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Abstract: In this paper, we extend the framework of the convergence of
stochastic approximations given by

Ont1 =0n + Ant1Hp, (Xnt1),

where (Xn)nen is a Markov Chain. Such a procedure is used in many
methods such as parameters estimation inside a Metropolis Hastings algo-
rithm, stochastic gradient descent or stochastic Expectation Maximization
algorithm. The convergence of such a stochastic approximation has already
been proved under an assumption of geometric ergodicity of the Markov
Chain. However, in many practical situations this hypothesis is not satis-
fied, for instance for any heavy tail target distribution in a Monte Carlo
Metropolis Hastings algorithm. In this paper, we loosen this hypothesis and
prove the convergence of the stochastic approximation by assuming only a
subgeometric ergodicity of the Markov dynamic. This result opens up the
possibility to derive more generic algorithms with proven convergence. As
an example, we study an adaptative Markov Chain Monte Carlo algorithm
where the proposal distribution is adapted by learning the variance of a
heavy tail target distribution.
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1. Introduction

A common problem across scientific fields is to find the roots of a non-linear
function h : © — R. In statistics, the problem is further increased by the fact
that h is not known, but only noisy observations of it or its gradient. This prob-
lematic can appear in a lot of different domains such as stochastic optimization
[25, 30], Expectation Maximization algorithms [3, 22], reinforcement learning
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[1, 10], ... In all cases, solutions to this problem often take the form of an itera-
tive sequences (6, )nen that converges towards a point 6* in the set of solutions
of h(f#) = 0. The general class of stochastic approximation methods, and in
particular the Robbins-Monro one, falls within this framework and produces a
sequence defined by:

0n+1 = 9n + An+1<n—i—1 )

where (41 is a noisy observation of h(6,): (or1 = h(0n) + Ent1 with &,41 a
noise sequence of random variables. In that case, h is called the mean field.
This procedure, first developed in [27], has been studied under various sets of
hypotheses, see [1, 9, 10, 11, 12, 16, 23] among many other works.

In this paper, we focus on the case of a Markov state-dependent noise, which
means that the noise observation of h: ((,)nen takes the form (Hp, (X,))nen
where (X,,) is a Markov Chain in the state space X, and, for all § € ©, Hy is a
function from X to ©:

9n+1 - en + An+1H9n (Xn+1) .

The assumption of the state dependent Markov noise case is general, and met for
instance within the framework of the stochastic gradient descent [25] or within
the framework of Metropolis Hastings algorithms. In the latter, the distribution
to sample from may depend on a parameter 6 that is learned throughout the al-
gorithm. This is notably the case of the Stochastic Approximation Expectation
Maximization Markov Chain Monte Carlo (SAEM MCMC) algorithm [2, 3, 13].
One can also consider adaptive MCMC algorithms where the proposal distri-
bution depends of a parameter . Such a procedure can be used to adapt the
variance of the proposal along the algorithm [5, 6, 19, 28] and allows a better
sampling. In both cases, the update of the parameter 6 can be seen as a stochas-
tic approximation.

In the framework of a state dependant noise, the authors of [5] give general
hypotheses for the stochastic approximation algorithm to converge. They are
based on the control of the fluctuations of the Markov Chain as well as on the
regularity of the solution of a Poisson equation. In practice, these conditions can
be difficult to verify and the authors show their validity when the Markov chain
satisfies drift conditions implying a geometric ergodicity of the chain i.e. when
assuming the convergence of the kernel of the Markov Chain towards its invari-
ant distribution at a geometric rate. Under theses assumptions, we are then able
to prove the convergence of the SAEM MCMC [3] and some adaptative MCMC
algorithms [5].

However, in lot of practical situations, this ergodicity condition is not sat-
isfied. If several articles study the convergence of adaptive MCMC algorithms
under subgeometric ergodicity [7, 8, 29, 31], the general case of stochastic ap-
proximations with a subgeometric Markovian dynamic has not yet been proved
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convergent, to the best of our knowledge. Often, authors only consider a geomet-
ric ergodic Markovian dynamic [21, 24]. This can be a problem when (X,,)nen
is sampled using a Metropolis Hastings algorithm targetting heavy tails distri-
butions (Weibull ot Pareto distributions in particular) [14, 17, 18, 20], in which
case the Markov Chain is not geometric ergodic. Similarly the geometric ergod-
icity condition has been a problem in [4] where the authors have not proved
the convergence of the exponentially scaled Gaussian independent component
analysis (EG-ICA) model due to the presence of a subgeometric Markov Chain.
In all these cases, the theorem presented in [5] does not allow us to conclude on
the convergence of the stochastic approximation algorithm using these Marko-
vian dynamics. In the same vein, in [22], the authors prove the convergence of
a mini batch SAEM algorithm using the theorem presented in [5] and hence, by
assuming the geometric ergodicity of the Markov Chain.

In this paper, we propose a more general sets of hypotheses, under which we
prove the convergence of stochastic approximations with subgeometric Marko-
vian dynamics. These new conditions mainly concern the rate of convergence of
the Markov Chain as well as the regularity of its kernel. In particular, most of
the polynomial rates of convergence satisfy these hypotheses. Finally, we apply
this new theorem to prove the convergence of a stochastic approximation used
to adapt the variance of the proposal of a Metropolis Hastings algorithm. More
precisely, we prove this convergence for two different classes of heavy tail target
distributions including, among others, the Weibull and the Pareto distributions.

2. Stochastic approximation framework with Markovian dynamic

In this section, we summarize the stochastic approximation procedure in the
case of a Markovian dynamic with adaptive truncation sets. This procedure was
first described in [5]. In the following, we denote X the state space and © the
parameter space that we assume to be an open subset of R™. Moreover, we
suppose that both are equipped with countably generated o-fields B(X) and
B(O).

