (1) + %x’(t) + Ay (@) =0, >t >0,

2
@
leads to introduce a time-dependent parameter A(-) satisfying A(t) x ) > 1, see Attouch-Peypouquet

[13]. Temporal discretization of this dynamic gives the Relaxed Inertial Proximal Algorithm

Yk = Tk + ag (Tl — Tp—1)

(RIPA)
Trr1 = (1= pr)yr + prJupa(Ye)s

whose convergence properties have been analyzed by Attouch-Peypouquet [13], Attouch-Cabot [5].

0.4. Link with Newton-like methods for solving monotone inclusions. Let us specify
the link between our study and Newton’s method for solving (0.1). To overcome the ill-posed
character of the continuous Newton method, the following first-order evolution system was studied
by Attouch-Svaiter (see [17]), for a general maximally monotone operator A

{ o(t) € A(z())
~(B)E(t) + Bo(t) + v(t) = 0.

This system can be considered as a continuous version of the Levenberg-Marquardt method, which
acts as a regularization of the Newton method. Remarkably, under a fairly general assumption on
the regularization parameter «(¢), this system is well posed and generates trajectories that converge

YA :H — H is A-cocoercive () is a positive parameter) if for all z,y € H (Ay — Az,y — z) > \||Ay — Az
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weakly to equilibria. Parallel results have been obtained for the associated proximal algorithms
obtained by implicit temporal discretization, see [1], [12], [16], [19]. Formally, this system writes as

V() (t) + 6% (A(z(?))) + A(z(t)) = 0.

Thus, (DIN — AVD) 5 can be considered as an inertial and regularized version of this system.

0.5. Organization of the paper. The (PRINAM) algorithm, which is our main subject, is
studied in section 1. Then, in section 2 we will examine the case A = df where f: H — RU{+o0}
is a convex lower semicontinuous function. Finally, we outline some perspectives.

1. Convergence of the associated proximal relaxed algorithm. The (PRINAM) algo-
rithm will be introduced by implicit temporal discretization of (DIN —AVD), 5. In view of the
Lipschitz continuity property of Ay, the explicit discretization might work well too. In fact, the
implicit discretization tends to follow the continuous-time trajectories more closely. In addition,

the implicit and explicit discretizations have a comparable iteration complexity.

1.1. Regularized Inertial Proximal Algorithms. Take a fixed time step h > 0, and set
tk = kh, z = z(tx), Ak = A(ty). Consider the implicit finite-difference scheme for (DIN — AVD),, 4

1 o
(11) 55 (@hrr = 22 + 1) + 155 (@0 — 2h-1) + %(Axk (z) — Axe o (Tr—1)) + Axyy (Tp41) = 0.

2

with centered second-order variation. After expanding (1.1), we obtain

(L2) o+ A, (@ren) = o+ (1= ) (@0 = @im1) = Bh(Ax, (@0) = Ax, (2m1)):

Set s = h2. Keeping the notation 3 for Bh, and setting oy, := (1 — g), we have

k
(1.3) Tpp1 4+ sAx ., (The1) = Uk,
where
(1.4) Y = + ap(@r — zr-1) — B(Ax (2r) — Axe_y (Th-1)-

From (1.3) we get

(15) Th+1 = (I+ SA)\k+1)_1 (yk));

where (I + sAAkH)fl is the resolvent of index s > 0 of the maximally monotone operator Ay, ;.
Putting (1.4) and (1.5) together, we obtain the following algorithm

e = T+ ok —zr-1) — B(Ax (k) — Ax_, (T-1))
(1.6)

1 = I+ SA/\kH)il (yr) -

Let us give some equivalent formulations of this algorithm. According to the resolvent equation
(formulated as a semi-group property) (Ax), = Axys, we have

(I+sA)) " =T-5(A)), =1—sArs.
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Thus, we obtain the following formulation, which makes use of the Yosida approximations of A.

Yk = T + op(rr — xR_1) — B(AN, (1) — Ax,_, (Th-1))
(1.7)

Tr+1 = Yk — 5A>\k+1+8(y7€)'

According to Ay = § (I — Jxa), let us reformulate (1.7) using the resolvents of A. We have

1 1 1 1
Ay, () — Ax (1) = Ykl'k - )\kilxk—l — (AkJ,\kA(mk) - )\likklA(xk—l)>

1 1 1 1 1

= — ) — - — (= - _
Akfl(xk Tp_1) + <)\k )\k1> Tk (Ak e (Tr) et A1 ATk 1))

Akt1 .

k41t S Ak+1+ S

Yk — 8A)\k+1+8(yk) =Yk — ) J()\k+1+S)A(yk)'

m (yk B J(>\k+1+s)A(yk)) = b\

This gives the ”Proximal Regularized Inertial Newton Algorithm for Monotone operator”, called
(PRINAM) for short. It is formulated below in terms of the resolvents of A.

(PRINAM)

Take xg € H, x1 € H

Yr = (1 - (%k - ﬁ)) zy + (ak - Af,1> (24 — Tpo_1)
Stepk : +6<T1,CJMA($IC) - ﬁJAk,lA(xkq))

Akt1 s
) TN
k+1+ S kr1+ S

Tr41 = J(Ak+1+S)A(yk)'

We are now in position to prove the main result of this section, namely:

THEOREM 1.1. Let A : H — 2™ be a mazimally monotone operator such that S = A=1(0) # 0.
Consider the algorithm (PRINAM) where, for all k >0, ap = %=L ) =rk+q,7>0,¢ €R and

trk41

(28 + 5)?r?

S

A\ = M2 with A >

Then, for any sequences (), (yx) generated by (PRINAM), the following properties are satisfied:
i) The speed tends to zero, and we have the following estimates

1
|Zkt1 — 2kl = O (k) as k — +oo, zk:kﬂxk —apa? < o0

1
Aol =o( 5 ) as k> o0 TR A (@n)|P < o
k

it) The sequence (x) converges weakly to some & € S, as k — +o0.
iii) The sequence (yx) converges weakly to & € S, as k — 4o0.
Precisely, ||yx — x| = O (%) , as k — 400, and so y, — xy, converges strongly to zero.
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1.2. Geometric interpretation. In algorithm (PRINAM), the proximal parameter Ay tends
to infinity in a controlled way, namely A, = M\k? with A sufficiently large. This property balances
the vanishing property of the damping coefficient. As a classical property of the resolvents ([18,
Theorem 23.44]), for any « € H, Jyaz — projg(z) as A — 400, where S is the set of zeros of A.
Thus the algorithm writes

1 = Opyr + (1 — 0k) Jons 994 (k) = Uk + (Jonesa+9)aWr) — yk)

S
Ak4+1+ S

. A .
with Ak ~ 100, gk = )\kj:j-s ~ 17 )\k+sl+s ~ 07 J(>\k+1+S)A (yk) ~ prOJS(yk) as k — +oo. At Step kv

after reaching yy, the direction Jiy, ,, +5)a(Yx) — yr ~ Projs(yx) — y is well oriented in the direction
of S, but we are allowed to take only a small step in this direction. This is illustrated in figure 1.1.

Tk—1

T

yr = extrapolation 4 correction
//
Tl =Ykt T (Jovesr+)4Wk) — Yi)

()\k+1+S)A(yk)

Fig. 1.1: (PRINAM) algorithm

REMARK 1. Following [5]-[6], we could develop our theory with a general sequence (ay) of
extrapolation coefficients which satisfy 0 < aj < 1. A particularly interesting situation is the case
ap — 1, which corresponds to the asymptotic vanishing damping in the associated dynamic system.
The sequence (t) which is linked to the sequence («y) by the relation

te—1
(1.8) ap = —2——
te+1

plays a central role. To simplify the presentation, in Theorem 1.1 we limit our study to the case
(1.9) tk =1k+q,r>0,q€R,

which contains most interesting situations. In particular, when ap = 1 — 3, we have #; = %,
1 1

which corresponds to r = ﬁ, q = — =7 The critical value a = 3 corresponds to r = 3.
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1.3. Proof of Theorem 1.1.
The discrete energy. Take z € S. For each k > 1, let us define the discrete energy

1
(1.10) 55717 =atp_1 <A>\k71(xk,1),xk,1 — Z> + §||b($k,1 — Z) + tk(xk — Tp_1 + SA)\k (xk))||2
b(1 - b)
* 2

We will show that by adjusting the real parameters a and b, the following Lyapunov property is
satisfied: there exist €1,€5 > 0 and an index N € N such that for all k > N

k-1 = 2II*.

