N
N

N

HAL

open science

Asymptotics of mild solutions to the time-dependent
Oseen system

Paul Deuring

» To cite this version:

Paul Deuring. Asymptotics of mild solutions to the time-dependent Oseen system. 2020.

02546017v1

HAL Id: hal-02546017
https://hal.science/hal-02546017v1

Preprint submitted on 17 Apr 2020 (v1), last revised 8 Jul 2022 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-02546017v1
https://hal.archives-ouvertes.fr

Asymptotics of mild solutions to the time-dependent Oseen
system.

Paul Deuring

Université du Littoral Céte d’Opale, Laboratoire de Mathématiques Pures et Appliquées
Joseph Liouville, F-62228 Calais, France.

Abstract

We consider mild solutions to the 3D time-dependent Oseen system with homo-
geneous Dirichlet boundary conditions, under weak assumptions on the data. Such
solutions are defined via the semigroup generated by the Oseen operator in L9. They
turn out to be also Li-weak solutions to the Oseen system. On the basis of known
results about spatial asymptotics of the latter type of solutions, we then derive point-
wise estimates of the spatial decay of mild solutions. The rate of decay depends in
particular on LP-integrability in time of the external force.
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1 Introduction

In this article, we consider mild solutions to the 3D the time-dependent Oseen system
U — Agu+TOr1u+ Ver = f, divau=0 in Q° x (0, 00), (1.1)

where OQ° = R3\Q, with  an open, bounded set in R® with smooth boundary. Thus Q°
is an exterior domain, which we suppose to be connected. Equation (1.1) is supplemented
by homogeneous Dirichlet boundary conditions on 92 and an initial condition,

u(t)|0 =0 for t € (0,00), u(0)=Up. (1.2)

The Oseen system is a linearization of the time-dependent Navier-Stokes system with
Oseen term,

U — Agu+7Ox1u+ (u-V)u+ Ver = f, diveu =0 in Q° x (0,00). (1.3)

This latter system is usually considered as a model for the flow of a viscous incompressible
fluid around a rigid body moving with constant velocity and without rotation, with the
set Q corresponding to the rigid body. The functions u : Q° x (0, 00) — R? (velocity) and
7 Q° x (0,00) — R (pressure) are the unknowns of problem (1.1), (1.2), whereas the
functions f : Q° x (0,00) + R? (volume force) and Uy : Q° +— R? (initial velocity), as well
as the number 7 € (0,00) (Reynolds number), are given quantities.

Mild solutions to (1.1), (1.2), which only involve the velocity among the two unknowns
velocity and pressure, are introduced via the semigroup generated by the Oseen operator.
We refer to (3.1) for the definition of this operator, and to the proof of Theorem 3.2 for
a discussion of the associated semigroup. A precise definition of a mild solutions to (1.1),
(1.2) is given in Theorem 3.4.



In the work at hand, we study the spatial decay of such solutions. It turned out their decay
rate is highest if Uy € L& (Q°) and f € L'(0, 00, L& (Q°) ) for some qo, q1 € (1, 3/2), and
if |Up(z)| and |f(x,t)| tend to zero sufficiently fast for |x| — oco. (See Section 2 for the
definition of LZ(Q°). In this situation we obtain that

O2u(z, t)] < € (Jo]v(z)) D2 (1.4)

for a. e. t € (0,00), a. e. x € By, := R*\Bg,, and for a € Nj with |a| < 1. Here u
denotes the mild solution to (1.1), (1.2) associated with Uy and f (Theorem 3.4). The
parameter Ry is some fixed number from (0, 0) with Q C Bg,. Concerning the condition
|a| <1, it means that u and the spatial gradient V,u are estimated in (1.4). The function
v appearing in (1.4) is defined by v(z) := 1 + |z| — 21 for x € R3. Its presence should
be interpreted as a mathematical manifestation of the wake extending downstream in the
flow behind a rigid body. If f € LP(O, oo, LI (ﬁc)) for some p € (1,00), the rate of decay
of |0%u(z,t)| diminishes to —(3 + |a])/2 + 1/(2p'). So in particular this rate is linked to
LP-integrability in time of f. If the relation Uy € L& (Q2°) only holds for some gy € [3/2, 3),
we also obtain a lower rate, and if gy > 3, we have no result at all. We refer to Theorem 4.2
for a detailed statement of our results. In the remark following this theorem, we explain
what exactly we mean by the condition mentioned above that |Up(z)| and |f(x,t)| are to
tend to zero sufficiently fast for |z| — oo.

A link between the rate of spatial decay of 0%u on the one hand and LP-integrability of f
with respect to time on the other already appears in [17, Theorem 6.1] and [18, Theorem
5.2], but with certain LP-norms in time and in space of u additionally influencing the spatial
asymptotics of u. The former theorem specifies the spatial decay of regular solutions to
(1.1), and the latter one extends these results to L%-weak solutions of (1.1). No specific
boundary conditions are imposed in [17] and [18]. A simplified version of [18, Theorem
5.2] is stated below as Theorem 2.4, which is the starting point of the work at hand. In
[17] and [18], we applied [17, Theorem 6.1] and [18, Theorem 5.2], respectively, to some
solutions whose existence is known from literature; see [17, Theorem 6.2, 6.3] and [18,
Theorem 6.1, 6.2, 6.3]. However, these examples are either restricted to an L2-framework
([17, Theorem 6.2] and [18, Theorem 6.1, 6.2, 6.3]), or they deal with solutions whose
lifespan Ty € (0,00) is finite, which are much more regular than required for our theory
and are associated with a right-hand side f € Lp( 0,Tp, Lq(ﬁc)?’) required to satisfy the
condition p = ¢ ([17, Theorem 6.3]). But as the key point of [18, Theorem 6.1, 6.2] we
could improve the decay rates obtained in [9] and [12].

The work at hand with its focus on mild solutions shows that we may handle solutions
with data of low regularity. In fact, these solutions exist for any ¢ > 0 if Uy € Lg(ﬁc)
and f € L},.([0,00), Lg(ﬁc)) for some ¢ > 1 (Theorem 3.4). In addition, we are able to
express our decay bounds exclusively in terms of the data; no norms of the solution are
involved. Moreover, in the assumptions Uy € L& (Q°) and f € LP(0,00, L& () ), a large
range of parameters qo, g1 € (1,00), p1 € [1,00) is admitted, and our estimates exhibit
how the choice of these parameters influences the spatial asymptotics of the solution. In
this respect we recall the example given in (1.4): if g1, g2 € (1, 3/2), p = 1, then |0%u(x,t)]
tends to zero as O( [|z| y(az)]_(3+|°“)/2) for |z| — oo. This rate is best possible in the sense
explained in the remark following Theorem 4.2.

Our proof of (1.4) consists in verifying the assumptions of Theorem 2.4, with two main



points. Firstly it must be shown that mild solutions are also L-weak solutions as consid-
ered in that latter theorem. This is not completely obvious due to the low regularity of
f; see the proof of Theorem 3.4. Secondly, certain LP-norms of w with respect to space
and time variables must be estimated by the data (Corollary 4.2 — 4.5). This is achieved
by means of LP — Li-estimates of the Oseen semigroup. In our context the key feature of
these estimates is the rate of temporal decay of spatial L9-norms of this semigroup. Such
rates are derived in [34], [22], [23], [31] and [32]. We will use results established in [34]
and [32]; see Theorem 3.2 and 4.1.

