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Abstract

We provide a necessary and sufficient condition for the uniqueness of penalized least-squares
estimators with a penalty term consisting a norm whose unit ball is given by a polytope. The
condition is given by a geometric criterion involving how the row span of the design matrix in-
tersects the faces of the dual norm unit cube. This criterion also provides information about the
model selection properties of the corresponding estimation method. Our analyses cover LASSO,

the related method of basis pursuit, as well as the SLOPE estimator.

1 Introduction

The linear regression model Y = X + ¢, where X € R"*? is a fixed matrix, 5 € R? is an unknown
parameter vector, and ¢ is a centered random error term in R”, is one of the most important models
in statistics. When ker(X) = {0}, the ordinary least-squares estimator °* = (X'X)~1X'Y, which
minimizes the residual sum of squares ||Y — Xb||3 with respect to b € RP?, is the usual estimator of 3.
In high dimensions, when p > n, and thus ker(X) # {0}, the ordinary least squares estimator is no
longer well-defined, as then the function b € RP + ||Y — Xb||2 does not have a unique minimizer.

In this case, typically, a penalty term is added to the residual sum of squares to provide an al-
ternative to ordinary least-squares estimation. In some cases, also the minimizer of the penalized
least-squares optimization problem is not unique. In this paper, we provide a necessary and sufficient
condition for uniqueness based on a geometric criterion for a wide class of penalties. Moreover, the
geometry involved in this condition also yields results for model selection, i.e. sparsity, and related
properties of SLOPE, LASSO and basis pursuit.

1.1 Penalized least-squares estimators

The Ridge estimator, which minimizes the function b € R? = 1 ||Y — Xb||5 + A|[b]|3, where A > 0 is
a so-called tuning parameter, was the first penalized estimator to appear in the statistics literature
(Hoerl and Kennard, 1970; Golub et al., 1979). Due to the strict convexity of the function b — ||b||3

the minimizer is always unique and is given by Aridee — (X'X + A,)"*X'Y. This estimator is not



sparse, meaning that it does almost surely not set components equal to zero. Especially when p is
large, this can make the estimator more difficult to interpret compared to other sparse methods such
as LASSO or SLOPE which are described in the following.

The Least Absolute Shrinkage and Selection Operator (LASSO) (Chen and Donoho, 1994; Alliney
and Ruzinsky, 1994; Tibshirani, 1996) is the /;-penalized least-squares estimator defined as

R 1
B85 — argmin = ||Y — Xb||2 + A|[b]|1, where A > 0.
berr 2

When ker(X) = {0}, the function b € R? — ||Y — Xb||3 is strictly convex, immediately implying the
uniqueness of the LASSO minimizer. In high dimensions, ker(X) # {0} and the function b € R? —
Yy —X b||§ is not strictly convex, thus uniqueness of 312 is not guaranteed. The condition of the
columus of the design matrix X being in general position, first outlined by Rosset et al. (2004) and later
investigated by Tibshirani (2013) and Ali and Tibshirani (2019), provides a sufficient condition under
which, for all Y € R", the LASSO minimizer is unique and subsequently Bla”o is well-defined. This
condition was recently relaxed by Ewald and Schneider (2020) to a criterion that is both sufficient
and necessary. As mentioned above, the LASSO estimator is a sparse method that generally sets
components equal to zero with positive probability, entailing that the estimator also performs what is
called model selection. In particular, if the solution is unique and p > n, Blasso contains at least p —n

null components.

A strongly related procedure is basis pursuit, which first appeared in compressed sensing (Chen
and Donoho, 1994) and is defined as

3PP = arg min ||b]|; subject to Y = Xb.

In the noiseless case, this method allows to recover a sparse vector 3 (see e.g. Candés et al., 2006; Cohen
et al., 2009). In the noisy case, when ¢ is no longer zero, the basis pursuit estimator can be viewed
as the LASSO when the tuning parameter A > 0 becomes infinitely small. This estimator sometimes
used for sign recovery of 3 (see e.g. Saligrama and Zhao, 2011; Tardivel and Bogdan, 2018). Naturally,
basis pursuit shares lot of properties with the LASSO estimator. For example, general position of the
columns of the design matrix X is also a sufficient condition for uniqueness of PP (see e.g. Tardivel
and Bogdan, 2018) for all Y € R™. However, to the best of our knowledge, a necessary and sufficient

condition has previously been unknown.

Our results also cover Sorted L-One Penalized Estimation (SLOPE) (Zeng and Figueiredo, 2014;
Bogdan et al., 2015) which is the penalized estimator given by

Aslope 1 .
57 — angmin L [V = Xbl3+ 3w, bl
beRP =

where wy > 0 and w; > -+ > w, > 0 and [b[1) > -+ > [b](). Note that penalty term gives rise to
the so-called SLOPE norm. A special case of this estimator, the Octagonal Shrinkage and Clustering
Algorithm for Regression (OSCAR), has already been introduced in Bondell and Reich (2008). The



SLOPE estimator is well-defined once the corresponding minimizer is unique and, similarly to the
LASSO, uniqueness is obvious when ker(X) = {0}. However, in contrast to the LASSO, no condition
guaranteeing uniqueness has been established.

The SLOPE estimator is a sparse method that also exhibits a clustering property in that some
components may be equal in absolute value with positive probability. This can be learned from the
explicit expressions one obtains in case the columns of X are orthogonal (Tardivel et al., 2020), and
this property also holds in the non-orthogonal case.

In certain applications, this clustering phenomenon — which is not shared by the LASSO — may
be of particular relevance (Kremer et al., 2019, 2020). To the best of our knowledge, an exhaustive

description of the clusters induced by SLOPE has not been provided before.

1.2 TUniqueness and polytope unit balls

We study the problem of uniqueness of penalized estimators in a general setting, where the penalty
term is not restricted the /;- or the SLOPE norm. Let X € R"*P, y € R™, and ||.|| be a norm on RP?.

Consider the solution set Sx .| () to the penalized least-squares problem
1 2
SxJ1.1(y) = arg min o fly — Xbl; + [[o]]-
beRp

Note that Sy, (y) is non-empty since the function b € R? — 1 |jy — Xbl||2 + ||b]| is continuous and
unbounded when ||b|| becomes large. The penalty term may include a positive tuning parameter which
can be viewed as part of the norm, for instance ||.|| = Al|.||1 for the LASSO estimator. When ||.|| is
a norm for which ||b 4 b|| = [|b]| + [|b]| holds if and only if b = tb where ¢ > 0, such as the ly-norm,
then Sy | ||(y) is a singleton for all y € R™ and for all X € R"*?. This statement is a straightforward
consequence of the following facts. When B, B € Sx,).)(y) we have

i) X3 = Xp (see Lemma 2 in the appendix).
i) Since (5+ 5)/2 € Sx,1.1(y) also, 3+ B)/21 = (I3 + 131)/2 follows.

Geometrically, such a norm ||.|| possess a unit ball {x € R? : ||z|| = 1} with no edges. Subsequently,
the problem of uniqueness is only relevant when the unit ball of the norm under consideration contains
an edge. More concretely, we restrict our attention to norms for which the unit ball B = {z € RP :
llz|| < 1} is given by a polytope. Note that this is the case for the l;-norm, the l,.-norm, and the
SLOPE norm. Our results also cover methods with a mixed l1,ls-norm penalty term (Negahban and
Wainwright, 2008; Bach et al., 2012).

1.3 Accessible models and sign estimation

The sign vector sign(f8) = (sign(f1),...,sign(Bp))" (where sign(t) = 1 if ¢ > 0, sign(t) = —1 if
t < 0 or 0 otherwise) is accessible when there exists ¥ € R™ for which sign(3'#°) = sign(3).
Under the assumption that LASSO minimizer is unique, Sepehri and Harris (2017) provide a geo-
metrical characterization of accessible sign vectors. Of course, when sign(3) is not accessible then

P(sign(5'#5%°) = sign(8)) = 0. Note that the irrepresentable condition on 3 (which is a necessary



condition for P(sign(3'5°) = sign(j3)) > 1/2, see Wainwright, 2009) implies that sign(f) is accessible.
To our knowledge, there is no theoretical work for clusters recovery by SLOPE estimator. Generalizing
the notion of accessible sign vectors for LASSO estimator to accessible models for SLOPE estimator

should be a first improvement for the development of such a theory.

1.4 Related geometrical works

Most articles providing geometrical properties for penalized estimators concern the LASSO and one
recent article provides geometrical results for SLOPE, which we discuss below. For basis pursuit,
geometrical properties mainly deal with the [;-recovery in the noiseless case, en route to derive the
phase-transition curve (Donoho and Tanner, 2009), which is not directly related to our work.

