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On the existence of C-almost automorphic mild solutions
of certain differential equations in Banach spaces

Gaston M. N’Guérékata and Gisele MOPHOU

ABSTRACT. In this paper we study the existence and uniqueness of almost
automorphic mild solutions to the semilinear equation u’(t) = A(t)u(t) +
f(t,u(t)), t € R where A(t) satisfies the Acquistapace-Terreni conditions and
generates an exponentially stable family of operators (U(t, s)¢>s and f(t,u) is
almost automorphic in ¢ € R for any v € X. This extends a well-known result
by G.M. N’Guérékata in the case where A(t) = A does not depend on t. We
also investigate the existence of mild C™-almost automorphic solutions of the
linear version of the above equation when A is an operator of simplest type.

1. Introduction

The concept of almost automorphic functions was introduced in the litera-
ture by S. Bochner [4, 5] while studying some problems in differential geometry.
It was then developed by W.A. Veech [17] for functions on groups and M. Zaki
[18] for functions on the real line. Further developments were boosted by G.M.
N’Guérékata’s books [13, 15]. The concept turns out to generalize the concept of
almost periodic functions in the sense of Bohr and has applications in several prob-
lems in mathematics and the sciences (cf. for instance [6, 8, 9, 10, 11, 12, 19, 21]
and references therein.

In [14], the author studied the semilinear equation in a Banach space X
(1.1) u'(t) = Au(t) + f(t,u(t), teR

where A : D(A) C X — X is the infinitesimal generator of an exponentially stable
Co-semigroup of bounded operators, and f(¢,u) is almost automorphic in ¢ for
any v € X and is lipschitzian in ¢ uniformly in u. He proved that the equation
possesses a unique almost automorphic mild solution. This result has been extended
to general cases where f is not necessarily lipschitzian and the operator A not
necessarily a generator of a Cy-semigroup .
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In [3], the authors studied the existence of S-asymptotically w-periodic mild
solution of the nonautonomous semilinear equation

(1.2) u'(t) = A(t)u(t) + f(t,u(t), t € RT

where A(t) generates a w-periodic exponentially stable evolutionary process (U (t, §)¢>s.

Motivated by the above results, we prove in the present paper that Equation(1.2)
considering A(t) generates an evolutionary process (U(t, s);>s which is not neces-
sarily w-periodic, admits a unique almost automorphic mild solution assuming ap-
propriate conditions on the function f(¢, ). This is our main result Theorem 4.3.
We also discuss C™-almost automorphic mild solutions to the linear version of the
above Equation (1.1). These results extend the ones obtained in [2] to the case of
this types of functions and the operator A being of simplest type.

2. C(™-almost automorphic functions

DEFINITION 2.1. [4, 5, 16, 18] A continuous function f : R — X is said to
be almost automorphic if for every sequence or real numbers (s]) there exists a
subsequence (s;,) such that

nll_{go ft+sn) = g(t)

exists for each t € R and
lim g(t —s,) = f(t)

n—oo

for each t € R.

REMARK 2.2. (i) The function g in the definition above is measurable, but not
necessarily continuous.
(ii) If the convergence above is uniform in ¢ € R, then f is almost periodic in the
sense of Bohr.

PRrROPOSITION 2.3. [13] If f, f1, fo are almost automorphic functions R — X,
A a scalar, then the following are true:
i) f1+ fa, Af are almost automorhic.
ii) the translation f,(¢) := f(¢+ 7), t € R is almost automorphic.
iii) the function f(t) := f(—t), ¢t € R is almost automorphic.
)

iv) the range of f Ry :={f(t): t € R} is relatively compact in X.

THEOREM 2.4. [13] If (f) is a sequence of almost automorphic functions which
convergent uniformly int € R to f, then f is almost automorphic.

