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ABSTRACT. We consider mild solutions to the 3D time-dependent Oseen sys-
tem with homogeneous Dirichlet boundary conditions, under weak assumptions
on the data. Such solutions are defined via the semigroup generated by the
Oseen operator in L9. They turn out to be also L9-weak solutions to the Oseen
system. On the basis of known results about spatial asymptotics of the latter
type of solutions, we then derive pointwise estimates of the spatial decay of
mild solutions. The rate of decay depends in particular on LP-integrability in
time of the external force.

1. Introduction. In this article, we consider mild solutions to the 3D time-de-
pendent Oseen system

U — Agu+ 7O u+ Ve = f, divau=0 in Q° x (0,00), (1)

where Q° := R3\Q, with Q an open, bounded set in R? with smooth boundary.
Thus Q° is an exterior domain, which we suppose to be connected. Equation (1) is
supplemented by homogeneous Dirichlet boundary conditions on 952 and an initial
condition,

u(t)|0 =0 for t € (0,00), u(0) = Up. (2)
The Oseen system is a linearization of the time-dependent Navier-Stokes system
with Oseen term,

U — A+ 70 u+ (u-Vo)u+ Ver = f, diveu=0 in Q" x (0,00). (3)

This latter system is usually considered as a model for the flow of a viscous in-
compressible fluid around a rigid body moving with constant velocity and with-
out rotation, with the set 2 corresponding to the rigid body. The functions u :
0° % (0,00) = R3 (velocity) and 7 : Q° x (0,00) — R (pressure) are the unknowns
of problem (1), (2), whereas the functions f : Q° x (0,00) — R3 (volume force)
and Uy : Q° — R3 (initial velocity), as well as the number 7 € (0,00) (Reynolds
number), are given quantities.

Mild solutions to (1), (2), which only involve the velocity among the two un-
knowns velocity and pressure, are introduced via the semigroup generated by the
Oseen operator. We refer to (5) for the definition of this operator, and to the proof
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of Theorem 3.3 for a discussion of the associated semigroup. A precise definition of
a mild solution to (1), (2) is given in Theorem 3.5.

In the work at hand, we study the spatial decay of such solutions. It turned
out their decay rate is highest if Uy € L2(Q°) and f € L' (0,00, LZ (ﬁc)) for some
g € (1, 3/2), and if |Up(x)| and |f(z,t)| tend to zero sufficiently fast for x| — oo.
(See Section 2 for the definition of LZ(Q2°). In this situation we obtain that

0% u(a, )] < € (Ja|v(a) )~ EHID2 (4)

for a. e. t € (0,00), a. e. x € By := R*\Bg,, and for o € Nj with |o| < 1,
with € being independent of x and ¢t. The parameter Ry is some fixed number
from (0, 00) with Q C Bpg,. Concerning the condition |a| < 1, it means that u and
the spatial gradient V,u are estimated in (4). The function v appearing in (4) is
defined by v(z) := 1+ |z| — 21 for z € R3. Its presence should be interpreted as a
mathematical manifestation of the wake extending downstream in the flow behind
a rigid body. If f € L?(0, 00, Lg(ﬁc)) for some p € (1,00) and ¢ € (1, 3/2), the
rate of decay of |0%u(x,t)| diminishes to —(3 + |a|)/2 + 1/(2p'). So in particular
this rate is linked to LP-integrability in time of f. If the relation Uy € L4 (ﬁc) only
holds for some ¢ € [3/2, 3), we also obtain a lower rate, and if ¢ > 3, we have to
suppose that Uy = 0 because otherwise our theory is mute. We refer to Theorem
4.6 for a detailed statement of our results. In the remark following this theorem,
we explain the condition mentioned above that |Up(x)| and |f(x,t)| are to tend to
zero sufficiently fast for |z| — oc.

A link between the rate of spatial decay of d%u on the one hand and LP-
integrability of f with respect to time on the other already appears in [7, Theorem
6.1] and [8, Theorem 5.2], but with certain LP-norms in time and in space of u
additionally influencing the spatial asymptotics of u. The former reference specifies
the spatial decay of regular solutions to (1), and the latter one extends these results
to L?-weak solutions of (1). No specific boundary conditions are imposed in [7] and
[8]. A simplified version of [8, Theorem 5.2] is stated below as Theorem 2.7, which
is the starting point of the work at hand. In [7] and [8], we applied [7, Theorem 6.1]
and [8, Theorem 5.2], respectively, to some solutions which are known to exist; see
[7, Theorem 6.2, 6.3] and [8, Theorem 6.1, 6.2, 6.3]. However, these examples are
either restricted to an L?-framework ([7, Theorem 6.2] and [8, Theorem 6.1, 6.2,
6.3]), or they deal with solutions whose lifespan T € (0, 00) is finite, which are much
more regular than required for our theory and are associated with a right-hand side
feLr(0,Ty, Lq(ﬁc)?’) required to satisfy the condition p = ¢ ([7, Theorem 6.3]).
But as the key point of [8, Theorem 6.1, 6.2] we could improve the decay rates
obtained in existing literature ([1], [3]).

The work at hand with its focus on mild solutions shows that we may handle
solutions with data of low regularity. In fact, these solutions exist for any ¢ > 0
if Up € L4(Q°) and f € L}, ([0,00), LL(Q°)) for some ¢ > 1 (Theorem 3.5). In
addition, we are able to express our decay bounds exclusively in terms of the data;
no norms of the solution are involved. Moreover, in the assumptions Uy € L%(€°)
and f € LP(O,oo, Lg(ﬁc) ), a large range of parameters g € (1,00), p € [1,00) is
admitted, and our estimates exhibit how the choice of these parameters influences
the spatial asymptotics of the solution. In this respect we recall the example given in
(4): if ¢ € (1, 3/2), p = 1, then [0%u(z,t)| tends to zero as O( [|z|v(z)]~B+aD/2)
for |x| — oco. This rate is best possible in the sense that it coincides with standard
decay estimates of a fundamental solution to (1); see Lemma 2.4.
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Our proof of (4) consists in verifying the assumptions of Theorem 2.7, with two
main points. Firstly it must be shown that mild solutions are also L9-weak solutions
as considered in that latter theorem. This is not completely obvious due to the low
regularity of f; see the proof of Theorem 3.5. Secondly, certain LP-norms of u with
respect to space and time variables must be estimated by the data (Corollary 4.3
— 4.5). This is achieved by means of LP — L%-estimates of the Oseen semigroup.
In our context the key feature of these estimates is the rate of temporal decay of
spatial L?-norms of this semigroup. Such rates are derived in [19], [11], [12], [16]
and [17]. We will use results established in [19] and [17]; see Theorem 3.3 and 4.1.