We point out that according to [21], the velocity part U of a solution (U, II) to the Oseen
resolvent system —AU + 70U + AU + VII = F, divU = 0 in the whole space R3 does
not satisfy the estimate ||U|ls < Co|A|~1||F|l2 with a single constant Cy > 0 for all
F € L?(R3)? and all A € C with ®A > 0. As a consequence of this negative result, which
arises because small values of || are admitted, an analogous resolvent estimate cannot
be expected to hold for solutions to the Oseen resolvent problem in Q°, under whatever
boundary conditions. Therefore, in view of [45, Theorem 4.2, point 3.)], it is a safe guess
that maximal regularity is not valid for solutions of problem (1.1), (1.2), not even in an
L2-framework. The negative result in [21] is the reason why we discuss some properties
of the Oseen operator and its associated semigroup in greater detail; see the proof of
Theorem 3.2.

Let us mention some references more distantly related to the work at hand. Knightly [33]
considers even the case that the velocity of the rigid body changes with time. However, his
results are valid only under various smallness assumptions. Mizumachi [39, Theorem 2]
identified a class of initial data Uy and a class of solutions (u, ) to the nonlinear problem
(1.3), (1.2) with f = 0 such that |u(z,t)] < € (|z|v(z) )_1 for z, t as in (1.4). Takahashi
[44] deals with the Navier-Stokes system with Oseen term in the case @ = (. In [2],
[3], solutions to (1.1) and (1.3) are estimated in weighted LP-norms, with the weights
adapted to the wake in the flow field downstream to the rigid body. Reference [16] by the
present author combines decay estimates in time and in space for solutions of (1.1) and
of a generalization of (1.3), under Dirichlet boundary conditions and in an L?-framework,
with lower decay rates than those obtained in (1.4) in the case p = 2. Predecessor papers
to this article are [5] — [13]. The theory developed in [17] and [18] is applied in [19] to a
generalization of (1.3), the same as in [16]. Questions of existence, regularity and stability
related to (1.1) or (1.3) are addressed in [24], [28], [29], [37], [38], [41], [42].

2 Notation. Some auxiliary results.

The symbol | | denotes the Euclidean norm of R™ for any n € N, and the length a1 +ag+ag
of a multi-index a € N. For R € (0,0), z € R, put Br(x) :={y e R® : |z —y| < R}.
In the case z = 0, we write Bg instead of Br(0).

The set  C R3 and the parameter 7 € (0,00) introduced in Section 1 will be kept fixed
throughout. Recall that € is open and bounded, with smooth boundary and connected
complement. Further recall that n(® denotes the outward unit normal to Q. We fix
a number Ry € (0,00) with Q C Bg,. For R € (0,00), we define Qr := Br\Q and
ZR,oo = QR X (0,00)



We additionally recall that also in Section 1, we introduced the function v : R3 + [1, c0)
by setting v(z) := 1+ |z| — 1 for x € R3.

For I C R, let x; stand for the characteristic function of I on R. If A C R3, we denote by
A° the complement R*\ A of A in R3. Put e; := (J;1)1<;<3 for 1 <1 < 3 (unit vector in R?).
If A is some nonempty set and 7 : A — R a function, we set |y|oo := sup{|y(z)| : x € A}.

Let p € [1,00), m € N. If A C R? is open, we write || ||, for the norm of the Lebesgue
space LP(A), and || ||mp for the usual norm of the Sobolev space W™P(A) of order m and
exponent p. For an open set B C R3, the spaces L! (B) and W, "F(B) are defined as the
set of all functions V from B into R or C such that V|4 € LP(A) and V|A € WhHP(A),
respectively, for any open, bounded set A C R? with A C B. We put VV := (9 V;)1<jr<3
for Ve Wh(B)3.

loc

Let ¥V be a normed space, and let the norm of V be denoted by || |. Take n € N.
Then we will use the same notation || || for the norm of V" defined by ||(f1,..., fu)|l :=
(Zyzl Il £512 )1/2 for (f1,..., fa) € V™. The space V3*3 as concerns its norm, is identified
with V.

Let A C R? be open and p € (1,00). We define Ceo(A) ={V € Cee(A)3 « divV = 0},
and we write Ly (A) for the closure of C%, (A) with respect to the norm of LP (A)3. This
function space L5 (A) ("space of solenoidal LP-functions”) is equipped with the norm || ||,

Let p € [1,00] and B be a Banach space. For any interval J C R, the notation || ”LP(J,B)
stands for the norm of LP(J, B). Let a,b € RU{oc} with a < b. Then we write L?(a,b, B)
instead of LP ( (a,b), B). The expression LY C( [a,b), B) denotes the space of all functions
v : (a,b) — B such that v|(a,T) € LP(a,T, B) for any T" € (a,b). This space is to be
distinguished from the space L} C( a,b, B ), defined in the usual way. Let T € (0,00], A C
R3 open, p € [1,0¢], ¢ € (1,00) and n € {1, 3}. Then we write || ||;pr instead of
| lzr (0,7, La(ay)- For an interval J C R and a function v : J W/llo’cl(A)‘g, the notation

Vv stands for the gradient of v with respect to x € A, in the sense that

Vv J = L (A3, Voo(t)(x) = <8xk(’uj(t))(x)> for teJ zec A
1<5,k<3
(spatial gradient of v). Similar conventions are to be valid with respect to the expressions
Agv, divyv and Ozj;v.

For the definition of the Bochner integral, we refer to [46, p. 132-133], or to [30, p. 78-80].

We write C' for numerical constants and C'(71, ..., 7,) for constants depending exclusively
on paremeters 71, ..., v, € [0,00) for some n € N. However, such a precise bookkeeping
will be possible only at some places. Mostly we will use the symbol € for constants whose
dependence on parameters must be traced from context. Sometimes we write €(71, ..., V)
in order to indicate that the constants in question is influenced by the quantities v1, ..., Vn.
But in such cases, this constant depends on other parameters as well.

We state an estimate involving the function v.

Lemma 2.1 ([20, Lemma 4.8]) The inequality v(z) < C (1 + |y|)v(z — y) holds for
z,y € R3.

Young’s inequality for integrals will be used frequently. Stated her for the convenience of



the reader, we will refer to it as “Young’s inequality”.

Lemma 2.2 ([1, Corollary 2.25]) Let n € N and p, p1, p2 € [1,00] with 1/p = 1/p1 +
1/pa. Then

(/.

Functions V from L (ﬁc) with sufficient regularity satisfy the equation divV =0 :
Lemma 2.3 Let g € (1,00) and V € LL(Q°) nW94(Q°)3. Then divV = 0.
Proof: Let ¢ € C3°(Q°). Since u € LL(Q°), there is a sequence (¢,) in Cgfg(ﬁc) with

divp, = 0 for n € N and ||, — V|| = 0. Then [qedivV -¢pdr = [5c =V - Vpda =
limy 00 [qe —¢n - VY dz = 0. This implies the lemma. O

p 1/p
[ U=V ds) " <Ol WVl for U e @), V e L@,

The Helmholtz-Fujita decomposition of L4(Q°)3 will play an important role in what follows.
Here are the facts we will use.