In the next subsection, we present the framework of a stochastic approxima-
tion producing a sequence of elements converging towards a solution of h(6) = 0
when there exists probability measures 7y such that h(0) = E,, (Ho(X)) and,
forall € ©, Hy: X — O.

2.1. Markov Chain sequence

Let A = (A, )nen be a monotone non increasing sequence of positive real num-
bers with Ay < 1 and set 6, ¢ © and z. ¢ X two cemetery states. We also
set, for all § € © the vector field Hy : X — ©. We then define a Markov chain
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YnA = (Xnaon) on XU {%c} x O U {96} by:

0 _ 0, + An-i-lHQn, (Xn—i-l) and Xn+1 ~ P@n (Xn, ) if 6, € ©
ntl 6, and X, 41 = . if 0, ¢ ©.
(1)
We put the following hypothesis on the transition probabilities (P, 0 € O)
and on the random vector field H:

(A2) For any 0 € O, the Markov kernel Py has a single stationary
distribution 7mg. In addition, H : © x X — O is measurable for all
0 € O.

The existence and uniqueness of the invariant distribution can be verified
under the classical conditions of irreducibility and recurrence [26]. We also set
h(0) = [, Ho(x)me(dx) the mean field of the stochastic approximation. This
allows us to recognize the usual stochastic approximation procedure:

0n+1 = en + An+1(h(9n) + fnJrl)
where &,+1 = Hy, (X,41) — h(6,,) is the noise sequence.

We assume the mean field & satisfies the following hypothesis that amounts
to the existence of a global Lyapunov function:

(A1) h:© — R™ is continuous and there exists a continuously
differentiable function w : © — [0, +-00[ such that:

(i) there exists My > 0 such that
L:={0c0,(Vw(),hB) =0} C{0ecO,w@) <M},

(ii) there exists My € (Mp,+oo] such that
W, = {0 € ©,w(0) < M} is a compact set,
(iii) for any 8 € © \ L, (Vw(0), h(9)) < 0,

(iv) the closure of w(£) has an empty interior.

We denote by F = {F,,,n > 0} the natural filtration of the Markov chain
(Xn,0n) and by P2, the probability measure associated to the chain (¥,2)
started from the initial conditions (x,0) € X x 0. Finally, we denotes by Qa,, the
sequence of transition probabilities that generates the inhomogeneous Markov
chain (Y,2).

2.2. Truncation process

We introduce (K,,)nen a sequence of compact subsets of © such that

Uk, = and Ky Cint(Kyy1) -

q20
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Let (€,)nen be a sequence of non increasing positive numbers and K be a
subset of X. Let ® : X x © — K x Ky be a measurable function. We then
define the stochastic approximation algorithm with adaptive truncation sets as
an homogeneous Markov chain on X x © x N x N by

Zn = (Xna@na"{nayn) (2)

with the following transition at iteration n + 1:

e If v, =0, then draw (X, 41,0n41) ~ Qa, (P(X,,0,),.). Otherwise, draw
(Xn+17 9n+1) ~ QA,L (Xnu ena )

o If |0, 41— 0, <€, and 0,41 € K, then set k41 = Ky and v 1 = vy + 1.
Otherwise, set k41 = Ky, + 1 and v, 41 = 0.

To summarize this process, if our parameter 0 leaves the current truncation
set KCy,, or if the difference between two of its successive values is larger than a
time dependent threshold ¢,,, we reinitialize the Markov chain by a value inside
Ko: ®(X,,0,) and update the truncation set to a larger one KC,; ;1 as well as
the threshold to a smaller one: €,41. Hence, k,, represents the number of re-
initialization before the step n while v, is the number of steps since the last
re-initialization.

The idea behind this truncation process is to force the noise to be small in
order for the drift h(#) to dominate. We do so by forcing our algorithm to come
back to the center of © whenever the parameters become too big.

2.3. Control of the fluctuations and main convergence theorem

In this section, we state two last hypothesis about the control of fluctuations
before presenting the theorem proved in [5]. In this paper, the authors present
several conditions (Al to A4) that imply the convergence of the stochastic ap-
proximation algorithm. It is those conditions that we will, in the next section,
verify under subgeometric ergodicity of the Markov chain.

We first define, for any compact K and any sequence of non increasing positive
numbers (ex)ken, 0(K) = inf(k > 1,6 ¢ K) and v, = inf(k > 1, |0 — Ox_1| >
€x). Moreover, for W : X — [1,00) and g : X — R"? we write

lg(2)]
W(x)

llgllw = sup
reX

We can now present the hypothesis (A3):
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(A3) For any 0 € O, the Poisson equation g — Ppg = Hyg — mp(Hp) has a
solution gg. Moreover, there exist a function W : X — [1, +00] such
that {x € X, W (z) < 400} # 0, constants « € (0,1] and p > 2 such
that for any compact subset K C O,

(i) the following holds:

sup || Hpl[w < oo (3)
pek

sup ||go||lw + |[Pagellw < oo (4)
e

3 10— 017 (llgo — gorllw + || Pago — Porgor|lw) < oo (5)
,0'e

(ii) there exist constants {C, k > 0} such that, for any k € N, for
any sequence A and for any = € X,

sup E2 WP (X)) Lo(cysi] < CiWP(x) (6)
S

(iii) there exist € and a constant C' such that for any sequence A
and for any z € X,

sup E2o[WP (X)) Lo(c)nv. 5] < CWP(z). (7)
€
This assumption concerns the existence and regularity of the Poisson equa-

tion associated with each of the transition kernel Py. In [5], the authors show
that those conditions are verified under hypothesis of geometric ergodicity of
the Markov chain. In the next sections, we will relax this ergodicity conditions
to be able to consider subgeometric ergodic chains.