Concerning the LASSO, Tibshirani and Taylor (2012) show that the LASSO residual Y — X 155° ig
the projection of Y onto the polytope {z € R : || X'z|lc < A}. From this result, the authors derive an
explicit formula for the Stein’s unbiased risk estimate which allows to select A in order to minimize the
Lo risk: E(|| X355 — X 3|3). This geometrical result also lays the groundwork for selective inference
(Lee et al., 2016), for deriving screening procedures (Ghaoui et al., 2010; Wang et al., 2013), and
to describe the accessible LASSO models in Sepehri and Harris (2017). Concerning SLOPE, very
recent work of Minami (2020) generalizes some results of Tibshirani and Taylor (2012) and shows that
the number of non-null clusters (||mdl(3*1°P¢)||o, in our article) appears in the Stein’s unbiased risk
estimate for SLOPE estimator.

Our article provides properties for penalized estimators for 1) the uniqueness of the minimizer,
2) accessible models and 3) model selection based on the null polytope. We apply our approach to
SLOPE, LASSO and Basis Pursuit (BP). Table 1 summarizes results already known in the literature.

BP LASSO  SLOPE

Sufficient condition for uniqueness YES' YES2%34 NO
Necessary and sufficient condition for uniqueness NO YES® NO
Accessible models (characterization through dual unit ball in R?) NO NO NO

Accessible models (characterization through null polytope in R™) NO YESS NO

Table 1: Summary of results known in the literature. 1: Tardivel and Bogdan (2018), 2: Rosset et al.
(2004), 3: Tibshirani (2013), 4: Ali and Tibshirani (2019), 5: Ewald and Schneider (2020), 6: Sepehri
and Harris (2017).

1.5 Notation and structure

We use the following notation in this article. We denote the set {1,...,k} by [k] and use |I| for the
cardinality of a set I. For a matrix A, the symbols col(4) and row(A) stand for the column and
row space of A, respectively, and conv(A) is the convex hull of the columns of A. As used in the
introduction, for a number ¢, sign(¢) is given by 1,—1 or 0 if ¢ > 0,¢# < 0 , or ¢t = 0, respectively. For
a vector z, sign(z) is the vector containing the signs of the components of . The symbols ||.||1, ||.||2,
I|.lloo, and |||l represent the i1, lo, supremum, and the SLOPE-norm, respectively. Finally, the set S,

contains all permutations on the set [p].



The remainder of this article is organized as follows. Section 2 contains the general theorem of
uniqueness for penalized least-squares estimators, as well as the analogous necessary and sufficient
uniqueness condition for basis pursuit. In Section 3, we investigate the model selection properties
related to the geometric condition introduced in Section 2 for LASSO, BP, and SLOPE estimators,
including a characterization of the SLOPE’s clustering property. This section also contains results on
model selection in connection with the null polytope. All proofs are relegated to the appendix, which

also contains a remainder of basic facts of subdifferentials and polytopes.

2 A necessary and sufficient condition for uniqueness of penal-

ized problems

For a norm ||.|| on R?, the dual norm ||.||* is defined by
|z]|* = sup sz
seRP:||s||<1

If the unit ball B = {& € R? : ||z|| < 1} is of polytope shape, the polar dual of B is given by
B* = {z € RP : ||z||* < 1}, the unit ball of the dual norm, which is, again, a polytope. In that
case, there is a strong connection between the subdifferentials 0j |(.) of the norm ||.|| and the faces of
the polytope B*, the unit ball of the dual norm ||.||*, see Appendices A.1-A.3 for more details. This

connection is the basis for (the proof of) the main theorem:

Theorem 1 (Necessary and sufficient condition for uniqueness). Let X € R™*P and let ||.|| be a norm

on RP whose unit ball B is given by a polytope. Consider the penalized optimization problem
1 9
Sx )11 (y) = argmin o [ly — Xb[* + [[b]) (1)
beRP

wherey € R™. Let B* denote the unit ball of the dual norm ||.||*. There exists y € R™ with |Sx ., (y)| >
1 if and only if row(X) intersects a face of the dual unit ball B* whose codimension is larger than
rk(X).

The notion of uniqueness considered in Theorem 1 is strong in the sense that it involves uniqueness
for a given design matrix X for all values y € R™. Note that if the norm ||.|| involves a tuning parameter
A, uniqueness of the corresponding penalized problem does not depend on the particular choice of A:
The parameter simply scales the unit ball B and subsequently the dual unit ball B* which does not
influence which faces are intersected by the vector space row(X).

Theorem 1 generalizes Theorem 14 given in Ewald and Schneider (2020) which provides a necessary
and sufficient condition for the uniqueness of the LASSO minimizer: All LASSO solutions are unique
if and only if row(X) only intersects faces of the unit cube [—1,1]? whose codimension is less than
or equal to rk(X). Note that the unit cube is, indeed, the corresponding dual to the unit ball of the

{1-norm.

Example. We illustrate the criterion from Theorem 1 for ||.|| = ||.|lco, the supremum norm. Let
X = (1 0). The unit dual ball B* is given by the unit cross polytope conv{=£(1,0),+(0,1)'} and



we have 1k(X) = 1. Clearly, the vertex (1,0)" with codimension p —0 = 2 > 1 = rk(X) intersects
row(X), so that one can pick y € R for which the set of minimizers Sx ... (y) is not a singleton. In

Figure 1, we illustrate that Sx ... (2) is not a singleton by plotting the contour lines of the function
¢(b1, b2) = 05(2 - b1)2 + max{\b1|, |b2|}

2

b, b

/ contour line: ¢(by, by) = 2.8
contour line: ¢(by, by) = 2.4

‘ L

by contour line: ¢(by. by) =2 by
row(X)

(coincides with the x-axis) I~

I~~~ contour line: ¢(by,by) = 1.6
N
N
\ minimizers of ¢(bi, ba)

Figure 1: Illustration of Theorem 1 for the supremum norm and X = (1 0). On the left-hand side, we
see that row(X) intersects a vertex of the cross polytope whose codimension is 2 and thus is larger than
tk(X) = 1. Therefore, by Theorem 1, there exists y € R for which Sx j . (y) is not a singleton. On
the right-hand side, the contour lines of the function ¢(by,bz) = 0.5(2 — b1)? +max{|b1|, |b2|} illustrate
that the set Sx pp(2) (in red) is, indeed, not a singleton.

Also consider X = (1 1). Because row(X) does not intersect any vertex of conv{=£(1,0)’,£(0,1)’},
the solution set Sx . (y) is always a singleton. In Figure 2, we illustrate that in this evample,
Sx,.1(2) is a singleton through the contour lines of the function ¢(b1,b2) = 0.5(2 — by — b2)? +
max{|by|, [b2|}

2.1 The related problem of basis pursuit

As mentioned before, the methods of LASSO and basis pursuit (BP) are closely related, as the BP
problem can be thought of a LASSO problem with vanishing tuning parameter. More concretely, the
setting for BP is the following. Let X € R™*? and let y € col(X). The set Sx pp(y) of BP minimizers
is defined as

Sx,bp(y) = argmin ||b]|; subject to Xb =y.

The following theorem shows that, indeed, as BP is a limiting case of the LASSO, the corresponding
uniqueness condition — which is independent of the choice of tuning parameter as discussed above —

carries over to the BP problem.

Theorem 2. Let X € R"*P. There exists y € col(X) for which |Sx pp(y)| > 1 if and only if row(X)

intersects a face of the unit cube [—1,1]P whose codimension is larger than rk(X).

We illustrate Theorem 2 in Figures 4 and 3.