ENT —EFy + etk || Ax, (k)| + exkl|lg — 25| < 0.
Specifically, in what follows, we will take

(1.11) 0<b<1 and b8 < a < bB + bs, whenever § > 0;
(1.12) a=0 for 3 =0.

For each k > 1, briefly write &, as follows

1 b(1—-10
‘gf:b = atp—1 <A)\k—1($k?*1>7xk71 - z> + - 2y !

ol + 2 i = 2,

with
Vg = b(xk,l — Z) + tk(xk — Tr_1+ SA)\k (.’I,'k))
Using successively the definition of vy, (1.3) (1.4), and (1.8) we obtain

(113) V41 = b(xk — 2’) + tk+1(l‘k+1 — T+ SA)\]chl (Ik+1))
= b(wk — 2) + tit1 (Y — T)
=b(zp — 2) + tpgr (ar(zr — zr—1) — B (A, (@) — Ax,_, (z1—1)))
) +

=b(xp — 2) + (te — 1) (x — Tr—1) = Btrgr (Ax, (x) — Ax_y (T-1))-

Further, vy can be written as
(114) V = b(lL‘k — Z) + (tk — b)(xk — £L’k_1) + StkA)\k (Cﬂk)
Therefore, for all £ > 1, we have
1 2 1 2 1 2
loksall” = Sllvell® = Sllb(zr — 2) + (tx = (2 — 2h-1) = Btora (Ane (@) = Arey (@r-1))]
1
— ek = 2) + (t, = 0)(zk — wp—1) + stedy, (z)]1?
1
= 5((% —1)% = (t — b)) ||z — 21|
1
+§(52ti+1 — S| Ax, () 1? = B2 1 (Ax, (), Ax,_, (Tr1))

1
+§52ti+1||14m71($k—1)||2 +b(b—1){(xp — Tp—1, T8 — 2)

—b(Btis1 + st) (A, (Tk), Tk — 2) + 0Bt 1(Ax,_, (Th—1), Tk — 2)
—(Btr1(te — 1) + sti(te — b)) (Ax, (@k), Tk — Tp—1)
(1.15) +Btg1 (b — 1) (A, (Tr—1), Tk — Tp—1)-
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According to the elementary identities
b(b— 1)z — zp_1, 2% — 2) = b(b— 1)||ar — zp_1]|®> + b(b — 1) {(2) — 21, Th_1 — 2),

bﬁtk+1<A)\k—1($k*1)7xk - Z> = bﬁtk+1<A)\k—1(xk*1)7mk - "I’.k71> + bﬁtk+1<A)\k—1(xk*1)7xk71 - Z>

formula (1.15) becomes

1 1
(116)  Sllursal® = 5lonll? = 56— 1)t +b— 1)z — 21|

+ — (Bt 41 — S| An, (@) ” = B2 41 (A, k), A, (T—1))

N = o —

1
+ 5B [ Ax s @) 4 b — Dk — w1, 701 — 2)

— b(Btr1 + sti) (Ax, (Tk), Tk — 2) + 0Btk 1 (Ax_y (Th—1), Th—1 — 2)
= (Btrt1(te — 1) + sti(te — b)) (Ax, (¥k), Tk — Tpp—1)
+ Bty (s +b— 1)(Ax,_, (Th—1), Tk — Tp—1)-

Moreover, we have for all £ > 1

b(1-b b(1—-10
(1.17) L ER
b(1—> b(1 -0
Ll P
b(1—1>
= ( 5 )Hl‘k — xk_1||2 —+ b(]. — b)<$k — Lp—1,Tk—1 — Z>

By combining the above results (the terms (xy — xx_1,25—1 — 2) cancel out), we get for all kK > 1
ENPY = &Fy = (aty, — b(Btrrr + sti)) (Ax, (x1), 2 — 2) + (OBtegr — atp—1) (Ax,_, (Th—1), Th—1 — 2)
1 1
+§(52ti+1 — S| An () 1P = B2 41 (A (2r), A, (23-1)) + 55215%“\\/1%71(%—1)”2
—(Btrgr(tr — 1) + sti(te — b)) (Ax, (@k), T — T—1)
1
(L18) +Btkpa(te +b— 1) {Ax,, (wr1), @, — 1) + 5 (0= (2t — Dl — zpa

According to the assumptions (1.11) and (1.12) on the parameters a and b, there exists k; > 1 such
that for all k > k;
aty — b(ﬂtk+1 + Stk) < 0 and bﬂtk+1 —atg—1 <0,

where in the last relation the equality holds only in case a = 0, § = 0. According to the cocoercive-
ness of Ay, and A, , and z € S, we deduce from the above inequalities that, for all k > k;

(atp — b(Btesr + str)) (A, (wr), 2k — 2) < (atp — b(Btes1 + sti)) Ml A, (zi)]]?

(0Btis1 — atp—1) (Ax,_y (Th—1), To—1 — 2) < (bBtrs1 — ati—1) Ae—1 ]| Ax,_, (zr—1) |-
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Therefore, (1.18) yields, for all k > ky
(L19) M- gh, < ((m BBt + st + S (B >) 1 As, ()12
<(b5tk+1 Cabe A /32tk+1) s (@)

1
+ i(b — )2tk — DlJag — zp—1]* — Bt 41 (A, k), Ar,_, (T5-1))

= (Bt (te — 1) + sti(tr — b)) (A, (), T — Tp—1)
+ Bttty +b—1)(Ax, , (Tg—1), Tk — Tp—1)-

Further, for all p;,ps > 0 and k > k1 we have the elementary inequalities

(1.20) — Bt 1 (An, (wr), Ax,_, (1)) < 52215“1 (1A, (@)1 + 1 AN (e-0) 1) 5
(1.21) — (Btpg1(te — 1) + sti(te — b)) (An, (xk), Tk — Tp—1)

< Bt (v = 1)+ staltx = O (LA @I + o = )
(1.22) Bt (tr +b— 1) (Ax,, (@r_1)s T — Tp_1)

1
< [Btuna(tn-+ 5= DI (poblAn ()P + ol = aual?).

Combining (1.19) with (1.20)-(1.21)-(1.22), we deduce that, for all k > k;

(1.23) Enit = Ery < PR Ax, (@) * 4+ Q(R) [ Ax,_, (@k—1)I* + R(F) |k — z—1 1%,
where

P(k) = (ati — b(Btisr + sti) M + 28231 — $23) + T2, + [Btaga (b — 1) + sti(te — b)lpik;
Q(k) = (bBtry1 — atp—1)Ae—1 + 5677 + it%.i,_l + Bt (e + b — 1)|p2k;

|Btri1(te — 1) + stg(ty, — b) n |Btrq1(tr +b—1)]
dp1k dpak '

Elementary computation gives the following asymptotic developments

R(k) = 30— 1)(2tx — 1) +

P(k) = ((a—bB = bs)rA+ (B + s)r’p1)k® + ri(k)

Q(k) = (b8 — a)rA + Brepa)k® + ro(k)
R(k) = ((b ey I Ip‘j) fj;) k+ra(k),

where 71 (k), ro(k) = O(k?) and r3(k) = O(1) as k — +o0o. Let us adjust the parameters by taking

€(0,1), a= 62(?1::) € (bB,b(B+ s)) whenever 8 > 0;

and a = 0 whenever § = 0.

b=

b:

N | = w\»—l
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In this last case @ = 0. For the rest of the proof we do not need to distinguish the cases 8 > 0 and
B = 0. Further, take

A ith 1 <e< B
=p = wi
pr=1r2 2e(26 + s)r ‘ (28 + 5)2r?

