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Stackelberg control with constraints on the state
for a linear backward heat equation

L. L. DJOMEGNE NJOUKOUE *G. MOPHOU ' G. DEUGOUE #
April 12, 2019

Abstract

We are interested in the hierarchic control problem for a linear back-
ward heat equation. We assume that we can act on the system via two
distributed controls. One control called follower solves an optimal control
problem which consist in bringing the flux of the system to zero. The
other control called leader solves a null controllability problem. The re-
sults are achieved by means of inequality of observability associated to a
non-homogeneous Dirichlet boundary condition.

Mathematics Subject Classification. 49J20, 92D25, 93B05; 93C41.
Key-words : linear heat equation, optimal control, Carleman inequality, Con-
trollability, Euler-Lagrange formula.

1 Introduction

Let n € N\ {0} and © be a bounded open subset of R"™ with boundary I' of
class C2. Let O, w; and wsy be three non-empty subsets of © such that w; C ws.
For a time T > 0, we set Q = (0,T) x Q, Or = (0,T) x O, wl = (0,T) X wy,
wl = (0,T) x wg, ¥ = (0,T) xT'and ¥y = (0,T) x I';. Then, we consider the
following linear heat equation:

O Agtag = holo vl HRL, i Q
q = 0 on X, (1)
o) = 0 in Q,
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where ag € L>(Q), ho € L*(Or), the control v and k belong respectively to
L*(w!) and L?*(w?). The function 1x denotes the characteristic function on
the open set X. System (1) is a backward heat equation. Under the above
assumptions on the data, it is well known that system (1) has a unique solution
q(v,k) == q(t,z;v,k) € H>1(Q) N L2((0,T); H}(2)) where from now on,

H™((0,T) x X) = L*((0,T); H"(X)) 0 H*((0,T); L*(X)).
Moreover, there exists a positive constant C' = C(|ao||z=(q),T) such that
lallzrzg) < € (IRollzzor) + Nollzgur + IFlzzr)) (2)

and it follows from the continuity of the trace that,

)

= C(Ihollzon) + Iollzr + IFllawn) - ()
H21(%)

We refer to [1]) for more literature on the regularity results on the parabolic
equations.

In this paper we are concerned by the Stackelberg control which is a hier-
archical optimization problem with here, & which is the "Leader” and v the
"Follower”. The Stackelberg problem consists in the following: given k, de-
termine firstly the control v solution of an optimal control problem; v being
founded as a function of k, determine secondly the control k solution of a null
controllability problem. More precisely, we are interesting in a two following
problems:

Problem 1 (Optimal control problem)
Let wy and wy be two non-empty subsets of Q. Given k € L*(wl), find the
control u := u(k) € L*(w¥) such that

J(u)= inf J(w 4
(= _inf ) (4)
with
0 =|ghwn| Nl )
L2(5h)

where N > 0, v is the unit exterior normal vector of T, % is the mormal

derivative of q with respect to v and q(v, k) is solution of system (1).

Problem 2 (Null controllability problem)

Letwy and ws be two non-empty subsets of Q such thatwy C wa. Let also u(k)
be the optimal control obtain in the Problem 1. Then, find a control k € L?(wl’)
such that if ¢ = q(t,z;u(k), k) is solution of (1), then

q(0) = q(0, z;u(k), k) =0 for x € Q. (6)

Remark 1 Note that from (3),the cost function defined by (5) is well defined.



The idea of the Stackelberg model was initiated by H. Von Stackelberg in [9].
This model states that we have two companies that share the production in the
market. A company called a leader is better known and therefore is better placed
to decide first that it sells quantity. The other company the follower observes
and decides on its quantity to sell according to the strategy of the leader. There
are more works on Stackelberg’s control of partial differential equations. The
first author used this concept in distributed systems is J.L. Lions. In [8], this
author uses this concept for a linear parabolic equation with two controls; the
one called follower aims to bring the state of the system to a desired state, while
the other control the leader solves a problem of approximate controllability. In
[10], this same author uses the strategy of Stackelberg given in [8] for a linear
wave equation with boundary control. In [11] O. Nakoulima uses the concept
of Stackelberg for a linear and backward parabolic equation with two controls
to be determined: one called follower solves a null controllability problem with
constraints on control while the other control called the leader solves an optimal
control problem.