Theorem 2.1 For q € (1,00), there is a linear bounded operator P, : LI(Q°)? — LL(Q°)
with Py(V) =V for V € LL(Q°). Moreover Py =Py forqe (1,00).

Proof: See [27, Section III.1], [15, Corollary 2.3]. O
Next we state a basic tool for handling Bochner integrals.

Theorem 2.2 Let B1, By be Banach spaces, A : B1 — By a linear and bounded operator,
n €N, J CR" an open set and f : J — Bi a Bochner integrable mapping. Then
Ao f:Jw By is Bochner integrable, too, and A(fJ fdx) = fJ Ao fdx, where the integral
on the left-hand side is By-valued and the one on the right-hand side Bo-valued.

Proof: See [46, p. 134, Corollary 2], [30, Theorem 3.7.12]. O

We will need mean continuity of the Bochner integral.

Theorem 2.3 ([30, Theorem 3.8.3]) Let B be a Banach space and f : R — B a
Bochner integrable function. Then [g||f(s+h) — f(s)|pds — 0 for h — 0, where || ||p
denotes the norm of B .

We define some fundamental solutions, first the heat kernel, §(z,t) 1= (47 ¢)~3/2 ¢~ |2*/(4D)
for 2 € R3, t € (0,00), then a fundamental solution to the time-dependent Stokes system,
Lin(z,t) == 9(z,t) 655 + [ 02;02,.9(2,5)ds for z € R, t € (0,00), j,k € {1, 2, 3},
and finally a fundamental solution to the time-dependent Oseen system (1.1), Aj(2,t) :=
Ljr(z —7teq, t) for 2, t, j, k as before. We will need the following estimate of A.

Lemma 2.4 ([17, Corollary 3.3]) Let K > 0. Then for z € B, t € (0,00), a € N3
with |a| < 2, the estimate |0%A(z,t)| < C(K, ) (|2|v(2) +t)~CHaD/2 holds.

The potential functions introduced in the two ensuing lemmas are needed in order to state
the decay result from [18] which we will apply later on (proof of Theorem 4.2).

Lemma 2.5 ([17, Corollary 3.5]) Let A C R? be measurable, q € [1,00), V € LI(A)?,
and let V' denote the zero extension of V to R3. Then [g |03A(z —y,t) V(y)| dy < oo for

o € N} with |a| <1, z € R?, t € (0,00). Define the function 37 (V) : R3 — R3 by setting
IOV (a,t) = Jps MA@ —y,t) - V(y)dy for xz € R, t € (0,00).



The derivative dx; 37 (V) (x,t) exists and equals Jrs 02107 Az — y,t) - V(y)dy for z, t
as above and for 1 € {1, 2, 3}. The functions 37 (V) and 9z, 37 (V) are continuous in
R3 x (0, 00).

Lemma 2.6 ([17, Lemma 3.8]) Let Ty € (0,00], A C R3 measurable, q € [1,00) and f
a function from Lloc( [0,T0), LI(A)?). Let f denote the zero extension of f to R? x (0, 00).
Then the integral fo Jrs 10SA(z —y,t — o) - fly,0)|dydo is finite for a. e. t € (0,00), a
e. ¥ € R3 and for o € N3 with |a| < 1. Thus we may define

ER(T)(f)(x,t) ::/O /}R3 ANz —y,t—o0)- ~(y,a)dyda

for such t and z. The relation R (f)(t) € Wb (R3)? holds for a. e. t € (0,00).

The following theorem states the decay result from [18] we mentioned in Section 1.

Theorem 2.4 Take S() € (0,Ry) with Q C Bg,. Let g, r1, 12,73 € (1,00) and take
functions Uy € LI(Q°)3, f € L},.([0,00), L’”l(ﬁc)?’) and u : (0,00) — VVllcl(Q )3 with

u € C([0,00), L (Q%)3 ), Vau € Lj,.([0,00), LT3(QC)9) and div,u = 0. Further suppose
that u satisfies the equation

/TO/ )0+ (1) [qu(t)-Vﬁ+78:ﬂ1u(t)-ﬁ—f(t)-zﬂ)dxdt (2.1)
7(0)/{2 Up-ddz =0 for ve Cy°([0,Tp)), 19608?0(50).

Assume there are numbers ¢ € (1,00) and v1, 2, ¥3 € [1,00] such that the function
u|Z Ry 00 belongs to LOO(() oo, LY (ZR0 00)3) and to L“(O 00, LY(ZRy.00)? ) the restriction
VaoulZRy 00 05 in L”Y?(O oo, LI( ZROoO ) and f|ZRy 00 in Iﬂ?’(O 00, LI(Zp,, L ) Suppose
that the zero flux condition faQ n do, = 0 holds for t € (0,00). Then there is a
zero-measure subset S, of (0,00) such that

02 [u = RO (1B, x (0, 00)) = I7(Tol B5,) ] ) (2.2)
< €(||U‘ZR0700HQ700;T0 + Hu’ZRO7OOHQ7’Yl§TO + HV:UU|ZRO,OOH<1,-\/2;TO + Hf|ZRO7OOHq773;TO
—(34+ 2+1/(2min{~! 4+,
FUollg) (|z] () )~ CHaD/2+1/@min{a abaid)

for a € N3 with |a] < 1, t € (0,00)\&w0, © € Br, \Ni, where Ny is some zero-measure
subset of Br," .

Proof: This theorem is a simplified but less general version of [18, Theorem 5.2|, adapted
to what will be needed in Section 4. O

Under suitable assumptions on Up, the potential function J(7)(Up)(z,t) diminishes as
O([lz|v(z)] - ) for |z| — co. Here are the details of this result, which will be interesting
in the context of our decay estimate of weak solutions presented in Section 4 (Theorem
4.2). Tt is the highest rate of decay we could find for I3 (Up).

Lemma 2.7 Let g € (3,00), Uy € L (ﬁc) N LL(Q%)? with supp(Uy) compact. Take R €
(0,00) with supp(Un) C Br. Then [0237)(Uo)(@, )| < C(r, B) (lal v()) "2 g |y
for z € BSp, t € (0,00), a € N3 with |a| < 1.



Proof: We apply an approach used by Kozono [36, p. 724] in a different context (temporal
decay). By [35, Lemma 2.2], the function ug has mean value zero: [qe Updx = 0. Take
x, t, @ as in the lemma. Then we get for y € Bg that |z —y| > |2|/2 > R and v(z) >
C(1+y])v(z —y) (Lemma 2.1), so with Lemma 2.4,

00mA(w — ,0) < C(r, B) (fr — ylule — ) + )" V2 < 0, Ry (Jol o)) 1207,

Now we find

| 0230 (Uy) () )/B [O8A( — 2,1) — 2 A(e,1)] Uo(2) d]
R

:\/B /O S 0B OA(E — 9.6y 2100 Uiz )d |
R

=1

<€) (Jalv(@) 0 [t dz < ) (Jolvt)) 1 ()

H

3 Mild solutions of (1.1), (1.2)

We begin by recalling some known results, occasionally discussing a proof if the result in
question is slightly modified or is not stated clearly in literature.

