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$�)UDPHZRUN�IRU�&RQVWUDLQW�6DWLVIDFWLRQ

3LHUUH�5R\���$QQH�/LUHW��DQG�)UDQoRLV�3DFKHW�

�/,3���8QLYHUVLW\�3DULV����)5$1&(��3LHUUH�5R\#OLS��IU

�/,3���8QLYHUVLW\�3DULV����)5$1&(��$QQH�/LUHW#OLS��IU

�621<�&6/�3DULV��)5$1&(��SDFKHW#FVO�VRQ\�IU

$EVWUDFW��7KLV� SDSHU� GLVFXVVHV� WKH� UHOHYDQFH� RI� WKH� IUDPHZRUN� DSSURDFK� IRU� EXLOGLQJ� HIILFLHQW� DQG� SRZHUIXO
FRQVWUDLQW� VDWLVIDFWLRQ� SURJUDPPLQJ� HQYLURQPHQWV�� � &RQVWUDLQW� VDWLVIDFWLRQ� SURJUDPPLQJ� LV� D� SDUDGLJP� IRU
VROYLQJ�FRPSOH[�FRPELQDWRULDO�SUREOHPV���,QWHJUDWLQJ�WKLV�SDUDGLJP�ZLWK�REMHFWV�DGGUHVVHV�WZR�GLIIHUHQW�REMHF�
WLYHV���2Q�WKH�RQH�KDQG��REMHFWV�PD\�EH�XVHG�WR�LPSOHPHQW�HIILFLHQWO\�FRQVWUDLQW�VDWLVIDFWLRQ�DOJRULWKPV���2Q�WKH
RWKHU� KDQG�� REMHFWV� FDQ� EH� XVHG� WR� VWDWH� DQG� VROYH� FRPSOH[� FRQVWUDLQW� SUREOHPV�PRUH� HDVLO\�� DQG�PRUH� HIIL�
FLHQWO\���7UDGLWLRQDO�V\VWHPV�RIIHULQJ�DQ�LQWHJUDWLRQ�RI�WKH�WZR�SDUDGLJPV�XVH�D�ODQJXDJH�EDVHG�DSSURDFK��L�H��DUH
H[WHQVLRQV�RI�H[LVWLQJ�SURJUDPPLQJ�ODQJXDJHV��ZKLFK�LQWHJUDWH�ERWK�SDUDGLJPV�LQ�YDULRXV�ZD\V���,Q�WKLV�FKDSWHU�
ZH�DUJXH�WKDW�WKH�IUDPHZRUN�DSSURDFK�LV�PRUH�DGDSWHG�WR�WKH�UHTXLUHPHQWV�RI�HPEHGGHG�REMHFW�RULHQWHG�FRQ�
VWUDLQW� VDWLVIDFWLRQ� WKDQ� WKH� ODQJXDJH�EDVHG� DSSURDFK�� �:H�SURSRVH� VXFK� D� IUDPHZRUN� IRU� VWDWLQJ� DQG� VROYLQJ
FRQVWUDLQW�SUREOHPV�LQYROYLQJ�REMHFW��DQG�LOOXVWUDWH�LW�RQ�YDULRXV�H[DPSOHV�

&RQVWUDLQW�VDWLVIDFWLRQ�SURJUDPPLQJ�LV�D�SRZHUIXO�SDUDGLJP�IRU�VROYLQJ�FRPELQDWRULDO�SUREOHPV��ZKLFK�ZDV�LQL�
WLDOO\�VHHQ�DV�DQ�DOJRULWKPLF�LVVXH�>������@��7KH�ILUVW�SURSRVDOV�IRU�LQWHJUDWLQJ�FRQVWUDLQWV�LQ�D�ODQJXDJH�ZHUH�GHYHO�
RSHG�ZLWKLQ�WKH�FRPPXQLW\�RI�ORJLF�SURJUDPPLQJ���&RQVWUDLQW�ORJLF�SURJUDPPLQJ��&/3��ZDV�SULPDULO\�GHVLJQHG
WR�GHDO�ZLWK�VSHFLILF�FRPSXWDWLRQ�GRPDLQV�OLNH�LQWHJHU�QXPEHUV���,WV�EHVW�NQRZQ�UHSUHVHQWDWLYHV�DUH�352/2*�,,,
>��@��&+,3�>�@�DQG�&/3��)'��>�@�

8VLQJ�&63�IURP�ZLWKLQ�D�SURJUDPPLQJ�ODQJXDJH�LV�D�GHILQLWLYH�DGYDQWDJH��FRPSDUHG�WR�WKH�VLWXDWLRQ�ZKHUH�WKH
XVHU�PXVW�FDOO�DQ�H[WHUQDO�V\VWHP���'HSHQGLQJ�RQ�ZKDW�WKH�ODQJXDJH�RIIHUV�WR�WKH�XVHU�� WKH� LQWHJUDWLRQ�RI�&63
PD\�WDNH�WKH�WKUHH�IRUPV�UHYLHZHG�EHORZ��OLEUDU\��ODQJXDJH�FRQVWUXFWV��RU�IUDPHZRUN�

/LEUDU\�RI�JHQHULF�FRQVWUDLQWV

,Q�WKLV�DSSURDFK�WKH�REMHFWLYH�LV�WR�LGHQWLI\�JHQHULF�FRQVWUDLQWV�WKDW�FDQ�EH�XVHG�LQ�D�ZLGH�UDQJH�RI�DSSOLFDWLRQV�
�H�J��JOREDO�FRQVWUDLQWV�LQ�&+,3�>�@����7KLV�DSSURDFK�LV�DGDSWHG�WR�FODVVLFDO�SUREOHPV��DQG�LQ�WKLV�FDVH�WKH�RQO\�WDVN
LV� WR� IRUPXODWH� WKH� SUREOHP� LQ� WHUPV� RI� WKH� SUHGHILQHG� FRQVWUDLQWV�� � 7KLV� FDQ� EH� VXPPHG� XS� E\� WKH� SKUDVH
´FRQVWUDLQ�DQG�VROYHµ���)RU�VSHFLILF�SUREOHPV��VLQFH�FRQVWUDLQWV�DUH�FRPSOH[�DQG�GRPDLQ�LQGHSHQGHQW��WKLV�IRU�
PXODWLRQ�PD\�EH�KDUG�WR�ILQG�

7KH�ODQJXDJH�FRQVWUXFW�DSSURDFK

7KLV�DSSURDFK�LV�LOOXVWUDWHG�E\�&/$,5(�>�@��D�ODQJXDJH�IRU�EXLOGLQJ�FRQVWUDLQW�VROYHUV���&/$,5(�GRHV�QRW�SURSRVH
DQ\�SUHGHILQHG�UHVROXWLRQ�PHFKDQLVPV��EXW�LQWHJUDWHV�JHQHUDO�DQG�HIILFLHQW�ORZ�OHYHO�FRQVWUXFWV�WKDW�FDQ�EH�XVHG
WR�EXLOG�VSHFLILF�VROYHUV��L�H��D�VDYH�UHVWRUH�DQG�D�IRUZDUG�FKDLQLQJ�UXOH�PHFKDQLVPV����7KLV�DSSURDFK�FDQ�EH�VHHQ
DV�WKH�RSSRVLWH�RI�WKH�OLEUDU\�DSSURDFK��WKH�XVHU�KDV�D�ORW�WR�GR��EXW�HQGV�XS�ZLWK�D�HIILFLHQW�DOJRULWKPV���7KLV�LV
ZHOO�VXLWHG�WR�KDUG�SUREOHPV�QRW�LGHQWLILHG�DV�LQVWDQFHV�RI�ZHOO�NQRZQ�FODVVHV�RI�SUREOHPV�

7KH�IUDPHZRUN�DSSURDFK

7KH�IUDPHZRUN�DSSURDFK�LV�DQ� LQWHUPHGLDU\�SRVLWLRQ�� �,W�FRPHV�IURP�ZRUNV�DLPLQJ�DW� LQWHJUDWLQJ�REMHFW�RULHQWHG
ODQJXDJHV�ZLWK�FRQVWUDLQWV���5DWKHU�WKDQ�SURYLGLQJ�VSHFLILF�FRPSXWDWLRQ�GRPDLQV�DV�IRU�&/3��WKH�LQWHUHVW�RI�LQWH�
JUDWLQJ� FRQVWUDLQWV� DQG� REMHFWV� LV� WR� SURYLGH� H[WHQVLEOH� DQG� IOH[LEOH� LPSOHPHQWDWLRQV� RI� &63� �H�J�� &22/� >�@�
,/2*62/9(5�>��@��/$85(�>�@����%HVLGHV��REMHFWV�SURYLGH�IDFLOLWLHV�IRU�GRPDLQ�DGDSWDWLRQ���2QH�SDUWLFXODUO\�HIILFLHQW
ZD\�WR�DFKLHYH�GRPDLQ�DGDSWDWLRQ�LV�WR�SURYLGH�IUDPHZRUNV�>��@�LQ�ZKLFK����JHQHUDO�FRQWURO�ORRS�DQG�PHFKDQLVPV
DUH�FRGHG�RQFH�IRU�DOO��DQG����DGDSWDWLRQ�WR�VSHFLILF�SUREOHPV�FDQ�EH�DFKLHYHG�HDVLO\���0RUH�WKDQ�D�FODVV�OLEUDU\��D
IUDPHZRUN�LV�D�´VHPL�FRPSOHWHµ�DSSOLFDWLRQ�FRQWDLQLQJ�LQWHJUDWHG�FRPSRQHQWV�FROODERUDWLQJ�WR�SURYLGH�D�UHXV�
DEOH�DUFKLWHFWXUH�IRU�D�IDPLO\�RI�DSSOLFDWLRQV���:H�QRZ�RXWOLQH�WKH�IHDWXUHV�RI�VXFK�D�IUDPHZRUN�



�

�� )URP�7KHRU\�WR�3UDFWLFH

,Q�WKLV�VHFWLRQ��ZH�LQWURGXFH�EULHIO\�WKH�EDVLF�FRQFHSWV�XQGHUO\LQJ�FRQVWUDLQW�VDWLVIDFWLRQ�DV�GHILQHG�LQ�WKH�WHFK�
QLFDO� DQG� WKHRUHWLFDO� OLWHUDWXUH�� � )RU� WKH� VDNH� RI� VLPSOLFLW\�� WKHVH� WKHRUHWLFDO� ZRUNV� DUH� EDVHG� RQ� D� VLPSOLILHG
PRGHO�RI�FRQVWUDLQW�VDWLVIDFWLRQ��ERWK�IURP�D�WHFKQLFDO�DQG�D�FRQFHSWXDO�YLHZSRLQW���:H�HPSKDVL]H�WKH�IDFW�WKDW
WKLV� VLPSOLILHG�PRGHO� LV� QRW� DGDSWHG� WR� WKH� FRQWH[W� RI� UHDO�ZRUOG� DSSOLFDWLRQV�� DQG� DUJXH� LQ� IDYRU� RI� D� QRQ�
UHVWULFWLYH�PRGHO� RI� &63�� � 7KH� LPSOHPHQWDWLRQ� RI� WKLV� ULFKHU� PRGHO� RI� &63� LV� DGGUHVVHG�� XVLQJ� WKH� REMHFW�
RULHQWHG�IUDPHZRUN�DSSURDFK��LQ�WKH�IROORZLQJ�VHFWLRQ�

��� )LQLWH�'RPDLQ�&RQVWUDLQW�6DWLVIDFWLRQ��%DVLF�1RWLRQV

6WDWLQJ�D�FRPELQDWRULDO�SUREOHP�DV�D�&63�DPRXQWV�DW�FKDUDFWHUL]LQJ�D�SULRUL�ZKDW�SURSHUWLHV�D�VROXWLRQ�VKRXOG
VDWLVI\�� �$�ILQLWH�GRPDLQ�FRQVWUDLQW�VDWLVIDFWLRQ�SUREOHP�LV�GHILQHG�E\�D�VHW�RI�YDULDEOHV��HDFK�YDULDEOH� WDNLQJ� LWV
YDOXH�LQ�D�ILQLWH�VHW��LWV�GRPDLQ��DQG�E\�D�VHW�RI�FRQVWUDLQWV��GHILQLQJ�WKH�SURSHUWLHV�RI�WKH�VROXWLRQV���$�VROXWLRQ�LV�DQ
LQVWDQWLDWLRQ�RI�DOO�WKH�YDULDEOHV�VDWLVI\LQJ�HYHU\�FRQVWUDLQW�

$�QDLYH�UHVROXWLRQ�PHFKDQLVP�PD\�EH�GHVFULEHG�DV�IROORZV��VHH�IRU�LQVWDQFH�>��@��

%DVLF�(QXPHUDWLRQ�$OJRULWKP��%($�
��� &KRRVH�D�QRQ�LQVWDQWLDWHG�YDULDEOH�9�RI�WKH�SUREOHP�
��� ,QVWDQWLDWH�9�ZLWK�D�YDOXH�RI�LWV�GRPDLQ��DQG�VDYH�WKH�FXUUHQW�VWDWH�RI�WKH�SUREOHP�
��� &KHFN�DOO�LQVWDQWLDWHG�FRQVWUDLQWV���,I�D�FRQVWUDLQW�LV�YLRODWHG��WKHQ�EDFNWUDFN�WR�D�SUHYLRXVO\�VDYHG
VWDWH�RI�WKH�SUREOHP�

��� ,I�DOO�WKH�YDULDEOHV�DUH�LQVWDQWLDWHG�WKHQ�D�VROXWLRQ�KDV�EHHQ�IRXQG
L�� <LHOG�WKH�VROXWLRQ�
LL�� *R�EDFNZDUG�WR�D�SUHYLRXVO\�VDYHG�VWDWH�

��� *R�WR����

)LJXUH����7KH�EDVLF�HQXPHUDWLRQ�DOJRULWKP��%($��IRU�FRQVWUDLQW�VDWLVIDFWLRQ�SUREOHPV

7KLV�SURFHGXUH�\LHOGV�DOO�WKH�VROXWLRQV�RI�WKH�SUREOHP��DQG�LV�WKH�FRUH�RI�DOO�FRPSOHWH�DOJRULWKPV�IRU�ILQLWH�GR�
PDLQ�FRQVWUDLQW�VDWLVIDFWLRQ��2I�FRXUVH�WKLV�EDVLF�DOJRULWKP�LV�YHU\�LQHIILFLHQW���:H�ZLOO�UHYLHZ�QRZ�WKH�PDLQ�LP�
SURYHPHQWV�RI�WKHVH�EDVLF�DOJRULWKPV�DV�WKH\�DUH�GHVFULEHG�LQ�WKH�OLWHUDWXUH�

����� $UF�&RQVLVWHQF\

,Q�WKH�%($��D�FRQVWUDLQW�LV�XVHG�RQFH�DOO�LWV�YDULDEOHV�DUH�LQVWDQWLDWHG���7KH�IROORZLQJ�H[DPSOH�VKRZV�WKDW�FRQ�
VWUDLQWV�FDQ�DOVR�EH�XVHG��DFWLYHO\��WR�DQWLFLSDWH�GHDG�HQGV���&RQVLGHU�IRU�LQVWDQFH�WZR�YDULDEOHV�;�DQG�<�ZKRVH
GRPDLQV�DUH�^����«���`��DQG�WKH�FRQVWUDLQW�´;!<µ���,I�;�LV�LQVWDQWLDWHG�ZLWK����WKH�FRQVWUDLQW�FDQ�EH�XVHG�ULJKW
DZD\�WR�UHGXFH�WKH�GRPDLQ�RI�<�WR�^���`���7KLV�GRPDLQ�UHGXFWLRQ�SUHYHQWV�WKH�DOJRULWKP�IURP�FKHFNLQJ�������«�
���IRU�<���1RWH�WKDW�WKLV�GRPDLQ�UHGXFWLRQ�GRHV�QRW�GLVFDUG�DQ\�VROXWLRQ�

'RPDLQ�UHGXFWLRQ�LV�WKH�PDLQ�WRRO�IRU�SUXQLQJ�EUDQFKHV�RI�WKH�VHDUFK�WUHH�GHYHORSHG�E\�%($���7KH�PD[LPXP
DPRXQW�RI�´VDIHµ�GRPDLQ�UHGXFWLRQ�LV�GHWHUPLQHG�E\�WKH�SURSHUW\�RI�DUF�FRQVLVWHQF\�>�����@��D�ELQDU\�FRQVWUDLQW�&
KROGLQJ�RQ�YDULDEOHV�;�DQG�<��LV�DUF�FRQVLVWHQW�LI��DQG�RQO\�LI

∀ [∈ 'RP �;����∃ \ ∈ 'RP �<� � VXFK�WKDW�& �[� \� WUXH
DQG�∀ \ ∈ 'RP �<� ��∃ [∈ 'RP �;��VXFK�WKDW�& �[� \� WUXH�

,QIRUPDOO\��D�FRQVWUDLQW�LV�DUF�FRQVLVWHQW��LI�HYHU\�YDOXH�RI�WKH�GRPDLQ�RI�D�YDULDEOH�DSSHDUV�LQ�DW�OHDVW�RQH�FRQ�
VLVWHQW�WXSOH�RI�WKH�FRQVWUDLQW���7KLV�GHILQLWLRQ�JHQHUDOL]HV�HDVLO\�WR�QRQ�ELQDU\�FRQVWUDLQWV���$�FRQVWUDLQW�FDQ�EH
PDGH�DUF�FRQVLVWHQW�E\�UHPRYLQJ�YDOXHV�LQ�WKH�GRPDLQV�RI�LWV�YDULDEOHV�� �0RUH�SUHFLVHO\��DUF�FRQVLVWHQF\��IRU�D
FRQVWUDLQW�&�WKDW�LQYROYHV�YDULDEOHV�;�DQG�<��FDQ�EH�HQIRUFHG�DV�IROORZV�

:KLOH�&�LV�QRW�DUF�FRQVLVWHQW�GR

∀ [∈ 'RP�;���>∀ \ ∈ 'RP �<���& �[� \�  IDOVH�⇒ 'RP �<��←�'RP�<� ? ^\`@

∀ \∈ 'RP�<���>∀ [ ∈ 'RP �;���& �[� \�  IDOVH�⇒ 'RP �;��←�'RP�;� ? ^[`@

$�&63�LV�VDLG�WR�EH�DUF�FRQVLVWHQW�LI�DOO�LWV�FRQVWUDLQWV�DUH�DUF�FRQVLVWHQW���:H�ZURWH�DERYH�WKDW�D�FRQVWUDLQW�FDQ�EH
PDGH�DUF�FRQVLVWHQW�E\�UHGXFLQJ�WKH�GRPDLQV�RI�LWV�YDULDEOHV��DQG�WKDW�DUF�FRQVLVWHQF\�LV�´VDIHµ��LQ�WKH�VHQVH�WKDW
LW�GRHV�QRW�GLVFDUG�DQ\�VROXWLRQ���7KHUHIRUH��DUF�FRQVLVWHQF\�FDQ�EH�XVHG�GXULQJ�WKH�H[HFXWLRQ�RI�DQ�HQXPHUDWLRQ



�

DOJRULWKP�WR�VSHHG�XS�WKH�VHDUFK�E\�UHGXFLQJ�WKH�SUREOHP���7KLV�LGHD�OHDGV�WR�PXFK�PRUH�HIILFLHQW�DOJRULWKPV��DV
H[SODLQHG�LQ�WKH�QH[W�VHFWLRQ�

����� $UF�&RQVLVWHQF\�%DVHG�$OJRULWKPV

7KH�PRVW�HIILFLHQW�DOJRULWKPV�IRU�VROYLQJ�&63V�DUH�EDVHG�RQ�WKH�%($��DXJPHQWHG�ZLWK�DUF�FRQVLVWHQF\��ZKLFK�LV
XVHG�WR�UHGXFH�WKH�SUREOHP�GXULQJ�WKH�VHDUFK���7KH�PDLQ�GLIIHUHQFH�EHWZHHQ�WKHVH�DOJRULWKPV�OLHV�LQ�WKH�DPRXQW
RI�DUF�FRQVLVWHQF\�HQIRUFHG���)RU�LQVWDQFH��WKH�DOJRULWKP�FDOOHG�UHDO�IXOO�ORRN�DKHDG�UHGXFHV�WKH�SUREOHP�XVLQJ�DUF
FRQVLVWHQF\�DV�PXFK�DV�SRVVLEOH���2I�FRXUVH��HQIRUFLQJ�DUF�FRQVLVWHQF\�RI�WKH�ZKROH�SUREOHP�UHTXLUHV�D�FRQVLG�
HUDEOH�DPRXQW�RI�FRPSXWDWLRQ�WLPH���2QH�FRXOG�VD\�WKDW�WKLV�PHWKRG�´VORZO\�H[SORUHV�D�VPDOO�VHDUFK�VSDFHµ�

5HDO�)XOO�/RRN�DKHDG��5)/�
��� &KRRVH�D�QRQ�LQVWDQWLDWHG�YDULDEOH�9�RI�WKH�SUREOHP�
��� ,QVWDQWLDWH�9�ZLWK�D�YDOXH�RI�LWV�GRPDLQ��DQG�VDYH�WKH�FXUUHQW�VWDWH�RI�WKH�SUREOHP�
��� (QIRUFH�DUF�FRQVLVWHQF\�IRU�WKH�ZKROH�SUREOHP�
 ,I�D�YDULDEOH�GRPDLQ�LV�ZLSHG�RXW��WKHQ�EDFNWUDFN�WR�D�SUHYLRXVO\�VDYHG�VWDWH�RI�WKH�SUREOHP�
��� ,I�DOO�WKH�YDULDEOHV�DUH�LQVWDQWLDWHG�WKHQ�D�VROXWLRQ�KDV�EHHQ�IRXQG��VWRS��
��� *R�WR����

)LJXUH���5HDO�IXOO�ORRNDKHDG�DOJRULWKP

,Q�WKH�DOJRULWKP�FDOOHG�IRUZDUG�FKHFNLQJ��VHH�)LJXUH�����WKH�UHGXFWLRQ�FRQVLVWV�LQ�HQIRUFLQJ�DUF�FRQVLVWHQF\�RQO\�IRU
FRQVWUDLQWV� LQYROYLQJ� WKH� ODVW� LQVWDQWLDWHG�YDULDEOH�� �&RPSDUHG� WR�UHDO� IXOO� ORRN�DKHDG�� WKLV�PHWKRG�SUXQHV� OHVV
EUDQFKHV�RI�WKH�VHDUFK�WUHH��EXW�LW�VSHQGV�OHVV�WLPH�GXULQJ�GRPDLQ�UHGXFWLRQ�SKDVH��WKLV�DOJRULWKP�´TXLFNO\�H[SORUHV
D�ODUJH�VHDUFK�VSDFHµ�

)RUZDUG�&KHFNLQJ��)&�
��� &KRRVH�D�QRQ�LQVWDQWLDWHG�YDULDEOH�9�RI�WKH�SUREOHP�
��� ,QVWDQWLDWH�9�ZLWK�D�YDOXH�RI�LWV�GRPDLQ��DQG�VDYH�WKH�FXUUHQW�VWDWH�RI�WKH�SUREOHP�
��� (QIRUFH�DUF�FRQVLVWHQF\�IRU�WKH�FRQVWUDLQWV�LQYROYLQJ�9�
 ,I�D�GRPDLQ�LV�ZLSHG�RXW�WKHQ�EDFNWUDFN�WR�D�SUHYLRXVO\�VDYHG�VWDWH�RI�WKH�SUREOHP�
��� ,I�DOO�WKH�YDULDEOHV�DUH�LQVWDQWLDWHG�WKHQ�D�VROXWLRQ�KDV�EHHQ�IRXQG��VWRS��
��� *R�WR����

)LJXUH���)RUZDUG�FKHFNLQJ�DOJRULWKP

0DQ\�RWKHU�DOJRULWKPV�KDYH�EHHQ�GHYLVHG�WKDW�DOO�ILW�LQ�ZLWK�WKLV�VFKHPH���'LIIHUHQFHV�FRQFHUQV�WKH�DPRXQW�RI
SURSDJDWLRQ�SHUIRUPHG��DQG�WKH�EDFNWUDFNLQJ�VWUDWHJLHV�DSSOLHG��:H�ZLOO�QRZ�UHYLHZ�VHYHUDO� OLPLWDWLRQV�RI� WKLV
EDVLF�PRGHO�LQ�WKH�FRQWH[W�RI�UHDO�ZRUOG�FRQVWUDLQW�VDWLVIDFWLRQ�SUREOHPV�

��� 5HVWULFWLRQ�WR�%LQDU\�3UREOHPV

$�ELQDU\�&63� LV�D�SUREOHP�ZKRVH�FRQVWUDLQWV�KROG�RQ�DW�PRVW� WZR�YDULDEOHV�� �$� WKHRUHWLFDO� UHVXOW� LV� WKDW�� IRU
HYHU\�&63��WKHUH�H[LVWV�DQ�HTXLYDOHQW�ELQDU\�&63�´(TXLYDOHQWµ�KHUH�PHDQV�WKDW�WKHUH�H[LVWV�D�RQH�WR�RQH�PDS�
SLQJ�EHWZHHQ�WKH�VROXWLRQV�RI�WKH�WZR�SUREOHPV���%DVHG�RQ�WKLV�HTXLYDOHQFH��PRVW�RI�WKH�WKHRUHWLFDO�DQG�WHFKQL�
FDO�ZRUNV�OLPLW�WKHPVHOYHV�WR�WKH�VWXG\�RI�ELQDU\�&63V��DVVXPLQJ�WKDW�WKH�HTXLYDOHQW�ELQDU\�&63�UHWDLQV�DOO�WKH
SURSHUWLHV�RI�WKH�RULJLQDO�&63�

7KLV�OLPLWDWLRQ�LV�YHU\�UHVWULFWLYH��DV�LOOXVWUDWHG�E\�WKH�IROORZLQJ�SUREOHP��DQG�LWV�VWDWHPHQW�DV�D�ELQDU\�&63�

,Q�WKH�DGGLWLRQ�6(1'�025( 021(<��UHSODFH�HDFK�OHWWHU�E\�D�QXPEHU�EHWZHHQ���DQG���VR�WKDW�
1)  6�DQG�0�DUH�SRVLWLYH�
2)  6��(��1��'��0��2��5�DQG�<�DUH�SDLUZLVH�GLIIHUHQW�
3)  7KH�QXPHULF�DGGLWLRQ�REWDLQHG�DIWHU�UHSODFLQJ�HDFK�OHWWHU�E\�WKH�DVVRFLDWHG�QXPEHU�LV�FRUUHFW�
7KHUH�LV�RQO\�RQH�VROXWLRQ�WR�WKLV�SUREOHP�������������� ��������

,I�RQH�KDV�WR�GHILQH�WKLV�SUREOHP�DV�D�ELQDU\�&63��WKH�UHVXOWLQJ�VWDWHPHQW�ZLOO�ORRN�OLNH�WKH�IROORZLQJ�
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9DULDEOHV�� V��H��Q��G��P��R��U�DQG�\�ZKRVH�GRPDLQ�LV�^������«���`�

&RQVWUDLQWV�� V�≠�H�� V�≠�Q�� V�≠�G�� «HWF« U�≠�\

9DULDEOHV��� VH��QG��PR��UH��RQ�DQG�H\�ZKRVH�GRPDLQ�LV�^������«����`

&RQVWUDLQWV�� QG�≡�G������´QG�HTXDOV�G�PRGXOR���µ
>QG������@� �Q�´ZKHUH�>�@�GHQRWHV�WKH�LQWHJHU�SDUW�RI�D�UHDO�QXPEHUµ

VH�≡�H������DQG�>VH�����@� �V
UH�≡�H������DQG�>UH�����@� �U
PR�≡�R������DQG�>PR�����@� �P
RQ�≡�Q������DQG�>RQ�����@� �R
H\�≡�\������DQG�>H\�����@� �H

9DULDEOHV�� VHQG��PRUH�DQG�RQH\�ZKRVH�GRPDLQ�LV�^���«�������`

&RQVWUDLQWV�� VHQG�≡�QG�������DQG�>VHQG������@� �VH
PRUH�≡�UH�������DQG�>PRUH������@� �PR
RQH\�≡�H\�������DQG�>RQH\������@� �QR

9DULDEOH�� PRQH\�ZLWK�GRPDLQ�^��«�������`

&RQVWUDLQWV� PRQH\�≡�RQH\���������DQG�>PRQH\��������@� �P

9DULDEOH�� VHQGPRUH�∈ �^������������«����������������«����������«����������«������������`
&RQVWUDLQWV� VHQGPRUH� VHQG�DQG�VHQGPRUH� PRUH

9DULDEOH�� VHQGSOXVPRUH�ZKRVH�GRPDLQ�LV�^��«�������`
&RQVWUDLQW�� VHQGSOXVPRUH� ��VHQGPRUH����VHQGPRUH��

7KLV�UHSUHVHQWDWLRQ�LV�YHU\�FXPEHUVRPH��LW�UHTXLUHV����ELQDU\�FRQVWUDLQWV�����YDULDEOHV�DQG�������������GRPDLQ
YDOXHV���:H�ZLOO�VHH�LQ�6HFWLRQ�������D�PRUH�FRPSDFW�UHSUHVHQWDWLRQ�XVLQJ�QRQ�ELQDU\�FRQVWUDLQWV�

��� ,QWHQVLRQ�YV��([WHQVLRQ
$�FRQVWUDLQW�FDQ�EH�VHHQ�DV�D�%RROHDQ�UHODWLRQ�KROGLQJ�EHWZHHQ�YDULDEOHV���,Q�WKH�FDVH�RI�ILQLWH�GRPDLQ�&63��WKLV
UHODWLRQ�FDQ�EH�H[SUHVVHG�HLWKHU�LQ�H[WHQVLRQ�RU�LQ�LQWHQVLRQ���'HILQLQJ�D�FRQVWUDLQW�LQ�H[WHQVLRQ�FRQVLVWV�LQ�SURYLG�
LQJ� WKH� VHW�RI�FRQVLVWHQW� WXSOHV�RI�YDOXHV� �VHH� H[DPSOH�EHORZ��� �'HILQLQJ� D� FRQVWUDLQW� LQ� LQWHQVLRQ� FRQVLVWV� LQ
SURYLGLQJ�D�IRUPXOD�RI�VDWLVIDFWLRQ�

)RU�LQVWDQFH��WKH�FRQVWUDLQW�&�KROGLQJ�RQ�WZR�YDULDEOHV�;�DQG�<��ZKLFK�UHTXLUHV�WKDW�WKH�YDOXH�RI�;�VKRXOG�EH
JUHDWHU�WKDQ�WKH�YDOXH�RI�<�FDQ�EH�HLWKHU�GHILQHG��LQ�LQWHQVLRQ��E\�WKH�IRUPXOD�´; !<µ��RU�LQ�H[WHQVLRQ�E\�WKH

VHW��([W�&� ^ � [ � \ � ∈ 'RP�;�×'RP�<��_�& �[� \� WUXH`���)RU�LQVWDQFH��DVVXPLQJ�WKDW�;�DQG�<�KDYH�GRPDLQ�^��
����} ��WKH�H[WHQVLRQ�RI�FRQVWUDLQW�´; !<µ�LV�^����������������������} �

7KH�H[WHQVLRQDO�UHSUHVHQWDWLRQ�RI�FRQVWUDLQWV� LV�PRWLYDWHG�E\�WKH�GHVLUH�WR� LQWHUSUHW�&63�LQ�WKH�FRQWH[W�RI�VHW
WKHRU\���,QGHHG��LW�LV�UHODWLYHO\�HDV\�LQ�DQ�H[WHQVLRQDO�FRQWH[W�WR�GHVFULEH�DOJRULWKPV��DQG�WR�SURYH�YDULRXV�SURS�
HUWLHV���+RZHYHU��LQ�SUDFWLFH��WKH�H[WHQVLRQDO�UHSUHVHQWDWLRQ�RI�FRQVWUDLQWV�UDLVHV�VHYHUDO�LVVXHV�

��� ,W�UHTXLUHV�DQ�LPSRUWDQW�PHPRU\�VSDFH��HVSHFLDOO\�IRU�QRQ�ELQDU\�FRQVWUDLQWV��EHFDXVH�WKH�VL]H�RI�WKH�&DU�
WHVLDQ�SURGXFW�RI�WKH�GRPDLQV�JURZV�H[SRQHQWLDOO\�ZLWK�WKH�QXPEHU�RI�YDULDEOHV�

��� ,Q�PDQ\� FDVHV�� FRQVWUDLQWV� DUH�PRUH� QDWXUDOO\� H[SUHVVHG� LQ� LQWHQVLRQ� WKDQ� LQ� H[WHQVLRQ�� � $GGLWLRQDOO\�
HYDOXDWLQJ�D�IRUPXOD�LV�RIWHQ�PRUH�HIILFLHQW�WKDQ�FKHFNLQJ�WKDW�D�WXSOH�EHORQJV�WR�D�VHW�

��� 5HSUHVHQWLQJ�FRQVWUDLQWV�LQ�H[WHQVLRQ�LV�ZHOO�VXLWHG�WR�EUXWH�FRPELQDWRULDO�UHDVRQLQJ��EXW�LV�QRW�DGDSWHG
IRU�KLJKHU�OHYHO�UHDVRQLQJ��VXFK�DV�IRUPDO�UHDVRQLQJ�

��� $UF�&RQVLVWHQF\�YV��&RQVWUDLQW�)LOWHULQJ
$V�ZH�VDZ�LQ�6HFWLRQ��������DUF�FRQVLVWHQF\�LV�XVHG��GXULQJ�WKH�UHVROXWLRQ��WR�UHGXFH�WKH�VL]H�RI�WKH�GRPDLQV�DIWHU
HDFK� LQVWDQWLDWLRQ�� �8QIRUWXQDWHO\�� HQIRUFLQJ� DUF� FRQVLVWHQF\� IRU� D� FRQVWUDLQW� LV� H[SHQVLYH� VLQFH� LW� UHTXLUHV�� WR
FRPSXWH�WKH�&DUWHVLDQ�SURGXFW�RI�WKH�GRPDLQV���7R�DGGUHVV�WKLV�LVVXH��DUF�FRQVLVWHQF\�LV��LQ�SUDFWLFH��UHSODFHG�E\
D�ZHDNHU�FRQFHSW��FRQVWUDLQW�ILOWHULQJ���)LOWHULQJ�D�FRQVWUDLQW�FRQVLVWV�LQ�SHUIRUPLQJ�RQO\�GRPDLQ�UHGXFWLRQV�WKDW�DUH
UHDVRQDEO\�FRPSXWDEOH�

&RQVWUDLQW�ILOWHULQJ�UDQJHV�ZLWKLQ�WZR�H[WUHPHV���2Q�WKH�RQH�KDQG��WKH�´XSSHU�OLPLWµ�IRU�FRQVWUDLQW�ILOWHULQJ�FRQ�
VLVWV� LQ�HQIRUFLQJ�VWULFW�DUF�FRQVLVWHQF\��EHFDXVH�HQIRUFLQJ�PRUH� WKDQ�DUF�FRQVLVWHQF\� OHDGV� WR�GLVFDUGLQJ�VROX�
WLRQV���2Q�WKH�RWKHU�KDQG��WKH�´ORZHU�OLPLWµ�IRU�FRQVWUDLQW�ILOWHULQJ�FRQVLVWV�LQ�FKHFNLQJ�VDWLVILDELOLW\�RQFH�DOO�WKH
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YDULDEOHV�DUH�LQVWDQWLDWHG��ZLWK�QR�GRPDLQ�UHGXFWLRQ���,QGHHG��WKLV�LV�D�OLPLW�EHFDXVH�RWKHUZLVH�WKH�VROYHU�ZRXOG
SURYLGH�VROXWLRQV�WKDW�GR�QRW�VDWLVI\�HYHU\�FRQVWUDLQWV�

-XVW�FKHFNLQJ�VDWLVILDELOLW\�≤�&RQVWUDLQW�ILOWHULQJ�≤�$UF�FRQVLVWHQF\

7KH�PDLQ� LGHD�EHKLQG� ILOWHULQJ� LV� WKDW� LWV� GHSHQGV� RQ� WKH� FRQVWUDLQW� FRQVLGHUHG�� � )RU� LQVWDQFH�� IRU� FRQVWUDLQW
´; !<µ��DUF�FRQVLVWHQF\�LV�HQIRUFHG��EHFDXVH�RQO\�ORZHU�DQG�XSSHU�ERXQGV�KDYH�WR�EH�FRQVLGHUHG���7KH�FRUUH�
VSRQGLQJ�LPSOHPHQWDWLRQ�XVLQJ�WKH�%$&.7$/.�VROYHU�LV�JLYHQ�LQ�6HFWLRQ�������

&RQYHUVHO\��IRU�FRQVWUDLQW�´;�< �µ��HQIRUFLQJ�DUF�FRQVLVWHQF\�LV�EH�YHU\�H[SHQVLYH��VLQFH�DOO�SRVVLEOH�YDOXHV
IRU�; � DQG�< � KDYH� WR� EH� FRQVLGHUHG�� � ,Q� WKLV� FDVH�� D� JRRG� ILOWHULQJ�PHWKRG� FRQVLVWV� LQ� FRQVLGHULQJ� RQO\� WKH
ERXQGV�RI�;�DQG�<�� �7KLV�LV�D�JRRG�ILOWHULQJ�EHFDXVH����LW�UHDOL]HV�DOPRVW�DUF�FRQVLVWHQF\�DQG���� LW� LV�HIILFLHQW�

VLQFH�RQO\�WKH�ERXQGV�DUH�FRQVLGHUHG��LQVWHDG�RI�WKH�ZKROH�&DUWHVLDQ�SURGXFW�'RP �;�×'RP �<��
&RQVHTXHQWO\��RQH�RI�WKH�PRVW�LPSRUWDQW�LVVXHV�RI�FRQVWUDLQW�VROYLQJ�LV�WR�GHILQH�ILOWHULQJ�PHWKRGV�WKDW�DUH�HIIL�
FLHQW�DQG�DV�FORVH�DV�SRVVLEOH�WR�IXOO�DUF�FRQVLVWHQF\���2I�FRXUVH��WKHVH�WZR�SURSHUWLHV�DUH�FRQIOLFWLQJ��VR�WKH�UHDO
LVVXH�LV�WR�ILQG�WKH�ULJKW�FRPSURPLVH�

��� (QXPHUDWLRQ�$OJRULWKPV

7KHUH�LV�D�SURIXVLRQ�RI�VROYLQJ�DOJRULWKPV�>������@�DQG�HDFK�RI�WKHP�LV�DGDSWHG�WR�VSHFLILF�VLWXDWLRQV��DQG�QRQH
RI�WKHP�LV�DOZD\V�EHWWHU�WKDQ�WKH�RWKHUV���)RU�LQVWDQFH��IXOO�ORRN�DKHDG�LV�HVSHFLDOO\�HIILFLHQW�ZKHQ�WKH�ILOWHULQJ�RI
D�FRQVWUDLQW�LV�FKHDS�DQG�ZKHQ�WKHUH�DUH�VWURQJ�GHSHQGHQFLHV�EHWZHHQ�YDULDEOHV���)RUZDUG�FKHFNLQJ�LV�LQWHUHVWLQJ
IRU�´ZHDNO\�FRQVWUDLQHGµ�SUREOHPV��HVSHFLDOO\�ZKHQ�FRQVWUDLQW�DUH�KDUG�WR�ILOWHU���8QIRUWXQDWHO\��WKHVH�FULWHULD�DUH
KDUG�WR�VSHFLI\�IRUPDOO\��DQG�WKXV�WR�DXWRPDWH���,Q�SUDFWLFH��ZKDW�LV�QHHGHG�LV�WR�DGDSW�DQ�H[LVWLQJ�DOJRULWKP�WR
VSHFLILF�SUREOHPV�

$QRWKHU�SUREOHP�ZLWK�WKH�SURIXVLRQ�RI�SXEOLVKHG�DOJRULWKPV�LV�WKDW�WKH\�DUH�XVXDOO\�GHVFULEHG�LQ�WKH�VFRSH�RI
ELQDU\�&63��DQG�LW�LV�QRW�HDV\�WR�DGDSW�WKHP�LQ�RXU�FRQWH[W���7U\LQJ�WR�LPSOHPHQW�DQ�H[KDXVWLYH�OLEUDU\�RI�DOJR�
ULWKPV�LV�WKHUHIRUH�XQUHDOLVWLF��EHFDXVH�WKHUH�DUH�YLUWXDOO\�DV�PDQ\�DOJRULWKPV�DV�WKHUH�DUH�SUREOHPV���7KLV�VLWXD�
WLRQ�OHG�XV�WR�GHVLJQ�D�VLQJOH�UHVROXWLRQ�PHFKDQLVP��VHH�6HFWLRQ���������ZLWK�VXSSRUW�IRU�LPSOHPHQWLQJ�VSHFLILF
UHVROXWLRQ�DOJRULWKPV�DGDSWHG�WR�VSHFLILF�SUREOHPV�

��� 1R�8WLOL]DWLRQ�RI�.QRZOHGJH�RQ�9DULDEOH�9DOXHV

6HYHUDO�ZRUNV�H[SORUHG�WKH�SRVVLELOLW\�RI�H[SORLWLQJ�WKH�SURSHUWLHV�RI�GRPDLQV�VHHQ�DV�VSHFLILF�W\SHV��H�J��RUGHU�
VRUWHG�GRPDLQV�>�@����+RZHYHU��UHVROXWLRQ�DOJRULWKPV�LPSOLFLWO\�DVVXPH�QR�SDUWLFXODU�SURSHUWLHV�RQ�WKH�GRPDLQ
YDOXHV���9DOXHV�DUH�FRQVLGHUHG�DV�UHGXFLEOH�WR�DWRPLF�HQWLWLHV�

1RWH�WKDW��VLQFH�QR�K\SRWKHVLV�RQ�WKH�GRPDLQV�YDOXHV�DUH�PDGH��VROYLQJ�&63V�LQ�ZKLFK�GRPDLQV�DUH�FROOHFWLRQV
RI�DUELWUDU\�REMHFWV�GRHV�QRW�UDLVH�DQ\�WHFKQLFDO�LVVXH��DV�IDU�DV�D�ODQJXDJH�ZLWK�SRLQWHUV�LV�XVHG���+RZHYHU��LQ�RXU
FDVH��ZH�FODLP�WKDW�WKH�VWUXFWXUH�DQG�SURSHUWLHV�RI�REMHFWV�LQYROYHG�LQ�UHDO�ZRUOG�SUREOHPV�FDQ�EH�H[SORLWHG�E\
WKH�UHVROXWLRQ�SURFHVV�WR�FRPSXWH�VROXWLRQV�IDVWHU�DQG�WR�VWDWH�SUREOHPV�PRUH�HDVLO\�

)RU� LQVWDQFH��&63�WHFKQLTXHV�KDYH�EHHQ�XVHG� WR�SURGXFH�PXVLFDO�KDUPRQL]DWLRQ�DXWRPDWLFDOO\�� �6XFK�DSSOLFD�
WLRQV�GHYHORSHG�VR�IDU�GR�QRW�WDNH�DGYDQWDJH�RI�SURSHUWLHV�RI�WKH�PXVLFDO�VWUXFWXUHV�KDQGOHG�� �0RUH�SUHFLVHO\�
FRPSOH[�PXVLFDO�VWUXFWXUHV��VXFK�DV�FKRUGV�DQG�PHORGLHV��DUH�KDQGOHG�DV�PHUH�FROOHFWLRQV�RI�DWRPLF�YDOXHV���:H
KDYH�VKRZQ�WKDW�VXFK�DQ�DSSURDFK�OHDGV�WR�EXLOGLQJ�LQHIILFLHQW�DQG�EORDWHG�DSSOLFDWLRQV���:H�FODLP�WKDW�REMHFWV
FDQ�EH�XVHG�WR�UHSUHVHQW�WKH�VWUXFWXUHV�RI�WKH�SUREOHP�H[SOLFLWO\�DV�YDOXHV�IRU�WKH�YDULDEOHV��DQG�WKDW�GRLQJ�VR
DOORZV� WR� LPSURYH� WKH�HIILFLHQF\�DV�ZHOO� DV� WKH�GHVLJQ�RI� WKH� UHVXOWLQJ� DSSOLFDWLRQ�� �7KLV�SRLQW� FRQVWLWXWHV� WKH
PDLQ�PRWLYDWLRQ�LQ�LQWHJUDWLQJ�REMHFWV�ZLWK�FRQVWUDLQW�VDWLVIDFWLRQ�DQG�LW�ZLOO�EH�GHYHORSHG�LQ�6HFWLRQ����DQG�DQ
LOOXVWUDWLRQ�LV�SUHVHQWHG�LQ�6HFWLRQ�����

7R� VXPPDUL]H�� ZH� RXWOLQHG� ILYH� UHVWULFWLRQV� RI� WKH� VWDQGDUG� WKHRUHWLFDO� FRQVWUDLQW� VDWLVIDFWLRQ� PRGHO�� LQ� WKH
FRQWH[W�RI�SUDFWLFDO��UHDO�ZRUOG�REMHFW�RULHQWHG�SUREOHPV��ZKLFK�DUH�

��� 5HVWULFWLRQ�WR�ELQDU\�FRQVWUDLQWV
��� &RQVWUDLQWV�GHILQHG�LQ�H[WHQVLRQ
��� &RPSOH[LW\�RI�DUF�FRQVLVWHQF\
��� 3URIXVLRQ�RI�DOJRULWKPV
��� 1R�XWLOL]DWLRQ�RI�NQRZOHGJH�RQ�YDULDEOH�YDOXHV
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7KHVH�OLPLWDWLRQV�PRWLYDWHG�WKH�GHVLJQ�RI�WKH�%$&.7$/.�IUDPHZRUN��ZKLFK�ZH�ZLOO�QRZ�GHVFULEH���$V�RXWOLQHG
LQ�WKH�LQWURGXFWRU\�VHFWLRQ��%$&.7$/.�LV�FRQVLGHUHG�DFFRUGLQJ�WR�WZR�YLHZSRLQWV��WKH�WHFKQLFDO�DVSHFWV��SRLQWV
��WR����DUH�H[DPLQHG�LQ�6HFWLRQ�����3RLQW���LV�FRQVLGHUHG�LQ�6HFWLRQ����ZKHUH�ZH�GLVFXVV�WKH�VWDWHPHQW�RI�SURE�
OHPV�LQYROYLQJ�REMHFWV�

�� %$&.7$/.��WKH�)UDPHZRUN�$SSURDFK�IRU�,PSOHPHQWLQJ�&RQVWUDLQWV

%$&.7$/.�>��@�LV�D�IUDPHZRUN�IRU�FRQVWUDLQW�VDWLVIDFWLRQ��LW�FRQVLVWV�RI�D�OLEUDU\�RI�FODVVHV�UHSUHVHQWLQJ�WKH�FRQ�
FHSWV� RI� YDULDEOHV�� GRPDLQV�� FRQVWUDLQWV�� SUREOHPV� DQG� VROYLQJ� DOJRULWKPV�� OLQNHG� WRJHWKHU� E\� D� SURSDJDWLRQ
PHFKDQLVP� � 7KH� UHTXLUHPHQWV� H[SUHVVHG� LQ� WKH� SUHFHGLQJ� VHFWLRQ� SUHYDLOHG� WKURXJKRXW� WKH� GHVLJQ� RI
%$&.7$/.��ZKLFK�SURYLGHV�SUHGHILQHG�KLJK�OHYHO�QRQ�ELQDU\�FRQVWUDLQWV�DQG�LPSOHPHQWV�VRSKLVWLFDWHG�ILOWHULQJ
PHFKDQLVP�DV�ZHOO�DV�D�UHVROXWLRQ�DOJRULWKP�DGDSWDEOH�WR�VSHFLILF�FDVHV�

��� ,QWHJUDWLRQ�RI�%$&.7$/.�LQ�WKH�+RVW�/DQJXDJH

%$&.7$/.�ZDV�GHVLJQHG�DV�D�WUDGLWLRQDO�6PDOOWDON�IUDPHZRUN��ZLWK�QR�PRGLILFDWLRQV�RI�WKH�YLUWXDO�PDFKLQH���,Q
RWKHU�ZRUGV��%$&.7$/.�LV�LPSOHPHQWHG�ZLWKRXW�NHUQHO�VXSSRUW��VR�WKDW�LW�FDQ�EH�UXQ�RQ�DQ\�SODWIRUP�VXSSRUWHG�E\
6PDOOWDON���0RUHRYHU��%$&.7$/.�LQWURGXFHV�QR�V\QWDFWLF�H[WHQVLRQ�WR�6PDOOWDON��VWDWLQJ�DQG�VROYLQJ�SUREOHPV�LV
GRQH�XVLQJ�VWDQGDUG�PHFKDQLVPV��FODVV�LQVWDQWLDWLRQ�DQG�PHVVDJH�VHQGLQJ�

��� 2YHUDOO�'HVLJQ

%$&.7$/.�LV�LPSOHPHQWHG�DV�D�OLEUDU\�RI�UHODWHG�FODVVHV��ZKLFK�ZH�FDQ�FODVVLI\�LQWR�WKUHH�PDLQ�FOXVWHUV�����YDUL�
DEOHV�����FRQVWUDLQWV�DQG����VROYLQJ�DOJRULWKPV�

Deamons

Constraint hierarchy Algorithms hierarchy

Template method + Strategy

Constrained variables hierarchy

)LJXUH����7KH�RYHUDOO�GHVLJQ�RI�WKH�%$&.7$/.�V\VWHP���7KUHH�PDLQ�KLHUDUFKLHV�SURYLGH�FRQVWUDLQHG�YDULDEOHV��FRQVWUDLQWV�DQG
DOJRULWKPV���&RQVWUDLQWV��DOJRULWKPV�DQG�YDULDEOHV�DUH�OLQNHG�WRJHWKHU�E\�GHPRQV�WKDW�DUH�XVHG�WR�LPSOHPHQW�SURSDJDWLRQ�PHFKD�

QLVPV�HIILFLHQWO\�

����� &RQVWUDLQHG�9DULDEOHV

&RQVWUDLQHG�YDULDEOHV�DUH�WKH�EDVLF�EXLOGLQJ�EORFNV�RI�WKH�IUDPHZRUN���7KH\�UHSUHVHQW�WKH�QRWLRQ�RI�DQ�XQNQRZQ
YDOXH�� WR�EH�FRPSXWHG�E\�WKH�VROYHU�� �3UDFWLFDOO\�� LW� LV� WKH�UHVSRQVLELOLW\�RI�FRQVWUDLQHG�YDULDEOHV� WR� LQIRUP�WKH
VROYHU�RI�GRPDLQ�PRGLILFDWLRQV���$�YDULDEOH�LV�GHILQHG�E\�D�GRPDLQ��D�YDOXH�ZLWKLQ�WKH�GRPDLQ��DQG�D�ODEHO�IRU�GLV�
SOD\�SXUSRVHV�

7KH�EHKDYLRU�RI�FRQVWUDLQHG�YDULDEOHV�GHSHQGV�KHDYLO\�RQ�WKH�QDWXUH�RI�WKHLU�GRPDLQ��WKHUHIRUH�ZH�UHLILHG�YDUL�
DEOHV�LQWR�FODVVHV��DQG�RUJDQL]HG�WKHP�LQWR�WKH�KLHUDUFK\�
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BTVariable (’domain’ ’constraints’ ’valueDemons’ ...)
BTBooleanVariable ()
BTIntegerVariable (’min’ ’max’ ’minEvent’ ’minDemons’ ...)

BTRealVariable (’precision’)
BTObjectVariable (’domainDictionary’ ’actualDomain’ ...)

BTOrderedObjectVariable (’minEvent’ ’minDemons’ ...)

,W�LV�LPSRUWDQW�WR�QRWH�WKDW�WKH�XVHU�GRHV�QRW�KDYH�WR�EH�DZDUH�RI�WKLV�FODVV�KLHUDUFK\��%$&.7$/.�DXWRPDWLFDOO\
FKRRVHV�WKH�PRVW�DGDSWHG�FODVV�WR�LQVWDQWLDWH��GHSHQGLQJ�RQ�WKH�GRPDLQ�SURYLGHG���:H�JLYH�EHORZ�H[DPSOHV�RI
%$&.7$/.�H[SUHVVLRQV��ZLWK�WKHLU�HYDOXDWLRQ��´Vµ�LV�D�VKRUWFXW�IRU�BTVariable ), illustrating the behavior
of constrained vairables�

“Creation of an integer variable, from the bounds of an interval”
x := V label: 'x’ from: 1 to: 10 => [’x’ int[1..10]]

“Modifying the bounds of the domain of an integer variable”
x min: 3; max: 4 => ['x’ int[3..4]]

“Creation an Integer Variable from a collection of integers”
V label: ’Var’ domain: #(1 6 7 8 9),#(2 3 18 0 -5) => [’Var’ int[-5 0..3 6..9 18]]

“Creation an Object Variable from the collection of all Points”
V label: 'obj’ domain: (Point allInstances) => ['obj’ (0@0 0@1 142@274 0@4 etc...)]

&RQVWUDLQHG�YDULDEOHV�DUH�DOVR�UHVSRQVLEOH�IRU�D�SDUW�RI�WKH�UHVROXWLRQ�PHFKDQLVP��WKH�GHPRQ�PHFKDQLVP����7KLV
DVSHFW�ZLOO�EH�HPSKDVL]HG�LQ�6HFWLRQ�����

����� ([SUHVVLRQV�DQG�&RQVWUDLQWV

,Q�WKH�LQWHQVLRQDO�PRGHO�RI�FRQVWUDLQW��FRQVWUDLQWV�PD\�EH�VHHQ�DV�´OLQNVµ�EHWZHHQ�VHYHUDO�YDULDEOHV��LQVWHDG�RI
VHWV�RI� FRQVLVWHQW� WXSOHV��� �0RUHRYHU� FRQVWUDLQW� ILOWHULQJ� GHSHQGV� RQ� WKH� QDWXUH� RI� WKH� FRQVWUDLQW� FRQVLGHUHG�
ZKLFK�OHDGV�QDWXUDOO\�WR�WKH�LGHD�RI�RUJDQL]LQJ�FRQVWUDLQWV�LQWR�D�KLHUDUFK\�RI�FODVVHV���7KH�URRW�RI�WKLV�KLHUDUFK\
LV�DQ�DEVWUDFW�FODVV��BTConstraint ���7KLV�FODVV�LPSOHPHQWV�D�GHIDXOW�ILOWHULQJ�DOJRULWKP��ZKLFK�FRQVLVWV�LQ�HQ�
IRUFLQJ�DUF�FRQVLVWHQF\���7KLV�GHIDXOW�ILOWHULQJ�LV�UHGHILQHG�LQ�VXEFODVVHV�WR�LPSOHPHQW�VSHFLILF�PHWKRGV��DFKLHY�
LQJ�D�EHWWHU�FRPSURPLVH�EHWZHHQ�UHGXFWLRQ�DQG�HIILFLHQF\�

7R�GHILQH�D�QHZ�FODVV�RI�FRQVWUDLQW�LQ�%$&.7$/.�RQH�QHHGV�WR�FUHDWH�D�VXEFODVV�RI�FODVV�BTConstraint �RU
RI�DQ\�RI�LWV�VXEFODVVHV���%HFDXVH�DOO�FRQVWUDLQWV�DUH�GHILQHG�LQ�LQWHQVLRQ�LQ�%$&.7$/.�WKH�QHZ�FODVV�ZLOO�UHGH�
ILQH�WKH�IRUPXOD�RI�VDWLVIDFWLRQ�

2I�FRXUVH��GHILQLQJ�VSHFLILF�ILOWHULQJ�PHWKRGV�LV�QRW�QHFHVVDU\�EHFDXVH�RI�LQKHULWDQFH���,QGHHG��ZKHQ�WKH�XVHU�GH�
ILQHV�D�QHZ�FRQVWUDLQW�FODVV��LW�EHQHILWV�DXWRPDWLFDOO\�IURP�WKH�ILOWHULQJ�PHWKRG�GHILQHG�LQ�LWV�VXSHUFODVV���,Q�WKH
OHVV�LQWHUHVWLQJ�FDVHV��WKH�GHIDXOW�ILOWHULQJ�PHFKDQLVP�ZLOO�EH�XVHG�E\�WKH�QHZO\�GHILQHG�FRQVWUDLQW�FODVV���6SHFLILF
ILOWHULQJ�PHWKRGV�DUH�RQO\�XVHG�WR�LPSOHPHQW�PRUH�HIILFLHQW�ILOWHULQJ�PHFKDQLVPV�

������� +LHUDUFK\�RI�&RQVWUDLQWV

3UHGHILQHG�%$&.7$/.�FRQVWUDLQWV�LQFOXGH�DULWKPHWLF�FRQVWUDLQWV��FDUGLQDOLW\��GLIIHUHQFH�DQG�ORJLFDO�FRQVWUDLQWV�
7KHUH�DUH�DOVR�SDUWLFXODU�SUHGHILQHG�FRQVWUDLQWV��GHGLFDWHG�WR�XVLQJ�VSHFLILF�REMHFW�RULHQWHG�PHFKDQLVPV��WKDW�ZLOO
EH�SUHVHQWHG�LQ�6HFWLRQ�������2QH�LPSRUWDQW�DVSHFW�RI�RUJDQL]LQJ�FRQVWUDLQWV�LQ�VXFK�D�KLHUDUFK\�LV�WR�SURYLGH�WKH
XVHU�ZLWK�PDQ\�UHDG\�IRU�XVH�FRQVWUDLQWV���0RUHRYHU��WKH�XVHU�GRHV�QRW�KDYH�WR�NQRZ�DQ\WKLQJ�PRUH�WKDQ�WKH
FODVV�RI�WKH�FRQVWUDLQW�WR�LQVWDQWLDWH��DQG�WKH�DSSURSULDWH�FUHDWLRQ�PHWKRG�

)RU�LQVWDQFH��WKH�FRQVWUDLQW�´; ≠ <µ�ZLOO�EH�VWDWHG�E\�WKH�IROORZLQJ�FODVV�LQVWDQWLDWLRQ�PHVVDJH��ZKHUH�;�DQG�<
GHQRWH�FRQVWUDLQHG�YDULDEOHV�

BTAllDiffCt on: X and: Y

2WKHU�FRQVWUDLQWV�DUH�FUHDWHG�VLPLODUO\��XVLQJ��DV�IDU�DV�SRVVLEOH�� WKH�VDPH�FUHDWLRQ�LQWHUIDFH�� �)RU� LQVWDQFH�� WKH

FRQVWUDLQW�´;�����<�� ��= ≥ �µ�ZLOO�EH�VWDWHG�E\�WKH�IROORZLQJ�FODVV�LQVWDQWLDWLRQ�PHVVDJH��ZKHUH�;��<�DQG�=�GH�
QRWH�FRQVWUDLQHG�YDULDEOHV�

BTLinearGreaterOrEqualCt
on: (Array with: X with: Y with: Z)
coefficients: #(1 2 -5)
value: 0

)LJXUH���VKRZV�DQ�H[FHUSW�RI�WKH�KLHUDUFK\�RI�FRQVWUDLQWV�LQ�%$&.7$/.�
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BTConstraint (’isPersistent’ ’isStatic’ ’owner’)
BTBinaryCt (’x’ ’y’)

BTBinaryExtensionCt (’relation’)
BTComparatorCt ()

BTGreaterOrEqualCt ()
BTGreaterThanCt ()

BTEqualCt ()
BTPerformCt (’expression’)
BTUnaryOperatorCt ()

BTAbsCt ()
BTOppositeCt ()
BTSquareCt ()

BTGeneralCt (’variables’ ’arity’)
BTAllDiffCt (’remainingVars’)
BTBlockCt (’block’)
BTIfThenCt (’ifBlock’ ’thenBlock’)
BTLinearCt (’expression’ ’constant’ ...)

BTLinearEqualCt (’min’ ...)
BTLinearGreaterOrEqualCt (’max’ ’maxList’)

BTNaryLogicalCt (’expression’ ’leftVariablesNumber’)
BTAndCt (’trueVariablesNumber’)
BTOrCt (’falseVariablesNumber’)
BTXOrCt (’falseVariablesNumber’)

)LJXUH����([FHUSWV�RI �WKH�KLHUDUFK\�RI �SUHGHILQHG�FRQVWUDLQW�FODVVHV�LQ�%$&.7$/.