Problem 1 is an optimal control problem associated to a linear parabolic
equation. This problem has been studied by J. L. Loins in [7]. The purpose of
this kind of problem is to bring the state of the system to a desired state by
minimizing some functional. Problem 2 is a null controllability problem for a
linear parabolic equation. In [4] D. Russel proved that the linear heat equation
is null controllable in any time T provided the wave equation is exactly control-
lable for some time 7. In [5] Lebeau and Robbiano solved the linear problem
of null controllability using observability inequalities deriving from Carleman
inequalities. In [6] Nakoulima gives a result of null controllability for the linear
heat equation with constraint on the distributed control. His result is based
on an observability inequality adapted to the constraint. In [12] Mophou et
al solves a linear null controllability problem with constraint on the control
deriving from boundary sentinels problem. The authors used an observability
inequality adapted to the constraint to prove the results.

In this paper, we propose the Stackelberg strategy using the notion of opti-
mal control for the follower and appropriate Carleman inequality for the leader.
More precisely, we prove the following result:

Theorem 1.1 Let Q@ C R", n € N* be a bounded subset with boundary I of
class C?. Let wy and wa be two non empty subsets of Q. Let also k € L*(wl).
Then, there exists p € L*(Q) such that the optimal control problem (4) has a
unique solution u € L?(wl) which is characterized by the following optimality
system:

0
—a—(i —Aq+a0q = h010+U1w1 +k1w2 in Q,
g = 0 on X, (7)
g(T) = 0 i g,



dp

— —Ap+ap = 0 in Q,
p = gkir, on X,
p(0) = 0 in Q,
and
u = % in wl. (9)

Moreover there exists a constants C = C(||al[p~(q), T, N) > 0 such that

lullzzry < © (Ihollzzon) + 1Kl ) - (10)

Theorem 1.2 Assume that the assumptions of Theorem 1.1 hold. Assume also
that w1 and we are such that w1 C wy. Then, there exists a positive weight
function 8 (a precise definition of 6 will be given later on) such that for any
ho € L2(Or) with Ohy € L?(Or), there exists a unique control k € L?(w¥) such
that (k, q,p) is solution of the null controllability problem (7)-(9). Moreover

k=pin wl (11)
where p satisfies
0p . . .
En —Ap+agp = OA in  Q, (12)
p = ‘g—‘flpl on X,
with ¥ solution of
ov - . i
~ a0 —AV 4V = £1, in Q,
v = 0 on X, (13)
v(T) = 0 in €.

In addition, there exists a constant C = C(||aol| L~ (q), T N) such that

”]%”LQ(wg") < VC|0hol| L2 (0r)- (14)

The rest of this paper is organized as follows: In Section 2 we prove the The-
orem 1.1. In Section 3, we establish an appropriate inequality of observability.
Section 4 is devoted to study a null controllability of the linear system an give
the proof of the Theorem 1.2.

From now on, we will denote by C(X) a generic positive constant whose
value varies from a line to another but depending on X.



2 Proof of Theorem 1.1

In this section, we are interested in the resolution of Problem 1.

Proposition 2.1 For any k € L*(w¥), there exists a unique optimal control
u:=u(k) € L*(wl) such that (4) holds true.

Proof. Since J(v) > 0 for all v € L*(w{ ), we deduce that inf,¢ 2,7 J(v)
exists. Let (v,) C L?(w{) be a minimizing sequence such that

lim J(v,)= inf J(v). (15)

n—r+oo ver2(wl)
Then, ¢, := q(v,) is solution of system (1). This means that g, satisfies

0qn

—a; Aqn +apqn = holo + Unlwl + k]-wz in Qu
¢ = 0 on
@w(T) = 0 in Q.