We point out that according to [10], the velocity part U of a solution (U,II)
to the Oseen resolvent system —AU + 710U + AU + VII = F, divU = 0 in the
whole space R? does not satisfy the estimate ||U|s < Co |A|7! || F||2 with a single
constant Cy > 0 for all F' € L2(R?)3 and all A € C with ®A > 0. As a consequence
of this negative result, which arises because small values of || are admitted, an
analogous resolvent estimate cannot be expected to hold for solutions to the Oseen
resolvent problem in ﬁc, under whatever boundary conditions. Therefore, in view
of [25, Theorem 4.2, point 3.)], it is a safe guess that maximal regularity is not
valid for solutions of problem (1), (2). The negative result in [10] is the reason why
we discuss some properties of the Oseen operator and its associated semigroup in
greater detail; see the proof of Theorem 3.3.

We mention that pointwise spatial decay of solutions to the nonlinear problem
(3), (2) is considered in [18], [23], [6], [4], [6] and [9].

2. Notation. Some auxiliary results. The symbol | | denotes the Euclidean
norm of R™ for any n € N, and the length a; + as + a3 of a multi-index o € NJ.
For R € (0,00), z € R3, put Br(z) := {y € R : |z —y| < R}. In the case x = 0,
we write Bp instead of Br(0).

The set 2 C R? and the parameter 7 € (0, co) introduced in Section 1 will be kept
fixed throughout. Recall that €2 is open and bounded, with smooth boundary and
connected complement. Further recall that n(*» denotes the outward unit normal
to Q. We fix a number Ry € (0,00) with @ C Bg,. For R € (0,00), we define
QR = BR\Q and ZR,oo = QR X (0,00)

We additionally recall that also in Section 1, we introduced the weight function
v:R? i [1,00) by setting v(z) := 1+ |z| — 21 for z € R3.

For I C R, let x; stand for the characteristic function of I on R. If A C R3, we
denote by A° the complement R3\ A of A in R3. Put ¢; := (0j1)1<j<g for 1 <1 <3
(unit vector in R3). If A is some nonempty set and v : A — R a function, we set
Voo := sup{|y(z)| : = € A}. Let p € [1,00), m € N. If A C R? is open, we write
| |, for the norm of the Lebesgue space LP(A), and || ||;m,p for the usual norm of
the Sobolev space W™ P(A) of order m and exponent p. For an open set B C R3,
the spaces L} (B) and W,"""(B) are defined as the set of all functions V from B
into R or C such that V|A € LP(A) and V|A € W1P(A), respectively, for any open,
bounded set A C R? with A € B. We put VV := (8;V})1<; k<3 for V € W21 (B)3.

Let n € N and let V be a normed space, with norm denoted by || ||. Then
we will use the same notation || || for the norm of V" defined by [|(f1,..., fn)| :=

(Z?Zl Hfj||2)1/2 for (fi,..., fn) € V™. The space V**3, as concerns its norm, is
identified with V°.

Let A C R? be open and p € (1,00). Put C§%,(A4) := {V € C°(A)?® : divV = 0}.
We write L2 (A) for the closure of C§5, (A) with respect to the norm of L?(A)2. This
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function space L2 (A) (”space of solenoidal LP-functions”) is equipped with the norm
Il

Let p € [1,00] and B be a Banach space. For any interval J C R, the notation
I HL,,(JB) stands for the norm of LP(J, B). Let a,b € RU{oo} with a < b. Then we

write LP(a,b, B) instead of L?((a,b), B). The expression L} ([a,b), B) denotes
the space of all functions v : (a,b) — B such that v|(a,T) € L?(a,T, B) for any
T € (a,b). This space is to be distinguished from the space Lfoc( a,b, B), defined in
the usual way. Let T € (0,00], A C R? open, p € [1,00], ¢ € (1,00) and n € {1, 3}.
Then we write || ||4,p;7 instead of || ||zr(0,7, La(a)n). For an interval J C R and a

function v : J — W'(A)3, the notation V,v stands for the gradient of v with

loc
respect to z € A, in the sense that

Vau i J e LL (A3, Vou(t)(z) = (amk (vj(t))(x)>1< L forted aea
<jk<
(spatial gradient of v). Similar conventions are to be valid with respect to the
expressions A,v, div,v and 0, v.

For the definition of the Bochner integral, we refer to [26, p. 132-133], or to [15,
p. 78-80].

We write C for numerical constants and C(71, ..., ¥, ) for constants depending ex-
clusively on parameters 71, ..., v, € [0, 00) for some n € N. However, such a precise
bookkeeping will be possible only at some places. Mostly we will use the symbol
¢ for constants whose dependence on parameters is not indicated. Sometimes we
write €(y1, ..., 1) in order to indicate that the constant in question is influenced in
particular but not exclusively by the quantities 1, ..., v,. However, whenever the
symbol € appears, it stands for a constant that does not depend on the quantities
in a list introduced by the word “for” and preceding or following the respective
inequality. In particular, such a constant never depends on the variable t.

We state an estimate involving the function v.

Lemma 2.1. The inequality v(z) < C (1 + |y|) v(x — y) holds for x,y € R3.

Proof. Let z, y € R.If |x| —x1 < 4]y|, we get v(z) <1+4|y| <41+ y))v(z—y).
On the other hand, if |x| —x; > 4 |y|, hence v(x) > 4]y|, we have

v(e) =1+le—y+yl —(z—y+yh <vie—y)+ 2yl <v(z—-y) +v(z)/2
sov(z) <2v(z—y) (14 |y|). O

The Helmholtz-Fujita decomposition of Lq(ﬁc)3 will play an important role in
what follows. The ensuing theorem serves to introduce this decomposition, fix the
related notation, and indicate which properties of the operators in question will be
used.

Theorem 2.2. For g € (1,00), there is a linear bounded operator Py : LIQ°)3
LE(Q°) with Py(V) =V for V € LL(Q°). Moreover P, =Py for q € (1, 00).
Proof. See [14, Section IIL.1], [5, Corollary 2.3]. O

We state two well-known properties of Bochner integrals in view of clarifying
some arguments further below.