This is possible, thanks to our basic assumption on A, namely A > m With this choice of
parameters, we have for all k > k;

(B + s)srA 1 3.,
}%k)_'ﬂm3+éﬂ(e 1)k +r1(k),
_ BsrA 1 5.,
Q(k) = (2ﬂ+s)< 1)k +ra(k),

S 26T3
R(k) = (—;r + (25;;) k+ rg(k).

Since € > 1, we have W\(ll)<0 and (ﬂsr}\><1l>§0.
€ €

2(28 + s) 2(28 +s
A 1 2 Zerd
Since € < 75, we have — —r 4+ M < 0. So, there exists €1, €5 > 0 such that
(28 + s)?r2 2 25\
(B + s)srA 1 (28 + s)%er?
- —1 d [—= —_ .
2026 +5) \e +¢€ <0 an 27"+ 7o) +e <0

According to the above inequalities, (1.23) leads to

(1.24) ETT — €8y + k| Ax, (@) P + exkllan — 2

< (a2 (2-1) +a) 4 n®) s, (o)
(amrs (2= 1) B4 n®)) s, o)

2(28 + )
2 .3
" (<_;T * (%)JQF% t 62) R r3(k>> ok — k1.

Take N > kq such that, for all £ > N
A
((5+8>8T ( _ 1) +61> K 4 (k) <0,

228+ s) \e
e (o > B+ ralk) <
(—;r—&— (26—}—3 er3 A

Then, for all k > N

(1.25) 55};1 - Efﬁb + e k|| Ax, (xp) || + okl — zx_1]]* < 0.
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Estimates. According to (1.25), the sequence of non-negative numbers (8(’;7,)) is non-increasing,

and therefore converges. In particular, it is bounded. From this, and by adding the inequalities
(1.25) we obtain

(1.26) suptg (A, (zx), T — 2) < +00,
k
(1.27) sgp [b(zk — 2) + thrr (Ths1 — Tk + sAx,, (Tr41))[|? < +o0,
(1.28) sup ||z — 2||* < 400,
k
—+o0
(1.29) D EAx (@)]? < 400,
k=0
+oo
(130) Z kHCEk — xk,1||2 < Ho00.
k=1

Since the general term of a convergent series goes to zero, we deduce from (1.29) that

1
(1.31) |Ax, (z)]| =0 (kf) as k — +oo.

In fact, we will get better estimates a little further. According to (1.28), the sequence (||xx — z||)
is bounded, and so is the sequence (). Combining the above results with (1.27), we deduce that

(1.32) leg — i1l = O (}C) as k — +o0.

From (zj) bounded, and Aj, i— Lipschitz continuous, we obtain the existence of M > 0 such that
(1.33) Ak AN, (@)l = [[ArAN, (2) — A Ay, (2)]] < Ak)\ikﬂl“k -zl < M,

which yields

(1.34) 1 Ax, (22)] = © (;2) as k — +oo.

Let us show the following better estimate which will play a key role in the rest of the proof

1
AN, (k)] = 0 <k2> as k — +oo.

To obtain it, we follow the line of proof of [13, Theorem 3.6]. From Lemma A.4 [13], for all £ > 1

||/\k — Ao—1]

(1.35) Ak Ax, (Tk) = A1 A,y (Tr—1)[] < 2|2k — 21| + 2|78 — 2] "

According to ||z — zp—1]| = O (3) as k — 400, (z) is bounded, and A\, = Ak? we conclude that
there exists C' > 0 such that

(1.36) [AeAx, (Tr) = Ap—1Ax,_, (Zr—1)[] <

%, for all k£ > 1.
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According to (1.33) and (1.36), we deduce that
[ An @02 = hem1 An, - ) 2
= (I A @)l 4+ I km1An @)l Ik A, @0l = et An ()|
< 2M|| Ak An, (k) — Ap—1Ax,_, (@r—1)|| < %, for all k > 1.
Consequently, by using (1.29) we get

D A @) * = A1 An, (-1
k

= (wAn, (zi)|1” + ||)\k—1AAk71($k—1)||2)‘||>\kAAk @) * = M1 Ane, (za-1)|1?
k

2MCON* kA 2MCN(k —1)*
< 3 2O A ol + 3 BT s, ()P < oo
k k
From this, by a telescopic argument we conclude that limy_, oo || A Ay, (z5)|* exists.

But then limg 4 oo [|[AAx, (z1)]]? and limg 4 oo || AsAx, (k)] also exist. Set

Jim KA, (@) = 1> 0
According to (1.29) we will have

1
> E(k’4||f4xk($k)||2) =3 KAy, (zp)]* < +oo,
k k

which implies that L = 0. Hence, limy_, o k2| Ay, (zx)|| = 0, that is

1
(1.37) | Ax, (z1)]| = o <kQ> as k — +oo.

Convergence of (z;). Using the Opial’s lemma, let us prove that the sequence (xj) converges
weakly towards an element of S. Take z € S, and consider the anchor sequence (h) defined by
hy = ||z — z||? for k > 1. Elementary algebra gives

1
(1.38) hk+1 — hk = §||a:k+1 — a?k||2 + <.’L‘k+1 — Tk, Tk — z}

According to (1.6) we have

(1.39) (Th1 — Th, o — 2) = (Y — T — SAx, (Thg1), T — 2)
= ap(zr — zp—1, 2K — 2) — B{AN, (k) — Ax_y (T—1), T8 — 2)

- S<A>\k+1 (xk-i-l)vxk - Z>

Let us examine the terms involved in the above equality. We have

1
(T — 21, T — 2) = |28 — Tpo1||* + (T — D1, Th—1 — 2) = By — hp—1 + §||$k —xp |t
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and

_S<A)\k+1 ($k+1)7xk - Z> = 8<A)\k+1 (karl)vkarl - mk> - S<A)\k+1 (karl)vkarl - Z>

Combining these relations with (1.38) and (1.39), and neglecting the term —s(Ax, ,, (Tr41), Try1—2)
which is non-positive, we obtain

1 o
(1.40) B = i < b — o) + 5 llangn = 2l + 5k — 2l
— B(Ax (k) — Axy (Tr-1)s T — 2) + 8(AN (Tht1)s Tho1 — T)-

According to |zj, — z|| bounded, ||Ax,,, (zr+1)| =0 (7) and [|zk41 — k]| = O (1), we obtain the
existence of a constant M > 0 such that

1 o
(141) P = i < @b = hieor) + 5 i = aill® 4+ e — il
1
+ M|[Ax, (vx) — Ax,_, (2r—1)[] + Mﬁ'
In addition, by (1.36) and by the fact that \;, = \k?, we get

[AE2 Ay, (o1) — Mk — 1)2 Ay, (zx_1)]| < —, for all k > 1.

= Q

Equivalently,

C
<=

(20 — N) Ay, (zx) + Mk — 1) (Ax, (7x) — Ax,_, (21-1))]| , for all k> 1.

k
Using again that |4y, , (zx41)]| = 0 (7). we deduce that, for some K > 0

(1.42) 1Axe (28) — Any (25| < =

k3"
Therefore, (1.41) leads to

1 o 1 1
(1.43) hit1 — hi < ag(hy — hi—1) + §ka+1 — l‘kHQ + %Hl‘k - a?k_1H2 + MKE + Mﬁ

Let us analyze this inequality with the help of the Lemma A.1. Set

1 1
7+M7

1 "
Wy = §H$k+1 —kaQ‘f'?chk_xkfluz—i_MKkﬁ k3°

As a direct result of the estimates we have already obtained, we have & tkr1wi, < 4-00. Therefore,
by applying Lemma A.1 to the sequence ay = [hx — hr—1]+ Wwe obtain

Z[hk — hk,1]+ < +o00.
k

Since hj is nonnegative, this property classically gives the existence of limg_, oo hg, and hence of
the existence of limy_, 4o ||z — 2||. This shows item (i) of the Opial lemma.