Moreover, in view of (15), there exists a constant C' > 0 independent of n such
that

J(vn) < C. (17)
Therefore, from the structure of J we get
[onll2(wry < C(N), (18)
gy
i <c. (19)
v L2(s)

In view of (16),(18) and (2), we deduce that
lgnllzn (@) < € (Iholl () + MEllz2r) ) (20)

where C' = C([lag||r=(g). T, N) > 0. Hence, there exist u € L*(w]), 8 €

L?(%4), ¢ € H*Y(Q) and subsequences extracted from (v,), (%) and (qp)

v
still called (vy,), (222) and Gn) ) such that
ov

v, —u weakly in L% (w]), (21a)
¢n —q weakly in H>'(Q), (21b)

qn

ai —f weakly in L*(%,). (21c)
v

Let D(Q) the set of functions of class C* on @ with compact support. If we
multiply the first equation of (16) by ¢ € D(Q) and integrate by parts over @,
we obtain

dp

/Qqn (315 —Ap + aogo) dxdt = /Q(holo + vy, + k1, )e dadt, Vo € D(Q). (22)



Passing to the limit in (22) while using (21a) and (21b), we obtain

/ q <88t Ap + aoso> dxdt = / (holo + ul,, + kl,,)p dzdt, Yo € D(Q),
Q

which after an integration by parts gives

/ < gt Ag+ a0q> pdxdt = / (holo + uly, + kl,,)e dzdt, Vo € D(Q).
Q Q

Thus, we obtain

0 .
—a—z — Ag+apqg = holo +ul,, +k1,, in Q. (23)
2,1 9q 2
As ¢ € H*'(Q), we have the existence of the traces g5, 7~ e € L*(X) and

q(T) € L?(Q). So if we multiplying the first equation of (16) by ¢ € C°°(Q)
such that ¢ =0 on ¥\ ¥; and ¢(0) =0 in  and integrate by parts over @, we

obtain o 9o
- / 8’1" dodt + / <8t —Ap+ a0<p> dadt
o (24)
= / (holo + vply, + kl,,) edxdt.
Q

Passing to the limit in (24) when n — 400 while using (21a)-(21c), we obtain

— Bedxdt +/ q <8 —Ap + aoga) dxdt
o ot

_ / (holo + ule, + k1o, ) pdadt, (25)
Q _
Yo € C®(Q) with ¢ =0 on X\ X1, ¢(0) =0 in .
Integrating by parts this latter identity, we obtain
Bpdrdt + / T)dx — / —qdodt
3
dq dq
—dodt —-—— A dzdt
+/El<paya +/Q( ot q+a0q)<p T (26)

= / (holo + uly,, + kl,,) pdxdt,
Q _
Vo € C*(Q) with ¢ =0 on X\ X1, ¢(0) =0 in £,

which in view of (23) yields

Oy B
/21(8 — B)p dodt +/Qq(T)g0(T)d:L' - /2 qa dodt = 0, (27)
Vi € C(Q) with o =0 on X\ 1, ¢(0) =0 in Q.



Choosing successively in (27), ¢(T) =0 in ©Q and ¢ = 0 on X1, then p(T) =0
in 2, we successively get

g=0in X (28)
and
0
8= a—z on Y. (29)
Finally, it follows from (27) that
q(T)=0in Q. (30)
From (21c) and (29), we have
Oqn  Oq 72
B " B weakly in L°(X4). (31)

In view of (23), (28) and (30), we deduce that ¢ = q(u(k)) is solution of (1).
Using the weak lower semi-continuity of the function v — J(v), (31) and (21a),
we obtain that

J(u) < liminf J(v,),

n—-+oo

which according to (15) implies that

Jw) < inf  J(v).