Theorem 2.3. Let B be a Banach space and f : R — 9B a Bochner integrable
function. Then [ ||f(s+h) — f(s)|lsg ds — 0 for h — 0, where || ||sg denotes the
norm of ‘B.
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Let 2 be another Banach space, A : 5 +— 2 a linear and bounded operator, J C R
an interval and f : J — B a Bochner integrable mapping. Then Ao f : J — A
is Bochner integrable, too, and A(fJ fdzx) = fJ Ao fdx, where the integral on the
left-hand side is B-valued and the one on the right-hand side A-valued.

Proof. See [15, Theorem 3.8.3], [26, p. 134, Corollary 2], [15, Theorem 3.7.12]. O

We define some fundamental solutions. Set $(z,t) := (4mt)~3/2e~121"/(41) for
z€R3 t€(0,00) (heat kernel),

Lik(z,t) :=H(z,t) 0,k —|—/ 0-,0.,9(z,s)ds for z € R3¢t € (0,00), 1 <4,k <3
t

(fundamental solution to the time-dependent Stokes system), and
Ag.;) (2,t) :=Tji(z —Ttey, t) for z,t, j, k as before.

(fundamental solution to the time-dependent Oseen system (1)) We will need the
following estimate of A(7).

Lemma 2.4 ([7, Corollary 3.3]). Let K > 0. Then for z € BS, t € (0,00), o € N3
with |a| < 2, the estimate |0SA (z,t)] < C(K, 1) (|z|v(2) + t)~GHeD/2 holds.

The potential functions introduced in the two ensuing lemmas are needed in order
to state the decay result from [8] which we will apply later on (proof of Theorem
4.6).

Lemma 2.5 ([7, Corollary 3.5]). Letq € [1,00) and V € LI(R®)3. Then the integral
Jos [0SAT (@ — y, ) V(y)| dy is finite for o € NG with |o] <1, 2 € R?, t € (0,00).
Define the function 37 (V) : R3 s R3 by setting

IOV (2, t) = / A (@ —y,t) - V(y)dy for x € R3 te(0,00).
R3
The derivative 8,3 (V)(x,t) exists and equals Jzs 0,07 A (z —y,t) - V(y) dy
for x, t as above and for 1 € {1, 2, 3}. The functions 37 (V) and 8,37 (V) are
continuous in R3 x (0, 00).
If A C R3 is measurable and V € Li(A)3, the term 37(V) is defined in an
obvious way via the zero extension of V to R3.

Lemma 2.6 ([7, Lemma 3.8]). Letq € [1,00) and f € L},.([0,00), L9(R®)*). Then

the integral fot Jos 0SATD (@ —y,t — o) - f(y,0)|dydo is finite for a. e. t € (0,00),
a. e. x € R® and for a € N} with |a| < 1. Thus we may define

et e [ A @t — o) Flr o) du do
WO N t)i= [ [ A=yt =0)- fre)dyd

for such t and x. The relation R (f)(t) € W21 (R3)? holds for a. e. t € (0,00).

loc

If Ty € (0,00], A C R* measurable and f € L}, .([0,Ty), LY(A)?), then R (f)

loc
is defined in an obvious way via the zero extension of f to R3 x (0,00).

The next theorem states the decay result from [8] we mentioned in Section 1.
Theorem 2.7. Take Sy € (0, Ry) with Q C Bg,. Let q, 71, T2, 73 € (1,00) and take
functions Uy € LI(Q°)?, f e L} ([0,00), L™ (ﬁc)?’) and u : (0,00) — W,21(Q%)?

loc loc
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with w € C°([0,00), LTZ(QC)B), Veu € L, ([0, 00), LT3(§c)9) and divzu = 0.
Further suppose that u satisfies the equation

/ : L (@O0 490 [ Vo) 99 4+ 701,000 -0~ £(0)-0])

—v(0) [ Up-ddx =0 for veC3°([0,Ty)), ¥ € C’&Oo(ﬁc).
Q°

Assume there are numbers q € (1,00) and vy, va, v3 € [1,00] such that the func-
tion u|Zpg, . belongs to L‘X’(O, 00, Lq(ZRO,OO)3) and to L“l(O,oo, Lq(ZRO,OO)3),
the restriction Vyu|Zp, oo is in L”Q(O,oo, Lq(ZRO,Oo)g), and f|Zr, 0 belongs to
LV#(0,00, LY(Zgy,00)*). Suppose that the zero fluzx condition [, u(t) 0 do, =0
holds for t € (0,00). Then there is a zero-measure subset Soo of (0,00) such that

0 [ = RO (f1B, x (0,00) ) = 37 (Uo|B,) ] (x, 1)
< Q:(HU|ZR0,OO||11,OO;OO + ||U|ZR0700||L1,U1:,00 + ||ku|ZRo,OO||q,v2;oo

—(3+|a])/24+1/(2 min{v] 05,05 })
+ 1 f1Z R 00 lg,05:00 + 1To]l7) (1] () ) o

for a € N3 with |a] <1, t € (0,00)\&u, = € Br, \N;, where Ny is some zero-
measure subset of BROC. The constant € in (5) does not depend on t in particular.

Proof. This theorem is a somewhat less general version of [8, Theorem 5.2], adapted
to what will be needed in Section 4. O

Under suitable assumptions on U, the potential function 37 (Up)(z,t) dimin-
ishes as O( [ |z| v(z) | - ) for || — oo. Here are the details of this result, which will
be interesting in the context of our decay estimate of weak solutions presented in
Section 4 (Theorem 4.6). It is the highest rate of decay we could find for 3 (Up).

Lemma 2.8. Let g € (3,00), Uy € LL(Q)YNLL(Q)3 with supp(Uy) compact. Take
R € (0,00) with supp(Uy) C Bgr. Then

4+]al)/2

10237 (Up) (,1)] < C(7, R) (|| v(x) )~ Tolh

for x € B§p, t € (0,00), a € N3 with |a| < 1.