14 H. Attouch, S. C. Laszl6

It remains to show that every weak cluster point of the sequence (zj) belongs to S. Let z* be a
weak cluster point of (z;) and consider a subsequence (xy, ) of (zy), such that xg, — a*, n — +o0.
According to (1.37) we have

k—+4oco

Now use Ay, (zx,) € A(Jx,, a(zk,)). Equivalently,
(1.44) Ax,, (k) € A(2r, — Mg, Ax,, (T, ))-
According to the demi-closedness of the graph of A, passing to the limit in (1.44) gives
0€ A(z").
According to Opial’s lemma, we finally obtain that (zx) converges weakly to an element & in S.
Finally, by definition of ¥, we have
Yk — ok = ag(Tr — 2K-1) — B(AN (Tk) — Ax_, (T-1)),

which, combined with (1.32) and (1.42), gives

1
llye — zi|| = O (k> , as k — +oo.

Therefore, (yi) also converges weakly towards the same element Z in S.

1.4. Comparison with related algorithms. By taking 8 = 0 and r = ﬁ, qg=——1

)
in (PRINAM), we obtain the algorithm (RIPA) considered by Attouch-Peypouquet in [13]. This
algorithm and its convergence properties are recalled below

o
Y = Tk+ (1 - E) (xr — Tk—1)
(RIPA) " .
Th+1 ” +Syk + ot s (Ak+s)A(yk:)~

Theorem (Attouch-Peypouquet, [13]) Let A : H — 2" be a mazimally monotone operator with
S = A"10) #£ 0. Let (zx) be a sequence generated by (RIPA) where s >0, a > 2 and for all k > 1

_\2 S
A = Ak® for some A\ > ala—2)"

Then, the sequences (xy) and (yi) converge weakly, as k — +o00, to some & € S.

In addition, ||zg11 — || = O(1) as k — 400, and >, kl|lzy — z—1||> < +o0.

A natural question is to compare (PRINAM) to (RIPA), and show what the introduction of
the correcting term in (PRINAM) (8 > 0) brings. We emphasize that, for small 8 and r = —

a—1"
the lower bound for A obtained in Theorem 1.1 namely A > M is better than the lower
bound obtained in the above result, namely A > ﬁ Further, in (PRINAM) the more general
condition o > 1 is allowed. As a model example of a maximally monotone operator which is not
the subdifferential of a convex function, consider A : R? — R? given for any = = (¢,7) € R? by

A(£7 77) = (_777 5)

A is a skew symmetric linear operator whose single zero is * = (0,0). An easy computation shows
that A and Ay can be identified respectively with the matrices
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0 -1 e T
A:(1 0 > A/\:<+1 +/\)
THX2  T+A2
Let’s compare (PRINAM) and (RIPA) by considering different instances of the parameters involved.
e Take o = 3, then o = 11 in (RIPA), which corresponds to respectively t; = 0.5k — 0.5,
p =01k —0.1, (r=0.5,r=0.1,q=—05, ¢ = —0.1), in (PRINAM).
e Take A\, = M2 with )\ chosen as follows:
To satisfy the condition A > = in (RIPA), we take A =1.01 P ) n (RIPA).

To satisfy the condition A > M in (PRINAM), we take A = 1.017(26':5)2 -

e For the step size s, we consider the following instances: s € {0.01,0.1,0.5,1}. For (PRI-
NAM) we consider the values g € {0,0.1s,0.25s,0.35s,0.5s}.

To start the algorithm we take zp = (1,—-1), 3 = (=1,1). We run the algorithms until the
iteration error ||z — x*|| reaches the value 107°. The results are depicted at Figure 1.2 1.2a-1.2d.
The horizontal and vertical axis show respectively the number of iterations and the value of the error
|lzx — x*||. Despite the fact that it is difficult to draw general conclusions from a single numerical
experiment, the above result shows the numerical interest of the introduction of the correcting term
(8 > 0), and also that the step size s must be taken not too large (therefore not remaining too
far from the continuous dynamics). We only report here numerical examples where s is relatively
small, for large values of s the convergence properties are less good. Further, r should be taken
small (or « large) in order to obtain fast convergence.

102 T T T T T T T T 102
(PRINAM), =0 (PRINAM) 7=0
—(PRINAM), 3=0.001 —(PRINAM), 5=0.0
100 F (PRINAM), 3=0.0025H 100 F (PRINAM), =0. 025—
— —(PRINAM), 3=0.005 — (PRINAM) ,(i=0
s —(RIPA), a=11 ) \ —(RIPA), o
I 102 102 Y
& &
10 10
10-6 L L L L L L L L 10-6 L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 0 100 200 300 400 500 600 700 800
lterations Iterations
(a) s=0.01,r=0.1, ¢ = —-0.1 (b) s=0.1,r=0.1, ¢g=—0.1
102 10? :
(PRINAM) =0 (PRINAM), =0
—(PRINAM), =0.0! —(PRINAM), $=0.1
100k (PRINAM), a=o1257 10° (PRINAM), =0.25]
— —(PRINAM), 3=0.175 — —(PRINAM), 3=0.35
kY —(RIPA), =3 H —(RIPA), =3
I 102 E 1102
2 i
10 E )
10'6 L L L L L L L L
0 0.5 1 1.5 2 25 0 0.5 1 1.5 2 2.5
Iterations «10° Iterations x10°

(¢) s=0.5,r=0.5,¢g=-0.5

(d)s=1,r=0.5¢=-0.5

Fig. 1.2: Tteration error ||z — z*|| for different instances of (PRINAM) and (RIPA)
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2. The convex case. Let us specialize the previous results to the case of convex minimization,
and show the rapid convergence of values. Given a lower semi-continuous convex and proper function
f:H — RU{+o0} such that argmin f # ), we consider the minimization problem

(P) inf f(=).

zeH

Fermat’s rule states that z is a global minimum of f if and only if
(2.1) 0€df(x).

Therefore, (P) is equivalent to the monotone inclusion problem (2.1), and argmin f = (9f)~1(0).
The Yosida approximation of df is equal to the gradient of the Moreau envelope of f: for any A > 0

(2.2) (0f)x =V i

Recall that fy : H — R, is a C"! function, which is defined by: for any x € H

i) = jut {16© + gl - el?}.

EeH

When we specialize the (PRINAM) algorithm in the case A = Jf, we obtain

(PRINAM)-convex

Take xg € H, x1 € H

yr = o + o (rr — 2p—1) — BV () = Vr,_, (T-1))
Stepk :

Tr+1 = Yk — SVf)\k+1+s(yk)~

The next result is a direct consequence of Theorem 1.1

THEOREM 2.1. Let (z1), (yx) be sequences generated by the algorithm (PRINAM)-convex. As-
sume that ag, = %=Lty =rk+q, 7> 0,9 € R and for all k >0

s 2.2
2
Mo = M2 with A > ZBEST

Then, the following properties are satisfied:

S

i) The speed tends to zero, and we have the following estimates

L 1 1
(pointwise) ||zg41 — xl = O () . IV (zR)|| =0 <I<;2> as k — +oo.

k
(summation) >, kllzg — xp—1* < 400, YL K3V (@k)|? < +oc.
ii) The sequences (x1), (yx) converge weakly, as k — 400, to some & € argmin f.

iii) We have the convergence rates of the values: as k — +00

N———

S (@) —min f = o (;2) and f(proxy, f(zx)) —min f =o (;2

In addition, || prox,, ;(zx) — zxl| — 0 as k — +oo.
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Proof. (i) and (ii) follow directly from Theorem 1.1 applied to the operator 0 and using (2.2).
(#31). Take z* € argmin f. From the gradient inequality, and (xj) is bounded, for all & > 0 we have

Puclar) —min f = fa (@) = I (@7) < (Vi (2n) 2 — 27)
<V @)z — ¥ < M|V £, (@8)]]-

Combining the above relation with ||V fx, (zx)|| = 0 ({) as k — +oo (see (1.37)), we obtain

(2.3) Fan (i) — rr;_ilnf =0 (k12> as k — +oo.