2 b, contour line: ¢(by, by) = 2.2

contour line: ¢(by, bs) = 1.8

row(X)
contour line: ¢(by, by) = 1.4

contour line: ¢(by.by) =1 °

A
w minimizer of ¢(by, bs)

1

Figure 2: Hlustration of Theorem 1 for the supremum norm and X = (1 1). On the left-hand side,
we see that row(X) does not intersect a face of the cross polytope whose codimension is larger than
rk(X) = 1 (which are the vertices in this example). Therefore, by Theorem 1, the set Sx | .. (¥)
is a singleton for all y € R. On the right-hand side, the contour lines of the function ¢(b1,bs) =
0.5(2 — b1)? + max{|by|, |ba|} illustrate that the set Sx . (2) (in red) is a singleton in this example.

by by

row(X)

BP minimizers:
Sxbp(y)

by Il < Jyl

Xb=y

Figure 3: Illustration of Theorem 2 with X = (1 1). On the left-hand side, we see that row(X)
intersects a face of the unit square whose codimension 2 is larger than rk(X) = 1 (which are the
vertices in this example). Therefore, by Theorem 2, there exists y € R for which the BP minimizer is
not unique. The right-hand side illustrates that, indeed, for an arbitrary y € R\ {0}, the set Sx p,(y)
(the red segment) is not a singleton.



by by
row(X) BP minimizers:
Sxmp(y)
y/2 '

b1 M6l < lyl/2

Figure 4: Tlustration of Theorem 2 with X = (1 2). On the left-hand side, we see that row(X) does
not intersect any face of the unit square whose codimension is larger than rk(X) = 1 (which are the
vertices in this example). Therefore, by Theorem 2, the BP minimizer is unique for all y € R. The
right-hand side illustrates that for an arbitrary y € R, the set Sx 1p(y) (in red) is, indeed, a singleton.

In the following proposition, we show that the necessary and sufficient condition given in Theorem 1
and, therefore also the one given in Theorem 2, is weak. More precisely, we establish that the set of
X € R™*P for which the necessary and sufficient condition given in Theorem 1 does not hold, is

negligible with respect to the Lebesgue measure.

Proposition 1. Let p be the Lebesque measure on R™*P and let ||.| be a norm on RP whose unit ball

1s given by a polytope. The following equality holds
n ({X e R™P: Jy € R" with |SX7||H(y)| > 1}) =0.

The following corollary is then straightforward given the fact that LASSO, covered by Theorem 1),

and BP share the same the characterization for uniqueness.

Corollary 1. Let p be the Lebesgue measure on R"*P | then the following equality holds
p({X € R™P: 3y € R™ with |Sx pp(y)| > 1}) =0.

By taking the appropriate norms in Proposition 1, and by Corollary 1, one may deduce that the
necessary and sufficient conditions for uniqueness of BP, LASSO, and SLOPE are weak. However,
one should be aware that Proposition 1 does not mean that this condition always occurs in practice!
For example, for BP (or LASSO), when p > n and X € {—1,1}"*P, one can always pick y € col(X)
for which the set of minimizers Sx p,(y) is not a singleton (or, for any A > 0, one can pick y € R"
for which the set of minimizers Sx y,(y) is not a singleton). Matrices having entries in {—1,1}
appear in several theoretical works, such as Rauhut (2010) and Tardivel et al. (2018), and are used for

applications in radar and wireless communication (see e.g. Romberg, 2009; Haupt et al., 2010).



3 Model selection properties

We now investigate the geometrical aspects of the model selection features of certain penalized esti-

mators.

3.1 Accessible sign vectors for LASSO and BP
We start by introducing the notion of accessible sign vectors for LASSO and BP problems.

Definition 1 (Accessible sign vectors for LASSO and BP). Let X € R"*? ¢ € {-1,0,1}?, and
A > 0. We say that o is an accessible sign vector for LASSO (or BP), if there exists y € R™ and
Be Sx .1 () (or there exists y € col(X) and Be Sxbp(y), respectively), such that sign(B) =o0.

The following theorem provides a geometric characterization of accessible sign vectors for LASSO
and BP based on faces of the unit cube [—1,1]? and the vector space row(X). First, note that sub-

differential calculus of the l;-norm at o € {—1,0,1}? gives

{o;}  lojl=1

O).1,(0) = By x -+ x E, with E; =
[7171] gj :O7

where ) ||, (z) denotes the subdifferential of the /;-norm at x € RP, see Appendices A.1 and A.3 for
more details. Therefore, the mapping o +— 9|, (o) is a bijection between sign vectors in {—1,0, 1}?
and faces of the unit cube in RP. We let () = 9|, (o) in the following.

Theorem 3 (Characterization of accessible LASSO and BP sign vectors). Let X € R"*? and A > 0.
A sign vector o € {—1,0,1}P is accessible for LASSO (or BP, respectively) if and only if row(X)
intersects the face F(o).

Note that Theorem 3 shows that whether a sign vector is accessible for LASSO does not depend on
the value of the tuning parameter A. We also point out that Theorems 1 and 3 allow to deduce that
the number of non-null components of the LASSO minimizer is always less than or equal to rk(X)
if the solutions are unique. Indeed, when the LASSO minimizer is unique, according to Theorem 1,
row(X) does not intersect a face of [—1, 1]? associated to a sign vector having more than rk(X) non-null
components, i.e., a face whose codimension is larger than rk(X). This implies that only models (sign
vectors) with at most rk(X) non-null components are accessible. For the LASSO, this is a refined
version of the well-known fact that, in case the estimator is unique, at most n components can be non-
zero (see e.g. Tibshirani, 2013; Osborne et al., 2000). A similar approach for SLOPE is developed in
the following, geometrically characterizing why the number of non-null clusters of SLOPE minimizers

is less than or equal to rk(X) in case of uniqueness.

3.2 Accessible models for SLOPE

We investigate geometric features of the model selection properties of SLOPE. For the remainder of

Section 3, we assume that the weight vector of the SLOPE norm ||.||., satisfies

wy > > w, >0,



i.e., that all components non-zero and strictly decreasing.

Definition 2. We say that a vector m € ZP is a SLOPE model, if either m = 0, or, if for all
1 € [|lm]loo], there exists j € [p] such that |m;| =1. We denote the set of all SLOPE models with p by
M,,. Moreover, for x € RP, we define mdl(x) € M, through the following.

1) sign(z) = sign(mdl(z))
2) |wi| = |z;] = |mdl(z);| = [mdl(z),]
3) |wi| > |;] = |mdl(z)] > [mdl(z),]

Example. For z = (3.1,—1.2,0,—3.1)’, we have mdl(z) = (2,—1,0,—2)". For z € R* with mdl(z) =
(0,2,1,-2)", we have sign(z) = (0,1,1,—1)" and |z2| = |z4| > |z3] > 21 = 0. The set of all SLOPE

models in R2 is given by

M2 = {(070)/7 (1’ 0)/’ (_170)l7 (O’ 1)/’ (Oa _1),7 (1’ 1)/’ (L _1),7 (_17 1)/7 (_17 _1)/a
(27 1)/7 (_2’ 1)/’ (27 _1)/7 (_27 _1)/7 (1’ 2)/’ (_17 2)/7 (1’ _2)/3 (_17 _2)/}'

In Theorem 4 we prove there is a one-to-one relationship between SLOPE models and the so-called
sign permutahedron, which is the unit ball of the dual of the SLOPE norm (see Proposition 8 in
Appendix A.7). First, we define this polytope. The sign permutahedron P is defined as

PE= conv { (O1Wr(1), -+ OpWr(p)) 1 01,...,0p € {=1,1}, 1 €S, } .

The shape of this polytope is illustrated in Figure 5 in two dimensions, and in Figure 6 in three
dimensions. We denote the set of non-empty faces of the sign permutahedron by Fo(PZ). The

permutahedron P,,, which is a face of the sign permutahedron, is defined as the following polytope.
Py = conv {(Wr(1), .. Wep) 1T ES,}.

We denote the subdifferential of the SLOPE norm at x € R? by 9, (z) (for the definition of sub-
differential, see Appendix A.1). In fact, 8, () is a face of Py, which we shall denote by F, () in
the following.

SLOPE models having only positive components can be interpreted as an ordered partition of
[p], where the the smallest and largest element of this partition is the set {j : m; = 1} and the set
{j : mj = ||mllso}, respectively. It is well known that there is a one-to-one relationship between
the elements of an ordered partition and the faces of the permutahedron (see e.g. Maes and Kappen,
1992; Simion, 1997; Ziegler, 2012). Instigated by this, we show in Theorem 4 that this result can,
indeed, be extended to a one-to-one relationship between all SLOPE models and the faces of the sign

permutahedron.

Theorem 4. The mapping m € My — F,(m) = 9y, (m) is a bijection between the SLOPE models
M, and Fo(PL), the non-empty faces of the sign permutahedron PE. In addition, the following holds.

1) The codimension of Fy,(m) is given by |m| .

10



2) We have F,,(z) = Fy,(mdl(z)).

The assumption that components of w are strictly decreasing and non-zero is important. For
example, if w; = --- = w, > 0, the sign permutahedron is just a cube and clearly, there is no one-to-
one relationship between the set SLOPE models and the set of faces of the cube. A similar situation
arises if w contains zero components. As can be seen when p = 2 and ws = 0, the SLOPE norm is the

supremum norm and the corresponding dual unit ball is the unit cross polytope in R2.