Finally, the last condition concerns the step size sequences:

(A4) The sequences (Ag) and (eg) are non increasing, positive and
satisfy D27 o A = 00, limy_,o0 € = 0 and

Z A7 + Ape? + (6, P Ap)P < 0
k=1

where p and « are defined in (A3).
We can finally state the theorem proved in [5]:

Theorem 2.1. Assume (A1)-(A4). Let K C X such that sup,cx W(x) < oo
and such that ICo C Wy, (where Mo and Wy, are defined in (A1)) and let Z,
be as defined in (2). Then, for all (z,0) € X x ©, we have limy_,~ d(0, L) = 0,
]P’fa—a.s.
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Of the four conditions (A1) to (A4), (A3) is often the most difficult to ver-
ify and we need more practical conditions to verify it. In particular, in [5], the
authors give drift conditions that imply (A3). However, those drift conditions
imply the geometric ergodicity of the Markov chain. In lot of cases, this er-
godicity is not verified. It is the case for instance in the Metropolis Hastings
algorithm when the target distribution has heavy tails. It was also a problem in
the exponentially scaled Gaussian independant components analysis (EG-ICA
[4]) ?EM like” model where the authors could not prove the convergence of their
algorithm due to a subgeometric ergodicity. To tackle this problem, we will, in
the next section, state subgeometric drift conditions and hypotheses on the rate
of convergence that are sufficient to insure the validity of (A3). The new the-
orem allows us to verify the convergence in a broader range of cases, some of
them being explicited section 5.

3. Convergence of the stochastic approximation sequence under
subgeometric conditions

In this section, we give the drift conditions and hypotheses under which we will
work to prove the validity of (A3). Denote, for V: X — [1,00), Ly ={g: X —
R, [lgl}y < oo}

(DRI) For any 6 € ©, Py is y-irreductible and aperiodic. In addition,
there exist a function V : X — [1,00) and a constant p > 2 such
that, for any compact subset K C O, there exist constants b,
0o > 0, a probability measure v, a concave, increasing function
¢ :[1,00) — (0,00), continuously differentiable such that
lim, o ¢'(v) = 0 and a subset C of X with

sup PpVP(z) + ¢ o VP(x) < VP(x) + blc(z) VeeX (8)
oek
enellfc Py(x, A) > §or(A) Ve € C,VA € B(X). 9)

Remark 3.1. We could consider the following, more general, drift condition:
it exists m € N* such that

sup Py"VP(x) + ¢ o VP(x) < VP(x) + ble(x) Vr e X
9ek

ain)f; Pt (xz, A) > dov(A) Vo € C,VA € B(X).
€
The results we present in the following sections would still be verified under

such a drift condition. To adapt the proofs (and more precisely, the proof of the
lemma 4.6), we would then need to use the lemma B.3. of [5].

Under the condition (DRI), C is a small set and the Markov Chain Py verifies
a subgeometric drift condition [15]. In particular, it implies the existence of a
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stationary distribution 7y for all § € K as well as an uniform subgeometric
ergodicity on all compacts of ©. Hence, for all § € O, there exists a constant
Cy and a sequence (rgj)ken such that, Vg,s > 0 with 1/¢ + 1/s = 1 and
Vf S E(d)ovp)l/s,

1
ro NS | — 7o ()l soveyirs < Collfllgovey/s -

Moreover, it has been showed in [14] that, under a subgeometric ergodicity
condition, we can choose a rate of convergence (rj)ren that only depends of
the function ¢. Hence, for § € K a fixed compact, we can choose a rate of
convergence (rg)ren that depends only of K. Similarly, it has been proved that
the constant Cy is bounded on all compact K. Hence, it exists a constant Ci
and a sequence (rg)ken such that, for all f € Loy py1/+ and for all 0 € K,

1
sup i/ |PF S = 7o ()l goveyese < Crcllfligovoyss- (10)

We will see in the following that several hypothesis must be made on that
rate of convergence (ry)ren for the condition (A3) to be satisfied.

Remark 3.2. In general, we can consider V1 and ¥y a pair of inverse Young
functions i.e. two strictly increasing continuous functions on Ry werifying
Uy (2)Vs(y) < x+y. We then have, for all f € Ly,povr):

U1 (re)l|Pg f = 7o (Dllwasove) < Cicllfllws(pove) -

In order to simplify the notations, we will only consider in the following the
pair of inverse Young functions ¥y (z) = qzt/9 and Uy(z) = sx'/s. The same
reasoning could be carried out for any other pair of Young functions by adapting
the hypotheses (H1) and (H2).

We now state several hypothesis that we will need to prove the condition
(A3). The first one concerns the choice of the inverse Young functions with re-
spect to the rate of convergence and the regularity of Hy. With p as defined in
(DRI), we suppose:

(H1) For any compact K, it exists ¢ > 0 and s > p with 1/¢+1/s =1
such that:

1
— < 00 and sup || Hol|(poywyrss < 00.
];) r}i/q veR (¢O p)

Remark 3.3. Most of the polynomial rates of convergence satisfy this hypothe-
sis. The assumption s > p is necessary to control the V -norm by the (¢ o Vp)l/s—
norm.

We then need hypotheses on the regularity of Hy and Py. Two of them are
similar to the ones presented in [5] while the first one will help us to conclude
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on the validity of Eq. (5).

