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In this paper we study the existence and uniqueness of almost automorphic mild solutions to the semilinear equation u (t) = A(t)u(t) + f (t, u(t)), t ∈ R where A(t) satisfies the Acquistapace-Terreni conditions and generates an exponentially stable family of operators (U (t, s) t≥s and f (t, u) is almost automorphic in t ∈ R for any u ∈ X. This extends a well-known result by G.M. N'Guérékata in the case where A(t) = A does not depend on t. We also investigate the existence of mild C n -almost automorphic solutions of the linear version of the above equation when A is an operator of simplest type.

Introduction

The concept of almost automorphic functions was introduced in the literature by S. Bochner [START_REF] Bochner | Uniform convergence of monotone sequences of functions[END_REF][START_REF] Bochner | A new approach to almost periodicity[END_REF] while studying some problems in differential geometry. It was then developed by W.A. Veech [START_REF] Veech | Almost automorphic functions on groups[END_REF] for functions on groups and M. Zaki [START_REF] Zaki | Almost automorphic solutions of certain abstract differential equations[END_REF] for functions on the real line. Further developments were boosted by G.M. N'Guérékata's books [START_REF] N'guérékata | Almost Automorphic and Almost Periodic Functions in Abstract Spaces[END_REF][START_REF] N'guérékata | Topics in Almost Automorphy[END_REF]. The concept turns out to generalize the concept of almost periodic functions in the sense of Bohr and has applications in several problems in mathematics and the sciences (cf. for instance [START_REF] Bugakewski | Almost automorphic of the convolution operator and applications to differential and functional differential equations[END_REF][START_REF] Es-Sebbar | Bohr-Neugebauer property for almost automorphic partial fucntional differential equations[END_REF][START_REF] Ezzinbi | C (n) -almost automorphic solutions for partial neutral functional differential equations[END_REF][START_REF] Ezzinbi | C (n) -almost automorphic solutions of nonautonomous differential equations[END_REF][START_REF] Kostić | Generalized almost automorphic and asymptotically almost automorphic solutions of abstract Volterra integro-differential inclusions[END_REF][START_REF] Kostić | On generalized C (n) -almost periodic solutions of abstract Volterra integrodifferential equations[END_REF][START_REF] Zaidman | Almost periodic functions in Abstract Spaces[END_REF][START_REF] Zheng | The space of continuous periodic functions is a set of first category in AP (X)[END_REF] and references therein.

In [START_REF] N'guérékata | Existence and uniqueness of mild solutions of some abstract semilinear differential equations in banach spaces[END_REF], the author studied the semilinear equation in a Banach space X (1.1)

u (t) = Au(t) + f (t, u(t)), t ∈ R
where A : D(A) ⊂ X → X is the infinitesimal generator of an exponentially stable C 0 -semigroup of bounded operators, and f (t, u) is almost automorphic in t for any u ∈ X and is lipschitzian in t uniformly in u. He proved that the equation possesses a unique almost automorphic mild solution. This result has been extended to general cases where f is not necessarily lipschitzian and the operator A not necessarily a generator of a C 0 -semigroup .

In [START_REF] Blot | S-asymptotically ω-periodic fucntions and applications to evolution equations[END_REF], the authors studied the existence of S-asymptotically ω-periodic mild solution of the nonautonomous semilinear equation

(1.2) u (t) = A(t)u(t) + f (t, u(t)), t ∈ R +
where A(t) generates a ω-periodic exponentially stable evolutionary process (U (t, s) t≥s . Motivated by the above results, we prove in the present paper that Equation(1.2) considering A(t) generates an evolutionary process (U (t, s) t≥s which is not necessarily ω-periodic, admits a unique almost automorphic mild solution assuming appropriate conditions on the function f (t, u). This is our main result Theorem 4.3. We also discuss C n -almost automorphic mild solutions to the linear version of the above Equation (1.1). These results extend the ones obtained in [START_REF] Baillon | On C (n) -almost periodic solutions to some nonautonomous differential equations in Banach spaces[END_REF] to the case of this types of functions and the operator A being of simplest type.

C (n) -almost automorphic functions

Definition 2.1. [START_REF] Bochner | Uniform convergence of monotone sequences of functions[END_REF][START_REF] Bochner | A new approach to almost periodicity[END_REF][START_REF] N'guérékata | Spectral Theory of Bounded Functions and Applications to Evolution Equations[END_REF][START_REF] Zaki | Almost automorphic solutions of certain abstract differential equations[END_REF] A continuous function f : R → X is said to be almost automorphic if for every sequence or real numbers (s n ) there exists a subsequence (s n ) such that

lim n→∞ f (t + s n ) = g(t)
exists for each t ∈ R and lim

n→∞ g(t -s n ) = f (t)
for each t ∈ R.

Remark 2.2. (i) The function g in the definition above is measurable, but not necessarily continuous. (ii) If the convergence above is uniform in t ∈ R, then f is almost periodic in the sense of Bohr.