By definition of fy, and of the proximal mapping, we have
. . 1
(2.4) P (xg) — m’}_llnf = f(proxAkf(a:k)) — n%nf + m”xk — prox)\kf(mk)HQ.

Combining (2.3) with (2.4), we obtain

1> =0.

. 1 . 1
(2.5)  f(prox,, ¢(or)) — H%-ltnf =0 <k2) as k — +o0, kggloo kZmek — proxy, r(zx)

The above relation leads to limg o ||z — prox,, ¢(@x)|| = 0, which completes the proof. ad

REMARK 2. When A = 0f, f convex, we have additional tools, such as the gradient inequality.
We will show in the following theorem that, in this case, some assumptions can be weakened. When
B =0, we will obtain fast convergence of the values for A, = Akt t > 0, A > 0, that is, under the
mild assumption that the sequence (\x) is nonincreasing. Further, fast convergence can be obtained
in the general case 8 > 0 provided that the sequence (\y) is constant or Ay = Akf, ¢t > 1, A > 0.

THEOREM 2.2. Let (z1), (yx) be sequences generated by the algorithm (PRINAM)-convex. As-
sume that ay, = % and A\, = Mkt, t >0 for all k > 0, furthert, =rk+q, 7 € (0, %) ,q € R, that
is, there exists k1 > 0 and m € (0,1) such that

(2.6) te > 1, mtgy1 > th oy —tr, for all k> ky.

i) Assume that one of the following conditions hold.
(a) =0,t>0.
(b) 8>0,t=0,s>20.

(c)ﬁ>0,t>10rﬁ>0,t=1and)\>2((16j;))ir.

Then, the speed tends to zero, and we have the following estimates as k — +oo:
. . . 1 . 1
(pointwise)  fi,(zx) —min f = O (l@) , f(prox,, ¢(7x)) —min f = O <k2) ,

fowss =l = 0 (7 ). ow = prow, (el = 0 (G2 ) 19 (an)l = 0 (=)

(summation) Zk”xk —2p1]]? < +oo, Zk)\kHVf)\k (zx)]]? < +oo,
k k

D k(e (k) —min f) < 400, > K[V £, (@x)]|* < oo
k

k
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it) For B =0,t>0 or 8> 0 and t > 1 we have the following convergence rates of the values
. 1 ) 1
(@) —min f =o = and f(prox,, ;(zx)) —min f = o ) o k — 4o00.

In addition, ||z, — zp—1]| = 0 (+) and limg— 4o ﬁ“ prox,, ¢(ox) — zx| = 0.
i) For f=0,t€0,2] or 8 >0, t€|1,2], (xr) and (yr) converge weakly to some & € argmin f.

Proof. 1. The discrete energy functions. Take z € argmin f. In each of the three cases
(a)-(c), our Lyapunov analysis is based on a different energy function.

(a) Case 8 = 0. For each k > 1, consider the discrete energy function as in the proof of
Theorem 1.1, with @ = 0 (in accordance with (1.12)), and with Ay, = V fy,, that is,

1 b(l—0»b
OO €k = Slbeio — )+ tulon — @i + 5V )2+ LDy

Arguing as in the proof of Theorem 1.1, equation (1.18) in this particular instance becomes

1
(2.8) ENT — &Ny == bsti (Vi (xn), 2 — 2) — 582t2\|VfAk (z)]1?

— Stk(tk - b)(Vf)\k (.%‘k),.'L‘k - Ik,1> + %(b — 1)(2tk — 1)||1}k — xk,1||2.

By using successively the gradient inequality, and the fact that the function A — f) is non-increasing
and the sequence (\x) is non-decreasing we get

(Vi (@r), or—1 — 2r) < fa(p—1) — o (@r) < sy (Tr—1) — Fa (@)

Set ¢ ;= —tvI=8m Vgg_sm and b := m+e€. Since 0 < m < 1, one can easily verify that ¢ > 0and 0 < b < 1.
Since by assumption there exists k1 > 0 such that 1 < ¢, for all £ > k;, we obtain
(29) — Stk(tk — b)(v‘f)\k (xk),xk — (Ek,1> = Stk(tk —m — 6)<Vf)\k (:L'k),l’k,1 — xk> §

ste(te — m)(fa_, (@p—1) — fn, (Tr)) + esti(V fr, (zk), Tk — 2x—1), for all k > k.

Moreover, according to the gradient inequality, we have that, for all k > 1

(2.10) —bsti (Vfa, (@), i — 2) = —(m + €)stp (V i, (zk), T — 2)

< mstp(fa(2) = o (@r)) — st (Va, (zn), 2 — 2)

= msti(min f — fi, (zr)) — estp (Vfa, (z), 21 — 2) .
Now using the fact that fx, (2) — fa,. (@) = (fa,(2) — min f) — (fx, (zx) — min f), and using (2.6)
the last two relations give
(211) - bstk <Vf>\k (SL’k), T — Z> - Stk(tk - b)<Vf)\k ({Ek), Tk — xk,1>

< stylty — ) (fae_, (25_1) — min f) — st2(fx, (x) — min f)
—estp (Vi (@r), zr — 2) + este(V fia, (Tk), p — Tp—1)

< stp 1 (fap_y (wp—1) — min f) — st (fr, (zx) — min f)
—estp (Vi (@p), xp — 2) + este(V i, (xr), Tk — 2k—1), for all k > k; + 1.
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Combining (2.8) and (2.11), we obtain, for all k > k; + 1

(2.12) Exit — &Ny + sti(fa, (xx) —min f) — st (fr,_, (wx—1) — min f)
< —esty (Vi (2r), 2k — 2) + este(V o, (T1), 21 — Tp—1)

1 1
= 35 IV A @)l = 5 (1= 1)t = Dllzk — 2 |

2
Take p > ﬁ, and write the elementary algebraic inequality
5 | €Sty 9
este(V fa, (k) Te — 2p—1) < pestel|V fa, () |7+ @HI/« —zp—1”

Since ty, = rk 4+ q,r > 0, there exists €¢; > 0, e > 0 and kg > ky + 1 such that for all & > ko

1 estk 1
pesty, — 55%% < -6t and e 5(1 —b)(2ty, — 1) < —eaty,

where the last above inequality comes from the choice of p. Therefore,

1 1
(2.13) este(V [, (k) T — T—1) — 582ti||vka($k)||2 =51 =0)(2tk = Dlzx — zp-1|?
< —ati ||V (@i)||? — eatrl|zn — zx_1]]?, for all k > k.