(H2) For any compact K, it exists a constant 8 € [0, 1] such that
(i) there exists T € N and « € (0, 1) such that
1
sup T|0—0'[|P~* + (|0 — 0| 7> Y 7z <00
0,0’k s’
(ii) there exists C such that for all z € X,

sup |0 —0'|7P|Hy(z) — Hy (z)| < CVP(x)
6,0’eKC

(iii)  there exists C' such that for all 0,6’ € K,

1Pog = Porgll(govryis < Cllgllgoveysa|0 =017 Vg € Ligoyryiss -

Remark 3.4. The condition (H2-i) can be easily verified for T,i/q = k% with
d > 1. Indeed, we know that ZEO:T kl—d ~ Hence, if 0 < o < 1, we

choose T = [||6 — 0’||_ﬁj and we have:

1
(d—1)Ta 1"

T S
k:de 0—6 d—].

Moreover, T||0—0'||°~* = ||§—0'||°P~>"3>1. Choosing a such that f—a— 3% >
0ie a< ﬂd%dl allows us to conclude.

Finally, due to the subgeometric ergodicity, we are unable to iterate the drift
condition without causing divergent quantities to appear. This iteration was
however one of the key of the proof of the condition 7. To overcome this prob-
lem, we add one last hypothesis on the behaviour of ¢ on the petite set C defined
by assumption (DRI):

(H3) It exists 6 > 0 such that, Vz € C,

poVP(z) > 6VP(x).

Remark 3.5. [t is interesting to remark that asking for this condition on the
whole set X implies the geometric ergodicity of the chain. However, we only ask
it on the petite set C on which we have some freedom. In fact, in most cases,
this condition will be easy to verify. Indeed, according to the theorem 16.1.9. of
[15], we can choose C = {VP < d} with d > 0. Hence, if this set is compact (true
if V' is continuous and V(x) — 400 00) and if (¢ o VP /VP is continuous,
(H3) is verified.
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We can now state our major theorem:

Theorem 3.1. Assume (DRI) and (H1)-(H3). Then, the condition (A3) is
verified. In particular, if (A1), (A2) and (A4) are also verified we can apply the
theorem 2.1 to conclude that limg_0od(0k, L) =0

4. Proof of the theorem 3.1
4.1. Sketch of proof

The proof follows the principal ideas of [5]. However, due to the fact that our
Markov chain is no longer supposed to be geometric ergodic, we need several
new arguments.

The first important result is the fact that we are able to control the V-norm
by the (¢ o V?)/*-norm under the hypothesis (H1). This is particularly impor-
tant as we need to choose W = V? in (A3) to be able to find an upper bound of
the expectation of WP (X)L, (x)rv. >k (see Eq. (7)). Hence, we use this control
of the V-norm to control the different quantities in Eq. (3), (4) and (5) using
the rate of convergence given by Eq (10). This control is given by the lemma 4.1.

Using this lemma, we can control the norm of the solution of the Poisson
equation using the subgeometric ergodicity. This is explicited lemma 4.2.

We then want to prove the condition (5) (lemma 4.5). Using once again a
decomposition of the solution of the Poisson equation, we see that we need reg-
ularity conditions on 6 — Py and h. The regularity of § — Py is given by the
condition (H2) while we prove the Holder continuity of & in lemma 4.4.

Finally, while the condition (6) is easily proved by iterating the drift condi-
tion, we still need to prove the condition (7). In [5], the authors prove it using
the same argument which does not hold anymore for us as this iteration can
make appear divergent quantities. That is why we need to state the condition
(H3). It is under this final condition that we are able to iterate an upper bound
of the drift and to prove (7) in lemma 4.6.

After this final step, we have all the tools necessary to prove the theorem 3.1.
We will now present and prove with details the different lemmas introduced

above and implying each of the conditions in (A3) before proving the theorem
3.1.
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4.2. Proof of Eq. (4)

First, using (H1), we show that we can control the V-norm using the (¢ o V?)/5-
norm:

Lemma 4.1. Assume (H1). Then, it exists C > 0 such that, for all g €
£(¢0Vp)1/5;
lgllv < Cllgllgovey/s -

Proof. ¢ is concave and increasing so, Vv > 1, ¢(v) < ¢'(1)(v — 1) + ¢(1) < cv
with ¢ a positive constant. Hence, for all x € X, since s > p and V(z) > 1,

(@0 VAo (2) < VP (2) < VOV (2)

which allows us to verify the announced inequality. O
We can now prove the equation (4).

Lemma 4.2. Suppose (DRI). Then, the Poisson equation g—Pypg = Hop—mg(Hp)
has a solution gg. Moreover, under (H1),

sup [[ge|lv < oo and sup || Page||v < o0.
0ck 9ek

Proof. The proposition [21.2.4] of [15] states the existence of a solution gy of the
Poisson equation under the subgeometric ergodicity conditions (DRI) verifying:

go(x) = (PFHy(x) — h(0)) -
k>0

Moreover, we know that for all compact /C, it exists a constant C' and a conver-
gence rate (ry)ren independent of 6 € K such that, for all f € Liyoypy1/s, for
all§ € I,

1
! NPES = 76 (F)llgoveyre < ClFllgoveyss -

Hence, using lemma 4.1,
1 1
/N PEF = mo(f)llv < 3/ °CIPEF — 7o ()llgoveys
< Clflligovey/s -

Since h(0) = mg(Hy) and using (H1), we have that:

1
llgollv <> N1PFHy — mo(Hy)llv < C||Holl(govmyrre /g <0
k>0 k>0 Tk

Finally, we can use the same argument for Pygs to prove that supgex || Pogo||v <
0.
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4.3. Proof of Eq. (5)

We now want to prove the condition given by Eq. (5). In particular, we need
hypotheses on the regularity in 6 of Hy and Py presented in condition (H2). We
begin by proving two lemma implying the Holder continuity of h.