~ weL?(wT)
Thus
Jw)= inf J(v).
(u) erd (v)
The uniqueness of u comes from the fact that the functional J is strictly convex.
]
In order to characterize the optimal control u, we express the Euler-Lagrange
optimality conditions:

J(u+ ) — J(u)

. _ 2(. T
;13%) 3 =0, forall ve L(w). (32)
After some calculations, (32) gives
T
/ 92(v) 9 dodt + N/ / wv dedt = 0, Vv € L*(w]), (33)
s, Ov Ov 0o Ju
where z = z(v) € H*1(Q) is solution of
—% —Az+apz = vl, in Q,
z =0 on X, (34)
2(I) = 0 in Q.



To interpret (33), we consider the adjoint state solution of system (8):

at —Ap+ap = 0 in @,
9q

p = Elrl on 3,

p(0) = 0 in Q.

0
Since ¢ € H?'(Q), we have that a—z € H>i(2) C LX) (see Theorem 2.1,

[1], Vol. 2). Therefore we can prove by transposition that there exists a unique
p € L*(Q) such that

/@‘l‘pd dt + / (_M)—A@—f—aoé)dxdt:ﬂ,
ol \ ot

Y& € H*'(Q) such that®|s = 0, ®(T) = 0 in Q.

Thus, multiplying the first equation of (34) by p and integrating by parts
over (), we obtain:

0z(v )7 dodt = / / vp dzdt. (35)
N aV l/

Hence, combining (33) and (35), we deduce that

T
./ / (=p + Nu)v dzdt =0, Yv € L*(w]).

Consequently,

p . T
U= — 1mn wq.
N !

Proposition 2.2 Let u € L?(wl) be the solution of (4). Then we have the
following estimate:

lullz2ry < € (Ihollzzon) + 1Kz ) (36)
where C = C(||al| (), T, N) > 0.

Proof. Let z := z(v) and [ := (k) be respectively solutions of

f% —Az+4+apz = wvl,, in Q,
z = 0 on X, (37)
z(T) = 0 in Q,
and
ol .
—— —Al4+al = hylp+£kl,, in Q,
Il =0 on X,
ry = 0 in Q.



Then ¢ = z + 1 and it follows from the data that z,l € H?1(Q) and there exists
C = C(|lal[ (@), T) > 0 such that

2l z21@) < Cllvllp2wr) (39)

and
2@ < € (Iollzzon) + K2y ) - (40)

Define on L?(w]) x L?(w{) the bilinear form af(.,.) by

T
a(v,w):/ 02(v) 8Z(w)cladt—i—]\f/ / vwdrdt Yv,w e L*(wl), (41)
N (91/ 5‘1/ 0 w1

and on L?(w?) the linear form

0z(v) Al(k) 9, T
S o0 dodt Yve L (wy). (42)

L(v) =

Then, for any v € L?(w{), the bilinear form a(.,.) is coercive because

dz(u) ||

ov

ofu 1) = | + Nlulap 2 Nl

L2(%1)

In view of (33), we have

T
0 = 8Z(U)@dffdt—&—]\f/ / uvdxdt
N (91/ aV 0 w1

T
9z(v) 9z(u) dodt + 92(v) Mdadt—i— N/ / uvdzdt
s, O O s, Ov Ov 0 Jun
a(v,u) + e ov o dodt,Yv € L*(w; ),

where the bilinear form af(.,.) is given by (41) and I = I(k) is solution to (38).
Hence, taking v = w in this latter identity and using the coercivity of a(.,.), we
deduce that

)

Nljul2ar, < \

0z (u) ‘ al(k)
Ov ov

Cllz(u)|l gz ) 1) | 721 () s

L2 (%) L2(%1)

IN

which in view of (39) and (40) gives

lullz2ry < € (Ihollzzor) + IKllz2or))

where C = C(|lal|p~(q), T, N) > 0. =



3 Carleman inequality

In order to solve problem (2), we need an appropriate inequality associated to
adjoint of systems (7)-(9).