Proof. We apply an approach used by Kozono [21, p. 724] in a different con-
text (temporal decay). By [20, Lemma 2.2], the function Uy has mean value zero:
fﬁc Updx = 0. Take z, t, @ as in the lemma. Then we get for y € Bpr that
|z —y| > |x|/2 > R and v(z) < C (1 + |y|) v(z — y) (Lemma 2.1), so with Lemma
2.4,

020, A7) (z — y,t)| < C(, R) (|2 — y|v(x — y) + 1) HFHD2
< C(r, R) (Jz|v(z)) D2,
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Now we find with Lemma 2.5 that

19237 (Uy) (2, 1) | = ‘ / [00AD) (& — 2,t) — 9ZA (2, 1) ] Up(2) dz’

:‘/ / ZaaaylA zfy’ )y 19zzld19Uo(Z)dZ
BrJ0 4

SO@Rmuwun*““Wfé 12| [Uo(2)] d=

< O(7,R) (Jz|v(x)) "2 10021
O

3. Mild solutions of (1), (2). We begin by recalling some known results, oc-
casionally discussing a proof if the result in question is slightly modified or is not
stated clearly in literature.

Lemma 3.1. Let (B, || ||) be a Banach space, S : [0,00) = B a C°-semigroup on
B and feL. (o, oo), B). Then fg 1St —s) f(s)|lds < oo fort € (0,00). Define
fo (t —s) f(s)ds fort € (0,00). Then u € C°([0,00), B).

Proof. See [15, Theorem 3.8.4] and its proof, and the first statement of Theorem
2.3. O

Next we introduce the Oseen operator @, : D(O,) — L1 () for ¢ € (1,00) by
setting

D(O,) == LLQ)NW @) N W2((Q°)3, O, (V) =P (AV —78,V)

for V € D(O,), (5)

where the operator P, was introduced in Theorem 2.2. We denote the identity
mapping on L% (Q°) by Z,. The ensuing theorem gives some details on the resolvent

of O,.

Theorem 3.2. Let g € (1,00). Then the resolvent set o(O,) of O, is given by
0(0,) ={A€C : 2R\ > —(SN)?}. The relation (AL, — O,) " (F) € D(O,) holds
for X € 0(O,) and for F € LL(Q°).

Let ¢ € (w/2, w). There is g € (0,00) such that

{AeC i [N 2o, JargA| <o} C 0(Oy)

and
A Ullg + A2 U )1g + 1Ull2g < €[ Fllg for F e LEQ) (6)
and for X € C with |\| > rq, |arg A| < g, where U := (AL, — O,) "1 (F).

Proof. The first claim of that theorem, pertaining to o(O,), holds according to [13,
Theorem 3.1]. The relation (A\Z,—O,) " (F) € D(O,) for A € o(O,), F € LL() is
obvious by the definition of the resolvent. By [19, Lemma 4.5], there is ro € (0, c0)
such that |A|||Ullq + [|U|l2,¢ < C||F|lq for A€ C, |[A| > rg, |argA| < ¥y, F €
LY (), with U defined as above. Tt follows by interpolation that |X|'/2 |[VV]|, <

loc

[ Fllg- H



8 PAUL DEURING

The ensuing theorem deals with the semigroup generated by O,. In particular it
presents an L7-L%-estimate (inequality (7)), which we take from [19] and [17]. The
estimate in the following theorem is “global” in the sense that it gives an upper
bound of the Oseen semigroup with respect to L%-norms on the exterior domain
Q°. In Section 4, we will additionally need “local” LP — Li-estimates, that is, upper
bounds for LP-norms on (g, instead of Q°. These latter estimates yield decay rates
which are not always available in the global setting. We further note that [16] and
[17] deal with the case of time-dependent coefficients and rotational terms in the
differential equations, a level of generality not needed here.

Theorem 3.3. Let g € (1,00). The operator O, generates an analytic semigroup
on LL(Q°). We write ¢! ©s for its value in t € [0,00). Let U € LL(Q°), and put

uy(t) == et%U  for t €[0,00).

Then uy € C°([0,00), LL(Q)) N C®((0,00), LLQ®)), up(t) € D(O,), uj(t) =
O,uy(t) fort € (0,00), and uy(0) = U. Moreover

105w (£)llg < € (X001 (8) €12 4 X, o) (8) 7 PE/2 S COH ) ), (7)

Jort € (0,00), a € N§ with |a| < 1. In particular Vyuy € L}, ([0, 00), Lq(ﬁc)g).

loc

Proof. According to Miyakawa [22, Theorem 4.2], the Oseen operator O, generates
an analytical semigroup on L% (ﬁp) Since Theorem 3.2 was not yet available in [22],
but allows to directly reduce this semigroup property to standard results in [24],
we indicate a proof based on such a reduction, for the convenience of the reader,
although the argument in question is in principle well known. Take ¥y € (7/2, )
and choose a number 7y associated to ¥y as in Theorem 3.2. By that theorem
So:={AeC : |\ >ro, |argA| < g} C 0(Oy) and

IAZ, = O) T (F)llg S €T Ellg for F e LLQ), A e So. (8)
We may choose ag > 0 such that Sy, 4, := {\ € C\{ao} : |arg(A—ao)| < Yo} C So.

As a consequence Sy, 4,U{ao} C 0(O,) and inequality (8) holds for F' € LL(Q°), \ e
Sog.a0 I{ao}. But for A € Sy, 4, we have |A| > |A—ag] sin(dy), so we may conclude
with (6) that [[(AZ, — Og) Y (F)|lq < €A — ao| ™ ||F||, for F and X as before.
As a consequence the sets {0} and Sy, 0 := {A € C\{0} : |arg(\)| < Uo} are
contained in the resolvent set o(—aoZy + Og4) of the operator —agZ; + O, and
(A= (=a0Zy+ Og) ) " (F)|lg < €A [|F ||y for F € LL(Q) and A € Sy, 0. Now it
follows that —ag Z, + O, generates an analytic semigroup on L%(Q°) ([24, Theorem
1.7.7, 2.5.2]). We write e! (=% Za+04) for its value in t € [0, 00), so that the mapping
t— et (me0Zat04) (1 € [0,00) ) is the restriction of an analytic semigroup to [0, 00).
Then the mapping t — e et (20 Zq+0q) (t € [0, oo)) is also such a restriction,
and the operator Oy is the infinitesimal generator of this semigroup. In view of the
uniqueness result in [24, Theorem 1.2.6] and the notation introduced in Theorem
3.3, we have e! Q1 = ¢! @ ¢t (=20 Za+04) for ¢ € [0, 00). The function uy introduced
in Theorem 3.3 thus belongs to C°([0,c0), Lg(ﬁ“’)) and to C>( (0, 00), L1(Q) )
with uy (t) € D(Oy), up(t) = Oquy (t) for t € (0, 00), and uy (0) = U ([24, Corollary
1.2.3, Theorem 2.5.2 (d), Corollary 2.4.4, Lemma 2.4.2]).