Lemma 3.1 Let B be a Banach space, S : [0,00) — B a C°-semigroup on B, D(A)
a dense subspace of B, A : D(A) — B the infinitesimal generator of S, and f €
L},.([0,00), B). Let the norm of B be denoted by || ||. Then fot |1S(t—s) f(s)||ds < oo for

€ (0,00). Define u(t) fo (t —s) f(s)ds fort € (0,00). Then u € C°([0,00), B).
Proof: According to [407 Theorem 1.2.2], there are constants M € [1,00), w € [0,00)
with [|S(#)X| < Me*! || X]| for t € [0,00). The first claim in the lemma follows from
this. Let t € (0,00), h € (0,1]. Then we have u(t + h) — u(t) = Ay + A, with 2y :=
fo (t+h—s) f(s)ds, Ag := Hh S(t+h—s) f(s) ds—fot S(t—s) f(s) ds. By the estimate
of [|S(t)(X)|| mentioned above, we get ||y ]| < M e (+1) foh | f(s)|| ds, and

II%IIZ/0 HS(t—S)(f(8+h)—f(8))Hd8§M€°”/O 1 (s +h) = f(s)|l ds.

But foh If(s)|lds — 0 for h | 0 by Lebegue’s theorem, and [} || f(s + h) — f(s)| ds — 0

also for h | 0 by Theorem 2.3. Thus the second claim of the theorem is proved. O

Next we introduce the Oseen operator O, : D(O,) + LL(Q°) for q € (1,00) by setting
D(O,) = LLOQ)NWI@Q )P nW2I((Q)2,  0,(V) :=P,(AV —78,V) (3.1)
for V e D(O,),

where the operator P, was introduced in Theorem 2.1. We denote the identity mapping
on LI(Q°) by Z,. The ensuing theorem gives some details on the resolvent of O,.



Theorem 3.1 Let ¢ € (1,00). Then the resolvent set g((’)q) of Oq is given by o(Oy) =
{AeC : 72RX > —(SN)?}. The relation (\Z, — Oy)~L(F) € D(O,) holds for X € o(Oy)
and for F € LL(Q°).

Let 99 € (m, w/2). There is ro € (0,00) such that {\ € C : |\ > ro, |argA| < Yo} C
0(Oq) and

ATl + N2 U lg + 1T l2q < €lIE]g  for F e LEQ) (3.2)

and for X € C with |\| > 1, |arg \| < Jo, where U := (AL, — O,) " H(F).

Proof: The first claim of that theorem, pertaining to o(Q,), holds according to [25,
Theorem 3.1]. The relation (A\Z, — O,)"'(F) € D(O,) for A € 0(O,), F € LLQ") is
obvious by the definition of the resolvent. By [34, Lemma 4.5], there is 7o € (0, 00) such
that |A||Ulq + [|Ull2q < €||F|ly for A€ C, |\ >rg, |argA| < ¥, F € L (QF), with
U defined as above. It follows by interpolation that [\|'/2 |[VV|, < €||F||,. O

The ensuing theorem deals with the semigroup generated by O,. In particular it presents
an L9-L9-estimate (inequality (3.3)), which we take from [34] and [32]. The estimate in
the following theorem is “global” in the sense that it gives an upper bound of the Oseen
semigroup with respect to L?-norms on the exterior domain Q°. In Section 4, we will
additionally need “local” LP — L%-estimates, that is, upper bounds for LP-norms on (g,
instead of Q°. These latter estimates yield decay rates which are not always available in
the global setting. We further note that [31] and [32] deal with the case of time-dependent
coefficients and rotational terms in the differential equations, a level of generality not
needed here.

Theorem 3.2 Let ¢ € (1,00). The operator O, generates an analytic semigroup on
LL(Q°). We write €!Cc for its value in t € [0,00). Let U € LL(Q), and put u(t) :=
et for t € [0,00). Then u € C°([0,00), LL(Q%)) N C>((0,00), LL(Q%)), u(t) €
D(Oy), u'(t) = Oqu(t) fort € (0,00), u(0) = U. Moreover

|05 u(®)lg < € (X011 (8) t712 + xp1, o) (£) £~ MR E/23/COH el 7)) (3.3)

fort € (0,00), o € N} with |a| < 1. In particular Vyu € Li,,.([0,00), Lq(ﬁc)g).

Proof: According to Miyakawa [38, Theorem 4.2], the Oseen operator O, generates an
analytical semigroup on LZ(Q°). Since Theorem 3.1 was not yet available in [38], but
allows to directly reduce this semigroup property to standard results in [40], we present a
proof based on such a reduction, for the convenience of the reader, although the argument
in question is in principle well known. Take ¥y € (7/2, ) and choose a number ry
associated to ¥y as in Theorem 3.1. We may suppose that rq > 1. By that theorem
So:={AeC : |\ >, |arg | < Up} C 0(O4) and

AT, — 0 (F)l, < €N F]l, for Fe LY, A€ S. (3.4)

Put ag := 2ro/sindy, Syg,a := {N € C\{ao} : |arg(A —ag)| < Yo}. Then Sy, 4, U {ao} C
Sp. In fact, take A € C\{ap} with |arg(A — ag)| < ¥9. We note that for b > 0, the
function f(z) := x (z? 4+ b)~'/? (x € R) is increasing. Obviously R(\ — ag) < R, so if
SA # 0, and thus SA = S(X — ag) # 0, we get with b = (IX)? = (S(\ — ao))2 that



F(R(A—ao)) < f(RN), that is, R(A—ao)/|A—ao| < R(N)/|A|, and therefore arg(A —ag) =
arccos( R(A — ag)/|X — ag|) = arccos( R(A)/|A|) = arg(X) > 0. Since |arg(A — ap)| < Vo,
it follows that |arg A| < ¥y in the case S\ # 0. If A = 0, then A — a9 € R\{0}, and so
A € R. Since |arg(A — ag)| < J9 < 7, we get A —ap > 0, hence A > ag > 0, and thus
|arg A| = 0 < 9. Thus we may conclude that in any case | arg(\)| < Jp.

In order to obtain that A\ € Sy, we still have to show that |A| > r¢. To this end, we first
suppose that |arg(\ — ag)| > 7/2. Then |sin(arg(A — ag) )| > siny. Thus, if we assume
|A] < (ap sindg)/2, we get a contradiction via the estimate

IA] > |SA = [N = ao)| > |A = ag| sindy > (ap — |A|) sindy (3.5)
> (ao — (ag sing)/2) sindg > (ag/2) sindy.

Therefore |A| > (ag sinvy)/2, hence |A| > 7o by the definition of ag. Altogether we get
A€ S if |arg(A — ap)| > w/2. Suppose that |arg(A — ap)| < 7/2. Then (A — ag) > 0, so
that |A\| > RX > ag > r9. Since the inequality |arg(A)| < ¥y is already proved, we again
get A € Sp. Obviously ap € Sp, so we have confirmed that Sy, 4, U {ao} C So.