Lemma 4.3. Assume (DRI), (H1) and (H2). Then, there exists a constant C
such that, for all g € Lgoyry/s and any k > 0,

sup 10— 0'|||Pfg — Phally < Cllalligovay-
0,0’eK

Proof. This result is a consequence of (H2-iii). Indeed, we can write, for all 6,
0" in K, all k € N and all g € L(govry1/s,

k—1

Pfg—Pjg=_ PJ(Py— Py)(Py """ g(x) — mo:(9)) -
j=0

But, using Eq. (10), we know that,

sup || Pj — | 1 < ——.
pex |’ ($oV?) rll/q

Hence, sup;ey gex ||P6l,||(¢ovp)1/s < 0.
Finally, using this result and (H2-iii),

P59 — Pygllv < ClIPFg — Pggll(goveyse

k—1
k—j—1
<ClO = 0117 1Py g(w) — 7o ()l govrye
j=0
=1y
B
< C110 = 0[|”g[l(govryr/s Z /g
=0Tk
We obtain the result using the convergence of the sum of the 1/ r,i/ 1, O

We now prove that h is a-Holder for any « in (0, 8). We will use this property
to finally be able to prove (5).

Lemma 4.4. Assume (DRI), (H1) and (H2). Then, for all o € (0, 3),

sup [0 —0'||7*|h(0) — h(8')| < .
0,6'ck

Proof. We use the following decomposition of |h(f) — h(6")] for o € X and
keN:

with:
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A(6,60") = h(B) — PYHy(x0) + Pl Hy/ (o) —
B(0,0") = Py Hy(wo) — P Hy(x0)
C(60,0') = Py Hy(xo) — Py Hy (o) -

(o)

From lemma 4.3, hypothesis (H2-ii) and (DRI), we obtain the following in-
equalities:

c s
|A(0,0)] < =7 [1Hollgovry/e(d 0 V)5 ()
Tk

(B0, )] < Cl|Holl(govmy/-l16 — 0117(6 0 V?)/*(x0)

W&WSA%MMMM@—%@I

<cllo -0 | Plan.dn)V(v)
X
< Cllo— 8PV (w0).

Hence, using the fact that supgec [|[Hol|(goveyr/e < 00 and (¢ o VP)s < cVP,
we find

1) — h(#)] < CV?(xy) (IIH s 1) |

1/q
Tk

Finally, because - — 0, it exists k € N such that -~ < ||0 — ¢’||® which
Tk Tk
concludes the proof. O

Finally, we can state the condition (5).

Lemma 4.5. Assume (DRI), (H1) and (H2). Then,

sup |0 —0'17“(||g0 — go'[lw + [|Pago — Porgor||w) < 00.
6,0’ekC

Proof. Using (H2-iii), lemma 4.3 and 4.4, we have that, for x € X, k € N and
0,0 € K,
Dy(,0,0") == ||Py Ho(x) — h(0) — Py Hor (x) + h(¢")]]
< || Py Ho(x) — Py Ho ()|| + || Py Ho () — Py He ()| +[|1(8) — h(8")|
<C||o-0'°VP(z).
On the other hand, using the ergodicity of the Markov Chain, we have that:

Di(@,0,0) < ~— (60 V) ().
Tk
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Hence for t =0 or 1 and any T > ¢,
10 — &I~ *[1P5g0 — Pargorllv < Cll0 = 0'||~*|[Pygo — Pgrgor [l (sovey/s

—« —a 1
<cl@-nlo-op-= o013 -
i>T Tk
Hence, we can use (H2-i) to conclude the proof. O

Finally, under (DRI), (H1) and (H2), we are able to prove the first item of
(A3). We still have to prove the second and third item. The second item is easily
proved using the drift condition:

B2 (VP (Xk)Lo(oysn) < B2y [ESe(PVP(Xp—1)|Fi—1)]
< E2p(VP(Xp-1)) +b < VP (@) + kb
and we conclude using the fact that V?(z) > 1.

Hence, we only need to prove the last item of (A3).

4.4. Proof of Eq. (7)

Under geometrical ergodicity, iterating the drift condition is enough to prove the
necessary inequality. However, in the subgeometric case, this iteration can make
appear a divergent sum. To overcome this difficulty, we will use the condition
(H3).

Lemma 4.6. Assume (DRI) and (H3). Then, there exist € and a constant C
such that for any sequence A and for any x € X,

sup B2 o WP (Xk) Lo (k) avezk] < CWP(X).
S

Proof. Using (DRI) and (H3), we have that, for all x € X,
PVP(X) <VP(z)—¢poVP(x)+blc(x).
Hence, if ¢ ¢ C, PVP(z) < VP(z) and, if x € C, PVP(x) < (1 —90)VP(x) + b.

We first consider the case § > 1. In that case, if z € C, PVP?(x) < b. Hence,
by induction, EmA,G (V(Xk)]la(lC)/\u(e)Zk) < V(l‘) + b.

If § < 1, we note 7, = Card(X;|X; € C for 1 <i < k). Then, by induction,

Ezo (VP(Xe)Lo(yawozk) = B (Eﬁe (PVP(Xk—l)]la(zC)Au(e)zk fk—l))
<ERy (1= 01x, ,ec)VP(Xp1) +blx,_,¢c0)

<EZ2 ((1 — 8™ VP(2) + bﬁi (1-— 5)2’)
=0

b
< VP —.
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Since VP(x) > 1, we can conclude the proof. O

4.5. Proof of Theorem 3.1

We can now finalize this section by proving the theorem 3.1 using the different
lemma previously presented.