Example. We now describe the faces F,,(m), m € Ms, of the sign permutahedron Pfuc when w =
(3.5,1.5)". In the following, we use the fact that — up to an orthogonal transformation described in
Lemma 4 — F,,(m) is equal to Fy,(m) for some m, a non-negative and non-increasing SLOPE model.
The relationship between the SLOPE models m € My and faces of the sign permutahedron Pujf are
listed below and illustrated in Figure 5. Note that codim(F,,(m)) = |[|m/||ec-

model ™ face Fy,(m) codim.  faces Fy,(m) isometric to F,(m)

m = (0,0)" sign permutahedron: Pt 0 1)

m = (1,0) segment: {3.5} x [-1.5,1.5] 1 m € {(-1,0),£(0,1)'}

m=(1,1) permutahedron: P, 1 m e {(-1,-1),£(1,-1)"}

= (2,1) point: (3.5,1.5) 2 me{(—2,-1),£(2,—1),£(1,2), £(1,-2)"}
Fu(-1,2) Lo IRY Fu(1,2)

Sign permutahedron:
Py = Fu(0,0)

Figure 5: Illustration of the relationship between the SLOPE models and the faces of the sign permu-
tahedron P for w = (3.5,1.5)' through subdifferential calculus, see Proposition 6 in Appendix A.3
and Proposition 8 in Appendix A.7. Note that F,(m) = ), (m). Faces having the same color are
isometric. One may notice that codim(F,,(m)) = |[|m|so-
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Definition 3 (Accessible SLOPE model). Let X € R"*P and m € M,,. We say that m is an accessible
SLOPE model if
Jy e R" and 33 € Sx,|I.lle (y) such that mdl(3) = m.

Theorem 5 (Characterization of accessible SLOPE models). Let X € R"*?. A SLOPE model m €
M, is accessible if and only if row(X) intersects the face F,(m).

Note that the set of accessible SLOPE models is invariant by scaling w, since row(X) intersects
F,,(m) if and only if row (X)) intersects F,,(m) with A > 0. The following corollary, which confirms the
very recent Theorem 2.1 given in Kremer et al. (2019), is a straightforward consequence of Theorems 1,
4 and 5.

Corollary 2. Let X € R™*P. Ifrow(X) does not intersect any face of P with codimension larger than
rk(X), then for ally € R™, By (y), the unique element of Sx .. (y), satisfies [mdl(Bw (y))]oe < rk(X).

Corollary 2 generalizes the well known fact that, when uniqueness occurs, the LASSO minimizer
has less than rk(X) non-null components. Indeed, the above corollary shows that when the SLOPE

minimizer is unique, the number of non-null clusters is less than or equal to rk(X).

Example. We illustrate the criterion for accessible SLOPE models for w = (5.5,3.5,1.5)" and X given

by
X 8 5 8 .
10 1.25 —6

The table below lists all accessible SLOPE models, the geometric illustrations is shown in Figure 6.

colour  type intersection # & face intersected isometric to  SLOPE models
orange  segments row(X) N F,(£(1,0,0)) {5.5} x P(§‘5,1.5) +(1,0,0)

red segments row(X)NF,(£(1,1,1)) P5.535,1.5) +(1,1,1)

black  segments row(X)N F,(£(0,0,1)) {5.5} x P(§.5,1.5) +(0,0,1)

pink segments  row(X) N Fy(£(—1,0,1)) Prs35) % [—1.5,1.5] +(-1,0,1)
purple  points row(X) N F,(£(2,0,—-1)) {5.5} x {3.5} x [-1.5,1.5] +(2,0,-1)
green  points row(X) N Fy,(£(2,1,1)) {5.5} x Pi3.5,1.5) +(2,1,1)

blue points row(X) N F,(£(1,1,2)) {5.5} X P3.5,1.5) +(1,1,2)
yellow  points row(X) N F,(+£(-1,0,2)) {5.5} x {3.5} x [-1.5,1.5] +(-1,0,2)

3.3 The SLOPE null polytope

Above we gave description of accessible SLOPE models based on the intersection of row(X) and the
sign permutahedron P. Given an accessible model m € M, our aim is to describe the set of y € R"
for which there exists 3 € Sx,|I.l. () such that mdl(3) = m. In other words, we want to describe the
set

Ap(m)={yeR":3b e Sx.|I.lle (¥) where mdl(3) = m}.

Note that when the SLOPE minimizer is unique, the sets A,,(m) and A, () are disjoint for m # m,
whereas possibly A, (m) N Ay (m) # &, when the SLOPE minimizer is not unique. Clearly, m = 0 is

12



. ”
._--‘l--

7,

Figure 6: Illustration of the sign permutahedron P (in brown) and the plane row(X) (in light blue).
Because 1k(X) = 2 and row(X) does not intersect any vertex of PF, i.e., the faces of PX with
codimension equal to 3, one may notice that Sx ., (v) is a singleton with unique element B (y) for
all values of y € R2. Colored segments and points are the intersections between row(X) and the faces
of PE, determining the accessible SLOPE models shown in the table below. For example, m = (2,1,1)’
is an accessible SLOPE model which implies that there exists y € R? for which the SLOPE minimizer
Bw(y) satisfies 1) sign(B,(y)) = (1,1,1)" and 2) Bu(¥)1 > Buw(y)2 = Buw(y)s > 0. In addition, since
(2,1,0)’ is not an accessible model, one cannot pick y € R? for which the SLOPE minimizer satisfies
]-) Sign(ﬁw(y)) = (17 1a0)/ and 2) Bw(y)l > ﬁw(y)Z > ﬂw(y)S =y

13



accessible. The set A,,(0), called the SLOPE null polytope, given by
Ap(0) ={y e R" : | X"y[l}, < 1}

by Proposition 7, namely the set of all y such that X’y € PF which is again a polytope. The
proposition below shows that the faces of this polytope are given by N,,(m) = {f e R" : X'f € F,(m)}

for the accessible SLOPE models m € M,,. These faces are the cornerstone to describe the sets A, (m).

Proposition 2. Let X € R*"*P. The SLOPE model m € M, is an accessible SLOPE model if and
only if Ny ={f e R" : X'f € F,,(m)} # @. In that case, the set A, (m) is given by

Ap(m)={y=f+Xb: f € Ny(m),mdl(b) =m}.

If rk(X) = n and we are given the intersection between row(X) and F,,(m) for some accessible
SLOPE model m, we have that A,,(m) = (XX’)"1 X (row(X) N F,,(m)) since

fEN,(m) <= X'ferow(X)NFyu(m) < fec (XX X(row(X) N Fy(m)).

Example. Figure 6 illustrates the accessible SLOPE models from Theorem 5 for w = (5.5,3.5,1.5)

and
¥ — 8 5 8 .
10 1.25 —6

Now, for every accessible SLOPE model (which are elements of RP), Figure 7 below provides the set
A, ={yeR®:3b ¢ Sx,).1.(y) where mdl(8) = m} and the SLOPE null polytope (which are

geometric objects in R™ ).

-02

Figure T: Mustration  of  the null polytope and  the  accessible models
{%(1,0,0),+(1,1,1),£(0,0,1),+£(-1,0,1), £(2,0, 1), +(2,1,1),+(1,1,2), £(-1,0,2)}, associated to

the faces of the polytope. Depicted also are the sets A, = {y € R? : 33 € Sx,|I.lle (y) where mdl(5) =
m} for each accessible model.

Note that the SLOPE null polytope A,,(0) can also be interpreted as the set of SLOPE residuals in
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the sense that @ = y — X3 is the projection of y onto A, (0) whenever Be Sx,).1e () (Minami, 2020).
Or put differently again, the decomposition y = X 3 + @, where X is the SLOPE fit and @ € A,,(0),
the set of all values that lead to a zero SLOPE minimizer.

This property is well known also for the LASSO, (c.f. Tibshirani and Taylor, 2012). In fact, it is
straightforward to see from Proposition 7 that the same considerations hold for all problems as defined

in (1). For completeness, we summarize this in the following proposition.

Proposition 3. Let X € R"*P and y € R™ and let ||.|| be a norm on RP. Define the null polytope
Ag ={u € R" : || X u|* < 1}. We then have Sx . (u) = {0} for all u € Ay, and any Be Sx, 1)
satisfies y = X+ @ with @ € Ay. Moreover, 4 is the projection of y onto Ag.