Lemma 3.1 [g/ Let wo be an arbitrary non empty open set of . Then there
exists 1 € C?(Q) such that

Y(x) >0Ve e Q, Y(x)=0VxeTl, (43)
[Vip(x)| > 0 Ve € Q — w,. (44)

Let A > 1 a real number and m; and my be two positive constants such that
my < mg. For any (¢,z) € Q, we set

AW (@)+ma) A
) P —
o(t0) = oo (45)
AW (@) +m1) _ A(l[Y]lLee (@) +me)
n(t,x) = (46)

2(T — 1)

Remark 2 For x € T, we have ¥(x) = 0; therefore, the function ¢ and 7
defined respectively by (45) and (46) depends only on t and we have

o i < C(T).
We consider the following system
—%—Az—f—aoz = 0 in Q,
z = h on X

where ag € L>®(Q) and h € Hi3 ().
Set

0z

6.’117;

wW(Q) = {zz cL*(Q),i=1,..,n; % € LZ((O,T);Hl(Q))} .

We give now the global Carleman inequality for system (47).

Proposition 3.1 [3] Let 1, ¢ and n be respectively defined by (43)-(46). Let
wo be a non empty open subset of 2. Then there exists a positive constants
Ao > 1 and sg > 1 and there exists a constant C7 > 0 independent of s > sg
and X > X such that for any s > sg and X\ > Xg, and for all z € W(Q) solution
of (47), we have

1
/ —6725"|Vz\2dzdt+s)\2/ e 2| 22 dadt <
Q5P

Q

T

Cy <s%||wihesn||§{i,%(2) N2 / / <p625”|z2dzdt> _
0 w2

(48)

10



For any suitable function z, we adopt the following notation

1
I(z) :/ —3*25"|Vz\2dxdt+s>\2/ e 2| z|*dadt. (49)
Q S¥ Q

For any p° € L?(Q), we consider the following systems:

0
a—i —Ap+app = 0 in Q,
p = ?T\,I,Ill“l on 27 (50)
p(0) = p° in
LG

o — AV +q¥V = £1, in Q,
v = 0 on X,
U(T) = 0 in Q.

Using Proposition , we have the following results

Proposition 3.2 Let wy; and wy be two non empty open subsets of 0 such that
w1 C wo. Then, there exists a positive constant C' = C(C1, |lao|| (), T, N) and
a weight function 0 define by (58) such that the following observability inequality
holds true for any p solution of (50)-(51):

T
/626_28"¢p2dxdt<0/0 / |p|2dadt. (52)
w2

Proof. Applying (48) to p solution of (50)-(51), then using the notation (49),
we have that

2 T
+5/\2/ / e 2N p|2dxdt | . (53)
H%’%(Zl) 0 w2

In view of the definition of ¥, ¢ 7 given respectively by (43), (45) and (46), we
have that there exists C(T") such that

s~pte-m Y

I(p) < Cy < o

2 2

ov ov
sTipTie I — < C(T) H (54)
v HT'3(S) ov HT'3(S)
Using on the one hand the fact that
ov ||
- < ClI¥ 321 () (55)
H W |lgkd sy Q)
and, on the other hand that U satisfies (51), we deduce that
1901 Z21q) < ClllaollL<(@y: T, N)llpll 72z (56)

11



Combining (54)-(56) and using the fact that w; C wa, we have that

2
_1 1 0V
S 490 4e n__

2
- < Cllaoli=@p T MlplBery  (57)

11
H12 (%)

In view of (57) and the fact that s, \ > 1,, it follows from (53) that

T
/Q ¢ Mplpfdadt < C(C ool T Mol #Cr [ [ e 2o
wa
Since e~2*"p € L°°(Q), we deduce from this latter inequality (52):
| e rslofazat < €O loollm @0, T M)

Set
1

o e 2Ny, (58)
1
Then according to the definition of 7 and ¢, we have that 7 € L>°(Q) and (52)

can be rewritten as

1
| geleldzde < O Naolliman TNl (59)

4  Proof of Theorem 1.2

In this section, we are concerned with the Problem 2. More precisely, we are
interested in the following null controllability problem: Find a control k €
L?(wl) such that if ¢ = q(t, z;u(k), k) € H%(Q) is solution of (7)-(9), then (6)
holds true, i.e.:

q(0, ;u(k), k) =01in Q.