Proof. Using lemma 4.1 and hypothesis (H1), we immediately obtain the first
inequality in hypothesis (A3-i). The next two conditions are given respectively
by 4.2 and 4.5. The last conditions are a consequence of lemma 4.6. O

5. Example: Symmetric Random Walk Metropolis Hastings
(SRWMH)

5.1. Presentation of the algorithm

The SRWMH is a popular algorithm allowing for sampling from a distribution
m. It consists at simulating a Markov Chain (X,,) whose stationary distribution
is 7. The user chooses a symmetric proposal distribution ¢g. At each step, if the
chain is currently at x, a candidate y for X,,;1 is proposed using g(x — .). This
candidate is then accepted with probability:

m(y) ;
lz,y) =4 2@ if m(w) # 0 (11)
1 otherwise.

If the candidate is rejected, the chain stays at its current location x. The tran-
sition kernel of this Markov Chain is: Vo € X,VA € B(X),

Pla.4) = [ aam)ae =)\ (dg) + 1) [ (1= ala))ae =)\ dy).
(12)
The choice of the proposal distribution ¢ is of crucial importance. In particu-
lar, proposal distributions with a too small or too large covariance matrix leads
to a highly correlated Markov Chain. To overcome this difficulty, the authors of
[19] have proposed to learn the covariance matrix while sampling the Markov
Chain leading to adaptive MCMC samplers. We note 6 = (i, I') and we suppose
that we can choose g such that Var(gy) = T'. For instance, if we choose to work
with Gaussian distributions, gg is the density of the distribution A (0,T"). We
then write Py the kernel of the SRWMH when the proposal is ¢q.

The authors of [19] choose to adapt the value of T using the following algo-
rithm:

{ Ppt1 = tn + An—&-l(AXn+1 - ,Um,) (13)
Fn-ﬁ-l = Fn + An-‘rl ((Xn+1 - Mn)(Xn-l-l - /J/n)T - Fn)
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with X, 41 ~ Py (X,,.) where 6,, = (un,I',) and with (A,) a nonincreas-
ing sequence of step sizes such that Y > A, = oo and, for some b > 0,
Yo A <o

This procedure is in fact a stochastic approximation:
6n+1 - 9n + AnJrlHOn (Xn+1)
with

Hy(w) = (& — p, (x — p)(x — )" = T). (14)

Moreover, assuming that | Py 2?7 (dr) < 0o, one can verify that:

h(8) = (,Uﬂr =, (e — ) (e — N)T +1x— F) .

This algorithm has already been studied in [5]. In that paper, the authors
make an hypothesis on the tail properties of the target distribution that implies
the geometric ergodicity of the Markov Chain Py. Under this hypothesis, the
authors prove that the conditions (A1)-(A4) are verified and so prove the con-
vergence of the algorithm.

With our framework, we are able to loosen the hypothesis on 7 to give condi-
tions under which we have a subgeometric ergodicity of the Markov Chain P
and still guarantee convergence of the algorithm.

In [5], the verification of the condition (Al) does not use the behaviour of
the tail of 7. Hence, it will stay true in our case and we can state it here:

Proposition 5.1. Let

= e (22)

where ¢, is the normal density of mean p and variance I'. Then, this w verifies
(A1). Furthermore, L is reduced to a single point 0, := (i, ['x).

To prove (A3), we need some hypothesis on the behaviour of 7. In particular,
we will verify that we can apply the theorem 3.1 under two sets of hypotheses.
The first contains among others the Weibull distributions while the second one
includes the Pareto distributions. Those two sets of hypotheses as well as the
proof of the condition (A3) are detailed in the following subsections.

5.2. First family of distributions (including the Weibull one)
satisfying our assumptions

In [14] and [18], the authors present a set of hypotheses on the target and
proposal distributions that imply the subgeometric ergodicity of the Markov
Chain. The first hypothesis concerns the target distribution:
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(E1) The target density 7 is continuous and positive on R? and there
exist m € (0,1), r € (0,1), positive constants d;, D;, i = 0,1,2 and
Ry < oo such that, if |z| > Ry, x — m(x) is twice continuously

differentiable and
<V7r(x)7x>§_r
|Vr(z)|" |z

dolz|™ < —lnw(z) < Dolz|™
dy|z)™ ' < —InVr(z) < Dy|z|™?

do|z|™™? < —In V31 (2) < Dolx|™ 2.

Among others, the Weibull distribution on Ry 7 : z + Bna"!exp(—pBz")
with 8 > 0 and n € (0, 1) verifies those conditions.
We also need some conditions on the proposal distribution:

(E2) there exists € > 0 and r < oo such that y <r = ¢y(y) > €.
Moreover, gy is symmetric and bounded away from zero in a
neighborhood of zero, is compactly supported i.e. it exists ¢(gg) such
that, for all |y| > ¢(gs), q(y) = 0 and it exists C' > 0, 8 € (0,1) such
that for all 6,6’ € O,

/X 00(2) — qor () AE0(dz) < €10 — )|

Remark 5.1. This compactly supported condition could be relaxed with appro-
priate moment conditions.

We can now prove the following theorem:

Theorem 5.1. Let m and qp be distributions satisfying (E1) and (E2) and
consider the processus defined in (13) with € and A two sequences verifying
(A4). Then, (A1), (A2) and (AS8) are verified. Moreover, 0,, — 0, w.p. 1 where
O = (r,Tx) is the unique stationary point of (0,,).