Concerning inequality (7), we indicate that it is valid in the case ¢t < 1 according
o [19, (6.38)], whereas the case t > 1 is covered by [19, (1.2)] if « = 0, [19,
(1.3)] if |a| = 1, ¢ < 3, and [17, (2.23)] if || = 1, ¢ > 3. Actually, in the case
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t > 1, |a] = 1, ¢ > 3, another reference would be [19, (1.6)], but that latter
inequality is proved only implicitly in [19]. O

Theorem 3.4. Let q € (1,00) and f € L},.([0,00), L1(°) ). Define

¢
ug(t) := /0 =99 f(5)ds for t € [0,00)

(see Lemma 3.1), with the preceding integral denoting an LL(Q°)-valued and an
L9(Q°)3-valued Bochner integral. Then the integral fot 105, (e~ O f(s))|,ds ex-
ists and up(t) € Wy '(Q°)3 for a. e. t > 0. Moreover divyu; = 0, Vyu; €
Llloc( [07 OO>7 Lq(gc)3 )7 and

t
Oz, ug(t) :/ Bx,(e(t_s)oqf(s))ds for 1<1<3anda. ete(0,00). (9)
0

Proof. Of course, it does not make any difference whether the integral in the def-
inition of uf is considered as an LZ(Q)-valued or an L?(92°)3-valued Bochner in-
tegral, due to Theorem 2.3 and the fact that the canonical imbedding of L2 (€2°)
into L7(Q2°)3 is linear and bounded. Let T € (0,00), a € N3 with |a| < 1, and put

Zp := Q" x (0,T). Then by (7),

T rt T
/O /0||8§(e(tfs)0qf(5))||qudtgQ/O /O(X(OJ)(I?*S)(t—s)"O“/Q
+ X100 (t = 5) ) X0, (t = 8) | f ()]l q ds dt

<< /(X(O,l)(T) r 2 4 X se) (7)) X0y (7)) dr | f1 20 g < €(T) || 120 g 157
R

(10)

where we used Young’s inequality in the second estimate. Inequality (10) yields in

particular that [} (|02 (e~ 91 f(s))||,ds < oo for a. e. t € (0,00) and for @ € N3

with |a] < 1.

Take any such t. Let [ € {1, 2, 3} and ¢ € C§°(Q2)3. By the second statement in

Theorem 2.3 and because e(*=*) 94 f(s) € D(Q,) for s € (0,t), we get that

[ onp(x) - up(x,t)de = — - Y(x) - (/ O, (e(tfs) Oa f(s) ds)(m) dz.
Q 0

Q°
Thus the weak derivative 0, uf(t) exists and equation (9) holds. Since the inte-
gral fg |02 (et=2) O f(s) )[4 ds is finite by the choice of ¢, we thus have uy(t) €
WHe(Q%)3. Equation (9) and inequality (10) imply that the function V,us belongs
to Llloc( [0’ OO), Lq(ﬁc)?) )

In order to show that uf(t) € W, 9(Q°)? and div,uf(t) = 0, again take t € (0, o0)
with fg |09 (et=2)Caf(s))||gds < oo for a € N, |a| < 1. We have et=9)Oa f(s) €
D(0,) € Wy (Q°) N LL(Q°) for s € (0,t), in particular div,(e=*)Caf(s)) =0
by a density argument in LZ(Q°). It follows with (9) that divyur(t) = 0. By
the choice of ¢ and because e(!=%)Ca f(s) € W, 4(Q°)® we may conclude that the
integral fg e(t=5) Q4 f(5) ds exists also as a W '?(Q°)3-valued Bochner integral. For
Y e Cy° (QC)S, the operator V +—» fﬁu 1V dx is linear and bounded as a mapping on
L (QC) and on WO1 ’q(ﬁc)3. This observation and Theorem 2.3 imply that the integral
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fot et=%) 94 f(s5) ds yields the same function both as L (Q°)- and W, (Q°)3-valued
Bochner integral. As a consequence we have uf(t) € W, (073, O

In the ensuing theorem, we collect some of our previous results. They allow us
to introduce the notion of “mild solution “. The theorem then states that such a
solution satisfies (1) in the sense of an L?-weak solutions as formulated in (5), for
a right-hand side f of low regularity.

Theorem 3.5. Let g € (1,00), Uy € LL(Q°) and f € L},.([0,00), Lg(ﬁc)). Let
the functions uy, and uy be defined as in Theorem 5.8 and 3.4, respectively, and
put u = uy, +uy.

This function w is called a “mild solution” to (1). It satisfies the relations u €

C°( 10, 00), Lg(ﬁc)), w(0) = Uy, u(t) € Wy l(Q)3, divyu(t) = 0 for t € (0,00),
and Vyu € L}, ([0,00), Lq(ﬁc)g). Moreover the function u fulfills equation (5).

loc

Proof. By Theorem 3.3 we know that uy, € C°([0,00), L4(9) ), uw,(0) = Uy and
uy, (t) € D(Oy). Let v € C§°([0,00)) and 9 € Cgf;,(ﬁ“). Choose some T € (0, c0)
with supp(y) C [0,T]. The properties of uy, listed above imply that the function
t = fge up, () -9 dx (t € [0,00) ) belongs to C°([0,00) ) and to C>((0,00) ), with
O ( fage uv, (t)-Vdz ) = [f5e (uw, )I(t) - dx for t € (0,00), and [ uy, (t) -0 drj—o =
Joe Uo - ¥ dx. Thus v(€) [5e vy, (€) - ¥dx — ¥(0) fge Uy - 9 da for € | 0. From the
preceding relations we get

/ooo 7' (¢) /ﬁ uy, (1) - du dt = lim /ET 7 /* olt) ekt (11)

Q
T
=—lim [ ~(¢) / (qu)/(t)~19dxdt—'y(0) / Uy -9 dux.

el0 J a° e

Since by (7), fOT Joe IVauw, (t) - V9| dz dt < oo, and because uy, (t) € W(Q°)? for
t > 0, we have

oo T
/ ~(t) /7 Vauy,(t) - Videdt = —lim [ ~(t) / Ayuy, (t) - 9 dx ds.
0 Q° Q°

el0 J¢

But ¥ € Cg%, (Q°), so Py (¥) = 9 by Theorem 2.2. Therefore due to the equation
Py =P, (Theorem 2.2), we get

oS] T
/ ~(t) L Vauy, (t) - VIdr dt = — hﬁ)l/ ~(t) / Po(Aguy, (1)) - 9 da ds.
0 Q° € € o
(12)
By a similar reasoning we find that

oo T
/ ~(t) L Taxlqu(t)-ﬁdxdt:lifg/ ’y(t)/ Py 70y up, (1) ) -9 dads. (13)
0 Q° € € Q¢

Since (uy,)’(t) = Oquy, (t) for t > 0, we may conclude from (11) — (13) that equation
(5) is valid with f = 0 and with uy, in the role of u. Note that in the preceding
argument, the integral fOT ~(t) fﬁc Pq(AzuUO (t)) -Ydx ds, which does not exist in
general, does not arise.