According to the Ag-cocoerciveness of V fy,, V£, (z) =0, and the gradient inequality, we have

(Ve (o), = 2) > 5, (ox) = min )+ 229, ()|, for all k>
Consequently, (2.12) becomes, for all k > ko
(2.14) EXTT = EXy + sti(fa(wx) —min f) = sty (fr,_, (z5-1) — min f)
+ gstk(ka (zx) —min f) + %«Stk)\knvf/\k(zk)nz +eatp |V i (@) l? + ety flar — 2 ]* <0

(b) Case >0 and t = 0. Then A\ = A > 0. For each k > 1, consider the discrete energy
function as in the proof of Theorem 1.1, with Ay, = V fy, that is,

b(1 — b)

1=

EFy = atp—1 (Vfa(zp-1), 2p1 — Z>+%||b($k71—Z)“v‘tk(-fk_l'kfl‘f‘svf)\(xk))H2+
and for d > 0 (which will fixed later) set
(2.15) Wf,b,d = S(If,b + dE? ||V fa(ze—1)|.
Arguing as in the proof of Theorem 1.1, the equation (1.18) in this particular instance becomes
55,;;1 - 55,1; = (aty — b(Btr+1 + sti)) (VIr(@r), ok — 2) + (bBth1 — atp—1) (VIx(Tp-1), Th—1 — 2)
+ %(5275%“ = SV @I = B2 1 (V a(k), V(1)) + %ﬁQti+1||Vf/\($k—1)”2
— (Btrr(te — 1) + ste(ts — 0))(Vfa(@k), 2 — Tp—1)

1
+ ﬁthrl(tk +b— 1)<Vf)\(l‘k,1),wk — xk,1> + 5([) — 1)(2tk - 1)||$k — $k71||2-
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Therefore
Wfﬂb — Wiya = (aty — b(Btesr + ste)) (Va(2r), 2 — 2) + (bBtrs1 — ate—1) (Va(2e—1), Tp—1 — 2)
5 (s — 8 240+ D)V a0 — R (V). V ala1))
+%(52ti+1 = 2dk?) |V fa(zr-1)|I* = (Btrsr (te — 1) + stu(te — b))(V fazx), 2 — 2p-1)
(216)  +Btrar(te +b— 1)V r(@r 1), Th — To1) + %(b C 1)@t — Dk — 2.
According to the monotonicity of Vf\ and the assumption 5 + b — 1 > 0 for all k£ > kq, we have

= (Bt (te — 1) + st (te — D)V in(wr), 2 — 1) + Bter1(t + 0 — IV a(Tp—1), T — Tp—1)
< (Bbtgy1 — st(t — b)) (Vix(@k), 2k — Th-1)
(2.17) = (Bbthrl + Sbtk)) <Vf)\(l'k),.%‘k — .’L‘k71> + Sti(Vf)\(.Tk)“'L‘k,l — $k>

According to the gradient inequality we have, for all k > ky

(2.18) sti(Vfa(zk), wp—1 — x1) < stp((fa(ze—1) —min f) — (fr(zx) — min f))
= sty (fa(wr—1) —min f) — sti (fa(zx) — min f) + s(tZ — 7 _1)(fa(ze—1) — min f).

Combining (2.17) and (2.18) with (2.16), we obtain

(2.19) Wiy — Wiy a+ sti(fa(ex) —min f) = sti_; (fa(zx—1) — min [)
< (atg — b(Btry1 + ste)) (Va(zr), o — 2) + (0Btrg1 — atp—1) (Vx(wr-1), 241 — 2)

+ %(52ti+1 — 5%ty +2d(k + 1)*) [ Vs (@) |1 = B2 (VI (k). Va(@r-1))
+ %(5%“ = 2dk*) |V fa(@r—1)|* + (Bbtrs1 + sbti)) (VIa(2k), 2 — Tp1)
4 50— 1) (20— Dl — w12+ 57— ) (Falos) — min f), for all k> k.

Take b < a < b(f+s)and 0 < b < 1. Since r < %, we can choose a and b satisfying the previous
inequalities and such that there exists ko > k1 and €3 > 0 such that

aty — b(Btry1 + sty) + esk < 0 and bftyy1 —atp_1 + s(th —ti_1) <0

for all k > ko ( take a = bB + (1 — €)bs with e sufficiently small, so that 1 > b > £-). By using the
gradient inequality

egk(f)\(l'k) — min f) < €3I€<Vf)\(wk),l‘k - Z>,

(bBtrs1 — ati—1) (Vx(@p—1),2p—1 — 2) < (bBtry1 — atp—1)(fr(rx—1) —min f), for all & > k;.

Therefore,

(220) (atk — b(ﬁtk+1 + Stk) + E3k) <Vf)\(xk)71'k - Z> + (bﬁhﬁq — atk,l) <Vf>\(xk,1),xk,1 - Z>
+5(t3 —t3_ ) (fa(wr_1) —min f) <0, for all k > ky.
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Combining (2.19) with (2.20), we get, for all k > ko

(2:21)  Wyph = Wry g+ sti(fa(wr) — min f) — sti_ (fr(zx-1) — min ) + eghk(fx(2x) — min f)

< S B8y — 58+ 200k + D)V @) — B840 (V a1, V(o)
S0Py — 20KV r )| + (Bt + b)) (9 (an), ok — i)
+ 50— 12— 1)l — ]

We now use the following elementary algebraic inequalities

242
—B%th 1 (Vfa(m), VI (2r-1)) < % IV (@) I + IV fa(ze—1)]%)

(Bbtii1 + sbty) (Vfa(xr), o — Tp-1) < (Bbtri1 + sbty) (éEHVfA(ka)HQ \/»ka | )

Taking into account that s > 23, we choose d such that 3%r? < d < —3%r? + %7"2
Then, there exists k3 > ko and €4, €5 > 0 such that, for all k£ > k3

1

5 (252t§+1 ~ 2 4 2d(k + 1) + (Bbtysr + sbly) VE) Fek? <0;

Bbtii1 + sbty

2,2 2 1
- < — —1)(2t — 1
Btiy, —dk® <0 and 5 (b—1)(2t5, — 1) + N

>+€5]€§0.

Consequently, (2.21) becomes, for all k > k3
(2.22) Wl = Way o + sti(Fa(ax) —min ) — sti_y (fa(wx—1) — min f) + esk(fr(zx) — min f)
+eak® ||V (@) 1P + eskl|zy — xp—1?
1
<3 (2ﬂ2t§+1 — %2 + 2d(k + 1) + (Bbtgy1 + sbty) VE + 264k2) IV ()|

Bbtri1 + sbty,
vk

(c) Case 8 >0 and t > 1. For each k > 1, consider the discrete energy function as in the
proof of Theorem 1.1, with Ay, = Vf),, that is,

“1‘(5275%_,_1 dk‘Q)HVf)\(J?k 1)” + = <(b -2t — 1)+ + 265k‘) lxx — ark_1||2 <0.

b(1 — b)

I,

Ery=atu1 (Vv (@h-1), 261 — z>+%Hb(xkq—Z)+tk($k—$k71+svka (zr)) |+
Arguing as in the proof of Theorem 1.1, the equation (1.18) in this particular instance becomes
55;1 - Eff’b = (aty — b(Bty+1 + st)) (Vi (@r), 2k — 2) + (0B8trg1 — atp—1) (Vfay (@p-1), Tp—1 — 2)
+ (B = PRIV @I Fa (9 s (@), Vo, (50) + 380V o )P

— (Btrra(te — 1) + ste(te — b)) (VI (@), Tk — Tp-1)

1
+ Bty (ty +b— 1)<Vf,\k_l($k,1),$k — l‘k,1> + §(b — 1)(2tk — 1)Hl'k — l‘k,1||2, for all k > 1.
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From [13, Lemma A4], for all £k > 1 we have

(2.23) AV Fag (2r) = M1 Viiae oy (e—0) | < 20wk — 21| + [Ae = A1 [V i, () [|-
Hence, we have for all £ > 1 that
(2.24)
1
(Ve (@p—1),x — xp—1) = . (M1 Va1 (@r—1) = MV, (Tr), Tk — Tr—1)
A 1
+ -V @)z — 2m1) € 1 Vi (@re1) = MV @ | lee — 2|
Ak—1 Ak—1
A
+ ZE (Y (@), 2 — )
Ak—1
2 A — A A
< 2 fon— a2+ 2N bk — il (T g )k — ).
Ak—1 Ak—1 Ak—1
Moreover, for every p; > 0 we have
1
AV T T — Th—1|| < VE|V xp)|I? + T — Tp_1%
IV fxe @)lllox — zr—1l] < prVEIV £, (@)l 4p1\/EH k— Tr—1]|
Therefore, (2.24) becomes, for all k£ > 1
A
(2.25) (Vfars (@), mn — m1) < s (Vi (@), 2 — 211)

Ak—1

2 [Ax — Akl) 2 pl\/ElAk — Ae—1] 2
+ + Ty — Tp_1]]° + Vi (@e)l”-
(5 + P o =) SV A ()

Combining the above results, we obtain (we write shortly Ay = Eftl — Eclfjb), forall £ > 1,

A < (aty — b(Btrsr + str)) (V fa (@n), 2 — 2) + (B8tesr — atr—1) (Vfa,_, (Tr—1), Tp—1 — 2)

1 VE[A — Ao
= (5%1—szti+2m+l(tk+b—1>pl e = 1') e

BT P, Ve (or0) + 58 [V )

A — A A
+ <ﬂtk+1(tk - 1)% + bty )\kkl

2 [Ae — Ak—1]
)\kfl 4p1\/E)\k_1

— sty (tk — b)> (Vi (@r), oK — Tp—1)

(2.26) + (,Btk_;,_l(tk +b-1) < ) + %(b —1)(2ty — 1)) lxx — mk_1||2.