REMARK 2.5. Denote AA(X) the space of all almost automorphic functions
R — X. Equipped with the norm || f|| = supg ||f(¢)]|, AA(X) turns out to be a
Banach space.
If we denote by AP(X) the Banach space of all almost periodic functions in the
sens of Bohr, then we have
AP(X) C AA(X).
The inclusion is strict. Indeed the function

(2.1) f(t) = sin( L

2 + cost + cosﬁt

is almost automorphic but not almost periodic
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We recall the following Zheng-Ding-N’Guérékata theorem in [21] which provides
an information on the ”amount” of almost automorphic functions which are not
almost periodic. We also give a different and more elegant proof than in [21]
suggested by Marek Balcerzak in his review MR3036705.

THEOREM 2.6. AP(X) is a set of first category in AA(X).

ProOF. It suffices to note from the above that AP(X) is a proper closed sub-

space of AA(X) equipped with the supnorm. Therefore it is of first category in
AA(X). O

DEFINITION 2.7. [9] A continuous function f : R — X is said to be C"-almost
automorphic for n > 1 if for i = 1,2,...,n, the i-th derivative () of f is almost
automorphic.

PROPOSITION 2.8. [10, 14] The set AA™ (X) of all C™-almost automorphic
functions f : R — X is a Banach space under the norm

= - (@)
61l = sup 350D

THEOREM 2.9. Suppose that X does not contain a subspace isomorphic to c,
and f € AAM™(X). Then

F(t) := /Ot f(€)de € AATY(X) iff the Ry == {f(t) : t € R} is bounded inX.

PROOF. The ”if” part is immediate. Let’s prove the ”only” part. We use
the induction principle. The case n = 0 is well-known (cf. for instance [14]).
Assume that f € AA*=D(X) for some k. That is I’ = f € AA®~D(X). But by
assumption f is bounded. Therefore F € AA®)(X). The proof is complete. O

3. Linear Equations

We will consider in this section, the following equation in a complex Banach
space X which does not contain a subspace isomorphic to c,.

(3.1) u'(t) + Au(t) + f(t), t€R,

where A: D(A) C X — X is a linear operator and f € C(R, X).
In what follows we will use the notation IT := {z € C: Rez # 0}

DEFINITION 3.1. [7, 20] A linear operator A : D(A) C X — X is said to be of
simplest type if A € B(X) and

A= Zn: NP,
=1

where \; € C,i =1,2,..n and (P;)1<i<n forms a complete system Z?:l P, =1 of
mutually disjoint operators on X, i.e. PiP; = 6;;P;

LEMMA 3.2. Let’s consider Equation(3.1) with A= X € C and f € AAM™(X).
Then every bounded solution u satisfies

ue AAM(X), xell
and

ue AAMTV(X), A ¢TI
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PROOF. The proof is an immediate consequence of Lemma 4.1 in [9] O

THEOREM 3.3. Assume that f € AA"™ (X) and A is of simplest type.

Then every bounded solution u of Eq.(3.1) satisfies

we AAM(X), Xell
and
uwe AAMTV(X), A gL

PROOF. Applying the projection Py to Eq.(3.1) gives

n

P (t) = %(Pku)(t) = Pu()_ NiP)u(t) + Pef(t) = A(Peu)(t) + (Prf)(t)

=1

Observe that P, f € AA™ since P, is a bounded linear operator. Therefore by the
Lemma 3.2 above,

Pouc AA™M(X), Nell
and
Pouc AAMD(X), A ¢IL

Now since u(t) = Y i, (Piu)(t), the conclusion follows immediately. O

4. Nonautonomous case

Consider now in a complex Banach space X the equation
(4.1) u'(t) = A(t)u(u) + f(t), teR

And assume that A(t), t € R, satisfies the Acquistapace-Terreni conditions [1].
That means there exist constants Ao > 0, § € (5, 7), L,K > 0 and o, € (0,1]

with a + 8 > 1 such that
(4.2) S U0} € p(A(1) — Ao)s RO\ A) = Mo)]| < —
0

1+ A

and

(43) (A1) = A)R(A, A(t) = Xo)[R(Ao, A(t) — R(ho, A(s))]]| < LIt — s/*[A?

for t,s € R, A€} ,:={Xe€ C*:|arg)| < 0}. Then from [1] Theorem 2.3,
there exists a unique evolution family {U (¢, s)} _co<s<t<oo 0 X which governs the
linear version of (4.1).