By Lemma 3.1 we know that uy € C°([0,00), L1(Q) ). Moreover Theorem 3.4

yields that uy(t) € Wy 9(Q)3, divyus(t) = 0 for a. e. t € (0,00), and uj €
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L},.(10,00), L1 (Q%)? ). Take 7, ¥ and T as above. By the previous relation and the

second claim in Theorem 2.3, we get

[ [ s -vasa
/ // =)0 f(5) ) (x) da ds dt.

Due to inequality (7), we have ¢4 f(s) ], < €(T)[|f(s)]l, for t € (0,T), s €
(0,t). Moreover the function s+ [|f(s)|lq (s € (0,T)) is integrable, the function /
is bounded, and ¥ is bounded with compact support. As a consequence the integral

fOT fg Jae |V @) 9(x)- (et~ O f(s) ) (x)| dx ds dt exists. Thus we may apply Fubini’s
and Lebesgue’s theorem on the right-hand side of (14), to obtain

/mv’(t)/i (t) - 0 du dt
—161%1/ /+6/ e(t=9)0a £ (s ))(z) dz dt ds.

By Theorem 3.3 we know that for s € (0,00), the function ¢ — (=) f(s) (t €
[s,00) ) belongs to C°( [s, oo) L? (ﬁc) ) and to C°°( (s,00), LL(Q) ). Hence, for s €
(0,00), the function Ky 4(t) := [qe 0 (e(t_s Oaf(s ))( )dx (t € [s,00) ) belongs
to C%([s,00)) N C>((s, oo)), w1th Kﬁs = [5-U(z) - O (et~ S)Oqf( ))(z) da.
Thus the right-hand side in (15) may be transformed by an integration by parts
into the term

T T t
im| — ! s — s+e z) - (€9 f(s))(z)dzds].
lim(— | /Wv(t)ffﬂ,s(t)dtd [ ats+a [ o (e pe)) @) dos)

el0

(15)

But with Holder’s inequality and (7),
s [ ) (O ()@ dol < €l 9y 1£6)

with the function s — || f(s)||lq (s € (0,T)) being integrable, as already mentioned
before. Moreover, by the continuity of the function r +— e” eV (r € 10, 00) ), and
because this function takes the value V' if r = 0, for V' 6 L? (ﬁc) (Theorem 3.3), wi
obtain that v(s+e€) [5e 9(z)- (e°P1f(s))(z) dx — (s fQ flz,s)dz (e )
Therefore

/OTv(ere) /Qcﬁ(x).(efoqf(s))(x)dxds—>/OT / O(x) f(z,s)dxds (e ] 0)

by Lebesgue’s theorem. From (15), the transformation of the right-hand side of
(15) presented above and the preceding relation, we deduce that

/0007/(75)/ f(t)-ddxdt = /OT (t) ﬁcf(t).ﬁdxdt

_13&1/ /+€ / () - 0y ()1 f(s) ) (x) da dt ds.

(16)
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Since Vyuy € L}, ([0,00), Lq(ﬁc)(‘)) by Theorem 3.4, and because of the second
statement in Theorem 2.3, we get

/Oo (t)/ 7 Oy (t) - 0 da dt

0
/ // 0(x) - 70, (794 f(5) ) (x) da ds dit.

By (7), [V ("1 f(s) )|l < €(T) =12 f(s)||, for v, s € (0,T). Thus with Hélder’s

1nequahty,
[ r©0e) o (=29 t6) ) de as

< &(T) Iyl 191l / / V2 | £(s) | ds dt.

T t T T
—3*1/2 S S = —5*1/2 S S
/O/Ou )2 | £(5)]|q ds d /O/Su ) V2dt || £(s)od
T
< (1) / 1£($)]lq ds.

Since the function s — || f(s)|lq (s € (0,T) ) is integrable, it follows that the integral

fo fo Jae Iv(t) 70y, (#7994 f(s) ) (z)| dz dsdt is finite. Thus from (17) and
Fubini’s and Lebesgue S theorem7

/ﬂ(t)/ﬁ T Oy up(t) -9 du dt

(17)

But

(18)
= hm/ / / (e(t_s) O f(s))(x) dz dt ds.
el0 +e
The same reasoning yields that
/Oo'y(t) /7 Vaus(t) - Vidrdt
0 Q° (19)

T T
= lim ) - =) 0a £(\) (2) dz S
—t [ [ [ 2090 V(00 @)

On the other hand, we have e(*=) O f(s) € W24(Q°)3 for s € (0,00), t € (s,00),
hence we obtain

L Vi(x) - Vo (90 f(s))(2)do = — L D(x) - Ay () f(s))(x) da
Q Q

for s, t as before. So we may combine (18) and (19) to get

/Oov(t)/ (v up(t) - v19+famuf(t)~q9) da dt
fhm/ /ﬁ/ —Ay+ 70, }(e(t*S)O‘If(s))(:c)da:dtds.

el0

(20)

At this point we proceed as in the first part of the proof, using the equations
Py (¥) =9 and P, = Py provided by Theorem 2.2. Due to them, we may rewrite
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(20) as

/OOW(t)/ (V wp(t) - VO + 7 0y, up(t) -19) de dt

:_1513/ /+/ Oy (799 f(s)) (x) da dt ds.