If we multiply the first line in (7) by p solution of (50) and the first line in (8)
by ¥ solution of (51) and integrate by parts over @), we obtain the following
equations:

0q 0¥ 1

0 7. oq 0¥ _ 2
/Qq(O)p dx . v O dodt = o, hop dzxdt+ i /wlT pp dxdt + /sz kp dxdt
(60)

and 0q 0V 1
q

—_ =0. 1
/21 Y dodt + N /wlTpp dzdt =0 (61)

Combining (60) and (61), we obtain

/ q(0)p? dx — / hop dxdt — / kp dxdt = 0.
Q OT wT

2

12



The null controllability property is equivalent to find a control k& € L?(wl’) such
that for any p° € L?(Q), we have

/ kp dxdt + / hop dzdt = 0.
wl Or

To find such a control, we consider for any € > 0 and for any p° € L?(Q2) the
following functional:

1 T
1) =5 [ [ ePdnars [ hop dadt+ellize). 62
w2 T

where p and ¥ are solutions of (50) and (51). We need to prove that the
functional has a minimum in L?(£2) and then the controllability of (7)-(?7).

Proposition 4.1 Assume that ag € L (Q) and that wy C wa. Let 6 be defined
by (58) and ho € L*(Or) be such that Ohg € L?(Or). Then there exists a unique
point pQ € L*(Q) such that

0y __ : 0
Je(pe) = poéng - J(p"). (63)

Moreover, when pQ # 0, we have the following optimality condition

T
0 = / / pepdrdt + hopdzdt (64)
0 w2 Or
1
—I—Eoi/ p2p°dx, Vp° € L*(Q),
P2 z2(0) Jo

where p. and V. are solutions to (50) and (51) corresponding to p° = p2. In ad-
dition, there exists a positive constant C = C(C1, |laol| = (q), T, IN) independent
of € such that k. = p: 1, satisfies:

kell 23y < VC [16holl 2 (07). (65)

Proof. It is clear that .J. is continuous and strictly convex on L?(Q). It
remains to prove that J. is coercive to obtain that there exists a unique point
pl € L*(Q) where the functional J. reaches its minimum. So, using Cauchy
Schwarz inequality and the definition of 6 given by (58), we have that

[ (ho)p dadt < [Bhall 0,
Q

‘ 1
P )
0712 )

which in view of (52) gives

/Q (—ho)p dadt < VT 0hollz2(omllol L2ty

13



where C' = C(C1, ||lao|| L= (q), T, N) > 0. Using Young inequality, we obtain that
1
k@@mmmmscwmﬁwm+4wm@”

which combining with definition of J. give by (62) yields

1 T
@@%z;l Ipl2dadt + ]| 0]l 2 ) — Cl10hol 220,
w2

where C = C(Cy, ||aol| (@), T, N) > 0. Hence we deduce that J. is coercive
on L?(€2). Consequently, there exists a unique point p? € L2(£2) where the
functional J, reaches its minimum.

Now, assume that p? # 0. In order to prove (64), we write the Euler-
Lagrange condition which characterize the minimizer p? € L?({):

0 0y 0
lim Je(pe +Ap”) — Je(p?)
A—0 )\

=0, Vp° € L*(Q). (66)

After some calculations (66) yields (64).

Let pY be the solution of (63) and p. be the solution of (50)-(51) associated
to p2. Let also ¢, p- be the solution associated to k = k. = p. of systems (7)
and (8) respectively:

0 .
- aqta - AQE +apqe = holo + ualwl + kjelwz m Q7
g = 0 on X, (67)
¢-(I) = 0 n o Q
and 5
Pe - Aps + appe = 0 in Q7
ot o (68)
pe = Felp, on X,
p(0) = 0 o Q
with
Ue = pNE in w,f7 (69)
and
ke = pely, in Q. (70)

Multiplying the first line of (67) by p and the first line of (68) by ¥, where p
and ¥ are respectively solutions of (50) and (51) and integrating by parts over
@, we have successively

dq. OV 1
/qE(O)pO dx— qs—dadt:/ hop dmdt—i——/ pepdde-/ pep dxdt
Q >N 87/ 81/ Or N w’lT wg‘
(71)
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and 9q. OV 1
g
= dodt + — _p dadt = 0. 72
ElayayaJrN/%Tppw 0 (72)

Combining (71) and (72) with (64), we obtain

0= [ (10,0 + e layis, vt < o).