������� ([SUHVVLRQV
%$&.7$/.�SURYLGHV�DQRWKHU�PHDQV�RI�VWDWLQJ�FRQVWUDLQWV��ZKLFK�LV��LQ�VRPH�FDVHV��HYHQ�VLPSOHU�WR�XVH�WKDQ�H[�
SOLFLW�LQVWDQWLDWLRQ�PHVVDJHV���7KH�LGHD�LV�WR�OHW�WKH�XVHU�VWDWH�FRQVWUDLQWV�XVLQJ�WKH�V\QWD[�RI�VWDQGDUG�DULWKPHWLFDO
DQG� ORJLFDO� H[SUHVVLRQV�� �%$&.7$/.� WUDQVIRUP� WKHVH� 6PDOOWDON� H[SUHVVLRQV� LQWR� FRQVWUDLQW� FUHDWLRQ�PHVVDJHV
DXWRPDWLFDOO\�

7KLV�QRWLRQ�RI�H[SUHVVLRQ�LV�SXUHO\�V\QWDFWLFDO�� �7KH�LGHD�LV�RQO\�WR�VSDUH�WKH�XVHU�WKH�H[SOLFLW�FUHDWLRQ�RI�FRQ�
VWUDLQWV���,Q�SUDFWLFH��WKLV�LV�UHDOL]HG�E\�LQWURGXFLQJ�D�ODQJXDJH�RI�H[SUHVVLRQV��ZKLFK�LV�LPSOHPHQWHG�DV�PHVVDJHV
VHQW� WR�FRQVWUDLQHG�YDULDEOHV�� �)RU� LQVWDQFH��PHVVDJHV�PDNLQJ�XS� DULWKPHWLF� H[SUHVVLRQV� �H�J����� �� DUH� LPSOH�
PHQWHG�LQ�WKH�FODVV�RI�FRQVWUDLQHG�YDULDEOHV��DQG�\LHOG�SDUWLFXODU�H[SUHVVLRQ�REMHFWV���7KHVH�H[SUHVVLRQV�LQ�WXUQ
XQGHUVWDQG�WKHVH�VDPH�PHVVDJHV�WR�\LHOG�PRUH�FRPSOH[�H[SUHVVLRQV�´RQ�WKH�IO\µ���)LQDOO\��WKHVH�H[SUHVVLRQV�LQ�
GHHG�EHKDYH�OLNH�YDULDEOHV�LQ�WKH�VHQVH�WKDW�WKH\�FDQ�EH�´FRQVWUDLQHGµ�XVLQJ�XVXDO�DULWKPHWLF�RSHUDWRUV��H�J�� ����
!����7KHVH�RSHUDWRUV�LQ�WXUQ�DUH�LPSOHPHQWHG�LQ�WKH�H[SUHVVLRQ�FODVVHV�WR�JHQHUDWHG�FRUUHVSRQGLQJ�%$&.7$/.
FRQVWUDLQWV�

&RQVLGHU�IRU�LQVWDQFH�FRQVWUDLQW��x + 2.y - 5.z ≥ 0���,QVWHDG�RI�XVLQJ�WKH�IROORZLQJ�V\QWD[�

BTLinearGreaterOrEqualCt
on: (Array with: x with: x with: z)
coefficients: #(1 2 -5)
value: 0

LW�FDQ�EH�VWDWHG�XVLQJ�WKH�IROORZLQJ�6PDOOWDON�H[SUHVVLRQ��x + (2*y) -(5*z) >= 0.

����� ([DPSOH

6LQFH� SUREOHPV� DUH� VWDWHG� WR� EH� HYHQWXDOO\� VROYHG�� WKHUH� LV� QR� SRLQW� LQ� GLIIHUHQWLDWLQJ� SUREOHPV� DQG� VROYHUV�
3UREOHPV� DQG� VROYLQJ� DOJRULWKPV� DUH� WKHUHIRUH� UHSUHVHQWHG� LQ� %$&.7$/.� E\� D� VLQJOH� FODVV�BTSolver �� � $
SUREOHP�EDVLFDOO\�FRQVLVWV�RI�D�FROOHFWLRQ�RI�YDULDEOHV�DQG�D�FROOHFWLRQ�RI�FRQVWUDLQWV���7KH�SURWRFRO�IRU�FUHDWLQJ
SUREOHPV�LV�LOOXVWUDWHG�EHORZ�RQ�WKH�FU\SWRJUDP��´VHQG���PRUH� �PRQH\µ�

)LUVW��D�SUREOHP�LV�FUHDWHG�E\�LQVWDQWLDWLQJ�FODVV�BTSolver ���7KHQ�YDULDEOHV�DQG�FRQVWUDLQWV�DUH�VWDWHG���)LQDOO\�
WKH� SUREOHP� LV� LQLWLDOL]HG� E\� VHQGLQJ�PHVVDJH� ´pbm variablesToInstantiate: letters µ�� ZKLFK
VSHFLILHV�WKDW�VROYLQJ�WKLV�SUREOHP�DPRXQWV�DW�LQVWDQWLDWLQJ�DOO�WKH�HLJKW�OHWWHUV���7KH�print: �PHVVDJHV�VHQW�WR
WKH�SUREOHP�GHILQHV�KRZ�VROXWLRQV�ZLOO�EH�SULQWHG�
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sendMoreMoney
| letters s e n d m o r y send more money pbm |

"The problem is created by instantiating class BTSolver"
pbm := BTSolver new: ’send + more = money’.

"Constrained variables creation.  The domains of s and m are
restricted to 1..9 as required in problem statement"

(letters := OrderedCollection new: 8)
add: (s := V from: 1 to: 9); add: (e := V from: 0 to: 9);
add: (n := V from: 0 to: 9); add: (d := V from: 0 to: 9);
add: (m := V from: 1 to: 9); add: (o := V from: 0 to: 9);
add: (r := V from: 0 to: 9); add: (y := V from: 0 to: 9).

"Arithmetic expressions that are to be used to declare the
actual constraints"

send := (1000*s + (100*e) + (10*n) + d).
more := (1000*m + (100*o) + (10*r) + e).
money := (10000*m + (1000*o) + (100*n) + (10*e) + y).

"Constraints statement"
(send + more - money) @= 0.
BTAllDiffCt on: letters.

"Pattern used to display the eventual solution"
pbm print: s; print: e; print: n; print: d; print: ’+’;

print: m; print: o; print: r; print: e; print: ’=’;
print: m; print: o; print: n; print: e; print: y.

"The resulting problem"
^pbm variablesToInstantiate: letters

2QFH� FUHDWHG�� VXFK� D� SUREOHP� FDQ� EH� VHQW� VROYLQJ� PHVVDJHV� �H�J�� printFirstSolution �
printAllSolutions ��printNextSolution ��allSolutionsDo: aBlock ��DV�IROORZV�

pbm printFirstSolution
(send + more = money) 0.002sec ; 1 bt ; 2 choices
9567+1085=10652

pbm printAllSolutions
SOL 1: (send + more = money) 0.002sec ; 1 bt ; 2 choices
9567+1085=10652

No more solutions.
(send + more = money) 0.004sec ; 4 bt ; 3 choices

0HVVDJH�printFirstSolution ��UHVS��printAllSolutions ��WULJJHUV�WKH�FRPSXWDWLRQ�RI�WKH�ILUVW�VR�
OXWLRQ��UHVS��RI�DOO�VROXWLRQV����)RU�HDFK�VROXWLRQ��LQIRUPDWLRQ�UHODWHG�WR�WKH�UHVROXWLRQ�LV�SULQWHG��DV�ZHOO�DV�WKH
VROXWLRQ� LWVHOI�� � ,QIRUPDWLRQ�SULQWHG� LQFOXGHV� WKH�QDPH�� WKH� UHVROXWLRQ� WLPH�� WKH�QXPEHU�RI�EDFNWUDFNLQJ� �bt �
DQG�WKH�QXPEHU�RI��EUDQFKHV�GHYHORSHG��choices ��

����� 6ROYLQJ�$OJRULWKP

$V�ZH�ZURWH��D�ZHDOWK�RI�DOJRULWKPV�KDV�EHHQ�GHYHORSHG�IRU�VROYLQJ�FRQVWUDLQW�VDWLVIDFWLRQ�SUREOHPV���7KHLU�UH�
VSHFWLYH�HIILFLHQF\�LV�KLJKO\�GHSHQGHQW�RI�WKH�QDWXUH�RI�WKH�SUREOHP�WR�VROYH��VR�QRQH�RI�WKHP�FDQ�EH�FRQVLGHUHG
EHWWHU�WKDQ�WKH�RWKHU�RQHV���0RUH�JHQHUDOO\��DV�FODLPHG�LQ�>�@��´QR�FRQVWUDLQWV�VROYHU�WR�RXU�NQRZOHGJH�KROGV�DOO�WKH�WHFK�
QLTXHV�WKDW�ZH�KDYH�IRXQG�QHFHVVDU\�WR�VROYH�>SDUWLFXODU�SUREOHPV@µ���7KLV�VSHDNV�IRU�WKH�GHVLJQ�RI�D�JHQHUDO�DQG�H[WHQVLEOH
VROYLQJ�DOJRULWKP��ZKLFK�FDQ�EH�DXJPHQWHG��LI�QHFHVVDU\��ZLWK�VSHFLILF�PHFKDQLVPV�

$� VHFRQG� UHPDUN� LV� WKDW� HQXPHUDWLRQ� DOJRULWKPV� DUH� EDVHG� RQ� WKH� VDPH�EDVLF� LGHD�� FRPELQLQJ� D� SURSDJDWLRQ
PHFKDQLVP�ZLWK�D�PRUH�RU� OHVV� VRSKLVWLFDWHG�EDFNWUDFNLQJ� VWUDWHJ\�� �$V�DUJXHG� LQ�6HFWLRQ������ZH�SURSRVH� WR
XQLI\�DOO� WKHVH�DOJRULWKPV� LQWR�D� VLQJOH�FRQWURO� ORRS�� DQG�XVH� LQKHULWDQFH� WR�DGDSW� WKH�FRQWURO� ORRS� WR� VSHFLILF
FDVHV��XVLQJ�WKH�´6WUDWHJ\µ�>��@���7KLV�FRQWURO�ORRS�LPSOHPHQWV�WKH�IROORZLQJ�JHQHUDO�VFKHPH�

*HQHUDO�6ROYLQJ�$OJRULWKP��*6$�
��� &KRRVH�D�QRQ�LQVWDQWLDWHG�YDULDEOH�9�DQG�D�YDOXH�[�RI�'RP�9��
��� ,QVWDQWLDWH�9�ZLWK�[��DQG�VDYH�WKH�FXUUHQW�VWDWH�RI�WKH�SUREOHP�
��� )LOWHU�FRQVWUDLQWV�WR�UHGXFH�WKH�GRPDLQV�RI�WKH�UHPDLQLQJ�SUREOHP�YDULDEOHV�
��� ,I�WKHUH�LV�DQ�HPSW\�GRPDLQ�WKHQ�EDFNWUDFN�WR�D�SUHYLRXV�VWDWH�
��� ,I�LQVWDQWLDWLRQ�LV�FRPSOHWH�WKHQ

 ,I�D�VROXWLRQ�LV�IRXQG�WKHQ�VWRS�
 (OVH�EDFNWUDFN�WR�D�SUHYLRXV�VWDWH�

��� *RWR����
,Q�WKLV�DOJRULWKP��3RLQW����LV�JHQHUDOO\�XQGHUWDNHQ�E\�KHXULVWLFV���3RLQW����LV�WKH�FRUH�RI�WKH�DOJRULWKP���'HSHQG�
LQJ�RQ�WKH�DFWXDO�DOJRULWKP�FRQVLGHUHG��3RLQW����UDQJHV�IURP�´GRLQJ�QRWKLQJµ��DOJRULWKP�%($�GHVFULEHG�LQ�6HF�
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WLRQ������WR�´HQIRUFH�DUF�FRQVLVWHQF\�RQ�DOO�FRQVWUDLQWVµ���3RLQW����WULJJHUV�D�EDFNWUDFNLQJ�WR�D�SUHYLRXV�VWDWH�RI
WKH�SUREOHP�� �7KH� VWUDWHJ\�XVHG� IRU�FKRRVLQJ� WKLV� ´SUHYLRXV� VWDWHµ� LV� DQ� LPSRUWDQW� FKDUDFWHULVWLF�RI� WKH� DOJR�
ULWKP�

7KLV�JHQHUDO�DOJRULWKP�LV�LPSOHPHQWHG�LQ�FODVV�BTSolver ��DQG�UHSUHVHQWV�WKH�GHIDXOW�VROYLQJ�SURFHGXUH���7KH
PDLQ� MRE�RI� WKLV�GHIDXOW� FRQWURO� ORRS� LV� WR� LPSOHPHQW�DQ�HIILFLHQW� DQG� UREXVW� VDYH�UHVWRUH�PHFKDQLVP��ZKLFK
WDNHV�LQWR�DFFRXQW�WKH�PRGLILFDWLRQV�RI�GRPDLQV�SHUIRUPHG�E\�ILOWHULQJ�PHWKRGV���,W�DOVR�KDQGOHV�DUELWUDU\�PRGL�
ILFDWLRQV�RI�WKH�SUREOHP�GXULQJ�WKH�UHVROXWLRQ��VXFK�DV�G\QDPLF�FRQVWUDLQW�FUHDWLRQ�RU�VXSSUHVVLRQ�

7KH�DOJRULWKP�LV�GHVFULEHG�LQ�)LJXUH�����:H�XVH�KHUH�WKH�´7HPSODWH�0HWKRGµ�SDWWHUQ�>��@��WKH�DOJRULWKP�LV�GH�
FRPSRVHG�LQWR�VHYHUDO�PHWKRGV��HDFK�RI�WKHP�UHSUHVHQWLQJ�D�SDUW�RI�WKH�DOJRULWKP���,W�XVHV�PHWKRGV�forward
DQG�backward ��ZKLFK�DUH�UHGHILQHG�LQ�VXEFODVVHV�

firstSolution
“goes forward until a solution is found”
[self solutionFound] whileFalse: [self moveForward].
^self solution

moveForward
“goes forward until a failure occurs, which triggers a backtracking”
[self domainWipedOut] whileFalse: [self forward].
self backward

forward
“saves the state of the problem and chooses an instantiation to enforce”
self saveContext.
self makeAChoice

backward
“chooses a previously saved state of the problem and restores it
| context |
context := self choosePreviousAContext.
self restoreContext: context

makeAChoice
“chooses a variable to instantiate and a value for this variable. Then
performs the instantiation and triggers constraint propagation”
currentVar := self chooseAVar.
currentVal := currentVar nextValue.
self propagateInstantiationOf: currentVar

)LJXUH����7KH�EDVLF�FRQWURO�ORRS�IRU�HQXPHUDWLRQ�DOJRULWKPV���3DUWV�RI �WKLV�FRQWURO�ORRS�DUH�UHGHILQHG�LQ�FRQFUHWH�VXEFODVVHV��IROORZLQJ
WKH�´7HPSODWH�0HWKRGµ�SDWWHUQ

7KLV� VROYLQJ�PHFKDQLVP��ZKLFK� LV� FORVH� WR� UHDO� IXOO� ORRNDKHDG�PHWKRG�� LV� LPSOHPHQWHG� LQ� FODVV�BTSolver �
8VLQJ�WKH�´7HPSODWH�0HWKRGµ�DQG�´6WUDWHJ\µ�GHVLJQ�SDWWHUQV��RQH�FDQ�VXEFODVV�BTSolver �WR�LPSOHPHQW�RWKHU
DOJRULWKPV�E\�UHGHILQLQJ�VRPH�RI�WKH�ILYH�PHWKRGV�DERYH�

Default Algorithm

forward backward propagate

Forward checking

propagate

Backjumping

backward propagate

)LJXUH����$�JUDSKLFDO�UHSUHVHQWDWLRQ�RI�WKH�OLEUDU\�RI�DOJRULWKPV��ZKLFK�DUH�UHSUHVHQWHG�DV�FODVVHV��IROORZLQJ�WKH�6WUDWHJ\�SDWWHUQ�
7KUHH�FODVVHV�DUH�UHSUHVHQWHG�KHUH��IRUZDUG�FKHFNLQJ�DQG�EDFNMXPSLQJ�DUH�VXEFODVVHV�RI�WKH�GHIDXOW�DOJRULWKP�FODVV�WKDW�LPSOHPHQWV
WKUHH�NH\�PHWKRGV��IROORZLQJ�WKH�7HPSODWH�0HWKRG�SDWWHUQ���6XEFODVVHV�UHGHILQH�VRPH�RI�WKHVH�PHWKRGV��DQG�LQKHULWV�WKH�RWKHUV�
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��� &RQVWUDLQW�3URSDJDWLRQ
7KLV�VHFWLRQ�DLPV�DW�SUHVHQWLQJ�WKH�PHFKDQLVP�LPSOHPHQWHG�IRU�FRQVWUDLQW�ILOWHULQJ�LQ�%$&.7$/.��DV�GHILQHG�LQ
6HFWLRQ�������:H�H[DPLQH�KHUH�KRZ�ZH�LPSOHPHQW�FRQVWUDLQW�ILOWHULQJ�LQ�WKH�%$&.7$/.�IUDPHZRUN���7KH�PDLQ
LGHD�LV�WR�LPSOHPHQW�ILOWHULQJ�DV�D�VHW�RI�VSHFLDO�PHWKRGV��FDOOHG�GHPRQV��WKDW�ZLOO�EH�WULJJHUHG�DXWRPDWLFDOO\�E\
WKH�VROYLQJ�DOJRULWKPV��DW�WKH�ULJKW�WLPH���7KLV�GHPRQ�PHFKDQLVP�DOORZV�WR�VSHFLI\�ILOWHULQJ�PHWKRGV�LQ�D�PRGX�
ODU� DQG� HIILFLHQW� ZD\�� �:H� VKRZ� LQ� WKH� QH[W� VHFWLRQ� WKDW� WKLV� PHFKDQLVP� FDQ� DOVR� VXSSRUW� WKH� GHILQLWLRQ� RI
KLJKHU�OHYHO�JOREDO�FRQVWUDLQWV�

����� 7KH�'HPRQ�0HFKDQLVP��)LOWHULQJ�$FFRUGLQJ�WR�(YHQWV

7KH�PDLQ�LGHD�LV�WR�GHFRPSRVH�WKH�ILOWHULQJ�SURFHGXUH�IRU�D�JLYHQ�FRQVWUDLQW�LQWR�D�VHW�RI�LQGHSHQGHQW�PHWKRGV
WKDW� WDNH� LQ�FKDUJH�RQO\�D�SDUW�RI� WKH� ILOWHULQJ�SURFHGXUH�� �7KLV� DOORZV� WR�GHILQH� D�PRUH� HIILFLHQW�SURSDJDWLRQ
PHFKDQLVP�DQG�WR�GHILQH�WKH�ILOWHULQJ�PHWKRGV�PRUH�HDVLO\�E\�GHFRPSRVLQJ�LW�LQWR�VHYHUDO�HOHPHQWDU\�PHWKRGV�
7KH�NH\�LGHD�LV�WKDW�WKH�GRPDLQ�RI�D�YDULDEOH�FDQ�XQGHUJR����WKH�VXSSUHVVLRQ�RI�RQH�RI�LWV�HOHPHQWV�����WKH�VXS�
SUHVVLRQ�RI�VHYHUDO�H�OHPHQWV�����DQG����WKH�PRGLILFDWLRQ�RI�LWV�ORZHU�RU�XSSHU�ERXQG�DQG����LWV�UHGXFWLRQ�WR�D
VLQJOHWRQ��L�H��LQVWDQWLDWLRQ����:H�SURSRVH�WR�LPSOHPHQW�WKH�ILOWHULQJ�SURFHGXUH�RI�D�FRQVWUDLQW�ZLWK�DW�PRVW�ILYH
PHWKRGV��RQH�IRU�HDFK�HYHQW���1RWH�WKDW�D�FRQVWUDLQW�GRHV�QHFHVVDULO\�UHVSRQG�WR�DOO�WKH�ILYH�HYHQWV�

7HFKQLFDOO\��ZKHQ�D�FRQVWUDLQW�&� LV�FUHDWHG��WKH�VROYHU�GHFODUHV�D�VHW�RI�GHPRQV�DVVRFLDWHG�WR�HDFK�YDULDEOH� LQ�
YROYHG�LQ�&�� �(DFK�GHPRQ�FRUUHVSRQGV�WR�D�VSHFLILF�GRPDLQ�UHGXFWLRQ�HYHQW��YDOXH��PLQ��PD[��UHPRYH�RU�GR�
PDLQ�FKDQJHV����:KHQ�D�YDULDEOH�XQGHUJRHV�D�GPRDLQ�UHGXFWLRQ��WKH�FRUUHVSRQGLQJ�GHPRQ�ZLOO�WULJJHU�WKH�H[H�
FXWLRQ�RI�WKH�FRUUHVSRQGLQJ�ILOWHULQJ�PHWKRG�LPSOHPHQWHG�LQ�WKH�FODVV�RI�&�

)RU� LQVWDQFH��FRQVWUDLQW�´; !< µ �KDV�WR�EH�ILOWHUHG�ZKHQ�WKH�XSSHU��UHVS�� ORZHU��ERXQG�RI�;� �UHVS��<�� LV�GH�
FUHDVHG��UHVS��LQFUHDVHG����7KHUHIRUH��ZKHQ�VXFK�D�FRQVWUDLQW�LV�FUHDWHG��WKH�IROORZLQJ�PHWKRGV�GHFODUHV�WKH�WZR
FRUUHVSRQGLQJ�GHPRQV�

postDemons
“Defines the demons constraint ‘self’ has to respond to.  In this case,
self is filtered when the maximum bound of x is changes (i.e. decreased)
and when the minimum bound of y increases”

x addMaxDemonOn: self.
y addMinDemonOn: self

WKH�FRUUHVSRQGLQJ�ILOWHULQJ�PHWKRGV�IROORZ�

max: v
"Here v is necessarily x since no maxDemon is defined for y."
y max: v max; remove: v max

min: v
"Here v is necessarily y because no minDemon is defined for x"
x min: v min; remove: v min

$V�VDLG�LQ�6HFWLRQ������WR�HQVXUH�WKH�FRUUHFWQHVV�RI�WKH�VROYHU��FRQVWUDLQW�ILOWHULQJ�KDV�DW�OHDVW�WR�WHVW�WKDW�D�FRQ�
VWUDLQW� LV� VDWLVILHG� RQFH� DOO� LWV� YDULDEOHV� DUH� LQVWDQWLDWHG�� � 7KLV� LV� GRQH� LQ� %$&.7$/.� E\� D� PHWKRG� FDOOHG
minimalFiltering ��ZKLFK�LV�DXWRPDWLFDOO\�H[HFXWHG�ZKHQ�D�YDULDEOH� LV� LQVWDQWLDWHG�WR�FKHFN�WKDW�QR�FRQ�
VWUDLQW�LV�YLRODWHG��RWKHUZLVH��D�IDLOXUH�LV�UDLVHG�WKDW�SURYRNHV�D�EDFNWUDFNLQJ�

����� +LJK�/HYHO�&RQVWUDLQW�'HILQLWLRQ

7KH�GHPRQ�PHFKDQLVP�GHVFULEHG�DERYH�FDQ�VXSSRUW�WKH�GHILQLWLRQ�RI�KLJK�OHYHO�FRQVWUDLQWV�� �7KLV� LV�D� W\SLFDO
XVH�RI�%$&.7$/.�DV�D�EODFN�ER[�IUDPHZRUN��IROORZLQJ�WKH�WHUPLQRORJ\�RI�>��@��WKDW�LV�E\�FRPSRVLWLRQ�RI�H[LVW�
LQJ�FRPSRQHQWV��LQVWHDG�RI�LQKHULWDQFH�
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Constraints Variables

Algorithms

Deamons

1 .. .n

1...n

1…
51...n

)LJXUH����$�GLDJUDP�RI�WKH�GHPRQ�PHFKDQLVP���7KH�DOJRULWKP�SHUIRUPV�UHGXFWLRQ�PHVVDJHV�WR�LWV�YDULDEOHV���7KH�YDULDEOHV�SURSD�
JDWH�WKHVH�UHGXFWLRQV�DV�HYHQWV�WR�LWV�GHPRQV��D�YDULDEOHV�FDQ�KDYH�EHWZHHQ���DQG���GHPRQV��FRUUHVSRQGLQJ�WR�LWV�LQVWDQWLDWLRQ��WKH
PRGLILFDWLRQ�RI�LWV�ERXQGV��WKH�VXSSUHVVLRQ�RI�D�YDOXH�DQG�DQ�DUELWUDU\�PRGLILFDWLRQ�RI�LWV�GRPDLQ���7KHQ��WKH�GHPRQV�IRUZDUG�WKH
HYHQWV�WR�FRQVWUDLQW�DVVRFLDWHG�ZLWK�LW���'HSHQGLQJ�RQ�WKH�HYHQW�LW�UHFHLYHV��WKH�FRQVWUDLQW�ZLOO�WULJJHU�WKH�H[HFXWLRQ�RI�RQH�RI�LWV�ILO�

WHULQJ�PHWKRGV��ZKLFK�FDXVHV�QHZ�PRGLILFDWLRQV�WR�WKH�GRPDLQV�RI�LWV�YDULDEOHV�

������� 8VLQJ�'\QDPLF�&RQVWUDLQW�0DQDJHPHQW�WR�&RQWURO�WKH�5HVROXWLRQ

%$&.7$/.�ZDV�GHVLJQHG�LQ�VXFK�D�ZD\�WKDW�FRQVWUDLQWV�FDQ�EH�G\QDPLFDOO\�FUHDWHG�RU�UHPRYHG�GXULQJ�WKH�UHVR�
OXWLRQ�RI�D�SUREOHP���:KHQ�D�FRQVWUDLQW�LV�UHPRYHG�GXULQJ�WKH�UHVROXWLRQ��LW�LV�UHVWRUHG�ZKHQ�WKH�V\VWHP�EDFN�
WUDFNV���7KDQNV�WR�WKLV�VDYH�UHVWRUH�PHFKDQLVP��G\QDPLFDOO\�FUHDWHG�FRQVWUDLQWV�FDQ�EH�XVHG�WR�GHILQH�KLJK�OHYHO
FRQVWUDLQWV�ZLWKRXW�LPSOHPHQWLQJ�QHZ�FODVVHV�

&RQVLGHU� D�FRQVWUDLQW� H[SUHVVLQJ� WKDW�GHSHQGLQJ�RQ� VRPH�FRQGLWLRQ�� D� FRQVWUDLQW�KDV� WR�EH� VDWLVILHG�� �)RU� LQ�
VWDQFH��LI�YDULDEOH�x=1 �WKHQ�YDULDEOHV�y �DQG�z �VKRXOG�EH�HTXDOV��RWKHUZLVH�WKH\�VKRXOG�EH�GLIIHUHQW���7R�LPSOH�
PHQW�VXFK�D�FRQVWUDLQW�FODVV�RQH�QHHG�WR�ZULWH�ILOWHULQJ�PHWKRGV�DV�VKRZQ�LQ�WKH�SUHYLRXV�VHFWLRQ��ZKLFK�FDQ�EH
GLVFRXUDJLQJ�� � ,QVWHDG�� %$&.7$/.� DOORZV� WR� ´FRPSRVHµ� WKH� H[LVWLQJ� ILOWHULQJ�PHWKRGV� IRU� HDFK� RI� WKH� FRQ�
VWUDLQWV�DSSHDULQJ�LQ�WKH�FRQGLWLRQDO�VWDWHPHQW�DXWRPDWLFDOO\�

&RQGLWLRQDO�FRQVWUDLQWV�DUH� LQVWDQFHV�RI�FODVV�BTIfThenElseCt ��ZKLFK�FRPSRVHV�H[LVWLQJ�FRQVWUDLQWV�� �$Q
LQVWDQFH�RI�BTIfThenElseCt �KROGV� WKUHH�EORFNV� UHSUHVHQWLQJ� WKH�FRPSRQHQWV�RI� D� FRQGLWLRQDO� VWDWHPHQW�
ifBlock ��thenBlock �DQG�elseBlock ���)RU�H[DPSOH�

x := V from: 1 to: 2. y := V from: 1 to: 2. z := V from: 1 to: 2.
BTIfThenElseCt on: x

if: [x value = 1]
then: [y @= z] else: [BTAllDiffCt on: y and: z].

SOL 1: x = 1; y = 1; z = 1
SOL 2: x = 1; y = 2; z = 2
SOL 3: x = 2; y = 1; z = 2
SOL 4: x = 2; y = 2; z = 1

:H�JLYH�EHORZ�WKH�ILOWHULQJ�PHWKRG�value ��IRU�FRQGLWLRQDO�FRQVWUDLQW���7KH�HYDOXDWLRQ�RI�WKH�ifBlock 
V�\LHOGV
HLWKHU�WUXH��IDOVH�RU�QLO��DQG�WULJJHUV�WKH�HYDOXDWLRQ�RI�thenBlock ��WKH�elseBlock �RU�QRWKLQJ�

value: aVar
ifBlock value == nil ifTrue: [^self].“nothing to do”
self remove. “restored after backtrackings”
Condition ifTrue: [thenBlock value]

ifFalse: [elseBlock value]

������� 'LVMXQFWLYH�&RQVWUDLQWV

$�VLPLODU�H[DPSOH�RI�XVLQJ�%$&.7$/.� DV� D�EODFN�ER[� IUDPHZRUN� LV�JLYHQ�E\� WKH�GHILQLWLRQ�RI�GLVMXQFWLYH� FRQ�
VWUDLQWV���'LVMXQFWLYH�FRQVWUDLQWV�DUH�RIWHQ�QHHGHG��IRU�LQVWDQFH�LQ�VFKHGXOLQJ�SUREOHPV��WR�VSHFLI\�WKDW�D�UHVRXUFH
PXVW�EH�XVHG�E\�DW�PRVW�RQH�SURFHVV�DW�D�WLPH���%$&.7$/.�SURYLGHV�D�JHQHUDO�PHFKDQLVP�IRU�FUHDWLQJ�GLVMXQF�
WLYH�FRQVWUDLQWV�IURP�H[LVWLQJ�RQHV��ZKLFK�XVHV�D�FODVV�FDOOHG�BTDisjunctiveCt �

 “The constraint states that tasks t1 and t2 are not simultaneous”
BTDisjunctiveCt either: [t1 precedes: t2] or: [t2 precedes t1]

��� 7KH�5HVXOWLQJ�)UDPHZRUN

7R�VXPPDUL]H��WKH�%$&.7$/.�IUDPHZRUN�LV�HVVHQWLDOO\�PDGH�XS�RI�IRXU�GLVWLQFW�FODVV�KLHUDUFKLHV��ZKLFK�HQWHU�
WDLQ�FRPSOH[�UHODWLRQVKLSV���$V�IDU�DV�WKH�XVHU�LV�FRQFHUQHG��GHILQLQJ�D�FRQVWUDLQW�SUREOHP�DPRXQWV�WR�WKH�GHIL�
QLWLRQ�RI�D�VPDOO�QXPEHU�RI�VXEFODVVHV��DQG��IRU�HDFK�RI�WKHP��D�OLPLWHG�QXPEHU�RI�PHWKRGV���7KH�GLIILFXOW�SDUWV
RI�FRQVWUDLQW�VDWLVIDFWLRQ�SURFHVVHV�DUH�UHXVHG��PDLQO\�E\�LQKHULWDQFH���,Q�WKLV�UHVSHFW��%$&.7$/.�LV�D�ZKLWH�ER[
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IUDPHZRUN�>��@���7KH�RQO\�FRPSRVLWLRQ�PHFKDQLVP�RIIHUHG�E\�%$&.7$/.�LV�WKH�DELOLW\�RI�GHILQLQJ�KLJKHU�OHYHO
FRQVWUDLQWV�E\�FRPSRVLWLRQ��DV�VHHQ�LQ�WKH�SUHYLRXV�VHFWLRQ�

(IILFLHQF\�LV�DQ�LPSRUWDQW�LVVXH��DQG�WKH�GHVLJQ�RI�%$&.7$/.�ZDV�VWURQJO\�LQIOXHQFHG�E\�HIILFLHQF\�REMHFWLYHV�
)LJXUH���VKRZV�WKH�SHUIRUPDQFH�RI�%$&.7$/.�RQ�VHYHUDO�ZHOO�NQRZQ�FRPELQDWRULDO�SUREOHPV��DQG�FRPSDUHV�LW
ZLWK�WKH�,/2*62/9(5�V\VWHP�

7KH�GLIIHUHQFH�EHWZHHQ�WKH�SHUIRUPDQFH�RI�%$&.7$/.�DQG�,/2*62/9(5��UHQRZQHG�IRU�LWV�HIILFLHQF\��LV�FRQ�
VWDQW��%$&.7$/.�LV����WLPHV�VORZHU����7KLV�PHDQV�WKDW�WKH�FRPSOH[LWLHV�RI�DUH�WKH�VDPH���7KLV�GLIIHUHQFH�RI�HIIL�
FLHQF\�LV�GXH�WR�WKH�KRVW�ODQJXDJH��6PDOOWDON��ZKLFK�LV�NQRZQ�WR�EH�VORZHU�WKDQ�&�����2Q�SUREOHPV�LQYROYLQJ
REMHFWV��WKH���ODVW�OLQHV�RI�WKH�WDEOH���%$&.7$/.�LV�PRUH�HIILFLHQW���7KLV�LV�GXH�WKH�ZD\�LV�FDQ�EH�XVHG�WR�VWDWH
DQG�VROYH�VXFK�SUREOHPV�>��@�

3UREOHP�,QVWDQFH %$&.7$/. ,/2*62/9(5
VHQG���PRUH� �PRQH\ ����� ����
GRQDOG���JHUDOG� �UREHUW ����� ���

��TXHHQV ����� ����
���TXHHQV ����� ���
����TXHHQV ����� ���

PDJLF�VTXDUH��[� ����� ����
PDJLF�VTXDUH��[� ����� ���
PDJLF�VTXDUH��[� ������� ����

$XWRPDWLF�+DUPRQL]DWLRQ %$&.7$/. ,/2*62/9(5
KDUPRQ\�����QRWH�PHORG\ ��VHF� ����VHF�
+DUPRQ\�����QRWH�PHORG\ ����VHF� ����VHF�

)LJXUH�����5HVROXWLRQ�WLPHV�RI �%$&.7$/.�RQ�ZHOO�NQRZQ�QXPHULF�SUREOHPV��FRPSDUHG�WR�,/2*62/9(5��RQH�RI �WKH�PRVW�HIIL�
FLHQW�FRPPHUFLDO�VROYHUV��ZULWWHQ�LQ�&�����7KH�DXWRPDWLF�KDUPRQL]DWLRQ�SUREOHP�LV�GHVFULEHG�DQG�WKH�UHVXOWV�SUHVHQWHG�KHUH�DUH

H[SODLQHG�LQ�6HFWLRQ�����

:H�ZLOO�QRZ�H[DPLQH�WKH�RWKHU�VLGH�RI�%$&.7$/.��ZKDW�DUH�WKH�EHQHILWV�JDLQHG�E\�FRPELQLQJ�REMHFWV�DQG�FRQ�
VWUDLQWV�IRU�GHILQLQJ�DQG�VROYLQJ�FRQVWUDLQW�VDWLVIDFWLRQ�SUREOHPV"

�� %$&.7$/.��2EMHFWV�IRU�6WDWLQJ�&RQVWUDLQW�3UREOHPV

,Q�WKH�SUHYLRXV�VHFWLRQ��ZH�FRQVLGHUHG�REMHFW�RULHQWDWLRQ�DV�D�PHDQV�RI�GHVLJQLQJ�DQG�LPSOHPHQWLQJ�D�FRQVWUDLQW
VDWLVIDFWLRQ�VROYHU���,Q�WKLV�VHFWLRQ��ZH�DGGUHVV�WKH�RSSRVLWH�LVVXH��WKDW�LV��KRZ�FDQ�RXU�IUDPHZRUN�EH�XVHG�IRU
VWDWLQJ�DQG�VROYLQJ�REMHFW�RULHQWHG�FRQVWUDLQW�VDWLVIDFWLRQ�SUREOHPV"��:H�VKRZ�WKDW�WKHUH�DUH�WZR�UDGLFDOO\�GLI�
IHUHQW�ZD\V�WR�FRQVWUDLQ�REMHFWV���:H�DOVR�H[DPLQH�KRZ�WR�PL[��DV�PXFK�DV�SRVVLEOH��WKH�QDWXUDO�PHFKDQLVPV�RI
REMHFW�RULHQWHG�SURJUDPPLQJ�ZLWK�FRQVWUDLQWV�

��� &RQVWUDLQLQJ�2EMHFWV��7ZR�$SSURDFKHV

$V�DOUHDG\�ZULWWHQ��FRQVWUDLQW�VDWLVIDFWLRQ�LV�EDVHG�RQ�WKH�QRWLRQ�RI�FRQVWUDLQHG�YDULDEOH��ZKLFK�UHSUHVHQWV�XQ�
NQRZQ�YDOXHV�WR�EH�FRPSXWHG�E\�WKH�VROYHU���,Q�WKH�SUHYLRXV�VHFWLRQV��WKHVH�YDOXHV�ZHUH�LPSOLFLWO\�FRQVLGHUHG�DV
DWRPLF� �L�H��QXPHULFDO��YDOXHV�� �:KHQ�VROYLQJ�SUREOHPV��ZKRVH�XQNQRZQ�YDOXHV�DUH�FRPSOH[� VWUXFWXUHV�� LW�EH�
FRPHV�QHFHVVDU\�WR�UHSUHVHQW�WKH�FRQFHSW�RI�XQNQRZQ�REMHFWV���7KH�SXUSRVH�RI�WKLV�VHFWLRQ�LV�WKHUHIRUH�WR�DQVZHU
WKH�IROORZLQJ�TXHVWLRQ��´:KDW�KDSSHQV�ZKHQ�XQNQRZQ�YDOXHV�EHFRPH�REMHFWV"µ

7ZR�GLIIHUHQW�DSSURDFKHV�FDQ�EH�XVHG�WR�DGGUHVV�WKLV�LVVXH��ZKHWKHU�FRQVWUDLQWV�DUH�SXW�LQVLGH�REMHFWV�RU�RXWVLGH
REMHFWV�� �7KH�FKRLFH�RI�RQH�RI� WKHVH�DSSURDFKHV� LV�RI�XWPRVW� LPSRUWDQFH�DV� IRU� UHXVDELOLW\�� HDVLQHVV� DQG�HIIL�
FLHQF\�DV�ZHOO���7KH�IROORZLQJ�VHFWLRQV�LQWURGXFH�WKHVH�WZR�DSSURDFKHV�

����� &RQVWUDLQWV�ZLWKLQ�2EMHFWV��&RQVWUDLQLQJ�3DUWLDOO\�,QVWDQWLDWHG�2EMHFWV

$�QDWXUDO�ZD\�WR�FRQVWUDLQ�REMHFWV�LV�WR�FRQVLGHU�DWWULEXWHV�DV�FRQVWUDLQHG�YDULDEOHV��WKXV�OHDGLQJ�WR�WKH�QRWLRQ�RI
SDUWLDOO\�LQVWDQWLDWHG�REMHFWV���$�SDUWLDOO\�LQVWDQWLDWHG�REMHFW�LV�DQ�REMHFW�ZKRVH�DWWULEXWHV�DUH�FRQVWUDLQHG�YDULDEOHV�LQ�
VWHDG�RI�EHLQJ�IXOO\�IOHGJHG�REMHFWV���7KLV�DSSURDFK��FDOOHG�DWWULEXWH�EDVHG��FRUUHVSRQGV�WR�WKH�IROORZLQJ�LGHD��FRQVWUDLQ�
LQJ�DQ�REMHFW�DPRXQWV�DW�H[SUHVVLQJ�D�SURSHUW\�KROGLQJ�RQ�LWV�DWWULEXWHV�

)LJXUH����LOOXVWUDWHV�WKH�DWWULEXWH�EDVHG�DSSURDFK���&LUFOHG�TXHVWLRQ�PDUNV�UHSUHVHQW�FRQVWUDLQHG�YDULDEOHV��ZKLFK
DUH�LQGHHG�WKH�LQVWDQFH�YDULDEOHV�RI�WKH�REMHFWV��DQG�VTXDUH�ER[HV�UHSUHVHQW�SDUWLDOO\�LQVWDQWLDWHG�REMHFWV���6LPSOH
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DUURZV�DUH�LQWHUQDO�FRQVWUDLQWV��DOVR�FDOOHG�VWUXFWXUDO�FRQVWUDLQWV��ZKLFK�H[SUHVV�SURSHUWLHV�RI�WKH�REMHFWV�� �7KH
GRXEOH�DUURZ�UHSUHVHQWV�DQ�H[WHUQDO�FRQVWUDLQW�

?

?

? ? ?

??