As a consequence Sy, 4, U {ao} C 0(O,) and inequality (3.4) holds for F € LL(Q%), X €
S9o.a0 U {ao}. But for A € Sy, o with |arg(A —ag)| > 7/2, we get |A| > |X — ao| sindy
as in (3.5). In the case |arg(A — ag)| < 7/2, we have R(\ — ap) > 0, hence R\ >
0, and then |[A| > | — ag| since SN = (A — ap). We may conclude with (3.2) that
|AZy — Of)HF)|lg < €A —ag| ' ||F|| for F and X as before. As a consequence the
sets {0} and Sy, o := {\ € C\{0} : |arg(\)| < Yo} are contained in the resolvent set
o(—ap Z,+O,) of the operator —ag Z,+ Oy, and by the preceding estimate of (AZ,—O,) !,
we have |[(A = (—aoZy + Og) ) (F)|lg < €|A[TH[|F |, for F € LL(Q) and A € Sy, . Now
it follows that —agZ, + O, generates an analytic semigroup on L%(Q°) ([40, Theorem
1.7.7, 2.5.2]). We write et (-20Za+04) for its value in t € [0,00), so that the mapping t —
et (-a0Zq+0q) (t € |0, oo)) is the restriction of an analytic semigroup to [0, 00). Therefore
the mapping t — et et (-a0Zg+0q) (t € [0,00)) also is the restriction of an analytic
semigroup to [0,00), and the operator O, is the infinitesimal generator of this semigroup.
In view of the uniqueness result in [40, Theorem 1.2.6] and the notation introduced in
Theorem 3.2, we have e! @1 = 1@ ¢t (=00Za+04) for ¢ € [0, 00). The function u introduced
in Theorem 3.2 thus belongs to C°([0,00), L&(Q°)) and to C*°((0,00), LE(Q) ), with
u(t) € D(Oy), v (t) = Oqu(t) for t € (0,00), and u(0) = Uy ([40, Corollary 1.2.3, Theorem
2.5.2 (d), Corollary 2.4.4, Lemma 2.4.2]).

Concerning inequality (3.3), we indicate that (3.3) in the case ¢ < 1 holds according to [34,
(6.38)], whereas the case t > 1 is covered by [34, (1.2)] if « = 0, [34, (1.3)] if |a| = 1, ¢ < 3,
and [32, (2.23)] if |a| = 1, ¢ > 3. Actually, in the case t > 1, |a] = 1, ¢ > 3, another
reference would be [34, (1.6)], but that latter inequality is proved only implicitly in [34].
U

Theorem 3.3 Let ¢ € (1,00), f € Li,.([0,00), Lg(ﬁc)), u(t) = fge(t_s)oqf(s)ds

loc

fort € [0,00) (see Lemma 3.1), with the preceding integral denoting an LL(Q°)-valued
and an LI(Q°)%-valued Bochner integral. Then f(f [0z, (=)0 f(s))|qds < oo, u(t) €



I/Vol’q(ﬁc)3 fora. e. t >0, divyu =0, Vyu € L},.([0,00), Lq(ﬁc)‘?’), and

loc

t
Oryu(t) = / 8ml(e(t_5) Oa f(s) )ds for 1<1<3anda. ete(0,00). (3.6)
0

Proof: Of course, it does not make any difference whether the integral in the definition
of u is considered as an L (Q°)-valued or an L?(Q°)3-valued Bochner integral, due to
Theorem 2.2 and the fact that the canonical imbedding of L5 (Q°) into LI(Q%)? is linear
and bounded. Let T € (0,00), a € N} with |a| < 1. Then by (3.3),

T t T t
/ / 102 (490 f(5) )|y ds dt < € / / (xon(t—s)(t—s2 @)
0 0 0 0
FX[1,00) = 5) ) X(0.1)(E = 8) X(0,1)(5) || £ (5)]lq ds dt

<¢ /R(X(o,l)(r) r2 4 X100y (1)) X0y () dr (L f1 Z i < €(T) || f1 Zllgairs

where we used Young’s inequality in the second estimate. Inequality (3.7) yields in par-
ticular that f(f [0 (et=*)Oaf(s))||gds < oo for a. e. t € (0,00) and for o € Nj with
la| < 1. Take any such t. Let | € {1,2,3} and v € C§°(Q)3. For o € {0, 1}, the
operator V > [qe87¢(z) - V(z)dz (V € Lg(ﬁc)) belongs to (Lg(ﬁc))/, so we get
with Theorem 2.2 and because e(=*)Cuf(s) € D(O,) for s € (0,t) that the equation
Jae Op(a) - u(x, t) de = — [qe () - (fot 8:1:1(6(t_5) 94 f(s)ds ) (z) dz holds. Thus the weak
derivative dzju(t) exists and equation (3.6) holds. Since fg H@g‘(e(t_s) Oaf(s))|lgds < oo
by the choice of t, we thus have u(t) € Wh4(Q%)3. Equation (3.6) and inequality (3.7)
imply that Vyu € L}, ([0, 00), Lq(ﬁc)S). In order to show that u(t) € Wol’q(ﬁc)?’ and
divyu(t) = 0, again take t € (0, 00) with fg [0 (elt=2)Caf(s))||qds < oo for a € N3, |a| <
1. We have (=90 f(s) € D(O,) c Wy U(Q) N LL(Q) for s € (0,t), in particular
divx(e(t_s) 9af(s)) = 0 by Lemma 2.3. It follows with (3.6) that div,u(t) = 0. By the
choice of t and because et Caf(s) € VVO1 9(Q%)? we may conclude that the integral
fg (=) 0a f(s) ds exists also as a W,(0°)3-valued Bochner integral. For ¢ € C§°(Q°)3,
the operator V — fﬁcd)de is linear and bounded as a mapping on Lg(ﬁc) and on
VVO1 4(Q°)3. This observation and Theorem 2.2 imply that the integral f(f e(t=9)Oa f () ds
yields the same function both as L%(Q°)- and W,?(Q°)3-valued Bochner integral. As a
consequence we have u(t) € W, 4(Q)3. O

In the ensuing theorem, we collect some of our previous results. They allow us to introduce
the notion of “mild solution “. The theorem then states that such a solution satisfies (1.1)
in the sense of an L?-weak solutions as formulated in (2.1), for a right-hand side f of low
regularity.

Theorem 3.4 Let ¢ € (1,00), Uy € LL(Q°), f € L},.([0,00), Lg(ﬁc)), and define
u(t) = ety + fg e(=9)0af(s)ds for t € [0,00). This function u is called a “mild
solution” to (1.1). It satisfies the relations u € C°([0,00), LE(Q°)), u(0) = Uy, u(t) €
Wol’q(ﬁc)?’, divyu(t) = 0 for t € (0,00), and Vyu € L} _([0,00), LI(Q)°). Moreover the
function u fulfills equation (2.1).
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Proof: Put uM)(t) := Uy, u®(t) f (t=5)Oa f(s)ds for t € [ oo) By The-
orem 3.2 we know that u(®) € C’O([ ), LE(Q%)), uM(0) = Uy, uD(t) € D(O,)
(in particular uM(t) € W249(Q)% N WD’q(ﬁ) ), divpuM(t) = 0 for t € (0,00), and
Vull) € L},.(10,00), Lq(ﬁc)g). Let v € C5°([0,00) ) and ¥ € Cgf’a(ﬁc). Choose some
T € (0,00) with supp(y) C [0,T]. The operator V — [5cV -ddx (V € Lg(ﬁc)) is lin-
ear and bounded. It follows from this and the properties of u®) listed above that the
function t — [5e uD(t) - 9dx (t € [0,00)) belongs to C°([0,00)) and to C*((0,00) ),

with 9 ( fge uM(2) - ﬂdw) = ( 1) )’( t)-¥da for t € (0,00), and fge uM(2) I dr—g =
Jge Uo -9 dx. Thus v(€) fge uM () -9 dz — v(0) [qe Uy - ¥ dz. From the preceding relations
we get,

00 T
/ 7 (t) / uM(t) - 9 da dt = lim / ~y'(t) / uM () -9 dxdt (3.8)
0 o €l0 Je Q°

T
— tim [ 40 / (uMY' (1) - 9 da dt — (0) / Us - 9 da.