A Appendix — Proofs

In the appendix, we additionally make use of the following notation. Let A be a matrix. We use the
symbol A; to denote the j-the column of A. For an index set I, Ay is the matrix containing columns
with indices in I only. For a vector x, supp(x) contains the indices of the non-zero components of x.
The symbol |z[(;) denotes the j-th order statistic of the absolute values of the components of z, i.e.,
|z|(1y > [2[(2) > .... Let [,k € N with [ <k, then [I : k] denotes the set {l,l +1,...,k}. We let 1,

stand for the vector (1,...,1)" € R™. All inequalities involving vectors are understood componentwise.

A.1 Facts about subdifferentials

We remind the reader of some definitions and facts on subgradients and subdifferentials. The following
can, for instance, be found in Hiriart-Urruty and Lemarechal (1993). For a function f : RP — R, a

vector s € R? is a subgradient of f at x € RP if
f(z) > f(z)+ s (z—x) Vz e RP. (2)

The set of all subgradients of f at x, which is a convex set, is called the subdifferential of f at x,
denoted by O¢(x). It is straightforward to characterize the minimizer of a function in the following
way

¥ €argmin f <= 0 € Jy(z"). (3)

While convexity of f is not necessary for the above statement, the treatment of subdifferentials is
an especially important tool when this is the case. Given that f is convex, subdifferentiability is also

a local property in the sense that for any § > 0, we have
s €0¢(x) < f(x+h)> f(z)+s'hforal h:l|h] <4 (4)

A.2 Facts about polytopes

We report some basic definitions and facts on polytopes, which we will use throughout the article and,
in particular, in proofs in the subsequent sections. The following can, for instance, be found in the
excellent textbooks by Gruber (2007) and Ziegler (2012).
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A set Py C RP is called a V-polytope, if it is the convex hull of a finite set of points in R?, namely,
Py = conv(Vy, ..., Vi) = conv(V),

for V.= (Vi... Vi) € RP*k. A set Py C RP is called an H-polyhedron, if it is the intersection of a

finite number of half-spaces, namely,

m
PH:ﬂ{xeRp: 1w <b}={zreRP: Az <b},
1=1
for some A = (A4y...4,,) € RP*™ and b € R™. A bounded H-polyhedron is called H-polytope. A set
P C RP is an H-polytope if and only if it is a V-polytope. We therefore simply use the term polytope
in the following. The dimension dim(P) of a polytope is given by the dimension of the affine subspace
spanned by P, and its codimension by codim(P) = p — dim(P). A face F of P is any subset F' C P
that satisfies
F={zeP:dx=by}, where P C {x:d'z <by},

for some a € R? and by € R. Such an inequality a’x < by is called a valid inequality of P. Note
that F' = @ and F' = P are faces of P and that any face F' is again a polytope. A face F' # P is
called proper. A face of dimension 0 is called vertex, and we denote the set of all vertices of P by
vert(P), which satisfy that vert(P) C {V1,...,V4}, where P = conv(Vy,...,V%). A point xy € P lies
in relint(P), the relative interior of P, if xq is not contained in a proper face of P. Finally, the (polar)
dual of P is defined as

P*={seRP:s'z <1Vzx € P},

which is again a polytope. We now list a number of useful facts about polytopes involving the above
definitions, which are used throughout the article. These properties can either be found explicitly or

as a straightforward consequence of properties listed in the references mentioned above.

Proposition 4. Let P € RP be a polytope given by P = conv(V), where V = (Vq,..., V) € RPXF,
and denote by P* the dual of P. For simplicity, we assume that vert(P) = {Vi,...,Vi}. Moreover,
let 0 € P. The following properties hold.

1) IfF and F are faces of P, then so is FNF.
2) For any face F' of P, F' = conv(vert(P) N F).

3) We have xq € relint(P) if and only if any valid inequality a’x < by of P with a’xg = by implies
that 'z = b for all x € P.

4) Let D be an affine line contained in the affine span of P. If D Nrelint(P) # & then D intersects
a proper face of P.

5) We can write P* = {s € RP : V's < 1,}.

6) Any face F* of P* can be written as F* = {s € P* : V]s = 1)1} for some I C [k].
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7) Let I C [k]. F = conv(Vy) is a face of P <= F* = {s € P*: Vjs = 111} is a face of P*,

where I is the maximal index set in this representation.

In this case, F* is the dual of F' (and vice versa), and codim(F™*) = rk(Vr).

A.3 Facts on subdifferentials of norms with polytope unit balls

We now consider subdifferentials of norms and list several properties in the following. In particular, we
show in Proposition 5 that the subdifferential of a norm evaluated at zero is simply given by the unit ball
of the corresponding dual norm, a fact that will be used throughout subsequent proofs. Proposition 6
then shows that all faces of this dual norm unit ball can be represented by a subdifferential of the
original norm, provided that this norm is such that its unit ball, and therefore also the unit ball of
its dual norm, are given by a polytope. Lemma 1 contains a technical result needed for the proof of
Theorem 1.

A version of the following proposition — which holds independently of the shape of the unit ball of

the norm under consideration — can also be found in Hiriart-Urruty and Lemarechal (1993).

Proposition 5. Let ||.| be a norm on RP, and let ||.|* denote the dual norm. Then the following
holds.

1) The subdifferential of ||.|| at 0 is given by

9. (0) = {s e RP : [|s||" < 1}.
2) The subdifferential of ||.|| at x is given by
O (z) ={s €R": [|s|" < 1,s'z = ||=[|}.
Proof. 1) According to the definition of a subdifferential in (2), we have

O1(0) ={s eR”: ||| > s'v Vv e R’} = {s e RP : v's < 1 Vv € R with ||v|| <1}
—{seRP: o] <1}.

2) By definition, we have
O (z) = {s €R”: [lv]| = [lz]| + s'(v — =) Vv € R"}

Take s € O (z). When v = 0, we get s’z > [|z||. When v = 2z, we may deduce that s’z < ||z,
implying that s’z = ||z|| must hold. This also implies ||v|| > s’v for all v € RP, so that s € B*, yielding

8H,H(:z:) C{seB*:sx =z}

To see that also the converse is true, take any s € B* satisfying sz = ||z||. Now, take any v € RP.
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Clearly ||v|| > s'v = ||z|| + '(v — z), implying that
{seB":s'z=|z||} C O (x).

O

Proposition 6. Let ||.|| be a norm whose unit ball B is the polytope conv(V') for someV = (V1...V}) €
RP*k. Let F C B*, where B* is the dual norm unit ball, with F # @&. Then

F is a face of B* <= F = 0y (x) for some x € R”.

Proof. (= ) If F = B*, then © = 0 by Proposition 5. If F is a proper face, then F = {s € B* :
Vis = 11} for some I C [k], where I is the maximal set satisfying this. Let 2 = },_; V;. Since
x/|I] € conv(Vr), a proper and non-empty face of B, we have ||z|| = |I|. Note that for s € B*, we have
s’V <1, so that

sed(z) = se=) Vis=|z|=|I| & V/s=1VIel « scF.
lel

(<) If F=0(z), then F = {s € B*: s’z = ||z||} by Proposition 5. Since (z/||z||)'s < 1 clearly is
a valid inequality for all s € B*, F is a face of B*. O

Lemma 1. Let ||.|| be a norm whose unit ball B is the polytope conv(V') for some V. = (Vy... V) €
RP*k Let F ={s€ B*:V]s= 17} be a face of B*, the dual norm unit ball, and let I be the mazximal
set satisfying this. Then the following holds.

FC 8H,H(b) = b € col(V7).

Proof. Since b/||b|| € B = conv(V'), we can write b = Zle oV, with a; > 0 and Zle a; = ||b||. Since
0. (b) = {s € B* : s'b=||b]|} and s'V; < 1, we have for A = supp(c) and any s € 0 |(b)

Bl = b= s’ Vi <> ay = |[b].

leA leA

This implies that s'V; = 1 for all [ € supp(«a), which, since F' C 9j(b), yields supp(a) C 1. O

A.4 Proofs of Theorems 1 and 2

The proofs of Theorems 1 and 2 follow a similar outline, with the proof of Theorem 2 being more
accessible. We therefore start with the latter one.

A.4.1 Characterization of BP minimizers and proof of Theorem 2

The following characterization of BP minimizers can be found in Zhang et al. (2015) and Gilbert
(2017), and will prove to be useful in the following.
Let y € col(X) and let § satisfy X3 = y then, § € Sx bp(y) if and only if
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X720 <1,

Jz € R™ such that R 5
X'z =sign(B;) Vj € supp(B).

(5)
Proof of Theorem 2.

( <) Let us assume that row(X) intersects a face F' of [—1, 1]” whose codimension is larger than
rk(X). We show that one can find some y € col(X) for which Sx pp(y) is not a singleton.