2llz2 @)
Hence,
(0.2) =~ (2)
q:(0,2) = —e————p. ().
) 1921l L20) "
Consequently,
16 (0, )| L2() = €. (73)
Now, if we take p° = p? in (64), we obtain that
T
kel ey = / /|p5|2dxdt:f/ hope dzdt — €| p2|| 12 (0)
0 Jw Or
1
< |[0hollL2(0r) s :
L*(Q)

It then follows from (52) that
kel L2 (wry < VC ||0ho| r207):

where C' = C(|lagl|p~(g), T, N) >0. =

4.1 Proof of Theorem 1.2

We proceed in three steps.
Stepl. We give some a priori estimates on u., ¢. and p;.
In view of (36) and (65), we have that

el 22 wry < C ([1hollz2(0r) + 10hollL2(01)) (74)

where C' = C(C1, |laol| (@), T, N) > 0. Since q., p. satisfy (67)-(68), using
(65) and (74), we prove that

lgellm21 (@) < C (llhollL2(0r) + 10hollL2(04)) 5 (75)
04e <c (| oh 76
5 < C (llhollz2(or) + 10hollL201)) » (76)
L2 (%)
and
[Pell2@) < C (1hollz2(0r) + 10R0llL2(04)) » (77)

where C' = C(Cl, ||a0HL°°(Q)7T7 N) > 0.
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Step2. We study the convergence when € — 0 to the sequences k., uc, g, %q,j

and pe.
In view of (65), (73), (74)-(77), we can extract subsequences still denoted by

ke, Ue, ge, %q,j and p. such that when € — 0, we have

ke —k weakly in  L?(wd), (78a)
ue —u weakly in  L*(w]), (78b)
¢- —q weakly in  H*(Q), (78¢)

0
aq; —Bweakly in  L3(%), (78d)
p. —p weakly in  L*(Q), (78e)
¢-(0) =0 strongly in  L*(Q). (78f)

From (69), (78b) and (78e), we obtain

u= % in wi. (79)

Moreover using the weak lower semi-continuity of the norm, we deduce from
(78b) and (74) that

[ull p2wr)y < C(Ch llaoll(@)> T N) (ol 2or) + 10hollz2(0r)) - (80)

Now, proceeding as for the convergence of ¢" in page 5-7, we prove using (78a)-
(78d) and (78f) that ¢ is solution of

—@ —Aq+aqg = holo+ul,, + I;:lwz in Q,

qg = 0 on X,

() = 0 in

9q: Jq R
— = — kl L“(¥ 2
£ I6; By weakly in L*(X) (82)
and

q(0) =0 in . (83)

Now, if we multiply the first equation in (68) by £ € D(Q) and integrate by
parts over @, then take the limit when £ — 0 while using (78), we deduce that

0
/Qp (85 — AL+ a0§> dxdt =0,

which after an integration by parts over ) gives

dp

/ ( —Ap+ aop) ¢ dadt =0, V¢ € D(Q).
o \ 0t
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Hence, we deduce that

0
—a—f—Aeraop:om 0. (84)
Since p € L?(Q) and Ap € H=1((0,T); L*(9)), we deduce that p|s and ?b
v

exist and belong to H~1((0,T); H~*/2(I")) and H~'((0,T); H~3/2(T")) respec-
tively. On the other hand observing that p € L?(Q) and % € L*((0,T); H%(Q)),
we deduce that p(0) and p(T) exist in H~1(Q). -

So, if we multiply the first equation in (68) by £ € C*°(Q) such that £|s; = 0,
&(T) =0 in Q, then integrate by parts over @), we obtain

9q= 0 %3
= - A
0 e, v v do dt—l—/ ( 9t £+a0§> dxdt,

V& € C*°(Q) such that §|2 =0,¢T)=01in Q.