10 Je o o
Since by (3.3) fOT fQ Vo uM(t) - VI|drdt < oo, and because u(l)( t) € Wzvq(ﬁc):)’ for
t >0, we have fo Y(t) Joe VauD(t) - VI do dt = —lim, g fe t) Joe A -9 dxds.
But 9 € 0070(9 ); 80 Py (¥) = ¥ by Theorem 2.1. Therefore due to the equatlon Py =P,
(Theorem 2.1), we get

/ /vu -V dx dt = —hm/ /QCPQ(AIU(I)(t))-ﬁdxds. (3.9)

By a similar reasoning we find that

oo T
/ ~(t) / 7z (t) - 9 da dt = liﬁ)l/ (%) / Pq(Taxlu(l)(t) ) -¥dzds. (3.10)
0 Q° &0 Je [oX

Since (uM)'(t) = O,u)(t) for t > 0, we may conclude from (3.8) — (3.10) that equation
(2.1) is valid with f = 0 and with 1™ in the role of u. Note that in the preceding argument,
the integral f(;[ Y(t) [ Pal Axu(l)(t)) - dx ds, which does not exist in general, does not
arise.

By Lemma 3.1 we know that u(?) ¢ CO( [0,00), L (ﬁc) ) Moreover Theorem 3.3 yields that
u(t) € Wol’q(ﬁc)?’, divyu®(t) = 0fora. e. t € (0,00), and u? € L} ([0, 00), Lq(ﬁc)g).
Take v, ¥ and T as above. By the previous relation and Theorem 2.2, and because the
operator V — [5e V- ddx (V € L Q9 ) is linear and bounded, we get

/Ooov’(t)/ W@ (t) -0 da dt = / / / (90 5(0) ) () drdsr. (311)

Due to inequality (3.3), we have [e(*=%) 94 f(s)||, < &(T) || f(s)||4 for t € (0,T), s € (0,1).
Moreover the function s + [|f(s)|lq (s € (0,T)) is integrable, 7 is bounded, and ¥ is
bounded with compact support, so fOT fg Jae 17/ () 9 () - (e(t_s) Oaf(s))(z)|dadsdt < oc.
Thus we may apply Fubini’s and Lebesgue’s theorem on the right-hand side of (3.11), to
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obtain

/OO ’()/ u?(t) -9 dx dt (3.12)

_ISE}/ /+/ V(1) 8(z) - (990 f(s) ) () da dt ds.

By Theorem 3.2 we know that for s € (0, 00), the functlon t s elt=9)Oa £ () (tel[s,o0))
belongs to C%([s, 00), LiQ" )) and to C’OO( )) Using once more that the
operator V +— fQ V- ddx (V € LL(Q ) is a bounded functional, we see that for
s € (0,00), the function Ky4(t) := fQ ( (¢ S)O‘Zf( ))( )dm (t € [s,00)) be-
longs to C?([s,00)) N C>( (s, oo) ), with Kﬁ s = [ge 0 O (=904 f(s) ) (x) dz.
Thus the right hand side in (3.12) may be transformed by an 1ntegration by parts into
limejo[ — o [ v(8) K) (t)dtds — [{1(s+€) fge (@) (e“Oif(s))(x) dwds]. But with
Holder’s inequality and (3.3), [7(s+€) for 9(2)- (€00 f(5) ) (@) dar| < € [1]os [F]lg £ ()l
with the function s — [|f(s)|lq (s € (0,T)) being integrable, as already mentioned be-
fore. Moreover, by the continuity of the function r — e" @4V (7“ € [0,00) ), and because
this function takes the value V if r = 0, for V € Lq (ﬁc) (Theorem 3.2), we obtain
that (s + €) foe O(x) - (e°Caf(s))(z)dz — (s fQ f(x,s)dx (e | 0). Therefore

fofys—i-e Jae 9(x) - (eCaf(s))(x )dwds—>f0 (s fQ f(z,s)dzds (e L 0) by
Lebesgue’s theorem. From (3.12), the transformation of the r1ght hand side of (3.12)
presented above and the preceding relation, we deduce that

/Oofy'(t)/ u?(t) - 9 dx dt (3.13)

:_lifél/ /ﬂ / -8t(e(tS)Oqf(s))(:z)dxdtds—/OT'y(t) /ng(t).ﬁdxdt.

Since V,u® € L} ([0,00), L9(Q%)?) by Theorem 3.3, and because of Theorem 2.2 and
the linearity and boundedness of the operator V — [qe V - ¥ dx (V e LI(Q°)3 ), we get

/00 (t)/ 70z u P () - O da dt (3.14)

N
/ / / ) - 7 0x1 (e 9 f(s) ) () da ds dt.

By (3.3) V(e @ f(s))llq < €M)~ Y2 ||f(s)|lq for 7, s € (0,T). Thus with Holder’s

inequality,
/// Y ()9(x) - 7 dz1 (e O f(s)) (x)| dx ds dt
< €(T) oo 9] / / )72 | (5) |y ds .

T _ T
But [y fo(t =) 72| f(s)]qdsdt = fo J @ —s)7 2| f(s)llgds < €T) [y [1£(5)]qds.
Since the function s — | f(s)llq (s € (0,T)) is integrable, it follows that the integral
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fOT f(f Jae v (z) - 7 0z1 (=9 f(s))(2)|dx ds dt is finite. Thus from (3.14) and Fu-
bini’s and Lebesgue’s theorem,

/Oo (t)/ 7 0x1u (t) - O da dt (3.15)
_15%1/ /+/ ) - 7 da1 (=99 f(s)) (x) da dt ds.

Since for 1 < [ < 3, the operator V — fﬁc V.99 dx (V € Lq(ﬁc)3) is also linear and
bounded, the same reasoning yields that

/ / VouD(t) - VI da dt (3.16)

= 1gﬁ)1/0 /s+E /QC ~v(t) Vi(z) - Vx(e(t_s) Oa f(s) ) () dz dt ds.

On the other hand, we have e(*=%) 94 f(5) € W24(Q°)3 for s € (0,00), t € (5,00), hence we
obtain [me Vi(x) - Vx(e(t_s) Oaf(s))(z)de = — fgeI(z) - Ax(e(t_s) O f(s))(z) dx for s, t
as before. So we may combine (3.15) and (3.16) to obtain

/Oo (t)/ (qu()() V19+78x1u()()-29)d93dt (3.17)
—161%1/ /+e/ : Az—I—Tﬁml](e(t_s)o‘lf(s))(a:) dx dtds.