Further estimates give

242
(2:27)  —B*ti 1 (Vi (@r), Via, (2r-1)) < a8 IV fx @) IP + 1V Fa (@) 1) 5

2
A — A\ A
2k Akl + ﬂbtk_;,_l k + Sbtk) <Vf)\k (J;k),xk — l‘k_1>
Ak—1 Ak—1
A — Ap— A 1
< <Btk+1(tk - 1)7’“/\]6 f L Bthl—Ak’“l + sbtk> (x/%||VfAk||2 + —4\/E||xk - xk_1||2> .

(2.28) (ﬁtw(tk )



Newton inertial proximal algorithms for monotone operators 23

To simplify the formulation of the formulas, let us denote

28(b — Vtp1 Ak = Ap—a]

n(h) = —50-1)+ + Bt +b—1)

Ak—1 Ap1VE -1
A — A Ak 1
ra(k) = ((ﬁtm(tk - 1)% Bbtgy1+—— Y + Sbtk) i
Ao — A p1VEA — Ao

_ Ak
"L Bbtita

re(k) = ((Btk+1(tk —1) ~+ sbtk) VE+28tes1(te +b—1)

)\k,1 )\ — )\kfl

b (z—1) e — A 1
Since xgr-lr—loo x(x(xl)tl) =t, we have % =0 (k) as k — +o00. Hence,

(2.29) r(k) =0 (k*) (k) = O (kz’) (k) =0 (ké) k= +oo.
Consequently, (2.26), (2.27) and (2.28) yield, for all k > 1

< (aty — b(Btrg1 + sti)) (Vhae (@r), 2k — 2) + 0Btrs1 — ati—1) (Vfae_y (Th-1), Th1 — 2)
%(252%“ = $2t5 4 2rs (k) IV fr (@) 1P + B 1 IV s (@) 1P

28t 1ty

(2.30) — Sti<Vf)\k (xk),xk - $k—1> + ((b — l)tk + Y

)+ 20 ) o~ P
Now, using (2.18) we get, for all k > k;
(2.31) Ag + stz (fr(zg) —min f) — st3_; (fr(wp_1) — min f)

< (ate — b(Btpgr + sti)) (Vr, (@), ke — 2) + (0Btegr — atp—1) (Vr,_, (Te-1), Tp—1 — 2)

1
+5 2871 — 8t 4 23 (W) IV o ()P + B4 [V fa (@)1

2Bt k41t

oltt = ) Uaonn) — min ) + (0= o+ 2
k—1

F ) + 1)) o — P
Further, by the gradient inequality and the fact that t% — ti_l < mty for all kK > k1 + 1 we have

0Btk — aty 1) (Vre, (@h-1), 21 — 2) + st} — ti_1) (fr(2x—1) — min f)
< (bBtgy1 — atg—1 + msti)(Vin,_, (Tk—1), k-1 — 2), for all k > k1 + 1.

Assume that ¢t = 1 and let b = ﬂ;_:”s (m,1) and a = pb+ m+b)s € (Bb+ ms, Bb + bs).

Since by assumption we have A > ((f_t‘;))ﬁs " we conclude that there exist eg, €7 > 0 such that
1
(2.32) ((a—Bb—bs)r +eg) A + 5(2ﬁ27“2 —s%r?) <0
2
(b—1)r+ +€7 < 0 and

(Bbr — ar + msr)\ + B*r? < 0.
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Assume that t > 1 and fix b € (m, 1), a € (8b+ ms, Bb+ bs). Then take €5, e; > 0 such that

(2.33) (a — pb—bs)r + €5 < 0 and
(b—1Dr+e <0.

From now on, we do not need to distinguish the cases ¢ = 1 and t > 1. According to the A\
cocoerciveness of Vfy,, (2.32), (2.33), (2.29) and ¢t > 1, we deduce that

1
(atp — b(Btr+1 + sti) + eck) (Via, (Tn), 21 — 2) + 5(25%“ — %t + 2r3(k)) |V fr, (zn)[|? < 0,
(bﬁtk+1 —atg—1 + mStk)<vf/\k—1(xk71)a Tp—1 — Z> + ﬁ2t%+1||vf)\k—1(xk‘*1)”2 <0,

20t 11t
((b — )ty + LA‘““ = +ry(k) + ra(k) + 67k> o — k-1 ]? < 0
k—1

holds for some for ky > k1 + 1, and all k > ks. Consequently, (2.31) leads to

(2.34) Ay + st2(fa(zy) — min f) — stz (fr(zr_1) — min f)
< —esk (Vi (wx), op — 2) — €7k — 25_1]|?, for all k > k.

Then, use —egk (V f, (zr), xr — 2) < —SkXe||V fa, (2)[|? + S k(min f — fx, (xx)), to finally obtain
(2.35)  Ag + sti(fr(ax) —min f) — st;_y (fa(x—1) — min f)
LR g (o) + Sy (o4) = min ) + exkllzg — 21| <0, for all k> k.
II. Estimates According to (2.14), (2.22), (2.35) the sequences of non-negative numbers

(&6 + 12 (fa (z) —min )i, (WEy 4+ ti(fr, (zx) — min f)), and (£, + t7(fx, (zx) — min f))x

are non-increasing, and therefore converge. In particular, they are bounded. From this, and by
adding the inequalities in (2.14), (2.22) and (2.35) we obtain:

(2.36) sup k2(fa, (x1) — min f) < +oo0,
k
(2.37) SL;p [b(zk — 2) + thg1 (Tht1 — Tk + SV farpy (Trg1))[|* < +o00,
(2.38) sup ||x, — 2||* < +oo0,
k
“+oo
(2.39) > k(fa, (xx) = min f) < 400,
k=0
+oo
(2.40) D RNV ()| < oo,
k=0
+oo
(2.41) DRIV i (@)lP < +oo,
k=0
+oo
(2.42) > kllzk =z |* < +o0.

k=1



Newton inertial proximal algorithms for monotone operators 25

Obviously (2.36) assures that

(2.43) fa(xg) —minf =0 <klz> as k — +oo.

Since the general term of a convergent series goes to zero, we deduce from (2.41) that

(2.44) IV fa, (@p)l| =0 (;) as k — 4o0.

The same argument applied to (2.40) yields

(2.45) IV fx, (xp)]] =0 < ) as k — +oo.

1
VEXg
Further, (2.38) shows that ||zx — z|| is bounded. Consequently, the sequence (zj) is bounded.
Combining the above results with (2.37), we obtain

1
(2.46) |z — xp—1]| = O (k) as k — +oo.

From fy, (zx) — min f = f(prox,, ;(zx)) — min f + ﬁHmk — proxy, ¢(zx)]|?, we deduce that

(2.47)  f(proxy, ¢(zx)) —min f = O <]€12> s ok = proxy, f(zx)|| = O (@) as k — +oo.

Further we have V fy, = (9f)x, = 3-(I — prox,,;), hence

(2.48) IV fx,(zp)|| = O ( ) as k — +oo.