But (0; — q)(e(t*s) Oaf(s)) =0 for s € (0,00), t € (s,00) by Theorem 3.3, so it
follows from (16) and (21) that equation (5) holds with Uy = 0 and uy in the role
of u. Since u = uy, + uy, equation (5) holds as stated in the theorem. O

(21)

4. Spatial decay of mild solutions. We use LP — L9-estimates of the Oseen
semigroup e 4 in order to deduce rates of spatial decay of mild solutions to (1), (2).
Our main tools are Theorem 3.3 as well as the following theorem which reproduces
results from [19] and [17]. Recall that the parameter Ry € (0, 00) and the set Zg, oo

were introduced at the beginning of Section 2, and the functions uy and uy in
C

Theorem 3.3 and 3.4, respectively, for U € LL(Q") and f € L}, ([0, 00), LL(Q°) ).
Theorem 4.1 ([19, (6.18)], [17, (6.4)]). Let g € (1,00). Then
luy Qo ll1q < €Y CD NV, for V € LEEQ), t € [1,00),
with the constant € being independent of t and V.
Corollary 4.2. Let g € (1,00). Then
105 uv [, llg < € (X0, ()12 4 X100y () 7 ED) |V
for Ve LL(Q°), a. e. t € (0,00) and a € N3 with |a| < 1.
Proof. Theorem 3.3 (¢t <1) and 4.1 (¢t > 1). O

In the ensuing three corollaries, we apply Theorem 3.3 and the preceding corollary
in order to estimate the functions uy and ug,.

Corollary 4.3. Let g € (1,00). If ¢ < 3/2, take p1 € [1,00) and set p := p;.
In the case ¢ > 3/2, let py € [1, (1—3/(2¢))™" ). Then1>3/(2q) >1—1/p1 >
0. Fiz some py € (1,00) with 3/(2¢) > 1/pa > 1 — 1/p1. For example, choose
p2:=2(3/(2¢) +1—1/pm )_1. Then 1> 1/py > 1/p1 +1/pa — 1 > 0. Define p :=
(1/p1+1/pa—=1)"". Then py, p2, p € [1,00) with1/p = 1/p1+1/pa—1, 3p2/(2¢) > 1
and p € [p1,00). Moreover
luflZRo00llgpioc < €Il fllgprico and [ug()[Qr,llg < €[ fllgpii

for f e Lt (0, 00, Lg(ﬁc) ), t € (0,00), with € independent of t and f.

Proof. For any f € Li,.([0,00), Lg(ﬁc)), t € (0,00), we may deduce from the
second claim in Theorem 2.3 and from Corollary 4.2 that

[lup (8)[ 2R, [l < € / g(t =) 1 (s)llq ds, (22)

with g(r) == x(0,1)(") + X[1,00) (") r=3/(20) for r € R. In the case ¢ < 3/2, put
p2 := 1. Then we may conclude for any choice of g that py, p2, p € [1,00), 1/p =
1/p1 + 1/p2 — 1 and 3p2/(2q) > 1. The latter inequality yields that g € LP2(R).
At this point we see that inequality (22) and Young’s inequality imply the es-
timate ||uf|Zryo0llgpoo < €|l fllgpizoe for f € LPH(0,00, LL(Q )) Since p; <
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(1- 3/(2q))_1 in the case ¢ > 3/2, and 3/(2q) > 1 if ¢ < 3/2, we have in any
case that 3p}/(2¢) > 1. Therefore (22) and Holder’s inequality yield the estimate
of |lus(t)|Qr, |l stated in the corollary. O

Corollary 4.4. Let the numbers q, p1, p2 be given in one of the following three
ways:

Either q € [1, 3/2), p1 € [1,00), p :=p1,

orq € [3/2,3), p1 € [1,(1— 3/(2q))’1), and ps and p are defined by ps =

2 (3/(2) +max{1/2, 1= 1/p}) ", pi= (Ups +1/p2 = 1)~

orq € [3,00), p1 € [ (1-3/( 2q ) D2 :2(3/(2q)+171/p1)71 and again
p:=(1/p1+1/p2—1)"

In any case, p belongs to [p1,00). If ¢ < 3, the inequality

[(Vaus)|Zro,0llqpioo <

holds for f € LPI(O,oo, Lg(ﬁc) ) In the case q > 3, the estimate

[(Vats|ZRy00)lapoe < EIflaprioe + 1fllq.pioc)
is valid for functions f belonging to L“(O oo, L1(QY )) for both v =1p, and v =

Proof. Suppose that ¢ € [3/2, 3). Then 3/(2q) € (1/2, 1]. On the other hand, the
assumption p1 € |1, (1 —3/(2¢))™") implies 3/(2¢) > 1 — 1/p;. Therefore we have
3/(2¢) > max{1/2,1 —1/p1} > 0, s0 3/(2¢) > 1/p2 > max{1/2, 1 — 1/p;}, hence
1> 1/ps > 1/2, that is, ps € (1,2). Moreover 3/(2¢q) > 1/p2 > 1 — 1/p1, so by
Corollary 4.3 we get 1/p1 > 1/p1 +1/p2 —1 > 0 and 3p/(2g) > 1. In particular p
is well defined and belongs to [p1, 00).

Next assume that ¢ > 3. Then the conditions on p; and the definition of ps imply
that 3/(2¢) > 1/p2 > 1 — 1/p1, so Corollary 4.3 yields that p, € (1,00), 1/p1 >
1/p1 +1/pa —1 > 0 and 3p2/(2¢) > 1. In particular p is again well defined and
pE [pl, OO)

If ¢ < 3/2, choose py = 1. Then (1/p; + 1/p2 — 1)~ = p by the choice of p, and
3p2/(2q) > 1 because 3/(2¢) > 1 in the case under consideration.

Altogether we have for any choice of ¢ that py, pa, p € [1,00), 3p2/(2¢) > 1 and
1/p = (1/p1 +1/p2 — 1)7L. If ¢ < 3, we additionally have py € [1,2). Theorem
3.4 and 2.3 yield that (0,,uy(t))|Qr, = f(f[azl(e“—s) Oa f(s)) ||, ds for f €
Llloc( [0, 00), Lg(ﬁc) ), 1<i<3anda. e te(0,00), for any choice of ¢; see the
beginning of the proof of Corollary 4.3 as concerns the role of Theorem 2.3. Hence
by Corollary 4.2,

(Vg ()12 llg < ¢/ g(t =) £ (s)llq ds (23)

for f, t as before, with g(r) := x(0,1)(r) 12 + X[1,00)(r) r~3/9) for r € R. Since
p2 € [1,2) and 3pa/(2q) > 1 in the case ¢ < 3, we obtain g € LP2(R) in that
case. Recalling that pi, p2, p € [1,00) and p = (1/p1 + 1/pa — 1)}, we may thus
conclude from (23) and Young’s inequality that in the case ¢ < 3, the estimate
(V20| Z g e < €1l oo s valid for f € L7 (0,00, L(Q)).