The face F' can be written as F' = Ey X --- x E,, where E; € {{—1},{1},[-1,1]} for j € [p]. Now,
let J = {j € [p] : |E;| =1}, the set of indices of sets E; that are singletons. We have codim(F') = |J|
and, by assumption, |J| > rk(X). Now define 3 € RP by setting

L Ej={1}
Bi=q-1 B={-1
0 jé¢J

Clearly, supp(B) = J. Set y = X/3. Since row(X) intersects F', there exists z € R™ such that X'z € F.
This implies that [|X'z[| <1 and X}z = B; = sign(f;) for any j € supp(B) = J. Therefore, by (5),
Be Sx.,bp(Y)- A A A

To show that § is not a unique minimizer, we provide 8 € RP with § # 3, X =y and ||5]|1 = ||8]|1-
Since |J| > rk(X), the columns of X are linearly dependent, so that we can pick h € ker(X), h # 0
such that supp(h) C J and ||h]e < 1. Since ||hllo < 1, sign(3 + h) = sign(B) = 3. Let 3 = § + h.
Note that X3 = XB =y and that

p p
1Bl =Y sign(B; + hy)(B; + hy) =ty _sign(B;)B; + > Bih; = Bl + > _(X'2);h;

i=1 j=1 jeJ JjeJ

=18l + 2" Xh = ||l

implying that 3 € Sx,bp(y) also.

( = ) We assume that 8,8 € Sx.bp(Y) with 3 # 3 for some y € col(X). We need to show that there
exists a face F of [—1,1]? with F Nrow(X) # @ and codim(F') > rk(X). Consider F' = Ey X --- X E,
andF:El X oo pr with

B, = {sign(B;)} if j € supp(B) and B — {sign(B;)} if j € supp(B)

[~1,1] if j ¢ supp(f) [~1,1] if j ¢ supp(f).

Note that for any two minimizers 3 and 3, we have Bj,éj > 0 for all j € [p], since otherwise 5 = (B+/3’)/2
satisfies X3 = X3 = X as well as ||8]l1 < |81 = |||, which would lead to a contradiction. We
therefore have supp(3) = supp(B) Usupp(B). Note that by a convexity argument, 3 € Sx bp(y) also, so
that by (5), there exists 2 € R™ with [[X'Z[oc <1 and X[z = sign(f3;) for all j € supp(f3). Moreover,
X'z € FN F holds. Now, let Fy be a face of the face F'N F of smallest dimension that still intersects

row(X). We write Fy = Eg1 X --- X Egp, and let Jo = {j € [p] : |Eo ;| = 1}. Note that row(X) must
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intersect Fy in its relative interior relint(Fj) where

Ey,; Jj€Jo

relint(Fy) = relint(Ep 1) x --- x relint(Ep ) where relint(Ey ;) =
(_17 1) ] ¢ JO;

since otherwise row(X) intersects a proper face of Fy, which contradicts the assumption that Fj is of
minimal dimension. We now need to show that codim(Fp) = |Jo| > rk(X). Assume that |Jo| < rk(X).
The columns of X, are linearly dependent since X j, BJO = XB = XB =Xy, BJO with BJO =+ BJ07 since

both supp(8) and supp(8) are subsets of supp(3) C Jy. We therefore have
dim(col(X ,)) < |Jo| < rk(X) = dim(col(X)) and col(X)" S col(X,,)" .

This implies that we can pick u € col(Xz,)* \ col(X)* so that X’ u =0, but X'u # 0. Pick zo € R"
with X'zy € relint(Fp). The affine line {X'(zg + tu) : t € R} C row(X) intersects the relative interior
relint(Fy) and is included in the affine span of Fy by construction of u. Therefore, by Proposition 4,
row(X) intersects a proper face of Fy, yielding a contradiction. O

A.4.2 Characterization of penalized minimizers and proof of Theorem 1

In the particular and well-studied case in which the norm of the penalized problem is the [;-norm, the
solutions to the corresponding optimization problem can be characterized by the Karush-Kuhn-Tucker
(KKT) conditions for the LASSO, which can be summarized as follows, see for instance, Bithlmann
and Van de Geer (2011).

BeSxanw) <= X' (y—XB)|w < Xand X(y — XB) = sign(B;) Vj € supp(B)  (6)
= X'y - XB)|loo < Xand FX'(y — XB) = \|BIl1

In the above, the supremum-norm is the dual to the l;-norm. We can generalize the above characteri-
zation for solutions to the penalized problem from (1) in the following proposition. Note that in our

notation, the tuning parameter A is part of the norm ||.||.

Proposition 7. Let X € R™*?, y ¢ R". We have 3 € Sx.,1.1(y) if and only if
IX'(y = XB)II* <1 and 5'X'(y — XB) = |IB].

Proof of Proposition 7. Using subdifferential calculus, the proof a straightforward consequence of (3)

and Proposition 5.

BeSxy) <= 0€ X' (XB—y)+0(B) < X'(y—XB) € h)
= [|X'(y— XB)|I" <1and B'X'(y— XB) = 3]

O

Before finally showing Theorem 1, the following lemma states that the fitted values are unique over
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all solutions of the penalized problem for a given y. It is a generalization of Lemma 1 in Tibshirani
(2013), who proves this fact for the special case of the LASSO.

Lemma 2. Let X € R"*P y € R™. Then XB = X3 for all B,B € Sx,).1(y)-

Proof. Assume that X3 # X3 for some 3, € Sx,)1.1(y) and let B = (B+ B)/2. Because the function
p € R™ — |ly — pl|3 is strictly convex, one may deduce that

o 1 oy 1 .
ly = XBI5 < Slly = XBIIz + 5lly = XBI3.

Consequently,
1 3112 > 1 1 2 1 a2 2
Sy = XBI3+ 131 < 5 (50— X813+ 181 + 50y — XI5 +131))

which contradicts both 8 and j3 being minimizers. O

Proof of Theorem 1.
Throughout the proof, let B = conv(V) with V = (Vi ...V}) € RP*k,

( <= ) Assume that there exists a face F' of B* that intersects row(X) (so that F' is non-empty)
and satisfies codim(F') > rk(X) (so that F is proper). This implies that there exists I C [k] such that

F = {SEB*:VIIS:1|I|},

where I is the maximal index set satisfying this relationship. Moreover, this implies that conv(V;)
is a proper, non-empty face of B and that we have ||s||* = 1 for all s € F and |jv|| = 1 for all
v € conv(Vy). We show that non-unique solutions exist. Define B = > icr Vi and observe that
1811 = I >_ier Vi/ILIl = 1| Pick z € R™ with X'z, which exists by assumption, and set y = XB+z.
Then 3 € Sx . (y) by Proposition 7, since

IX'(y = XB)|I" = | X2 =1 and B'(X'(y—XB)=F'X'z= V/X'z=|I| =B
lel

We now construct 3 € Sx,).1(y) with B # f3. Since codim(Fy) = dim(col(V;)) > rk(X), we can pick
h € col(Vr) Nker(X) with h # 0. Scale h such that for h = ,.; Vi, we have max;er[¢| < 1, and
define 8 = b+ h # . Clearly, we have X3 = X 3. Note that 1+ ¢; > 0 and let v = Yoer(l+¢)>0.

We also have

- 1 .
18I =1 iclell =y=> (A+a)=I+Y aX'2)Vi=I+(X'2)h=I|= 8],

lel lel lel

proving that 3 € Sx,).1(y) also.

( =) Let us assume that there exists y € R™ and 8,8 € Sx,).1(y) with g # 3. We then have

X'(y—XB) € oy (B) and X'(y—Xp) € o (B
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Because X = X by Lemma 2, one may deduce that row(X) intersects the face 5‘H.”(6A) N aHAH(@)'

Now, let F* be a face of 9) (8) N J).|(B) of smallest dimension that intersects row(X) and write
F* = {S € B*: VIIS = 1|[‘}7

where I is the largest index set I C [k] satisfying this relationship. If codim(F') = dim(col(V})) <
rk(X), consider the following. Note that we can pick u € R" for which X'u # 0 and X'u € col(V)*.
For this, let Iy C I be such that the columns of Vi, are linearly independent, and col(Vy,) = col(V7).
By Lemma 1, we have /3, 3 € col(Vy,), so that we get

XViyy=Xf=XB=XV,j
with v # 4, implying that the columns of X V7, are linearly dependent. But this means that
rk(XV;) = dim(col(XVr)) = dim(col(XVy,)) < |Ip| = dim(col(Vy,)) = dim(col(Vr)) < rk(X).