Proposition 2.3. [START_REF] N'guérékata | Almost Automorphic and Almost Periodic Functions in Abstract Spaces[END_REF] If f, f 1 , f 2 are almost automorphic functions R → X, λ a scalar, then the following are true: i)

f 1 + f 2 , λf are almost automorhic. ii) the translation f τ (t) := f (t + τ ), t ∈ R is almost automorphic. iii) the function f (t) := f (-t), t ∈ R is almost automorphic. iv) the range of f R f := {f (t) : t ∈ R} is relatively compact in X. Theorem 2.4. [13] If (f n ) is a sequence of almost automorphic functions which convergent uniformly in t ∈ R to f , then f is almost automorphic.
Remark 2.5. Denote AA(X) the space of all almost automorphic functions R → X. Equipped with the norm f = sup R f (t) , AA(X) turns out to be a Banach space. If we denote by AP (X) the Banach space of all almost periodic functions in the sens of Bohr, then we have AP (X) ⊂ AA(X).

The inclusion is strict. Indeed the function

(2.1) f (t) = sin( 1 2 + cost + cos √ 2t )
is almost automorphic but not almost periodic

We recall the following Zheng-Ding-N'Guérékata theorem in [START_REF] Zheng | The space of continuous periodic functions is a set of first category in AP (X)[END_REF] which provides an information on the "amount" of almost automorphic functions which are not almost periodic. We also give a different and more elegant proof than in [START_REF] Zheng | The space of continuous periodic functions is a set of first category in AP (X)[END_REF] suggested by Marek Balcerzak in his review MR3036705.

Theorem 2.6. AP (X) is a set of first category in AA(X).

Proof. It suffices to note from the above that AP (X) is a proper closed subspace of AA(X) equipped with the supnorm. Therefore it is of first category in AA(X).

Definition 2.7. [START_REF] Ezzinbi | C (n) -almost automorphic solutions for partial neutral functional differential equations[END_REF] A continuous function f : R → X is said to be C n -almost automorphic for n ≥ 1 if for i = 1, 2, ..., n, the i-th derivative f (i) of f is almost automorphic.

Proposition 2.8. [START_REF] Ezzinbi | C (n) -almost automorphic solutions of nonautonomous differential equations[END_REF][START_REF] N'guérékata | Existence and uniqueness of mild solutions of some abstract semilinear differential equations in banach spaces[END_REF] The set AA (n) (X) of all C n -almost automorphic functions f : R → X is a Banach space under the norm

f n = sup t∈R ( n i=1 f (i) (t) ).
Theorem 2.9. Suppose that X does not contain a subspace isomorphic to c o and f ∈ AA (n) (X). Then

F (t) := t 0 f (ξ)dξ ∈ AA (n+1) (X) iff the R f := {f (t) : t ∈ R} is bounded inX.
Proof. The "if" part is immediate. Let's prove the "only" part. We use the induction principle. The case n = 0 is well-known (cf. for instance [START_REF] N'guérékata | Existence and uniqueness of mild solutions of some abstract semilinear differential equations in banach spaces[END_REF]). Assume that f ∈ AA (k-1) (X) for some k. That is F = f ∈ AA (k-1) (X). But by assumption f is bounded. Therefore F ∈ AA (k) (X). The proof is complete.

Linear Equations

We will consider in this section, the following equation in a complex Banach space X which does not contain a subspace isomorphic to c o .

(3.1)

u (t) + Au(t) + f (t), t ∈ R,
where

A : D(A) ⊂ X → X is a linear operator and f ∈ C(R, X).
In what follows we will use the notation Π := {z ∈ C :

Rez = 0} Definition 3.1. [7, 20] A linear operator A : D(A) ⊂ X → X is said to be of simplest type if A ∈ B(X) and A = n i=1 λ i P i ,
where λ i ∈ C, i = 1, 2, ...n and (P i ) 1≤i≤n forms a complete system n i=1 P i = I of mutually disjoint operators on X, i.e. P i P j = δ ij P j Lemma 3.2. Let's consider Equation(3.1) with A = λ ∈ C and f ∈ AA (n) (X). Then every bounded solution u satisfies

u ∈ AA (n) (X), λ ∈ Π and u ∈ AA (n+1) (X), λ ∈ Π.
Under the above assumptions, it can be proved as in G. N'Guérékata et al. [START_REF] Baillon | On C (n) -almost periodic solutions to some nonautonomous differential equations in Banach spaces[END_REF], Theorem 3.6 that any mild solution can be written as

(4.5) u(t) = t -∞ U (t, s)f (s)ds, t ∈ R
Let make the following assumptions:

H1. f ∈ AA(X) H2. There exists a function ϕ ∈ L 1 (R, R + ) such that U (t, s) ≤ ϕ(t -s).
Theorem 4.2. Assume that assumptions (H1)-(H2) hold true. Assume also that that A(t), t ∈ R, satisfies the Acquistapace-Terreni conditions. Then Eq.(4.1) admits a unique mild solution in AA(X).