Now suppose that ¢ > 3. Since in this case the relations p = (1/p; + 1/pz —1)~*
and 3p2/(2q) > 1 are valid, too, we may apply Young’s inequality once more, to

. 0o _ 1
obtain ([ ( fy Xiume) (£ — 5) (£ — )~/ | (s >||qu)”dt) P < €] fllgpre: Also
by Young’s inequality we get ( [5~ ( [z X(0,1)(t—35) (t =) "2 (| f(5)llq ds)pdt)l/p <
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€| fllg,pi00- Due to (23) and the two preceding estimates, we may conclude that
I(Vaup)lZro,00llapoe < €| fllgprioo + [ fllgpioc)- O

Corollary 4.5. Let q € (1,00). If ¢ < 3/2, take p € [1,00), else let p € (2q/3, o).
Then the inequalities

[t | ZRo 00 la.pi00 < €l|Uollg and [uw, (8)[Q2r,llg < €[|Uollq

hold for Uy € LL(Q°), t € (0,00).
Let q € (1,3). If ¢ < 3/2, take p € [1,2), else let p € (2¢q/3, 2). Then

1(Vout)| ZRo,00llg.pi00 < €l|Uolly for Uo € LE(Q).
Proof. Use Corollary 4.2. O

Now we are in a position to establish our decay result for mild solutions to (1),
(2)-

Theorem 4.6. Fiz some Sy € (0, Ry) with Q C Bg,. Choose parameters q, po,
p1, P2, Y in the following way:

FEither take q € (1, 3/2), p1 € [1,00) and set pg := 1, v :=p1,

or let g € [3/2,3), py € (26]/3, 2) and py € [1, (1- 3/(2q))_1)7 and define
p2 =2 (3/(20) + max{1/2, 1 = 1/p:}) ", 7= (Upy +1/p2 = D)7,

or choose q € [3,00) and py € [1, (1 — 3/(2¢))~"), and then define py :=
2(3/(2¢) +1—1/p1 )_1 and again vy = (1/p1 + 1/ps — 1)~ L.

According to Corollary 4.4, the parameter v is well defined in all three cases and
belongs to [p1,00).

In the case q < 3, let Uy € Lg(ﬁc) and f € Lpl(O,oo, Lg(ﬁc)), and define
U= Uy, + uf-

If ¢ > 3, take f € LP? (O,oo, Lg(ﬁc)) N L'Y(O,oo, Lg(ﬁc)) and set u = uy.

Then there is a zero-measure subset S, of (0,00) and for any t € (0,00)\G s a
zero-measure subset Ny of BiRoc such that

00 [u— R (f|BS, x (0,00) ) — 37U BE,) ] (1))

—(34+|al|)/241/(2p) —(3+|al)/24+1/(2~"
< €[ Uollg (|| w(a)) = CHDZHCR) (1) )~ CHDZHET ) gy ]
(24)

if ¢ <3, and
02 [u= R (f1B5, x (0,50)) ] (2. 1)
3+lal)/24+1/(24
+lal/2+1/( ”V)(Hqu,pl;ooJr [1£1lg.:00)

else, fort € (0,00)\Go0, = € Br, \Ny, a € N3 with |a| < 1. The constant in these
inequalities is independent of Uy, f, x and t.

; (25)
<& (la|v(@)) ™"

The asymptotics of the functions [9@R (™ (fIBg, x(0,00) )| and |6§3(T)(U0|B§0)|
(Lemma 2.6 and 2.5) are separate problems, only depending on the behaviour of f
and Uy, respectively. If both these latter functions have compact support and are

L', then the former two functions are bounded by € (|z|v () )7(3“0“)/2 for z €
B, t > 0; see [7, Lemma 4.1, 4.2] In this situation the functions |8§‘TJ(7)(UO|B§O)|
and |92R(") (f1BS, % (0,00))| decrease faster than the right-hand side of (24), ex-
cept if ¢ < 3/2, p1 =1 in Theorem 4.6. Then the two convergence rates coincide.
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Under the assumptions of Lemma 2.8, the term |92J(™ (Uo|Bg, )| even goes to zero as
O( [ = V(x)]_(4+|a|)/2) for |z| — oo. For conditions on f and Uy leading to the de-

cay bound € (| v(x) )~ T2 for 1923 (U] Bg, )| and |92 ( £|BS, % (0,00)),
we refer to [3, Theorem 3.1] and [2, Theorem 1.1], respectively. An asymptotic be-

()PP L ith a slightly

haviour of f and Uj entailing the bound € (|| v
larger exponent in the case of 9K ( f|Bg, x (0,00)) if |a = 1 — is considered
in [8, Theorem 4.13, 4.14]. These remarks explain why we stated in Section 1 that
inequality (4) holds if Up(z) and f(z,t) decay sufficiently fast for |z| — oo.

It should be noted that the sum R (f1BS, x (0,00) ) + 3(7)(U0|B§0) solves (1)
in the whole space R3 x (0,00). So the left-hand side in (5) may be interpreted as
the perturbation generated by the presence of the rigid object, in the region far
from that object.

Proof of Theorem 4.0. Suppose that ¢ < 3. Then we have u = uy, +uy. Corollary
4.5 yields the estimate

[wtr0| Z Ro,00lg,00500 + [uts|ZRo 00 llgp0i00 + [[(Vatitg)|ZRo 00 llg.p0:00 < €[[Uollg-

Moreover, by Corollary 4.3 and 4.4,

||Uf‘ZRo7<X>||q7<X>;oo + H“f|ZRo,<>0||q,7;oo + ||(unf)|ZRo,OO||q,v;oo < e”f“q,m;oo-

The assumptions in Theorem 4.6, the preceding inequalities and Theorem 3.5 show
that the conditions on Uy, f and u in Theorem 2.7 are fulfilled if this latter theorem
is applied separately to the cases f = 0 and Uy = 0. By making use of this theorem
in this way, we may conclude that inequality (24) is valid in the case ¢ < 3 under
consideration. Note that since v > p; (Corollary 4.4), the rate of decay of 0%uy
provided by Theorem 2.7 is —(3 + |«a|)/2 + 1/(27').

In the case ¢ > 3, we obtain (25) by the same reasoning, but only Corollary 4.3
and 4.4 are relevant because of our definition v := uy if ¢ > 3. O
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