Therefore, col(XVy) S col(X) and, consequently, col(X)+ S col(XV;)*, so that we can pick u €
col(XV;)* \ col(X)* for which X'u # 0 and X'u € col(V;)*. Also note that X’z € F* for some
z € R™ and that X'z lies in the relative interior relint(F*), as otherwise, row(X) would intersect a
face of 9y | (B)n 8H-H(B) of smaller dimension. The affine line {X'(z +tu) : t € R} C row(X) intersects
relint(F*) and is included in the affine span of F* by construction. Therefore, by Proposition 4,

row(X) intersects a proper face of F*, yielding a contradiction.
O

A.5 Proof of Proposition 1

Note that a set is negligible with respect to the Lebesgue measure on R™*? if and only if it is negligible
with respect to the standard Gaussian measure on R™*P. Therefore, to establish Proposition 1, it is

enough to prove the following equality
Pz (3y € R", Sz, ()] > 1) =0, where Z € R™*? has iid N(0,1) entries. (7)

Not that rk(Z) = min{n,p} almost surely. Thus, when n > p, ker(Z) = 0 almost surely and
Sz, (y) is a singleton almost surely. We will use the following lemma to establish (7), where N stands

for the (positive) natural numbers.

Lemma 3. Letn € N, ¢ > n+1, and v € R? where v # 0 is a fized vector. If Z = (Z3,...,Z,) € RI*"
has #d N'(0,1) entries, then Pz(v € col(Z)) = 0.

Proof. We first prove the result for g = n + 1. If v € col(Z) then
det(Zy,...,Zn,v) =0 <= det(Z1/||Z1]l2, - - -, Zn/ || Znll2,v/||v]|2) = O.

Now, because the columns Z1 /|| Z1||2, - - ., Zn /|| Zn ]2 follow a uniform distribution on the Iy unit sphere,
one may deduce that the distribution of the random variable det(Z1 /|| Z1]|2, - - -, Zn/l|Znll2, v/]|v||2) is
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equal to the distribution of det(Z1 /|| Z1||2; - - - » Zn /|| Zn|l2; ¢/ || ||2) where ¢ has a N(0,1,,+1) distribution,
independent from Z1, ..., Z,, because conditioning on ( = v does not change the distribution. Finally,

the random variable

1
[Z1ll2 > -+ > [[Znll2 < [[<]l2

det(Z1/1Z1ll2, - -, Zn /[ Znll2; C/1IC]12) = det(Z1, ..., Zn, ()

is non-zero almost surely. Consequently, Pz (v € col(Z)) = 0. When ¢ > n+ 1, let I C [q] with
|I| = n+1 and v; # 0. Consequently, v; € col(Z), where Z € R("D*" is obtained by keeping the
rows of Z with indices in I. Therefore, Pz(v € col(Z)) < P (v € col(Z)) = 0, which concludes the

proof.
O

Proof of Proposition 1. If n < p, we are done. Therefore, assume that p > n, and let Fj be a proper
face of B* such that codim(Fy) = ¢ > n (note that 0 ¢ aff(Fp), the affine space spanned by Fyp).
There exists A € R7*P, where rows of A are orthonormal (AA” = I;) and v € R?, v # 0 such that
aff (Fy) = {x € RP : Az = v}. Since AA' =1, AZ' € R?*™ has iid N(0, 1) entries. Thus, by Lemma 3,
we have

Py (row(Z) N Fy # @) < Pz (row(Z) Naff(Fy) # @) = Pz (v € col(AZ")) = 0. (8)

According to Theorem 1 and since rk(Z) = n almost surely, the following equalities hold.

Pz By e R™|Sz ()| >1) = Pz U {row(@)nF # 2}

FEF(P)
codim(F)>rk(Z)

= Py U {ow(2)nF#£2}|=0.

FeF(P)
codim(F)>n

The last equality is a consequence of (8). O

A.6 Proof of Theorem 3

Proof. ( = ) Let o be an accessible sign vector for LASSO. Then there exists y € R™ and B e
Sxall.|l: () such that sign() = 0. According to the characterization of LASSO minimizers in (6), by
setting z = (y — X3)/A, one may deduce that X'z € F(o). If o is an accessible sign vector for BP,
there exists y € col(X) and 3 € Sx.up(y) with sign(8) = . According to the characterization of BP

minimizers in (5), there exisits z € R™ such that X'z € F (o).

( <) If row(X) intersects the face F(o), then there exists f € F(o) and z € R™ such that
X'z = f. Note that j € supp(c) implies that f; = o; = sign(o;). Set y = Az + Xo We show that
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o€ SX,H_Hl(y). We have

[X'(y — Xo)lloo = Al[X"2[[oc < A,
Xi(y— Xo) = AXjz = \f; = Aoj = Xsign(o;) Vj € supp(o),

so that according to the characterization of LASSO minimizers in (6), we have o € Sx |||, (y), implying
that o is accessible for LASSO. For BP, set y = Xo¢ and note that, according to the characterization
of BP minimizers in (5), 0 € Sx bp(y), implying that o is also accessible for BP.

O

A.7 Proof of Theorem 4

Theorem 4 states that there is a bijection between the SLOPE models and the faces of the sign
permutahedron. The basis for proving this is the fact that the sign permutahedron is the dual of the
SLOPE norm unit ball, and that any face of it is given by a subdifferential of the SLOPE norm by
Proposition 6.

We start by proving the following proposition which shows that the subdifferential of the SLOPE
norm at zero is, indeed, the sign permutahedron, and also characterizes the subdifferential of the

SLOPE norm for certain values of x.

Proposition 8. The subdifferential F,(x) = 9y, (z) of the SLOPE norm exhibits the following

properties.
1) We have F,(0) = PZE.
2) For any x € RP with x1 =--- =z, > 0, we have F,(z) = P,,.
3) For any x € RP withxq > -+ > @) > Tpy1 > - > xp > 0, we have
Fy(z) = Fw[k] (x[k]) X Fw[k+1:p] (x[k-i-l:p])'
4) Let 0 < ky < --- < k; < p be an arbitrary subdivision of [0 : p|, then for any x € RP with x; =

CE Ly > Tkl = =Ty > o > Tpqr = o = Zp > 0, we have codim (F,(mdl(z))) =
|lmdl(x)]|eo and

Fw(iw = Eu(mdl(z)) = Pw[’“l] X X Pw[k171+1=kz] X Pw[kﬂrlip] Zf Tp > 0
X - x P, x P* if z, = 0.
Wikq] Wik, _q +1:k;] Wk 4+1:p) p
Proof. 1) By Proposition 5, we may show that PX = B*.
C) Take any vertex W = (01Wx(1), - - -, OpWa(y ) of P and any x € R? with ||z]|, < 1. We have
(1) pWr(p) w

p P p
W= gjwegz; < lajlwngy < Y wylzlgy = ol < 1
j=1 j=1 j=1
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and therefore W € B*. By convexity, P¥ C B* follows.

w

(2) Let @’z < by for some a € R? and by € R be a valid inequality of PX. We show that this is a
valid inequality of B* also: Let W be the vertex of P defined by W, = sign(a;)wx-1(;j), where the

Y

permutation 7 satisfies |ar1)| > - -+ > |ar(p)|. For any s € B*, we have

P P
a's < |laflw = Z |ar()lw; = Zsign(aj)ajwfl(j) =a'W < by.
j=1 j=1
Since P can be written as the (finite) intersection of half-spaces, P O B* follows.

2) According to Proposition 5 and 1), we have

p P
F,(z)={scPf: Zsj = ij
j=1 j=1

A vertex W = (01Wn(1), - - -, OpWr(p)) of PE with o € {—1,1}? and 7 € S, then fulfills W € F,, if and
only if o1 = --- = 0, = 1. Convexity then yields F,,(z) = P,.

3) (C) Let s € Fy(x). We show that sy € Fuy (7)) and Spq1.p) € P (T[hg1:p)). Let
e =221 > 0 and h € RP with ||h]| < e. Since the k largest components of z+h are {z;+h;} e,
we have

&+ Pllw = (@ + ) llwyy + 1 + P ps1:p) g -
Now, take h € RP such that ||h||cc < e and hg41 = - -+ = h, = 0. Using the above identity and the
definition of F,,(x), one may deduce that

1 + 2l = 12+ hllw = 12541291 g

k
> Hxllw +s'h — ||x[k+1:p]||w[k+1;p] = ||$[k]||w[k] + Z thj'
j=1

We therefore obtain that
k) + Pllwpy = N2 llwy + sk

for all h € R* satisfying [|h]|oc < e. By (4), we conclude sp; € Fuyyy (@) To show that spiq.,) €

Fugiry (T[k41:p)), One can proceed in a similar manner.