Proof. According to the theorem 3.1 of [14], if (E1) and (E2) are satisfied, it
exists & such that for all ¢ < &, it exists ¢ > 0, W = 77¢ and ¢(v) =

cx(1 + In(z))~25" verifying:
PW+doW <W +blg.

Hence, we have a subgeometric drift condition. It is then possible to compute
the associated rate of convergence: r, = exp(cz?=m ).

As stated in proposition 5.1, the condition (A1) is verified and (A2) is satis-
fied using the theorem 2.2 of [28].
We will prove (A3) using the theorem 3.1.
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First, the condition (DRI) is verified with V2 = W and p = 2. Indeed, the
drift condition is given above while the existence of small sets is insured given
the continuity of m and hypothesis (E2) (see Theorem 2.2 of [28]).

We then verify the hypothesis (H1). Given the value of ry, the sum of the

r,lc/q will be finite for any ¢ > 0. Moreover, supyeg || Hol|(govryr/: < o0 if and

2(1—m)

only if 227¢/%(2)(1 — éInm(x))~ = < oo. This will be true for any s > 0 as
m(x) < exp(—Doz™).

Concerning (H2), as discussed in remark 3.4, (H2-i) is verified for polynomial

rates of convergence k? with d > ¢. Using the fact that r,lc/q > k% for k big
enough, we can conclude that (H2-i) is verified in this case.
To verify (H2-ii), we remark that

[Ho(x) — Ho ()] < | — p'|(1+ |p + 4| + 2]]) + [T = T].
Since ||z||y» < 0o, we obtain the inequality (H2-ii) for any 5 < 1.

We now interest ourselves in (H2-iii). using the definition of the kernel Py, we
have that

|Pag() — Pyg(s)] < /X oz, + 2)|as(2) — a0 (2)]g(@ + )AL (d2)

() /X o,z + 2)]an (2) — gor (=) AE(d2)

o VP)s(z + 2
<lallgovy - 00 V) @) ( [ ot +2lan(e) —ar (ST A a2
+ /X alz, x4+ 2)|qe(2) — qor (z)|)\Leb(dz)) .
Hence, writing W = (¢ o V?)/5, we need to study:
.zt W(r+z) m(x + 2) 7T7§(£E+Z)(1751H7T(I+Z))7w
(@o+2) W) <1 . () ) 7=¢(z)(1 — flnﬂ'(x))_w

But, if w(z + 2z) > w(z), this function is always less than 1.
If 7(x+2z) < 7(x), we use the growth of the function ®(u) = u'=¢(1—¢1n(u))
for u < 1 and £ small enough. Hence, we deduce once again that the function is

less than 1.

Finally,
|Pag(x) = Porg(w)] < 2l|gllgovey/s(¢ 0 VP)*(x) /X |46 (2) — ao (2)]A"(d2) .

Hence, the hypothesis (E2) allows us to conclude on the validity of (H2-iii).
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Finally, we just have the hypothesis (H3) to prove. According to the theorem
16.1.9 of [15], C can be chosen as {V < d} with d € [0,00). But, V? converges
towards infinity at infinity and is continuous so, C is compact. Hence, there ex-

ists a lower bound of ¢€,‘;p continuous on C and (H3) is verified.

All the hypothesis of the theorem 3.1 are thus verified and we can apply it
to conclude. O

Hence, we have proven the convergence of the Metropolis Hastings algorithm
under a subgeometric ergodicity condition. In the next subsection we will inter-
est ourselves in the case where the rate of convergence is not only subgeometric
but polynomial and, once again, prove the convergence of a stochastic approxi-
mation.

5.8. Second usual family (including the Pareto distribution) covered
by our framework

In [18], the authors give other conditions on the target density for the SRWMH
kernel to be subgeometric ergodic when we work in R:

(E3)  is continuous on R and there exist some finite constants a > 1,
M >0, C >0 and a function p : R — [0, 00) verifying
lim, 00 p(x) = 0 such that for all |z| > M, 7 is strictly decreasing
and, for all y € {z € R|n(z + 2) < 7(z)},

Y 4age?| < Clal oa)y?
(@)

This class of distributions contains in particular the Pareto distributions (7 (z)
x~?) as well as many heavy tail distributions. We also need some hypothesis on
our proposal:

(E4) there exists € > 0 and r < oo such that y <r = q¢g(y) > €.
Moreover, gy is symmetric and there exists £ > 1 such that

[ 1y1* 3 qe(y)dy < oc.

Under those conditions, we can state the following proposition, proved in [18].

Proposition 5.2. Assume (E3) and (E4). Setu = EAa+1 and W (x) = 14 |z|".
Then, it exists ¢ > 0 and a small set C' such that, if we set ¢(x) = cxl—2/v,

PyW(x)+ ¢o W(:L‘) <W(z)+ble.

Under such a drift condition, we are able to deduce the rate of convergence
using the value of ¢ [14]: for all k € N, rj, oc k*/271,
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Theorem 5.2. Let m and gy be distributions on R satisfying (E3) and (E4) with
ENa > 5 and consider the model defined in (13) with € and A two sequences
verifying (A4). Assume also that (H2-iii) is verified. Then, (A1), (A2) and
(A3) are verified. Moreover, 60, — 0, w.p. 1 where 0, := (pr,Ly) is the unique
stationary point of (6,,).

Remark 5.2. In this theorem, we suppose that (H2-iii) is verified. This con-
dition depends of the function w. Given the functions V and ¢ chosen here, we
need, Vzr,z € R,

u—2
m(@ + z) < () = () T <0 )
(x4 2) > m(x) = |z + 2| < Clx|.