Passing this latter identity to the limit when e tends toward zero, while using
(78e) and (82), we obtain that

_ 8q 0¢ _% B

V¢ e COO(Q) such that §|2 =0,&T)=0in Q,
which after an integration by parts yields

dq 0
0= (p(0), £(0)) -1 (0, 3 (e + eTai dodt+
2
—\P; 87
v H-3/2((0,T),H-1/2(T)), H3/2((0,T),HY/2(T))
+/ (gf Ap+ aop) ¢ dudt,
V¢ € C*°(Q) such that &|x, =0, £(T) =0 in €.

Using (84) in this latter identity, we get
9q 9§

0= (p(0),£(0)) r-1(0),m2(0) + vy dodt+
p ) &
’ 8V7H73/2((0,T),H71/2(r)),HS/z((oyT),Hlﬂ(F))
V¢ € C*°(Q) such that &|g =0, £&(T) =0in Q.
: 23
Take in (85), £ such that W 0 on ¥, we deduce that
v
p(0) =0 in Q,andfinally, (86)
0
p= 8—3 on Y. (87)
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It then follows from (84), (87) and (86) that p satisfies

19}
a—;: —Ap+agp = 0 in @,
— 949 ) (88)
p - ov Iy on ’
p(0) = 0 in €,

Finally, using the weak-lower semi-continuity of the norm and (78a), we
deduce from (65) the estimate (14).
Step3.0Observing that k. = p.1,,, where p. satisfies:

dpe

ot - Aps +aope = 0 in Q7
Pe = 83\1:,5 1F1 on Ev (89)
p-(0) = pY in €,
with ¥, solution of
ov .
— 8156 — AV, +q¥. = —-£1, in Q,
v, = 0 on X, (90)
v.(T) = 0 in €,
we know that
Wellzzrg) < CllaollLe=(q), T, N)llrhoc| L2 (wr)
0w < C(Cllaoll=(q), T, N)I0hollL2(0r)>
152 < cillim@. T 5 rolzon,
Vil s
because wy C wz, ke = p:1,, and (65) holds true.
Consequently, there exist ¥ € H?1(Q) and 3 € L?(X) such that
U, —U weakly in H>(Q), (91a)
ov
31/6 — B weakly in  L*(%). (91b)

On the other hand, from (52), (65) and (70), there exists C' = C(Ch, ||ao| £ (q), T, N) >

0 such that )

< C |0holl72(0,)-
L2(Q)

1
epe
1
Hence, if we set L?(§,X) = {z € LQ(X),/ ﬁ|z\2dX < oo} , we deduce from
X

this latter inequality that p. is bounded in LQ(é, Q). Consequently, there exists
p € L? (4,Q) and a subsequence of (p.) still denoted (p.) such that

1
pe — p weakly in L2 (0,Q> . (92)

18



If we refer of the definition of 1, ¢ and 7 given by (43)-(46) and the definition
of 6 given by (58), we can see that for all 7 > 0,

pe — p weakly in L2(7,T — 7[xQ),

This implies that

pe — p weakly in D'(Q). (93)
where D/(Q) is the dual of D(Q). Therefore, it follows from (65) and (70) that
pe — p weakly in L*(w]) (94)

and we have .
k= pl,,. (95)

Now proceeding as for the convergence of ¢" in page 5-7, while passing to the
limit in (90), we prove using (91) and (94) that ¥ is solution of (13) and that

a;;f - Z—\f weakly in L*(X). (96)
Using (93) and interObb while passing to the limit in (89), we obtain that p is
solution of (12).
In short, In view of (81), (83) and (88), we have that (k, ¢, p) is solution of
the null controllability problems (7)-(?7).
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