The family {U(t, s)} —co<s<t<oo satisfies the following properties

(i) U(t,t) =1, Vt eR,
(ii) U(t,r)T(r,s) =U(t,s), YVt >r > s,
(iii) The map (t,s) — U(t, s)¢ is continuous for every &€ € X.

DEFINITION 4.1. A function u € C(R,C) is said to be a mild solution to
Eq.(4.1) if it has the integral representation

(4.4) u(t) = U(t, s)u(s) + /t U(t,s)f(s)ds, t,s eR, t>s.
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Under the above assumptions, it can be proved as in G. N’Guérékata et al. [2],
Theorem 3.6 that any mild solution can be written as

t
(4.5) u(t) = / U(t,s)f(s)ds, teR
Let make the following assumptions:
Hil. f e AA(X)

H2. There exists a function ¢ € L'(R,R") such that
1U(E, )]l < ot = s)-

THEOREM 4.2. Assume that assumptions (H1)-(H2) hold true. Assume also
that that A(t), t € R, satisfies the Acquistapace-Terreni conditions.

Then Eq.(4.1) admits a unique mild solution in AA(X).

PROOF. Observing that tlim o(t) = 0, it can be shown as in [2] that the
—00
function A : R — BC(R, X) defined by

t
A(t) == / U(t,s)f(s)ds
is the unique solution to Eq.(4.1). Now let’s prove it is almost automorphic.

Let (s5,) be an arbitrary sequence of real numbers. Since f is almost automor-
phic, there exists a subsequence (s,) of (s!,) such that
lim f(t + Sn) - g(t)

n— oo
exists for each t € R and
lim g(t —sp) = f(t)

n—oo
for each t € R.
Consider A : R — BC(R, X) such that

A(t) == / U(t, s)g(s)ds.

—o0
In view of the properties of U and g, this functions is well defined. Now we
have

At +s,) — At)

t+sn t
/ U(t+ sn,s)f(s)ds f/ U(t, s)g(s)ds

—0o0 —o0
t

/ U(t—f—sn,s-i-sn)f(s—i—sn)ds—/ ULt 5)g(s)ds.

— 00 —00

Now observe that for any n = 1,2, ... we have
[U(E + sn, 54 s0)f(s+ sn)l| < Mot —s)||fll

and the right hand member of the inequality belongs to L!'(R,RT). Therefore, in
virtue of the Lebesgue Dominated Convergence theorem,

t t
/ U(t+ sn,s+ 8n)f(s+ sp)ds — / U(t,s)g(s)ds, as n — oco.

— 00
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In other words,

At + s,) = A(t), asn — oc.
Analogously we can prove that

At —sp) = At), asn — 0.
That means A(t) € AA(X).

Consider now in a complex Banach space X the semilinear equation
(4.6) o' (t) = A(t)u(u) + F(t,u(t)), t €R.
THEOREM 4.3. And assume that A(t), t € R, satisfies the Acquistapace-Terreni

conditions and (H2) holds. Assume also that F(t,x) is almost automorphic int € R
uniformly in x € K for any bounded set K C X and

I1E@,2) = F(ty)ll < Lz —yll, teR, 2,y € X.

Then Eq.(4.6) has a unique mild solution in AA(X) if in addition we have L||¢| 1 (g r+) <
1.

ProOF. Consider the operator T : AA(X) — AA(X) defined by

(Tu)(t) := / U(t,s)F(s,u(s))ds.

— o0
In view of Theorem 2.2.5 [13] and 4.2 above this operator is well-defined.
Now take u,v € AA(X). Then we get

1CCu)(t) — (o)D) H [ U E ) - Fls,ulo)ds

[, $)I[[F(s, uls)) — F(s, v(s))ds

IN

< Lol @rylle —vco-
Therefore
1(Tw) = (To)]loo < Lll@llLrwr+)lu — o
and the conclusion follows in virtue of the Banach fixed point theorem. O
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