At this point we proceed as in the first part of the proof, using the relations Py () = ¢
and 73(/1 = Py provided by Theorem 2.1. Due to these equations, we may rewrite (3.17) as

/ T / (v u(t) - V79+7'8x1u(2)(t)-19) dz dt (3.18)

- _liﬁ}/ /+/ Oy (=)0 f(s)) () dw dt ds.

But (0, — Oq)(e(t_s) Oaf(s)) =0 for s € (0,00), t € (s,00) by Theorem 3.2, so it follows
from (3.13) and (3.18) that equation (2.1) holds with Uy = 0 and u(® in the role of w.
Since u = u(Y) + u?) | equation (2.1) holds as stated in the theorem. O

4 Spatial decay of mild solutions.

We use LP — Li%-estimates of the Oseen semigroup e*©e in order to deduce rates of spatial
decay of mild solutions to (1.1), (1.2). Our main tools are Theorem 3.2 as well as the
following theorem which reproduces results from [34] and [32]. Recall that the parameter
Ry € (0,00) was fixed at the beginning of Section 2.

Theorem 4.1 ([34, (6.18)], [32, (6.4)]) Let q € (1,00). Then

€OV 1Qn, g < €EHCDIV, - for V€ LE@°), ¢ € [1,00).
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Corollary 4.1 Let g € (1,00). Then
192 (e O V) QR llg < € (X0, ()2 4+ Xp1,00) () £/ CD) V]
for Ve LL(Q), a. e. t € (0,00) and o € N3 with |a| < 1.
Proof: Theorem 3.2 (t <1) and 4.1 (¢ > 1). O

In the ensuing four corollaries, we apply Theorem 3.2 and the preceding corollary in order
to estimate the functions fg et=9)0a f(s5) ds and ¢! Uy. Recall that the set ZRy,00 Was
introduced at the beginning of Section 2.

Corollary 4.2 Let g € (1,00). If ¢ < 3/2, take p; € [1,00) and set p := py.

In the case q > 3/2, letpy € [1, (1-3/(2¢))~" ). Then1 > 3/(2q) > 1—1/py > 0. Fiz some
p2 € (1,00) with 3/(2q) > 1/pa > 1—1/py, for example pa := 2(3/(2q)+1—1/p1 )71. Then
1>1/q1 >1/q1 +1/ga —1 > 0. Define p:= (1/q1 +1/q2 — 1)~L. Then p1, p2, p € [1,0)
with 1/p =1/p1+1/p2 — 1, 3p2/(2q) > 1 and p € [p1, )

For f € L} ([0,00), LL(Q7)), t € (0,00), define ug(t) := f (t=5)Oq f(s)ds. Then
the inequalities ||UL|ZR0,M‘|q,p;w < €||f||q,p1,oo and |[ug(t )|QRo”q < €|l fllgprso0 hold for
f € LP1(0,00, LE(QY)), t € (0,00).

Proof: The operator V — V|Qg, from LL(Q°) into LI(Qg,)? is linear and bounded.
Thus, for any f € Lloc( [0 o0), L& (ﬁc)), t € (0,00), we may deduce from Theorem 2.2
that us(t)|Qr, = fo[ (t=5)O4 f(s)]|QR, ds, hence with Corollary 4.1,

[y (8)[2Ro[lg < Q“—/O gt =) [[f(s)llq ds, (4.1)

with g(r) == x(0,1)(") + X[1,00)(7") r=3/(9) for r € R. In the case ¢ < 3/2, put py := 1.
Then we may conclude for any choice of ¢ that p1, p2, ¢ € [1,00), 1/p=1/p1 +1/ps — 1
and 3pa/(2¢q) > 1. The latter inequality yields that g € LP2(R). At this point we see that
inequality (4.1) and Young’s inequality imply the estimate ||uf|ZRr,,00|lgpio0 < €| fllgpri00
for f € LP*(0, 00, LL(Q) ). Since p1 < (1-3/(2q) )_1 in the case ¢ > 3/2, and 3/(2¢) > 1
if ¢ < 3/2, we have in any case that 3p}/(2¢q) > 1. Therefore (4.1) and Holder’s inequality
yield the estimate of ||uy(t)|Qr,||q stated in the corollary. O

Corollary 4.3 Let the numbers q, p1, p2 be given in one of the following three ways:
q S [17 3/2)7 D1 S [1700)7 P = D1,

orq€[3/2,3), pr € [1, 1=3/(29))71), p2:=2(3/(2¢) + max{1/2, 1= 1/p}) ", p:=
(1/p1+1/p2—1)71,

or q € [3,00), p1 € [1,(1—3/(2¢))7), p2 == 2(3/(2¢) +1 — 1/}91)_1 and again
=(1/p1+1/p2 = 1)

Then p is well defined and belongs to [p1,00). Letl € {1, 2, 3}. Then if ¢ < 3, the inequality

1(0z1uf)| ZRy oo lgpioc < €| fllgprioe holds for f € LP(0, 00, LL(Q%)). In the case ¢ >

3, the estimate |[(0z1uf|ZRy.00)|lgpioo < €| fllgpisoo + [ fllgpioo) is valid for functions f

belonging to LW(O, 00, Lg(ﬁc)) with v = p1 and v = p. (The function uy was introduced

in Corollary 4.2.
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Proof: Suppose that ¢ € [3/2, 3). Then 3/(2¢q) € (1/2, 1]. On the other hand, the
assumption p; € [1, (1 — 3/(2¢))~") implies 3/(2¢) > 1 — 1/p;. Therefore we have
3/(2¢) > max{1/2,1 —1/p1} > 0, so 3/(2¢) > 1/p2 > max{1/2,1 — 1/p;}, hence
1> 1/p2 > 1/2, that is, p2 € (1,2). Moreover 3/(2q) > 1/p2 > 1 — 1/p1, so by Corollary
4.2 we get 1/p1 > 1/p1 +1/pa — 1 > 0 and 3p2/(2q) > 1. In particular p is well defined
and belongs to [p1,0).

Next assume that ¢ > 3. Then the conditions on p; and the definition of py imply that
3/(2q) > 1/pa > 1—1/p1, so Corollary 4.2 yields that ps € (1,00), 1/p1 > 1/p1+1/p2—1 >
0 and 3p2/(2¢) > 1. In particular p is again well defined and p € [p;, o).

If ¢ < 3/2, choose ps = 1. Then (1/p; +1/ps —1)~! = p by the choice of p in the corollary,
and 3p2/(2q) > 1 because 3/(2¢g) > 1 in the case under consideration. Altogether we have
for any choice of q that p1, ps, p € [1,00), 1/p = (1/p1 + 1/p2 — 1)~! and 3ps/(2q) > 1.
If ¢ < 3, we additionally have ps € [1,2).