Other conditions can appear if V' or ¢ have another form. It was the case in
the previous subsection when we have been able to prove this condition under
the conditions (E1) and (E2). We prove this particular condition in the next
section for the Pareto distribution.

Proof. (A1) is stated in proposition 5.1.

Under (E3) and (E4), Py is t-irreductible (see theorem 2.2 of [28]). Hence, we
have existence and unicity of the invariant distribution 9. Moreover, H is mea-
surable. Hence, (A2) is verified.

We still need to verify (A3). To do so, we will use the theorem 3.1 and prove
the hypotheses (DRI) and (H1)-(H3).

The proposition 5.2 ans the theorem 2.2 of [28] give us the validity of (DRI)
with p=2and W = V2.

We now prove (H1). First, >, — is finite for all ¢ < “52. Moreover, for
20,1

any K compact of R x R* | since (¢ o VP)V/$ = (1 + |z|*)*= and since Hp is
quadratic, supge g || Ho||(povryi/e < 00 if and only if ¢ > “=2. Hence, we need
to choose ¢ such that:
u—2 u—2
u—1 1773
Since u > 6, such a ¢ exists. Moreover, because “?*2 > 2 = p, we can also
choose s > p. Hence, the condition (H1) is verified.

(16)

Concerning (H2), as discussed in remark 3.4, (H2-i) is verified if > 1
which is true given Eq. (16).

Concerning (H2-ii), we have that

u/2-1
q

|Ho(2) — Hyr(@)] < | — 1|(1+ e+ |+ 2Ja]) + T =]
Since ||z||yv» < oo because u > 1, we obtain the inequality (H2-ii) for any 8 < 1.

Hence, we only have to prove (H3) to conclude. According to the theorem
16.1.9 of [15], C can be chosen as {V < d} with d € [0,00). In particular,
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since VP(x) = 1 + |z|%, it exists d; > 0 such that {V < d} = [0,d;]. But,
T % is continuous hence, bounded on the compact [0,d;]. Thus,
(H3) is verified.

O

We have proved the convergence of the Metropolis Hastings algorithm under a
set of hypothesis implying a polynomial rate of convergence. In the next section,
we show that those hypotheses are verified for the Pareto distribution with a
scale parameter more than 5.

5.4. Application to the Pareto distribution

In this application, we choose to study the case where the target distribution m
is a Pareto distribution and the proposal gy is a normal distribution N'(0,T"). As
showed in [18], the Pareto distribution 7(z) o |z|~* verifies the condition (E3).
Moreover, (E4) is satisfied for any £ > 0. Hence, when applying the theorem
5.2, weneed a A€ > 5 ie. a> 5.

We now show that the Pareto distribution verifies the condition (H2-iii):

Lemma 5.3. Suppose that 7 is a Pareto distribution with shape o > 5 and,
for 8 = (u,T), qg is the normal distribution N'(0,T'). Then, if Py is the kernel
defined in (12) and K is a compact of R, there exists C such that for all
0,0" € K and for all g € Ligoywyr/s

[[Pog — P9’g||(¢oVP)1/~*‘ < CHQ”(qsoVP)l/S 0 — 9/|B :

Proof. As done in the proof of the theorem 5.1, writing W = (¢ o VP)/*, we
need to find an upper bound to:

W(x + z)

Leb
W) A" (dz)

/ o, 2 + 2)|go(2) — g0 ()]
X

a—1

z|® 1+ |& + 2|*T!) 5D e
:/X<1/\ d )< o 2T () — o ()N )

(1 + |x|a+1) s(at1)

But, if |z + z|* < |z|%,

1 a+1\ 5575
(Ut fo syl

(1+[a]+1)

Similarly, if |z +z|* > |z|®, using Eq. (16), we have that s > 1 > O‘Tfl Hence,

a—1
a+1> s(at1)

a—1

jo[* (L +Ja+ 2[* )T
|z + 2|« (1+|ZL’|D‘+1)SCZ’:}1)

—Q

§\1+f
o

<1+‘1+z
x
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is bounded.

Finally, it exists C' > 0 such that:
|Pag(x) = Porg(@)| < Cllgllgovryrss (60 VP)/*(x) /X |90(2) — o (2)]dz .

But it has already been proved in [5] that, if gs is the normal distribution of
variance I', for any I',I” in a compact subset K of RY ,

1
/IQe(Z)*qe/(Z)IdZS T T —1|
R min

where 'y, is the minimum value of K which allows us to conclude for any
p<1
O

Theorem 5.4. Suppose that 7 is a Pareto distribution with shape o > 5 and,
for@ = (u,T') € © =R xR, qg is the normal distribution N'(0,T'). Let (Zy)nen
be the Markov chain as described in 2 with Py defined in (12) and H defined
n (14). Suppose that (Ap)nen and (€n)nen are two sequences verifying (A4).
Then, 0, — 0 = (lir,0;) w.p. 1.

Proof. Tt is a consequence of the theorem 5.2 and lemma 5.3. All the conditions
have already been proved. O

6. Conclusion

We have been able to relax the condition of geometric ergodicity previously
needed to ensure the convergence of stochastic approximations with Markovian
dynamics. The new theorem implies the convergence for Markov Chains that
are only subgeometric ergodic with mild hypotheses on the rate of convergence
and the drift condition. In particular, this enables us to prove the convergence
of a Metropolis Hastings algorithm with adapted variance, first in the case of
the Weibull distribution with a shape parameter between 0 and 1 and then in
the case of the Pareto distribution with a shape parameter more than 5. This
new theorem should hence be applicable in a broader range of cases where the
geometric ergodicity is not verified.
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