1
kv Ak
II1. The limit. Using the Opial’s lemma, let us prove that the sequence (xy) generated by the
algorithm (PRINAM)-convex converges weakly towards an element of argmin f. Take z € argmin f,
and consider the anchor sequence (hy,) defined by hy, = 3|z — z||? for k > 1. According to (1.38)
1 2
hi41 — hy = §||37k+1 — x| + (T — Tk, T — 2).

According to the corresponding version of (1.6), we get

(249) (@1 — @hy Tk — 2) = (Y — T — SV ay (Tht1), T — 2)
= op{rp — 21,7k — 2) — BV fa, (2r) = Vi (@h-1), 2 — 2)
- s<vf>\k+1 (karl)vxk - Z>

Let us examine the terms involved in the above equality. We have

1
(xp — zp_1, 28 — 2) = |l2k — 2p_1|]® + Tk — Tp_1, 051 — 2) = b — hp_1 + §||9€k — zp_q |

_s<vf>\k-+1 (xk+1)7xk - Z> = S<vf)\k+1 (Ik-‘rl)v Tr+1 — ‘Tk> - S<vf)\k-+1 (mk+1)vxk+1 - Z>
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Combining these relations with (1.38) and (2.49), and neglecting the term —s(V fx,,, (Zx+1), Zry1—
z) which is non-positive, we obtain
1 2 | 9k 2
(2.50) hisr = e < el = hi—1) + Sllzner = 2ll™ + o llee = 2r-al]
= BV (@) = Vi (@r-1), 2k — 2) + 8[IV ixe s @rs) 12k — 2l

Since ||z — z|| is bounded, we get the existence of a constant M > 0 such that, for all k > 1

1 «
(2.51)  hgyr —h < ap(hy — he—1) + §H~Tk+1 — xi* + 7k||ffk — x|
+ MBIV fa, () = Vi s (@e—D)l + sV e (k) | [[op11 — 2k
Further, when 8 > 0, from Lemma [13, Lemma A4], we get

[k — Ap—1]

" IV Ea@i)ll + IV s (@e-1)]]) -

2
IV fxe (@) = Vifa ) (ze—1)]| < /\*kHIk -zl +

Recall that A\, = Ak?, t > 1 and ’\"_/\7’2’“’1 = O (%) as k — +oo. Then, from (2.46) and (2.48) we

— k —

obtain that there exists £ > 1 and C' > 0 such that, for all £ > k

2 C

YkHJJk — x|l < i+t

[Ae — Ak—1] C

v IV Exc @Ol + 11V oy (@e-1)ll) < E
Therefore, for all k > k

C C

(2.52) IV Ex (@) = Vs @e-n)ll < o3 + [ETE
Consequently, (2.51) leads to
(2.53) hitr — hy < o (hg — hi—1) + wi,

for all k > k, where

slloeer — zull? + % llax — i1 + sV g @rre) | lens — i), i 8=0
we = Hloers = oull? + Sllaw - ax-all? + BMC (e + hp ) + 519 e @rs) llowsn — 2l

ifg>0,¢t>1.
As a direct consequence of the majorization
1 1
IV xicn @) ll@ns = 2l < SIV A @re) 1+ S lonen — 2%,

of (2.42) and (2.41), and of the fact that ¢t > 1 if § > 0, we have ), tyy1wir < +o00. Therefore, by
applying Lemma A.1 to the sequence ap = [hr, — hr—1]+ we obtain

Z[hk — hk,1]+ < 4o0.
k
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Since hj is nonnegative, this property classically gives the existence of limg_, 1o hx, and hence of
the existence of limy_, oo |2 — z||. This shows item (i) of the Opial lemma.

Let us return to the fact that, according to (2.14) and (2.35), the sequences of non-negative numbers

(5 + te(fr (xr) — min f))g, and (EF, + t2(fr, (2x) — min f))y

are non-increasing, and therefore converge. Since ||z — z|| converges, and t||V fa, ()] — 0, as
k — 400 we obtain that the following limit exists

(2.54) S (tillze — 2k + €7 (f, () — min f)) .

On the other hand, according to (2.39) we have Z;:S ti(fa, (zr) — min f) < 400, and according
to (2.42) we have S0 ty[|zy — xx_1]|? < +oo. Therefore,

+oo

(2.55) Zi (2 llok — 2p1 12 + E(fr, (k) — min f)) < +o.
k=1

Combining (2.54) and (2.55) we obtain that

lim (ti”xk — zpa[|* + 17 (fr, (zx) — min f)) =0,
k—4o00

1 1
that is, ||zx — 2x—1|| =0 () and fy, (zx) —min f =0 () as k — +o0.

k k2
From fy, (zx) — min f = f(prox,, ;(zx)) — min f + ﬁ\\xk — prox,, ;(zx)||?, we deduce that
. 1 k2 2
(256)  flprox,, (z)) —minf = o (k) Cdm = pross, s ()l =0,

It remains to show that every weak cluster point of the sequence (zj) belongs to argmin f. Let z*
be a weak cluster point of (x) and consider a subsequence (zy, ) of (), such that

xg, — =¥, n — 4o00.
If ¢ <2, then one has limy,_, y o |7 — prox,, ;(z)|| = 0. Therefore,
proxy, r(@k,) = 2", n = foo.
Since f is lower semi-continuous and convex, it is weakly lower semi-continuous. Combined with

im (£ (prox,, () — min f) =0,

it yields
0 = liminf (f(prox,, ;(wx,)) —minf) > f(z*) — min f.
T, —T* n
The latter relation shows that z* € argmin f and consequently, according to Opial lemma, the
sequence (xy) converges weakly to an element & € argmin f. Finally, since

1 1
o = anall =0 (3 ) 19 = Vo)l =o (1) a5 b= o
we get that
1
o=l =0 (7 ) o b=,

hence yj, converges weakly to the same element & € argmin f. ]



28 H. Attouch, S. C. Laszl6

3. Conclusion, Perspectives. (PRINAM) is a proximal-based inertial algorithm which aims
to solve general monotone inclusions in Hilbert spaces. It has several favorable features:

1. Under the sole assumption that the solution set is nonempty, each sequence generated by
the algorithm converges weakly to a zero of the operator.

2. The algorithm involves a correcting term which is naturally linked to the Hessian driven
damping in the case of convex minimization, and to the Newton method for general monotone inclu-
sions. There is numerical evidence of the fact that this correcting term attenuates the oscillations
which naturally occur with the inertial methods.

3. When specializing the maximally monotone operator to the subdifferential of a convex
lower semicontinuous proper function, the algorithm improves the accelerated gradient method
of Nesterov by giving the convergence rate o (,712) of the values, and the fast convergence of the
gradients towards zero.

The article presents the basic elements of the convergence theory for (PRINAM), many aspects
of which have yet to be developed. We need to enlarge the framework by considering structured
composite monotone inclusions, and show how to use (PRINAM) as the basic block of splitting
algorithms such as (ADMM), Douglas-Rachford, to cite some of them. For numerical reasons, it
is important to consider the introduction of perturbations, errors in the algorithms. Considering a
Tikhonov regularization term with vanishing coefficient would allow to obtain strong convergence
of the iterates towards the minimum norm solution, a desirable feature for the inverse problems.
Various versions/extensions of (PRINAM) can also be considered, including the case of a variable
stepsize, and time rescaling.

Appendix A. Auxiliary results. In our analysis of (PRINAM) we need the following result.
LEMMA A.1. Let (ag) be a sequence of non-negative real numbers which satisfies: for all k > 0
Gp4+1 < Qg + Wk,

where Y tpy1wyp < +00. Then ), ap < +00.

Proof. Since ay = tt’z;l we have tr11ak+1 — (b — 1)ag < tpr1wg. After summation, we obtain
tny1any1 — toGo + ZZ:() ap < ZZ:O tpr1W-
Hence, zzof) ap < Z;:é tpr1wi + toap < 400, which gives the claim. 0
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