Theorem 3.3 and 2.2 yield that (dzjug(t))|Qr, = fg[@:ﬂl(e(t_s)oq f(s))]1Qr, ds for

f e LL.([0,00), LEQ)) and a. e. t € (0,00), for any choice of ¢; see the beginning of
the proof of Corollary 4.2 as concerns the role of Theorem 2.2. Hence by Corollary 4.1,

1 (Omus (1)) |0, g < € / gt — 5) 1 £(5)]lq ds (4.2)

for f, t as before, with g(r) := x(0,1)(7) r_1/2+x[1,oo)(r) r=3/(4) for - € R. Since ps € [1,2)
and 3p2/(2g) > 1 in the case ¢ < 3, we obtain g € LP2(R) in that case. Recalling that
p1, P2, p € [1,00) and 1/p = (1/p1 + 1/pa — 1)~1, we may thus conclude from (4.2) and
Young’s inequality that in the case ¢ < 3, the estimate ||(0zjuf)|ZRy 00| gpi00 < € || fllg,p1:00
is valid for f € LP1( 0,00, LE(©)).

Now suppose that ¢ > 3. Since in this case the relations 1/p = (1/p1 + 1/pa — 1)71
and 3p2/(2q) > 1 are valid, too, we may apply Young’s inequality once more, to obtain

(o™ (e X0y (t = ) (8 = ) 3/CO | £(s)gds )" dt )" < €[ fllgpe- Also by Young’s

. . _ 1
inequality we get ([5°( fu Xt — 5) (¢ — 5)/2 | £(5)lgds )" dt)""? < € psoer Due
to (4.2) and the two preceding estimates, we may conclude that |[(0zjuf)|ZRy 00 llgpoe <

C ([ fllgprzoe + 1 lgpsoc)- O
Corollary 4.4 Forq € (1,00), Uy € LL(Q°), t € (0,00), put ug,(t) := et Cal.

Let g € (1,00). If ¢ < 3/2, take p € [1,00), else let p € (2q/3, 00). Then the inequalities
!(!UUO\)ZRo,oo apico < €lUollg and [Juy, (1)[Qprollq < €||Ully hold for Uy € LE(Y), t €
0, 00).

Proof: Use Corollary 4.1 with a = 0. 0

Corollary 4.5 Let ¢ € (1,3). If ¢ < 3/2, take p € [1,2), else let p € (2q/3, 2). Take
1 € {1,2,3}. Then ||(dx1ut,)| ZRycollgpoe < €l|Uollq for Up € LL(Q), where uy, was
defined in the preceding corollary.

Proof: Use Corollary 4.1 with a = ¢;. O

Now we are in a position to establish our decay result for mild solutions to (1.1), (1.2).

Theorem 4.2 Fiz some Sy € (0, Rg) with @ C Bs,. Choose parameters q, po, p1, p2, Y
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in the following way:

Take q € (1, 3/2), p1 € [1,00) and set pg := 1, v := p1,

or let ¢ € [3/2,3), po € (2¢/3,2) and p1 € [1, (1 —3/(29))""), and define py :=
2(3/(2q) + max{1/2, 1 - 1/p}) ", v = (1/p1 + 1/pp — 1),

or choose q € [3,00), p1 € [1, (1=3/(29))") and put ps :==2(3/(2¢9) +1—1/p1 )_1 and
again v == (1/p1 +1/p2 — 1)~ 1.

According to Corollary 4.3, the parameter ~v is well defined in all three cases and belongs
to [p1,00). In the case q < 3, let Uy € LL(Q°) and f € LP1(0, 00, Lg(ﬁc)), and define
u(t) := ety +fg et=5) % f(s)ds fort € (0,00). If ¢ > 3, take f € LP* (0,00, Lg(ﬁc)) N
L7(0, 00, Lg(ﬁc)) and set u(t) = fot et=9)0a f(s5) ds, again fort € (0,00).

Then there is a zero-measure subset Soo 0of (0,00) and for any t € (0,00)\& a zero-measure
subset Ny of Br,  such that

102 [u— RO (fIBE, x (0,00)) — 37 (Uo|BE,) ] (2, 1)] (4.3)
—(3+l|al)/24+1/(2p" —(3+|al)/24+1/(2+"
< e[ |Ullg (|2]v(w))” FHDZCR) (1) () )~ BHD2HCA gy ]

if ¢ <3, and
102 [ — RO (f]BE, x (0,00) )] (x, 1) (4.4)
< & ([ w(a) ) CTDNEEC (gl 1 llgeo)

else, for t € (0,00)\Gwo, = € Br, \Nt, a € N3 with |a| < 1.

The asymptotics of the functions ]8;“9{(7)(f|B§0 x (0,00) )| and ]8§J(T)(U0\Bgo)| are a
seperate problem, only depending on the behaviour of f and Uy, respectively. If both
these latter functions have compact support and are L', then the former two functions
are bounded by € ( |z|v(z) )_(34—‘04)/2 for z € Bf , t > 0; see [17, Lemma 4.1] as concerns
\6;"3(7)(U0|B§0)], and [17, Lemma 4.2] with respect to |8§‘9%(T)(f\B§0 x (0,00))]. In this
situation the functions Wg‘jm(U{ﬂBgOﬂ and |92R(™) ( f1Bg, x (0, 00))| decrease faster than
the right-hand side of (4.3), except if ¢ < 3/2, po = 1, p1 = 1 in Theorem 4.2. Then the
two convergence rates coincide. Under the assumptions of Lemma 2.7, |8§"J(T)(U0]B§O)\

(2) ] —(4+]al)/2 )

even goes to zero as O( [ |z|v for |x| — oo. For conditions on f and Uy

leading to the decay bound € ( |z|v(z) )_(2+|a‘)/2, we refer to [12, Theorem 3.1] and [11,
Theorem 1.1], respectively. These remarks explain why we stated in Section 1 that in-
equality (1.4) holds if Up(z) and f(z,t) decay sufficiently fast for |x| — oo. It should be
noted that the sum %(T)(ﬂBgO x (0,00) ) + ’J(T)(UOIBgo) solves (1.1) in the whole space
R3 x (0, 00). So the left-hand side in (2.2) may be interpreted as the perturbation generated
by the presence of the rigid object, in the region far from that object.

Proof of Theorem 4.2: The relation v > p; holds according to Corollary 4.3. Suppose
that ¢ < 3. Then we have v = uy, + uy, with uy, and uy defined as in Corollary 4.2 and
4.4, respectively. Corollary 4.4 and 4.5 yield that

[4t701Z Ro 00 l,00:00 + (14076 ZRo 00 l.p0300 + 1Vttt )| ZRo 0llg,p0:00 < €[ Unllg-
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Moreover, by Corollary 4.2 and 4.3,

||uf|ZRo,00||q,OO;oo + Huf‘ZRo,OOHq,v;OO + ||(quf)|ZRo,00quy;oo <c ||f||q,p1;<>0~

The assumptions in Theorem 4.2, the preceding inequalities and Theorem 3.4 show that
the conditions on Uy, f and u in Theorem 2.4 are fulfilled if this latter theorem is applied
seperately to the cases f = 0 and Uy = 0, respectively. By making use of this theorem
in this way and applying the preceding inequalities, we may conclude that inequality
(4.3) is valid. Note that since v > p1, the rate of decay of 0fus obtained from Theorem
24148 —(3+ |a])/2 4+ 1/(24), in view of the fact that Corollary 4.4 yields a bound for
[t Z Ry c0llg 00 and [Vt ZRy collg o0

In the case ¢ > 3, we obtain (4.4) by the same reasoning, but only Corollary 4.2 and 4.3
are relevant, whereas Corollary 4.4 is not needed and Corollary 4.5 is mute in this case. [J
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