Object 1 Object 2

Intra-object constraint

Inter-object constraint

)LJXUH�����*UDSKLFDO�LOOXVWUDWLRQ�RI �WKH�DWWULEXWH�EDVHG�DSSURDFK�IRU�FRQVWUDLQLQJ�REMHFWV���,QVWDQFH�YDULDEOHV�DUH�FRQVLGHUHG�DV�FRQ�
VWUDLQHG�YDULDEOHV���&RQVWUDLQWV�DUH�WKHUHIRUH�´LQVLGHµ�REMHFWV�

����� &RQVWUDLQWV�RXWVLGH�2EMHFWV��&RQVWUDLQLQJ�)XOO\�)OHGJHG�2EMHFWV

7KH�RUWKRJRQDO�DSSURDFK�FRQVLVWV�LQ�SXWWLQJ�WKH�FRQVWUDLQWV�RXWVLGH�REMHFWV�WKDW�QHHG�WR�EH�FRQVWUDLQHG���7KLV
DSSURDFK��KHQFHIRUZDUG�FDOOHG�FODVV�EDVHG��DLPV�DW�KDQGOLQJ�IXOO\�IOHGJHG�LQVWHDG�RI�SDUWLDOO\�LQVWDQWLDWHG�REMHFWV���7KH
LGHD�LV�WR�XVH�FODVVHV�DV�QDWXUDO�GRPDLQV�IRU�FRQVWUDLQHG�YDULDEOHV�E\�SXWWLQJ�REMHFWV�LQ�WKH�GRPDLQV���)LJXUH����LO�
OXVWUDWHV� WKH�FODVV�EDVHG�DSSURDFK�� �4XHVWLRQ�PDUNV� UHSUHVHQW� WKH�YDULDEOHV�� DQG�ER[HV� UHSUHVHQW� IXOO\�IOHGJHG
REMHFWV���,Q�WKLV�FDVH��REMHFWV�DUH�LQ�WKH�GRPDLQV�RI�WKH�FRQVWUDLQHG�YDULDEOHV�

object 4

object 15

object 2

object 1

...

object 3

object 10

object 2

object 1

...
object 3

)LJXUH�����*UDSKLFDO�LOOXVWUDWLRQ�RI �WKH�FODVV�EDVHG�DSSURDFK�IRU�FRQVWUDLQLQJ�REMHFWV���2EMHFWV�DUH�LQ�WKH�GRPDLQV�RI �FRQVWUDLQHG�YDUL�
DEOHV���&RQVWUDLQWV�DUH�WKHUHIRUH�´RXWVLGHµ�REMHFWV�

����� ,OOXVWUDWLQJ�WKH�7ZR�$SSURDFKHV

*LYHQ�D�VHW�RI�UHFWDQJOHV�ZLWK�WKHLU�VLGHV�SDUDOOHO�WR�WKH�D[LV��FRQVLGHU�WKH�SUREOHP�RI�ILQGLQJ�WZR�VTXDUHV�WKDW�GR
QRW�RYHUODS�HDFK�RWKHU���:H�DVVXPH�WKDW�D�UHFWDQJOH�LV�GHWHUPLQHG�E\�WKH�FRRUGLQDWHV�RI�LWV�XSSHU�OHIW�DQG�ORZHU�
ULJKW�YHUWLFHV��L�H��left ��right ��top �DQG�bottom ����/HW�XV�H[SUHVV�WKLV�SUREOHP�XVLQJ�ERWK�DWWULEXWH�EDVHG
DQG�FODVV�EDVHG�DSSURDFKHV�

8VLQJ�DWWULEXWH�EDVHG�DSSURDFK��RQH�ZRXOG�GHILQH�SDUWLDOO\�LQVWDQWLDWHG�UHFWDQJOHV��VD\�R1�DQG�R2��ZKRVH�DWWULE�
XWHV� DUH� WKH� FRQVWUDLQHG� YDULDEOHV� RI� WKH� SUREOHP�� � ,Q� WKLV� FDVH�� WKH� FRQVWUDLQW� ´EHLQJ� VTXDUHµ� DQG� WKH� QRQ�
RYHUODSSLQJ� FRQVWUDLQW� ZRXOG� EH� GHILQHG� DV� DULWKPHWLFDO� UHODWLRQV� EHWZHHQ� WKHVH� FRQVWUDLQHG� DWWULEXWHV�� � 7KH
SUREOHP�VWDWHPHQW�ZRXOG�ORRN�DV�IROORZV�
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“R1 is a square”
(R1 top) - (R1 bottom) = (R1 right) - (R1 left)

“R2 is a square”
(R2 top) - (R2 bottom) = (R2 right) - (R2 left)

“R1 and R2 do not overlap”
(R1 right < R2 left)
OR (R1 top > R2 bottom)
OR (R1 left > R2 right)
OR (R1 top < R2 bottom)

'HILQLQJ�WKLV�SUREOHP�IROORZLQJ�WKH�FODVV�EDVHG�DSSURDFK�ZRXOG�OHDG�WR�VWDWH�YDULDEOHV�R1�DQG�R2��ZKRVH�GR�
PDLQV�FRQWDLQ�IXOO\�IOHGJHG�UHFWDQJOHV��DQG�WR�GHILQH�FRQVWUDLQWV�GLUHFWO\�EHWZHHQ�WKHVH�YDULDEOHV���7KH�IROORZLQJ
SUREOHP�VWDWHPHQW�LOOXVWUDWHV�WKLV�SRLQW�

“R1 is a square”
R1 isASquare

“R2 is a square”
R2 isASquare

“R1 and R2 do not overlap”
R1 doNotOverlap: R2

:KHUH�LW� LV�WR�EH�XQGHUVWRRG�WKDW� isASquare ��UHVS��doNotOverlap: ��PHVVDJHV�VWDWH�FRQVWUDLQWV�KROGLQJ
RQ�WKH�R1��UHVS��R1�DQG�R2��FRQVWUDLQHG�YDULDEOH�V��

����� &RPSDULVRQ�RI�WKH�7ZR�$SSURDFKHV

,QWXLWLYHO\�� WKH�DWWULEXWH�EDVHG�DSSURDFK�DQVZHUV� WKH�TXHVWLRQ��´:KDW�KDSSHQV�ZKHQ�XQNQRZQ�YDOXHV�EHFRPH
SDUWLDOO\� LQVWDQWLDWHG� REMHFWV"µ� ZKLOH� WKH� FODVV�EDVHG� DSSURDFK� DQVZHUV� WKH� TXHVWLRQ�� ´:KDW� KDSSHQV� ZKHQ� XQ�
NQRZQ�YDOXHV�EHFRPH� IXOO\�IOHGJHG�REMHFWV"µ���7KH�WZR�SUREOHP�VWDWHPHQWV�DERYH�LOOXVWUDWH�WKH�IXQGDPHQWDO�GLI�
IHUHQFHV�EHWZHHQ�WKHP��ZKLFK�DUH�FRQFHUQHG�ZLWK�SUHGHILQHG�FODVV�UHXVH��FRQVWUDLQW�GHILQLWLRQ��SUREOHP�VWUXF�
WXUH�DQG�HIILFLHQF\�DV�ZHOO�

$V�IRU�FODVV�UHXVH��ZKHQ�XVLQJ�WKH�DWWULEXWH�EDVHG�GHILQLWLRQ��RQH�KDV�WR�GHDO�ZLWK�SDUWLDOO\�LQVWDQWLDWHG�UHFWDQJOHV
WKDW�FDQQRW�EH�LQVWDQFHV�RI�SUHGHILQHG�6PDOOWDON�FODVVHV���,Q�RWKHU�ZRUGV��WKH�DWWULEXWH�EDVHG�IRUFHV�WR�GHILQH�DG
KRF�FODVVHV���&RQYHUVHO\��WKH�FODVV�EDVHG�DSSURDFK�DOORZV�SUHGHILQHG�FODVVHV�WR�EH�UHXVHG�DV�LV���7KH�LGHD�LV�WKDW
WKH�FODVV�EDVHG�DSSURDFK�GRHV�QRW�GHSHQG�RQ�FODVV� LPSOHPHQWDWLRQ��HQFDSVXODWLRQ�LV�QRW� MHRSDUGL]HG�E\�FODVV�
EDVHG�VWDWHPHQWV�ZKLOH�LW�LV�E\�DWWULEXWH�EDVHG��

$V�IRU�FRQVWUDLQW�GHILQLWLRQ�� LQ�WKH�DWWULEXWH�EDVHG�FDVH��DULWKPHWLFDO�FRQVWUDLQWV�DUH�XVHG�WR�VWDWH� WKH�SUREOHP�
&RQYHUVHO\�� WKH� FODVV�EDVHG�GHILQLWLRQ�XVHV� FRQVWUDLQWV�GLUHFWO\�KROGLQJ�RQ� WKH� UHFWDQJOH� FRQVWUDLQHG� YDULDEOHV�
7KH�TXHVWLRQ�WKDW�DULVHV�KHUH�LV�KRZ�WR�GHILQH�WKHVH�´FODVV�EDVHGµ�FRQVWUDLQWV"��:H�ZLOO�DGGUHVV�WKLV�LVVXH�LQ�6HF�
WLRQ�����

7KH�VWUXFWXUHV�RI�WKH�WZR�SUREOHPV�DUH�UDGLFDOO\�GLIIHUHQW�ERWK�LQ�WHUPV�RI�YDULDEOHV�DQG�FRQVWUDLQWV���7KH�DWWULE�
XWH�EDVHG�SUREOHP�LV�D�QXPHULFDO�&63��ZKRVH�REMHFWV�DUH�PHUH�FROOHFWLRQV�RI�YDULDEOHV�ZKLOH�IXOO\�IOHGJHG�REMHFW
VWUXFWXUHV�DUH�XVHG�LQ�WKH�FODVV�EDVHG�SUREOHP�DV�YDOXHV�IRU�YDULDEOHV���7KLV�OHDGV�WR�GUDPDWLF�HIILFLHQF\�GLIIHU�
HQFHV��VHH�6HFWLRQ�����DQG�>��@��

��� 'HILQLQJ�&ODVV�%DVHG�&RQVWUDLQWV

5HFDOO�WKDW�WKH�FHQWUDO�TXHVWLRQ�KHUH�LV�´:KDW�KDSSHQV�ZKHQ�XQNQRZQ�YDOXHV�EHFRPH�IXOO\�IOHGJHG�REMHFWV"µ��,Q�WKH�SUHYL�
RXV� VHFWLRQ�ZH�ZURWH� WKDW� XVLQJ� WKH� FODVV�EDVHG� DSSURDFK� IRU� VWDWLQJ�SUREOHPV� LQYROYLQJ� REMHFWV� OHDGV� WR� WKH
VWDWHPHQW�RI�FRQVWUDLQWV�KROGLQJ�GLUHFWO\�RQ�REMHFW�YDULDEOHV� �L�H��FRQVWUDLQHG�YDULDEOHV�ZKRVH�GRPDLQ�FRQWDLQV
IXOO\�IOHGJHG�REMHFWV��

1XPHULFDO�SUREOHPV�LQYROYH�FRQVWUDLQWV�WKDW�DUH�JHQHUDOO\�FRPELQDWLRQV�RI�EDVLF�RSHUDWRUV��H�J������������� ��≠�
!�����≤��≥��;<����2I�FRXUVH��RWKHU�FRQVWUDLQWV�KDYH�WR�EH�FRQVLGHUHG�IRU�VSHFLILF�SUREOHPV��VXFK�DV�JUDSK�WKHRU\
FRQVWUDLQWV��H�J��F\FOH�FRQVWUDLQW� LQ�&+,3��RU�VHW�WKHRU\�FRQVWUDLQWV��H�J��FDUGLQDOLW\�DQG�GLVWULEXWLRQ�FRQVWUDLQWV
>��@����+RZHYHU��WKHVH�FRQVWUDLQWV�KDYH�JHQHUDOO\�D�ZHOO�NQRZQ�VHPDQWLFV�DQG�DUH�LQ�OLPLWHG�QXPEHU�
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2Q�WKH�FRQWUDU\��ZKHQ�VWDWLQJ�SUREOHPV� LQYROYLQJ�REMHFWV�XVLQJ� WKH�FODVV�EDVHG�DSSURDFK��DV� LOOXVWUDWHG� LQ� WKH
SUHYLRXV�VHFWLRQ��ZH�QHHG� WR�GHILQH�FRQVWUDLQWV�H[SUHVVLQJ�DUELWUDU\�SURSHUWLHV�RI�REMHFWV�� �7KH�JHQHUDO� LGHD� LV
WKDW�DQ\�%RROHDQ�H[SUHVVLRQ�LQYROYLQJ�REMHFWV�LV�OLNHO\�WR�EH�XVHG�DV�D�FRQVWUDLQW���)RU�LQVWDQFH��LQ�6HFWLRQ�������
RQH�FDQ�DVVXPH�WKDW�FODVV�5HFWDQJOH�LPSOHPHQWV�D�PHWKRG��VD\� isAsquare ��WHVWLQJ�LI�D�UHFWDQJOH�LV�D�VTXDUH�
,Q�WKLV�FDVH��RXU�SXUSRVH�LV�WR�XVH�WKLV�PHWKRG�LQ�RUGHU�WR�FUHDWH�D�FRQVWUDLQW���%$&.7$/.�SURYLGHV�WZR�GLIIHU�
HQW�PHDQV�RI�VWDWLQJ�VXFK�FRQVWUDLQWV�

����� $�*HQHUDO�0HFKDQLVP��%ORFN�&RQVWUDLQWV

7KH� VLPSOHU�� DQG� WKH�PRVW� JHQHUDO�ZD\� WR� XVH� GLUHFWO\�PHWKRGV� WR� VWDWH� FRQVWUDLQWV� LV� WR� XVH� EORFN� FRQVWUDLQWV�
ZKLFK�DOORZ�WR�GHILQH�FRQVWUDLQWV�E\�ZD\�RI�DQ\�6PDOOWDON�BlockClosure �ZKRVH�HYDOXDWLRQ�\LHOGV�D�%RROHDQ�

)RU� LQVWDQFH�� FRQVLGHU� WZR� FRQVWUDLQHG� YDULDEOHV�� R1� DQG� R2�� ZKRVH� GRPDLQ� FRQWDLQV� LQVWDQFHV� RI� FODVV
Rectangle �� �$� FRQVWUDLQW� UHTXLULQJ� WKH� WZR� UHFWDQJOHV�GR�QRW� RYHUODS� FDQ� EH� GHILQHG� DV� IROORZV�� DV� IDU� DV
PHWKRG�doNotOverlap: �LV�GHILQHG�LQ�FODVV�Rectangle �

BTBlockCt
on: R1 and: R2
block: [:a :b | a doNotOverlap: b]

7KH�EORFN�KDV�RQH�DUJXPHQW� IRU�HDFK�YDULDEOH� LQYROYHG� LQ� WKH�FRQVWUDLQW�� �7KHVH� DUJXPHQWV� DUH�QRW� WKH� FRQ�
VWUDLQHG�YDULDEOHV��EXW�UDWKHU�SRVVLEOH�YDOXHV�IRU�WKHVH�YDULDEOHV���,QGHHG��GXULQJ�WKH�UHVROXWLRQ�RI�WKH�SUREOHP�
WKHVH�DUJXPHQWV�ZLOO�EH�DVVLJQHG�YDOXHV�RI�WKH�GRPDLQ�RI�WKH�FRUUHVSRQGLQJ�YDULDEOH���,Q�RWKHU�ZRUGV��WKH�EORFN
FDQ�XVH�WKH�ODQJXDJH�RI�WKH�YDOXHV�LQ�WKH�GRPDLQV��L�H��WKH�PHWKRGV�GHILQHG�LQ�WKHLU�FODVV����)RU�LQVWDQFH��LQ�WKH
EORFN�FRQVWUDLQW�GHILQHG�DERYH��DUJXPHQW�a��UHVS��b�� LV�DVVLJQHG�D�YDOXH�SLFNHG�XS�LQ�WKH�GRPDLQ�RI�R1��UHVS�
R2��ZKHQ�WKH�EORFN�LV�HYDOXDWHG�

7R�JLYH�DQRWKHU�H[DPSOH�� FRQVLGHU� WZR�YDULDEOHV��C1� DQG�C2��ZKRVH�GRPDLQ�FRQWDLQV�6PDOOWDON� FODVVHV�� �7KH
IROORZLQJ�EORFN�FRQVWUDLQW�IRUFHV�WKH�YDOXH�RI�YDULDEOH�C2�WR�EH�D�VXEFODVV�RI�WKH�YDOXH�RI�C1�

BTBlockCt
on: C1 and: C2
block: [:a :b | b inheritsFrom: a]

+RZHYHU��EORFN�FRQVWUDLQWV�DUH�XVHIXO�IRU�PDQ\�SUREOHPV�EHFDXVH�WKH\�DOORZ�FRPSOH[�UHODWLRQV�WR�EH�VWDWHG�DV
FRQVWUDLQWV���)RU�LQVWDQFH��ZH�XVHG�VXFK�FRQVWUDLQWV�WR�LPSOHPHQW�D�VLPSOH�DSSOLFDWLRQ�WKDW�ILQGV�GHVLJQ�SDWWHUQV
LQ�D�VWDQGDUG�6PDOOWDON�LPDJH��ZKLFK�LV�QRW�UHSRUWHG�KHUH�IRU�VSDFH�OLPLWDWLRQV�

%ORFN�FRQVWUDLQWV�DUH�D�JHQHUDO�PHDQV�RI�GHILQLQJ�DUELWUDU\�FRQVWUDLQWV�RQ�DUELWUDU\�REMHFWV���2I�FRXUVH��EHFDXVH
RI�WKLV�JHQHUDOLW\��WKH�ILOWHULQJ�PHWKRG�RI�LPSOHPHQWHG�LQ�FODVV�BTBlockCt � LV�QRW�HIILFLHQW�� LW�FRQVLVWV� LQ�HQ�
IRUFLQJ�DUF�FRQVLVWHQF\�E\�FRPSXWLQJ��LQ�WKH�ZRUVW�FDVH��WKH�&DUWHVLDQ�SURGXFW�RI�WKH�GRPDLQV�RI�WKH�YDULDEOH�
DFFRUGLQJ�WR�WKH�GHILQLWLRQ�RI�JLYHQ�LQ�>��@�

%ORFN�FRQVWUDLQWV� DUH�SDUWLFXODUO\�ZHOO� DGDSWHG� WR�SURWRW\SLQJ�DSSOLFDWLRQV� UDSLGO\�� DOWKRXJK� WKH\� DUH�RIWHQ� UH�
SODFHG�E\�XVHU�GHILQHG�FRQVWUDLQWV�LQ�WKH�ILQDO�DSSOLFDWLRQ�IRU�HIILFLHQF\�UHDVRQV�

����� $Q�(IILFLHQW�0HFKDQLVP��3HUIRUP�&RQVWUDLQWV

%ORFN� FRQVWUDLQWV�� LQWURGXFHG� DERYH�� DUH� WKH� PRVW� JHQHUDO� W\SH� RI� ´FODVV�EDVHGµ� FRQVWUDLQWV� SURYLGHG� LQ
%$&.7$/.�� � 7KHVH� FRQVWUDLQWV� FDQQRW� EH� HIILFLHQWO\� LPSOHPHQWHG� LQ� WKHLU� IXOO� JHQHUDOLW\�� EHFDXVH� QRWKLQJ� LV
NQRZQ�DERXW� WKH� VHPDQWLFV�RI� WKH� FRUUHVSRQGLQJ�EORFN�� �+RZHYHU�� WKHUH� H[LVW� IDPLOLHV�RI� ´FODVV�EDVHGµ� FRQ�
VWUDLQWV�IRU�ZKLFK�DQ�HIILFLHQW�ILOWHULQJ�PHWKRG�FDQ�EH�SURYLGHG�� �2QH�RI�WKHP�LV�WKH�IDPLO\�RI�FRQVWUDLQWV�GH�
ILQHG�E\�D�VLQJOH�6PDOOWDON�PHVVDJH���7KLV�LV�WKH�SXUSRVH�RI�SHUIRUP�FRQVWUDLQWV�

3HUIRUP� FRQVWUDLQWV� DUH� XVHG� WR� VSHFLI\� WKDW� WKHUH� LV� EHWZHHQ� WZR� YDULDEOH�;� DQG�<� D� UHODWLRQ� GHILQHG� E\� D
PHWKRG�VHOHFWRU�P��L�H��WKH�YDOXH��<�LV�WKH�LPDJH�RI�WKH�YDOXH�;�E\�WKH�PHWKRG�QDPHG�P���1RWLFH�WKDW�D�SHUIRUP
FRQVWUDLQW�&�KROGLQJ�RQ�YDULDEOHV�;�DQG�<�DQG�ZKRVH�PHVVDJH� LV�P�FDQ�EH�VWDWHG�DV�WKH�IROORZLQJ�EORFN�FRQ�
VWUDLQW�

BTBlockCt on: X and: Y block: [:a :b | (a perform: m) = b]

$�SHUIRUP�FRQVWUDLQW�LV�PDGH�XS�ZLWK�WZR�FRQVWUDLQHG�YDULDEOHV��VD\�;�DQG�<��DQG�DQ�DUELWUDU\�6PDOOWDON�VHOHFWRU
�SRVVLEO\�ZLWK�DUJXPHQWV���DQG�LW�PHDQV�WKDW�YDULDEOH�<�LV�GHGXFHG�IURP�YDULDEOH�;�E\�DSSO\LQJ�LW�WKH�DVVRFLDWHG
VHOHFWRU���&RQVLGHU�IRU�LQVWDQFH�D�YDULDEOH�;�ZKRVH�GRPDLQ�FRQWDLQV�6PDOOWDON�UHFWDQJOHV�DQG�D�YDULDEOH�<�ZKRVH
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GRPDLQ�FRQWDLQV�LQWHJHU�QXPEHUV���6WDWLQJ�D�SHUIRUP�FRQVWUDLQWV�EHWZHHQ�;�DQG�<�DVVRFLDWHG�WR�VHOHFWRU�area
ZLOO�HQVXUH�WKDW�WKH�YDOXH�RI�<��D�QXPEHU��LV�WKH�DUHD�RI�WKH�YDOXH�RI�;��D�UHFWDQJOH��

7KH�IROORZLQJ�%$&.7$/.�VHVVLRQ�LOOXVWUDWHV�WKH�FUHDWLRQ�RI�SHUIRUP�FRQVWUDLQWV��DQG�KRZ�FRQVLVWHQF\�LV�PDLQ�
WDLQHG�EHWZHHQ�YDULDEOHV�OLQNHG�E\�D�SHUIRUP�FRQVWUDLQW���:KHQ�YDULDEOH�y �LV�DVVLJQHG�YDOXH�false ��WKH�SHUIRUP
FRQVWUDLQW�LV�XVHG�ULJKW�DZD\�WR�UHPRYH�HYHU\�YRZHO�IURP�WKH�GRPDLQ�RI�x ���&RQYHUVHO\��UHPRYLQJ�DOO�WKH�YRZHOV
RI�WKH�GRPDLQ�RI�YDULDEOH�y �ZRXOG�KDYH�FDXVHG�YDULDEOH�x �WR�EH�DVVLJQHG�YDOXH�IDOVH�

x := V label: ‘x’ domain: #(a b c d e f). => [’X’ (#a #b #c #d #e #f)]
y := (x btPerform: #first) btPerform: #isVowel. => [’X first isVowel’ (t f)]
y value: false. =>[’X first isVowel’ (f)]
x =>[’X’ (#b #c #d #f)]

����� 8VLQJ�0HWKRGV�IRU�&RQVWUDLQWV��&KRRVLQJ�WKH�5LJKW�$SSURDFK

%ORFN�DQG�SHUIRUP�FRQVWUDLQWV�DUH� LPSOHPHQWHG�XVLQJ�VHFRQG�RUGHU�DELOLWLHV�RI�6PDOOWDON�� �7KHLU�SXUSRVH� LV� WR
SXW�WKH�ODQJXDJH�RI�REMHFWV�DW�XVHU
V�GLVSRVDO���7KLV�LV�D�VLQH�TXD�QRQ�WR�DOORZ�WKH�VWDWHPHQW�RI�FRQVWUDLQW�VDWLVIDF�
WLRQ� SUREOHPV� LQYROYLQJ� IXOO\�IOHGJHG� REMHFWV�� �0RUHRYHU�� WKHVH� SDUWLFXODU� FRQVWUDLQWV� IDYRU� WKH� UHXVDELOLW\� RI
SUHGHILQHG�FODVV��VLQFH�WKHLU�PHWKRGV�FDQ�EH�XVHG�VWUDLJKWIRUZDUGO\�WR�GHILQH�FRQVWUDLQWV�

$Q� LPSRUWDQW� WKLQJ� WR� UHPDUN� LV� WKDW� VWDWLQJ� FRQVWUDLQW� SUREOHPV� LQYROYLQJ� FRPSOH[� REMHFWV� XVLQJ� WKH� FODVV�
EDVHG�DSSURDFK��FRPSOH[�FRQVWUDLQWV�FDQ�EH�GHILQHG��E\�ZD\�RI�SHUIRUP�RI�EORFN�FRQVWUDLQWV��IURP�PHWKRGV�LP�
SOHPHQWHG�LQ�WKH�FRUUHVSRQGLQJ�FODVVHV���2Q�WKH�FRQWUDU\��ZKHQ�XVLQJ�WKH�DWWULEXWH�EDVHG�DSSURDFK��FRQVWUDLQWV
H[SUHVVLQJ�UHODWLRQV�EHWZHHQ�FRPSOH[�REMHFWV�KDYH�WR�EH�VWDWHG�LQ�WHUPV�RI�URFN�ERWWRP�REMHFWV��L�H��DWWULEXWHV
RI�FRPSOH[�REMHFWV����7KLV�LPSOLHV�DQ�RYHUKHDG�LQ�SUREOHP
V�VWDWHPHQW��DQG�LV�YHU\�RIWHQ�OHVV�HIILFLHQW��DV�DUJXHG
LQ�6HFWLRQ�����

��� 6WDWLQJ�3UREOHPV�,QYROYLQJ�2EMHFWV��$�&DVH�6WXG\�LQ�$XWRPDWLF�+DUPRQL]DWLRQ

7KLV�VHFWLRQ�UHSRUWV�WKH�GHVLJQ�RI�D�V\VWHP�WKDW�VROYHV�KDUPRQ\�H[HUFLVHV���,W�LOOXVWUDWHV�WKH�SRLQWV�GLVFXVVHG�LQ
WKH�SUHYLRXV� VHFWLRQV�EHFDXVH�KDUPRQ\� H[HUFLVHV�� KHUHDIWHU� UHIHUUHG� WR� DV�$+3� �$XWRPDWLF�+DUPRQL]DWLRQ� 3URE�
OHPV���DUH�SDUWLFXODUO\�UHSUHVHQWDWLYH�RI�´REMHFW���FRQVWUDLQWµ�SUREOHPV���6ROYLQJ�D�KDUPRQ\�H[HUFLVH�FRQVLVWV�LQ
ILQGLQJ�KDUPRQL]DWLRQ�RI�D�PHORG\��H�J��WKH�PHORG\�VKRZQ�E\�)LJXUH�����RU��PRUH�JHQHUDOO\��DQ\�LQFRPSOHWH�PXVL�
FDO�PDWHULDO��ZKLFK�VDWLVILHV�WKH�UXOHV�RI�KDUPRQ\���7KH�VWDQGDUG�H[HUFLVH�LV�WR�KDUPRQL]H�IRXU�YRLFHV��VHH�)LJXUH
���IRU�D�VROXWLRQ�RI�WKH�PHORG\�EHORZ��

)LJXUH�����$Q�LQLWLDO�PHORG\�WR�KDUPRQL]H��WKH�EHJLQQLQJ�RI �WKH�)UHQFK�QDWLRQDO�DQWKHP�����QRWHV��

7KH�FRQVWUDLQWV�QHHGHG�WR�VROYH�WKH�$+3�FDQ�EH�IRXQG�LQ�DQ\�GHFHQW�WUHDWLVH�RQ�KDUPRQ\��>��@���7KH�SUREOHP�LV
DQ�LQWHUHVWLQJ�EHQFKPDUN�EHFDXVH�LW�LQYROYHV�PDQ\�FRPSOH[�REMHFWV��H�J��FKRUGV����0RUHRYHU��WKHUH�DUH�YDULRXV
W\SHV�RI�FRQVWUDLQWV�ZKLFK�LQWHUDFW�LQWLPDWHO\�����KRUL]RQWDO�FRQVWUDLQWV�RQ�VXFFHVVLYH�QRWHV��H�J��´WZR�VXFFHVVLYH
QRWHV�VKRXOG�PDNH�D�FRQVRQDQW�LQWHUYDOµ������YHUWLFDO�FRQVWUDLQWV�RQ�WKH�QRWHV�PDNLQJ�XS�D�FKRUG��H�J��´QR�LQWHUYDO
RI�DXJPHQWHG�IRXUWK��H[FHSW�RQ�WKH��WK�GHJUHHµ�RU�´YRLFHV�QHYHU�FURVVµ��DQG����FRQVWUDLQWV�RQ�VHTXHQFHV�RI�FKRUGV
�H�J��´WZR�VXFFHVVLYH�FKRUGV�KDYH�GLIIHUHQW�GHJUHHVµ��

����� 3UHYLRXV�$WWHPSWV�DW�6ROYLQJ�+DUPRQ\�([HUFLVHV�ZLWK�&RQVWUDLQWV

+DUPRQL]DWLRQ� RI� D� JLYHQ�PHORG\� QDWXUDOO\� LQYROYHV� WKH� XVH� RI� FRQVWUDLQWV�� EHFDXVH� RI� WKH�ZD\� WKH� UXOHV� DUH
VWDWHG� LQ� WKH� WH[WERRNV�� � ,QGHHG�� VHYHUDO� V\VWHPV� SURSRVHG� YDULRXV� DSSURDFKHV� WR� VROYH� WKH�$+3� XVLQJ� FRQ�
VWUDLQWV���7KH�SLRQHHU�ZDV�(EFLRJOX�>��@��ZKR�GHVLJQHG�D�FRQVWUDLQW�ORJLF�SURJUDPPLQJ�ODQJXDJH��%6/��WR�VROYH
WKLV�SUREOHP���+LV�V\VWHP�QRW�RQO\�KDUPRQL]HV�PHORGLHV��LQ�WKH�VW\OH�RI�-��6��%DFK���EXW�LV�DOVR�DEOH�WR�JHQHUDWH
FKRUDOHV� IURP� VFUDWFK�� �$OWKRXJK� LQWHUHVWLQJ�� WKH� DUFKLWHFWXUH� LV� GLIILFXOW� WR� WUDQVSRVH� LQ� RXU� FRQWH[W� EHFDXVH
FRQVWUDLQWV�DUH�XVHG�SDVVLYHO\��WR�UHMHFW�VROXWLRQV�SURGXFHG�E\�SURGXFWLRQ�UXOHV�
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)LJXUH�����$�VROXWLRQ�SURSRVHG�E\�%$&.7$/.�IURP�WKH�LQLWLDO�PHORG\�RI �)LJXUH����

0RUH�UHFHQWO\��>��@�SURSRVHG�WR�VROYH�WKH�$+3�XVLQJ�&/3��D�FRQVWUDLQW�H[WHQVLRQ�WR�3URORJ�>��@���7KHLU�UHVXOWV
DUH�SRRU��PRUH�WKDQ���PLQ��DQG����0E�RI�PHPRU\�WR�KDUPRQL]H�DQ����QRWH�PHORG\��VHH�)LJXUH�������2YDQV�>��@
ZDV�WKH�ILUVW�WR�LQWURGXFH�WKH�LGHD�RI�XVLQJ�DUF�FRQVLVWHQF\�WHFKQLTXHV�WR�VROYH�WKH�$+3��EXW�KLV�V\VWHP�LV�SRRUO\
VWUXFWXUHG�DQG� LPSRVHV�DQ�XQQDWXUDO�ELDV�RQ� WKH� UHSUHVHQWDWLRQ�RI�PXVLFDO� HQWLWLHV�� �7KH� V\VWHP�SURSRVHG�E\
%DOOHVWD�>�@�LV�PXFK�PRUH�SURPLVLQJ���%DOOHVWD�XVHV�,ORJ6ROYHU�WR�VROYH�WKH�$+3��DQG�XVHV�ERWK�REMHFWV�DQG�FRQ�
VWUDLQWV�

$OO� WKHVH� V\VWHPV� DUH� EDVHG� RQ� D� UHSUHVHQWDWLRQ� RI�PXVLFDO� VWUXFWXUHV� DV� DWRPLF� YDULDEOHV� DQG� VWUXFWXUDO� FRQ�
VWUDLQWV���,Q�RWKHU�ZRUGV��DQG�XVLQJ�RXU�WHUPLQRORJ\��WKH\�IROORZ�WKH�DWWULEXWH�EDVHG�DSSURDFK���)RU�LQVWDQFH��LQ
%DOOHVWD
V� V\VWHP�����DWWULEXWHV� DUH�GHILQHG� WR� UHSUHVHQW�RQH� LQWHUYDO�� �1LQH�FRQVWUDLQWV� DUH� WKHQ� LQWURGXFHG� WR
VWDWH�WKH�UHODWLRQV�WKDW�KROG�EHWZHHQ�WKH�YDULRXV�DWWULEXWHV�

$V�D�UHVXOW��FRQVWUDLQWV�KDYH�WR�EH�GHILQHG�XVLQJ�D�ORZ�OHYHO�ODQJXDJH��WKXV�UHTXLULQJ�D�WUDQVODWLRQ�RI�KDUPRQLF
DQG�PHORGLF�SURSHUWLHV��JLYHQ�LQ�KDUPRQ\�WUHDWLVHV�� LQ�WHUPV�RI�QXPEHUV���7KH�FRQVWUDLQW�UHSUHVHQWLQJ�WKH�UXOH
H[SUHVVLQJ�WKDW�UHODWLRQV�RI�SDUDOOHO�ILIWK�DUH�IRUELGGHQ�EHWZHHQ�WZR�VXFFHVVLYH�FKRUGV�LV�JLYHQ�EHORZ�DV�LW�LV�H[�
SUHVVHG�LQ�2YDQ
V�V\VWHP�

parallel-fifth(c i ,m i ,c i+1 ,m i+1 ) Ø¬perfect(c i+1 ,m i+1 ) ∨ (c i -c i+1 ).(m i -mi+1 ) ≤0

ZKHUH

perfect(c i ,m i ) Ø|c i -mi | ∈ {7,19}

)LJXUH�����7KH�FRQVWUDLQW�FRUUHVSRQGLQJ�WR�WKH�SDUDOOHO�ILIWK�UXOH��H[SUHVVHG�LQ�2YDQ
V�V\VWHP��EDVHG�RQ�&/3�

0RUHRYHU�� WKH� DWWULEXWH�EDVHG� DSSURDFK� OHDGV� WR� VWDWLQJ� D�KXJH� DPRXQW� RI� FRQVWUDLQWV� DQG� YDULDEOHV�� � )RU� LQ�

VWDQFH��LQ�%DOOHVWD
V�V\VWHP��WR�VWDWH�WKH�$+3�RQ�D�1�QRWH�PHORG\�����×1������YDULDEOHV�DUH�GHILQHG�

����� 2XU�$SSURDFK�IRU�6ROYLQJ�+DUPRQ\�([HUFLVHV

7KH�SRRU�SHUIRUPDQFH�RI�H[LVWLQJ�V\VWHPV��VHH�)LJXUH����� OHG�XV� WR�H[SHULPHQW�D� UDGLFDOO\�GLIIHUHQW� DSSURDFK�
7KH�GUDZEDFNV�RI�WKHVH�V\VWHPV�FDQ�EH�VXPPHG�XS�DV�IROORZV���ILUVW��WKHUH�DUH�WRR�PDQ\�FRQVWUDLQWV���7KH�DS�
SURDFKHV�SURSRVHG�VR�IDU�GR�QRW�VWUXFWXUH�WKH�UHSUHVHQWDWLRQ�RI�WKH�GRPDLQ�REMHFWV��H�J��LQWHUYDOV��DQG�FKRUGV��
:KHQ�VXFK�D�VWUXFWXUH� LV�SURSRVHG��DV� LQ�%DOOHVWD
V� V\VWHP��REMHFWV�DUH� WUHDWHG�DV�SDVVLYH�FOXVWHUV�RI�YDULDEOHV�
6HFRQG��WKH�FRQVWUDLQWV�DUH�WUHDWHG�XQLIRUPO\��DW�WKH�VDPH�OHYHO���7KLV�GRHV�QRW�UHIOHFWV�WKH�UHDOLW\��D�PXVLFLDQ�UHD�
VRQV�DW�YDULRXV�OHYHOV�RI�DEVWUDFWLRQ��ZRUNLQJ�ILUVW�DW�WKH�QRWH�OHYHO��DQG�WKHQ�RQ�WKH�FKRUGV���7KH�PRVW�LPSRUWDQW
KDUPRQLF�GHFLVLRQV�DUH�DFWXDOO\�PDGH�DW�WKH�FKRUG�OHYHO���7KLV�VHSDUDWLRQ�FRXOG�EH�WDNHQ�LQWR�DFFRXQW�WR�UHGXFH
WKH�FRPSOH[LW\�

7KHVH� UHPDUNV� OHG�XV� WR� UHFRQVLGHU� WKH�$+3� LQ� WKH� OLJKW�RI� WKH�FODVV�EDVHG�DSSURDFK� IRU�REMHFW��� FRQVWUDLQW
SUREOHPV��WKDW�LV��ZLWK�D�UHYHUVH�YLHZSRLQW�IURP�RXU�SUHGHFHVVRUV���5DWKHU�WKDQ�´VWDUWLQJ�IURP�WKH�FRQVWUDLQWVµ�
DQG�GHYLVLQJ�REMHFW� VWUXFWXUHV� WKDW� ILW�ZHOO�ZLWK� WKH� FRQVWUDLQWV��ZH� ´VWDUW� IURP� WKH�REMHFWVµ�� DQG� ILW� WKH� FRQ�
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VWUDLQWV�WR�WKHP���,QGHHG��D�ORW�RI�SURSHUWLHV�RI�WKH�GRPDLQ�REMHFWV�PD\�EH�PRUH�QDWXUDOO\�GHVFULEHG�DV�PHWKRGV
LQVWHDG�RI�FRQVWUDLQWV�

7R�GR�VR��ZH�UHXVH�DQ�REMHFW�RULHQWHG�OLEUDU\��WKH�0XV(6�V\VWHP�>��@��ZKLFK�FRQWDLQV�D�VHW�RI�DURXQG����FODVVHV
WKDW�UHSUHVHQWV�WKH�EDVLF�HOHPHQWV�RI�KDUPRQ\��H�J��QRWHV�� LQWHUYDOV��VFDOHV�DQG�FKRUGV�� �,Q�RXU�DSSOLFDWLRQ��WKH
GRPDLQV�FRQWDLQ�PXVLFDO�REMHFWV�SURYLGHG�E\�0XV(6���7KH�FRQVWUDLQWV�KROG�GLUHFWO\�RQ�WKHVH�KLJK�OHYHO�REMHFWV�
XVLQJ�WKH�PHWKRGV�GHILQHG�LQ�WKH�FRUUHVSRQGLQJ�FODVVHV���7KHVH�FRQVWUDLQWV�DUH�LQVWDQFHV�RI�EORFN�DQG�SHUIRUP
FRQVWUDLQWV��LQWURGXFHG�LQ�6HFWLRQ�����

7KH�PDLQ�LGHD�KHUH��LV�WR�FRQVLGHU�KLJK�OHYHO�REMHFWV�RI�WKH�SUREOHP��QDPHO\�FKRUGV��DV�SRVVLEOH�YDOXHV�IRU�FRQ�
VWUDLQHG�YDULDEOHV�� � ,Q�RWKHU�ZRUGV��GRPDLQV�FRQWDLQ�IXOO\�IOHGJHG�FKRUGV��ZKLFK�DUH� LQVWDQFHV�RI�0XV(6�FODVV
Chord ���$V�D�FRQVHTXHQFH�RI�UHLI\LQJ�FKRUGV�DV�YDOXHV�IRU�YDULDEOHV��WKH�UHVXOWLQJ�V\VWHP�LV�YHU\�PXFK�XQGHU�
VWDQGDEOH��EHFDXVH�FRQVWUDLQWV�FDQ�EH�VWDWHG�XVLQJ�GLUHFWO\�WKH�ODQJXDJH�RI�FKRUGV���)RU�LQVWDQFH��WKH�UXOH�IRUELG�
GLQJ�SDUDOOHO�ILIWK�LV�VLPSO\�GHILQHG�E\�WKH�IROORZLQJ�%$&.7$/.�H[SUHVVLRQ�

BTConstraint
on: chord and: nextChord
block: [:c1 :c2 | c1 (hasParallelFifthWith: c2) not ]

0RUHRYHU��WKH�SUREOHP�WR�VROYH�LV�PXFK�VPDOOHU��VLQFH�IRU�D�1�QRWH�PHORG\��RQO\��×1�FRQVWUDLQHG�YDULDEOHV�DUH
FUHDWHG��WR�EH�FRPSDUHG�WR�WKH����×1������YDULDEOHV�LQ�%DOOHVWD
V�V\VWHP����7KLV�UHVXOWV�LQ�LPSURYLQJ�HIILFLHQF\�LQ
D�GUDPDWLF�ZD\��DV�VKRZQ�LQ�)LJXUH�����ZKLFK�JLYHV�WKH�SHUIRUPDQFH�RI�RXU�DSSOLFDWLRQ�FRPSDUHG�ZLWK�WKH�V\V�
WHPV�RI�%DOOHVWD�DQG�7VDQJ���2YDQ
V�ZRUN�LV�QRW�UHSRUWHG�KHUH�VLQFH�LW�DGGUHVVHV�D�VLPSOHU�SUREOHP��QDPHO\�WZR�
YRLFH�KDUPRQ\�H[HUFLVHV�LQVWHDG�RI�IRXU�YRLFH�

���QRWHV ���QRWHV ���QRWHV
7VDQJ��&/3� ���VHF� " "
%DOOHVWD��,/2*62/9(5� " ����VHF� ����VHF�
%$&.7$/.���0XV(6 ��VHF� ��VHF� ����VHF�

)LJXUH�����&RPSDULQJ�WKH�SHUIRUPDQFH�RI �RXU�VROXWLRQ�ZLWK�SUHYLRXV�DSSURDFKHV�XVLQJ�&63�WR�VROYH�WKH�$+3�

�� $�&RPSOHWH�$SSOLFDWLRQ��&URVVZRUG�3X]]OH�*HQHUDWLRQ

$V�VKRZQ�LQ�FURVVZRUG�SX]]OH�JHQHUDWLRQ�LV�D�KLJKO\�FRPELQDWRULDO�SUREOHP�WKDW�FDQ�EH�VROYHG�E\�SURFHGXUDO
DSSURDFKHV�>����������@���$GGUHVVLQJ�WKLV�SUREOHP�ZLWK�D�GHFODUDWLYH�DSSURDFK�OHDGV�JHQHUDOO\�WR�LQHIILFLHQW�V\V�
WHPV�>�����@���7KH�UHDVRQ�LV�WKDW�D�VWDQGDUG�SX]]OH�FRQWDLQV�DERXW����ZRUGV�VORWV��OHDGLQJ�WR�D�KXJH�VHDUFK�VSDFH
RI�DERXW�������FRPELQDWLRQV�LI�WKH�GLFWLRQDU\�FRQWDLQV�DSSUR[LPDWHO\���������ZRUGV�

7KH�SUREOHP�FRQVLVWV�LQ�ILQGLQJ�D�FURVVZRUG��JLYHQ�DQ�LQLWLDO�HPSW\�SX]]OH�ZLWK�RSHQ�DQG�FORVHG�FHOOV�DQG�D�OLVW
RI�ZRUGV�� � 6WDQGDUG�&63� WHFKQLTXHV� DUH� QRW� DEOH� WR� FRSH�ZLWK� WKLV� SUREOHP�� �+HUH�� ZH� VKRZ� KRZ� GRPDLQ�
VSHFLILF�NQRZOHGJH�FDQ�EH�H[SUHVVHG�XVLQJ�WKH�IXOO�UDQJH�RI�IHDWXUHV�RI�%$&.7$/.�WR�VROYH�WKLV�SUREOHP���7KLV
NQRZOHGJH�LV�WKUHH�IROG��WRSRORJLF�NQRZOHGJH��OH[LFDO�NQRZOHGJH��DQG�NQRZOHGJH�RQ�OHWWHU�GLVWULEXWLRQ�

��� &KRRVLQJ�WKH�5LJKW�$OJRULWKP
7KH�FURVVZRUG�SUREOHP�LV�D�W\SLFDO�H[DPSOH�RI�D�´ZHDNO\�FRQVWUDLQHGµ�SUREOHP���,QWXLWLYHO\��WKH�LGHD�LV�WKDW�LQ�
VWDQWLDWLQJ�D�YDULDEOH�ZLWK�D�JLYHQ�ZRUG�ZLOO�KDYH�D�OLPLWHG�LPSDFW�RQ�WKH�YDULDEOHV�QRW�GLUHFWO\�FURVVLQJ�LW���7KLV�LV
H[SODLQHG�E\�WKH�IDFW�WKDW�WKH�GLVWULEXWLRQ�RI�OHWWHUV�LQ�ZRUGV�LV�TXLWH�XQLIRUP��H[FHSW�IRU�VSHFLDO�OHWWHUV��VXFK�DV
´Tµ��VHH��������7KHUHIRUH�ZH�FKRVH�WKH�IRUZDUG�FKHFNLQJ�DOJRULWKP���([FHSWLRQDO�FDVHV�GXH�WR�QRQ�XQLIRUP�GLV�
WULEXWLRQ�RI�OHWWHUV�DUH�H[DPLQHG�LQ�6HFWLRQ�����

��� $�)LOWHULQJ�0HWKRG�IRU�,QWHUVHFWLRQ�&RQVWUDLQWV

7KH�FURVVZRUG�SUREOHP�� LQ� LWV�EDVLF� IRUP��FRQWDLQV�RQO\� LQWHUVHFWLRQ�FRQVWUDLQWV�� �.QRZOHGJH�RQ� LQWHUVHFWLRQ
FDQ�EH�XVHG�WR�GHYLVH�DQ�HIILFLHQW�ILOWHULQJ�PHWKRG�IRU�WKHVH�FRQVWUDLQWV���7KH�PHWKRG�IROORZV�
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filter intersection between X and Y:
•  (i, j) := intersection of X and Y.
•  Compute possibleLetters (X,i) = the set of possible letters at position i for X.
•  Remove from domain(Y) words that don’t contain one of possibleLetters (X,i) at j.
•  Compute possibleLetters (Y,j) = the set of possible letters at position j for Y.
•  If possibleLetters(Y,j) ⊄  possibleLetters (X,i) then remove from domain(X) words that
don’t contain one of possibleLetters (Y,j) at position i.

,W�LV�HDV\�WR�VKRZ�WKDW�WKLV�SURFHGXUH�DFKLHYHV�IXOO�DUF�FRQVLVWHQF\�IRU�WKH�LQWHUVHFWLRQ�FRQVWUDLQW���7KH�FRPSOH[�
LW\�LV�OLQHDU��WR�EH�FRPSDUHG�WR�WKH�TXDGUDWLF�FRPSOH[LW\�RI�WKH�GHIDXOW�ILOWHULQJ�PHWKRG�

��� ([SORLWLQJ�.QRZOHGJH�RQ�/HWWHU�'LVWULEXWLRQ

$�SDUWLFXODU�NQRZOHGJH�LV�WKDW�DOO�OHWWHUV�DUH�QRW�GLVWULEXWHG�XQLIRUPO\�LQ�ZRUGV���$�W\SLFDO�H[DPSOH�LV�WKDW�OHWWHU
´Tµ�LV�DOPRVW�DOZD\V�IROORZHG�E\�OHWWHU�´Xµ��DW�OHDVW��LQ�(QJOLVK�DQG�)UHQFK����7KHUH�DUH�QXPHURXV�H[DPSOHV�RI
WKLV�NLQG�RI�UXOH��VXFK�DV��´QR�ZRUG�VWDUWV�E\�WKH�VDPH�FRQVRQDQW�WZLFHµ�RU�´M�LV�QHYHU�UHSHDWHG�WZLFHµ��´OHWWHUV
DUH�UDUHO\�UHSHDWHG�WKUHH�WLPHVµ��DQG�VR�IRUWK���7KHVH�UHJXODULWLHV�DUH�QRW�DOZD\V�WUXH��EXW�RQO\�JLYH�VWURQJ�LQGLFD�
WLRQV�RQ�OHWWHUV�QRW�\HW�IRXQG�

,W�LV�SRVVLEOH�WR�H[SUHVV�WKLV�SLHFH�RI�NQRZOHGJH�LQ�WHUPV�RI�FRQVWUDLQWV�DQG�YDULDEOHV��E\�FRQVLGHULQJ�D�YLUWXDO�FRQ�
VWUDLQW�EHWZHHQ�WZR�SDUDOOHO�ZRUGV�v �DQG�v’ ��RQO\�ZKHQ�FHUWDLQ�FRQGLWLRQV�DUH�VDWLVILHG��KHUH��OHWWHU�´Tµ�DSSHDUV��
2I�FRXUVH��LW�ZRXOG�EH�DZNZDUG�WR�DFWXDOO\�DGG�G\QDPLFDOO\�WKLV�YLUWXDO�FRQVWUDLQW�WR�WKH�SUREOHP��EHFDXVH�WKLV
YLUWXDO�FRQVWUDLQW�LV�DOUHDG\�UHSUHVHQWHG�E\�FRQVWUDLQW�u�EHWZHHQ�v’ �DQG�w�

q er e u i rv
v’

u ?

w

)LJXUH�����7KH�OHWWHU�´Tµ�LPSOLFLWO\�FUHDWHV�D�UHODWLRQ�EHWZHHQ�v�DQG�v’��ZKLFK�FRUUHVSRQGV�WR�WKH�LQWHUVHFWLRQ�EHWZHHQ�v’�DQG�w�

$� ZD\� WR� LPSOHPHQW� WKLV� ´YLUWXDO� FRQVWUDLQWµ� LV� WR� GHILQH� D� FRQGLWLRQDO� FRQVWUDLQW�� FDOOHG
LetterDependencyCt ���7KH�VWDWHPHQW�RI�WKLV�FRQVWUDLQW�FRQVLVWV�LQ����D�FRQGLWLRQ�RQ�YDOXHV�RI�YDULDEOHV�
DQG����D�VHW�RI�LQWHUVHFWLRQ�FRQVWUDLQWV�WR�ILOWHU�ZKHQ�WKH�FRQGLWLRQ�LV�VDWLVILHG�

BTIfThenCt
on: wordVariableList
if: [there exists a variable v, whose value contains a “q”]
then: [filter intersection between v ', parallel to v, and w (perpendicular to v at

position of letter “q”)]

��� 5HVXOWV
:H�FRQGXFWHG�D�VHULHV�RI�H[SHULPHQWV�RQ�FURVVZRUGV��ZLWK�DQG�ZLWKRXW�WKHVH�WKUHH�NLQGV�RI�NQRZOHGJH���)LJXUH
���LOOXVWUDWHV�WKH�HIIHFW�RI�H[SORLWLQJ�NQRZOHGJH�RQ�OHWWHU�GLVWULEXWLRQ�

$��:RUG�¶DQWLTXH·�LV�IL[HG�EHIRUH�WKH
UHVROXWLRQ�

%��:LWKRXW�UXOH�¶T·�→�¶X·��ZRUG�¶URPH·
LV�WULHG��ZKLFK�OHDGV�WR�WKH�GHYHORSPHQW

RI �D�XVHOHVV�VHDUFK�WUHH�

&��:LWK��UXOH�¶T·�→�¶X·��WKH�YDULDEOH
SDUDOOHO�WR�¶DQWLTXH·�LV�RQO\�LQVWDQWLDWHG
ZLWK�ZRUGV�KDYLQJ�D�¶X·�LQ��QG�SRVLWLRQ�

)LJXUH�����7KH�UHVROXWLRQ�RI �D�FURVVZRUG�

7KHVH�H[SHULPHQWV�VKRZ�FOHDUO\�WKDW�RXU�DSSURDFK�DOORZV�WR�UHGXFH�WKH�GRPDLQV�RI�ZRUG�YDULDEOHV��WKHUHE\�UH�
GXFLQJ�WKH�QXPEHU�RI�EDFNWUDFNV���7KH�IROORZLQJ�WDEOH�JLYHV�H[HFXWLRQ�WLPHV�DQG�QXPEHU�RI�IDLOXUHV�ZKHQ�FRP�
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ELQLQJ�WKH�YDULRXV�NQRZOHGJH�UHSUHVHQWDWLRQV�GHVFULEHG�LQ�WKLV�VHFWLRQ���([SHFWHGO\��WKH�EHVW�VWUDWHJ\�LV�DFKLHYHG
ZKHQ�FRPELQLQJ�DOO�WKUHH�W\SHV�RI�NQRZOHGJH�ZLWK�IRUZDUG�FKHFNLQJ�

6SHFLDOL]HG�ILOWHULQJ )LUVW�IDLO�KHXULVWLF .QRZLQJ�¶T·�Å�¶X· &38��LQ�VHF� IDLOV
12 12 12 !������ !������
<(6 12 12 ��� ������
<(6 12 <(6 ��� �����
<(6 <(6 12 �� ���
<(6 <(6 <(6 � ��

�� 6XPPDU\

7KH�IUDPHZRUN�SDUDGLJP�RIIHUV�D�VPRRWK�DQG�HIILFLHQW�LQWHJUDWLRQ�RI�&63�ZLWK�REMHFWV���2QH�ZD\�WR�DVVHVV�WKH
UHOHYDQFH�RI�WKLV�DSSURDFK��DV�RSSRVHG�WR�WKH�ODQJXDJH�EDVHG�DSSURDFK��LV�WR�FRPSDUH�LW�ZLWK�WZR�H[WUHPH�FDVHV�
&+,3�DQG�&/$,5(�� �7KH�PDLQ�GLIIHUHQFH�ZLWK�&+,3� LV� WKDW�VLQFH�%$&.7$/.�SURYLGHV�WKH�UHOHYDQW�FRQFHSWV�RI
&63�DV�FODVVHV��LW�DOORZV�WR�UHGHILQH�WKHP�E\�LQKHULWDQFH��WKXV�JDLQLQJ�IOH[LELOLW\���7KH�GLIIHUHQFH�ZLWK�&/$,5(�LV
WKDW�%$&.7$/.�LPSRVHV�WKH�PDLQ�FRQWURO�ORRS��ZKHUHDV�&/$,5(�OHDYHV�LW�WR�WKH�UHVSRQVLELOLW\�RI�WKH�XVHU��VLQFH
&/$,5(�KDV�DOO�WKH�DELOLWLHV�RI�D�FRPSOHWH�K\EULG�ODQJXDJH��LW�LV�VXLWDEOH�IRU�KLJKO\�VSHFLILF�DSSOLFDWLRQV���7DEOH��
LOOXVWUDWHV�WKH�SRVLWLRQ�RI�WKH�IUDPHZRUN�DSSURDFK�

$SSURDFK 0DLQ�FKDUDFWHULVWLFV ([DPSOHV

/LEUDU\ 3DUDPHWHUL]HG�KLJK�OHYHO�FRQVWUDLQWV &+,3

)UDPHZRUN &RQWURO�ORRS��VLPSOH�FRQVWUDLQWV %$&.7$/.��,/2*62/9(5

/DQJXDJH /RZ�OHYHO�ODQJXDJH�FRQVWUXFWV &/$,5(

7DEOH���7KH�WKUHH�DSSURDFKHV�LQ�SURSRVLQJ�&63�PHFKDQLVPV�WR�D�XVHU

7KH� IUDPHZRUN� DSSURDFK� LV� FODLPHG�PRUH� FRPIRUWDEOH� IRU� VWDQGDUG� DSSOLFDWLRQV� EHFDXVH� LW� SURYLGHV� UHOHYDQW
SUHGHILQHG�DEVWUDFWLRQV�� �%\�KLGLQJ�IURP�WKH�XVHU� WKH�GLIILFXOW�PHFKDQLVPV�RI�&63� WHFKQLTXHV��ZKLOH� DOORZLQJ
KLP�WR�UHGHILQH�SDUWV�RI�LW��%$&.7$/.�DFKLHYHV�D�GHVLUDEOH�IHDWXUH�RI�IUDPHZRUNV�� WKDW� LV�D�JRRG�FRPSURPLVH
EHWZHHQ�HIILFLHQF\�DQG�FRPSOH[LW\�� �7KLV�HFKRHV�6WHYH�-REV·�RSLQLRQ�FRQFHUQLQJ� LQWHUIDFH�EXLOGHU�IUDPHZRUNV�
´6LPSOH�WKLQJV�VKRXOG�EH�VLPSOH��FRPSOH[�WKLQJV�VKRXOG�EH�SRVVLEOH�µ

5HIHUHQFHV

>�@�3�$YHVDQL��$�3HULQL��DQG�)��5LFFL��&22/��$Q�2EMHFW�6\VWHP�ZLWK�&RQVWUDLQWV��722/6
���SS���������������

>�@� 3�%DOOHVWD�� &RQWUDLQWHV� HW� REMHWV�� FOHIV� GH� YR�WH� G
XQ� RXWLO� G
DLGH� j� OD� FRPSRVLWLRQ� "�� 5HFKHUFKHV� HW
DSSOLFDWLRQV�HQ�LQIRUPDWLTXH�PXVLFDOH��(G��+HUPqV��3DULV������

>�@� 1�%HOGLFHDQX� DQG� (�� &RQWHMHDQ�� ,QWURGXFLQJ� JOREDO� FRQVWUDLQWV� LQ� &+,3�� -RXUQDO� RI� 0DWKHPDWLFDO� DQG
&RPSXWHU�0RGHOOLQJ�����������SS��������������

>�@�+�%HUJKHO�DQG�&�<L��&URVVZRUG�&RPSLOHU�&RPSLODWLRQ��7KH�FRPSXWHU�-RXUQDO���������SS�����������-XQ������

>�@�&��%HVVLqUH��$UF�FRQVLVWHQF\�DQG�$UF�FRQVLVWHQF\�$JDLQ��$UWLILFLDO�,QWHOOLJHQFH��YRO���������SS���������������

>�@� <�� &DVHDX�� $EVWUDFW� ,QWHUSUHWDWLRQ� RI� &RQVWUDLQWV� RYHU� DQ� 2UGHU�6RUWHG� 'RPDLQ�� ,QWHUQDWLRQDO� /RJLF
3URJUDPPLQJ�6\PSRVLXP��6DQG�'LHJR��&D���SS���������������

>�@�<��&DVHDX��&RQVWUDLQW�6DWLVIDFWLRQ�ZLWK�DQ�2EMHFW�2ULHQWHG�.QRZOHGJH�5HSUHVHQWDWLRQ�/DQJXDJH��-RXUQDO�RI
$SSOLHG�,QWHOOLJHQFH��YRO�����SS���������������

>�@�<�&DVHDX�DQG�)�/DEXUWKH��,QWURGXFWLRQ�WR�WKH�&/$,5(�3URJUDPPLQJ�/DQJXDJH��/,(16��3DULV��75������

>�@�3�&RGRJQHW�DQG�'�'LD]��&RPSLOLQJ�&RQVWUDLQWV�LQ�FOS�)'���-RXUQDO�RI�/RJLF�3URJUDPPLQJ���������SS������
���������

>��@�$��&ROPHUDXHU��$Q�,QWURGXFWLRQ�WR�3URORJ�,,,�&RPPXQLFDWLRQ�RI�WKH�$&0��YRO���������SS����������

>��@�5��'HFKWHU�DQG�,��0HLUL��([SHULPHQWDO�(YDOXDWLRQ�RI�3UHSURFHVVLQJ�$OJRULWKPV�IRU�&RQVWUDLQW�6DWLVIDFWLRQ
3UREOHPV�$UWLILFLDO�,QWHOOLJHQFH��YRO������SS���������������

>��@�.��(EFLRJOX��$Q�([SHUW�6\VWHP�IRU�+DUPRQL]LQJ�&KRUDOHV�LQ�WKH�6W\OH�RI�-��6��%DFK�LQ�8QGHUVWDQGLQJ�0XVLF
ZLWK�$,��3HUVSHFWLYHV�RQ�0XVLF�&RJQLWLRQ��.��(��2��/��,Q�0��%DODEDQ��(G���$$$,�3UHVV�HG��&DOLIRUQLD������



��

>��@�0��)D\DG�DQG�'��6FKPLGW��2EMHFW�2ULHQWHG�$SSOLFDWLRQ�)UDPHZRUNV��&RPPXQLFDWLRQV�RI�WKH�$&0��6SHFLDO
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