Proof. Observing that lim t→∞ ϕ(t) = 0, it can be shown as in [START_REF] Baillon | On C (n) -almost periodic solutions to some nonautonomous differential equations in Banach spaces[END_REF] that the function Λ : R → BC(R, X) defined by

Λ(t) := t -∞ U (t, s)f (s)ds
is the unique solution to Eq.(4.1). Now let's prove it is almost automorphic.

Let (s n ) be an arbitrary sequence of real numbers. Since f is almost automorphic, there exists a subsequence (s n ) of (s n ) such that

lim n→∞ f (t + s n ) = g(t)
exists for each t ∈ R and lim

n→∞ g(t -s n ) = f (t)
for each t ∈ R. Consider Λ : R → BC(R, X) such that

Λ(t) := t -∞ U (t, s)g(s)ds.
In view of the properties of U and g, this functions is well defined. Now we have

Λ(t + s n ) -Λ(t) = t+sn -∞ U (t + s n , s)f (s)ds - t -∞ U (t, s)g(s)ds = t -∞ U (t + s n , s + s n )f (s + s n )ds - t -∞ U (t, s)g(s)ds.
Now observe that for any n = 1, 2, ... we have

U (t + s n , s + s n )f (s + s n ) ≤ M ϕ(t -s) f ∞
and the right hand member of the inequality belongs to L 1 (R, R + ). Therefore, in virtue of the Lebesgue Dominated Convergence theorem,

t -∞ U (t + s n , s + s n )f (s + s n )ds → t -∞ U (t, s)g(s)ds, as n → ∞.
In other words, Λ(t + s n ) → Λ(t), as n → ∞. Analogously we can prove that Λ(t -s n ) → Λ(t), as n → ∞.

That means Λ(t) ∈ AA(X).

Consider now in a complex Banach space X the semilinear equation

(4.6) u (t) = A(t)u(u) + F (t, u(t)), t ∈ R.
Theorem 4.3. And assume that A(t), t ∈ R, satisfies the Acquistapace-Terreni conditions and (H2) holds. Assume also that F (t, x) is almost automorphic in t ∈ R uniformly in x ∈ K for any bounded set K ⊂ X and F (t, x) -F (t, y) ≤ L x -y , t ∈ R, x, y ∈ X.

Then Eq.(4.6) has a unique mild solution in AA(X) if in addition we have L ϕ L 1 (R,R + ) < 1.

Proof. Consider the operator Υ : AA(X) → AA(X) defined by (Υu)(t) := In view of Theorem 2.2.5 [START_REF] N'guérékata | Almost Automorphic and Almost Periodic Functions in Abstract Spaces[END_REF] 

≤ L ϕ L 1 (R,R + ) u -v ∞ .
Therefore (Υu) -(Υv) ∞ ≤ L ϕ L 1 (R,R + ) u -v ∞ and the conclusion follows in virtue of the Banach fixed point theorem.

U

  (t, s)F (s, u(s))ds.

  and 4.2 above this operator is well-defined. Now take u, v ∈ AA(X). Then we get(Υu)(t) -(Υv)(t) = t -∞ U (t, s)[F (s, u(s)) -F (s, v(s))ds ≤ t -∞ U (t, s) F (s, u(s)) -F (s, v(s))ds
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Proof. The proof is an immediate consequence of Lemma 4.1 in [START_REF] Ezzinbi | C (n) -almost automorphic solutions for partial neutral functional differential equations[END_REF] Theorem 3.3. Assume that f ∈ AA (n) (X) and A is of simplest type.

Then every bounded solution u of Eq.(3.1) satisfies

Proof. Applying the projection P k to Eq.(3.1) gives

Observe that P k f ∈ AA (n) since P k is a bounded linear operator. Therefore by the Lemma 3.2 above,

, the conclusion follows immediately.

Nonautonomous case

Consider now in a complex Banach space X the equation (4.1)

And assume that A(t), t ∈ R, satisfies the Acquistapace-Terreni conditions [START_REF] Acquistapace | Evolution operators and strong solution of abstract linear parabolic equations[END_REF]. That means there exist constants λ 0 ≥ 0, θ ∈ ( π 2 , π), L, K ≥ 0 and α, β ∈ (0, 1] with α + β > 1 such that

3, there exists a unique evolution family {U (t, s)} -∞<s≤t<∞ on X which governs the linear version of (4.1).

The family {U (t, s)} -∞<s≤t<∞ satisfies the following properties (i) U (t, t) = I, ∀t ∈ R, (ii) U (t, r)T (r, s) = U (t, s), ∀t ≥ r ≥ s, (iii) The map (t, s) → U (t, s)ξ is continuous for every ξ ∈ X.