(2) For s € Fyy,, (Tr) X Fuyypyy (Thr1:p)), we clearly have

k P
se=> siwi+ Y s = |eplwg + 12parp lwp, = 121w,
=1 i=k+1

so that s € F,(x) follows.
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4) For x e RP with oy = -+ =g, > -+ > 41 = - - = xp, mdl(z) is clearly given by

mdl(x);

c=mdl(z)g, =1+1>-- >mdl(x)g,41 = - =mdl(z), =1 ifz, >0

=mdl(z))g, =1> - >mdl(z)g,41 = =mdl(z), =0 if x, = 0.

According to 1), 2) and 3), it is clear that

P, . X---xXP, x P, ife, >0
Fy(z) = Fy(mdl(z)) = [Fal ki1 +1ke] i““l“ #l .
Pw[kl] X oo X Pw[kl,ﬁl:kl] X Pw[lirl:p] ifx, =0.

Since the codimension of a permutahedron is equal to 1 (see Maes and Kappen, 1992; Simion, 1997),
the one of sign permutahedron is equal to 0, and since the (co-)dimensions of the individual (sign)

permutahedra can simply be added up, we have codim (Fy,(z)) = [|mdl(z)|| - O

Proposition 8 lays the groundwork by essentially proving Theorem 4 for all SLOPE models with

non-negative and non-decreasing components. We denote this set of models by ME"", given by
M§’+={m6/\/lp:m12-~-2mp20}.

In order to extend this proposition to all SLOPE models in M,,, we introduce the following group

of linear transformations.
Definition 4. Let 0 € {—1,1}?, let m € S,. We define the map
¢U’ﬂ :x € RP (alxw(l), e ,me,r(p))/

and denote by G = {¢po» : 0 € {—1,1}F, 1 € S, }.

The set G is a finite sub-group of the group of orthogonal transformations on RP. We list a number

of straight-forward properties of G in the following lemma.

Lemma 4. Let x,v € R?, ¢ € G, and let 0 € {—1,1}" and m € S,. Then the following holds.

1) 2'v = ¢(x)'¢(v)

2) ||zllw = l[¢(2)w
3) |zllee = [|¢(2)]l0
4) $(M,) = My, and (b(Pf) = ijz:

9) mdl(¢(z)) = ¢(mdl(z))
6) ¢);,1r = (z)a,ﬂ*l €g

7) If, for m € My, [myy| > -+ > |mgrp| and oymyy = [mq)| for all j € [p], then ¢o(m) €
M.

26



Lemma 5. Let ¢ € G and x € RP. We then have

¢~ (Fu(6(2)) = Fu(z) and Fu(¢(z)) = ¢ (Fu(x)).

Proof. The two statements are equivalent, we show the second one. Let s € Pf. Then

5 € Fy(p()) <= s'o(x) = [o(@)]w <= ¢ (8)x =[]
= ¢ Hs) € Fy(x) <= s € ¢(Fyp(x))

by Proposition 5 and Lemma 4. O
We are now equipped to prove Theorem 4.

Proof of Theorem 4.
We start by proving 1) and 2) before showing that the map is a bijection.
1) Let m € M,, and let ¢ € G such that ¢(m) € M?*. According to Lemma 5, and because ¢ is

an isomorphism on RP, we have
codim(F,,(m)) = codim (¢~ (Fy(¢(m)))) = codim (Fy, (4(m))) = [|o(m)]|oc = |1 -

2) Let © € R? and let ¢ € M, such that ¢(z); > --- > @(x), > 0. According to Lemma 5 and
Proposition 8, the following equalities hold

Fy(z) = ¢~ (Fu(é(2))) = ¢~ (Fy (mdl(¢(2)))) = ¢~ (Fo (¢ (mdl(2)))) = Fy(mdl(z)).

We now show that the mapping under consideration is indeed a bijection between M, and Fg.

(surjection) According to Proposition 6, a non-empty face of P can be expressed as F, () for
some z € RP. According to 2) above, we have Fy,(z) = F,,(mdl(z)) for mdl(x) € M,,.

(injection) Note that Proposition 8 shows that the mapping is injective on ME"“. To prove that
it remains injective on all of M,,, we show that |M,| < |Fy|. For this, we need several definitions.
For m € M), let stabg(m) = {¢ € G : #(m) = m} and orbg(m) = {¢(m) : ¢ € G}, the stabilizer and
orbit of m, respectively, with respect to G. For m € M,, there exists ¢ € G such that ¢(m) € ME"*‘.
Therefore, the orbit-stabilizer formula gives

M, = U orbg(m) = [M,| < Z lorbg (m)] = Z stal'j(?n)l'

1716/\/(%’Jr mE/\/l,;’Jr meME’Jr

We also look at stabilizer and orbit when G operates on Fy. For a face F' € Fy, let stabg(F) = {¢ €
G:¢(F)=F} and orbg(F) = {¢(F) : ¢ € G}. We first show that if orbg (Fy,(m)) Norbg (Fy,(m)) # @
for some m,m € M=+, m = follows. Let us assume that F,, () = ¢(F,(m)) for some ¢ € G. Note
that ¢(Fy(m)) = Fy(¢p(m)) by Lemma 5. Since w € F,(m) and w € Fy,(m) = F,(¢(m)), we have

w'm = [mllw = [[¢(m)lw = w'é(m),
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where the second-last equality holds by Lemma 4 and the last equality holds since m € M%’*. Now,

if p(m) # m, ¢(m)'m < ||m/||,, follows since the components of w are positive and strictly decreasing.

But that would contradict the above, so ¢(m) = m must hold. Consequently, F,,(m) = Fy,(m), which
in turn implies m = m by Proposition 8.

Now, let m € M= and let us show that stabg(m) = stabg(F,,(m)). The inclusion stabg(m) C
stabg (F,(m)) immediately follows from

¢ € stabg(m) = Fu(m) = ¢~ (Fu(d(m))) = ¢~ (Fu(m)) = ¢(Fyu(m)) = Fy(m)
= ¢ € stabg(Fy,(m)).

To show stabg(F,,(m)) C stabg(m), let ¢ € stabg(F,(m)) and note that F,(m) = ¢(Fy(m)) =
Fy(¢(m)). Since m € MzF, this implies that w € Fy,(m) = F,(¢(m)), so that the same reasoning
as above yields m = ¢(m) and ¢ € stabg(m).

To conclude, note that since the orbits orbg(F,(m)) with m € MzZ* are disjoint, and since

stabg(m) = stabg(Fy,(m)), we may deduce that

[stabg (Fu (m))]

Mz meMz T memMzT

Ml Y T e S famg(Fum)| = | U orbg (Fu(m))| < IR

A.8 Proof of Theorem 5
Proof. (=) If m is an accessible SLOPE model, then
Jy € R",35 € Sx .| (v) such that mdl(3) = m.
By Theorem 4, we may deduce that J),, (B) = Fyy(B) = F,y(m). Consequently,

0€ X' (XB—y)+0.(8) = Fn = X'(y— XB) € Fy(m).

Therefore, row(X) intersects F,,(m).

(<) If row(X) intersects the face Fy,(m), then there exists z € R™ such that X'z = f € F,,(m).
We set y = z + Xm and show that m € Sx |, (v). We have

X" (y = Xm)ll5, = [1£1% < 1 and m'X'(y — Xm) = m'f = |[m]|,

which, by Proposition 7, yields m € Sx |||, ()- O

A.9 Proof of Proposition 2

Proof. By Theorem 5, we know that

m € M, is accessible <= row(X)NF,(m) # @ < 3f eR": X'f € F,(m) < f € Ny(m),
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which proves the first statement. Now, let y = f + Xb, where f € N,(m) and b € RP such that
mdl(b) = m. Note that

1X"(y = XI5, = X fI, < 1 and 0/ X' (y — Xb) = b'X"f = [|bI[5,,

where the first inequality holds since X'f € F,(m), a face of Pr,
Proposition 6 after noticing that X'f € F,(m) = F,,(b) = 9., (b) by Theorem 4. Proposition 7 then
yields b € Sx ., (v), so that y € A, (m).

Conversely, let y € A,,(m) and let B e Sx,|l.le(¥) so that mdl(/S’) =m. Then y — X3 € Ny(m)

since by Proposition 7, we have

and the latter one by applying

X'(y — XB) € 9y.,,(B) = Fu(m),

where the last equality holds by Theorem 4. O
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