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Hypoelliptic and spectral estimates for the

linearized Landau operator

MOHAMAD RACHID*

Abstract

We are interested in the inhomogeneous Landau equation which describes
the evolution of a particle density f = f(¢,x,v) representing at time ¢ > 0, the
density of particles at position € R? and velocity v € R3. The study is moti-
vated by the linearization of the Landau equation near Maxwellian distribution.
In this article, we establish hypoelliptic estimates, a localization of the spectrum
and estimates of the resolvent of the the linearized Landau operator with hard
potentials and Maxwellian molecules. The proof is based on a multiplier method
and requires refined pseudo-differential calculus tools.
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1 Introduction

1.1 The model.

In this paper, we study hypoellipticity and spectral properties associated to the spa-
tially inhomogeneous Landau equation. This equation is a kinetic model in plasma
physics that describes the evolution of the density function F' = F (¢, x,v) representing
at time t € R*, the density of particles at position € R? and velocity v € R3. This
equation is given by

OF +v-V,F=Q(FF) O
F]t:O = F07

where () is the so-called Landau collision operator which acts on the variable v and
which contains diffusion in velocity. More precisely, the Landau operator is defined by

Q(G,F) = b, /]R a0 — v)[G.O,F — FO,G.) du., 2)

where we use the convention of summation of repeated indices, and the derivatives
are in the velocity variable v i.e. 0; = 0,,. Hereafter we use the shorthand notations
G. = G(v.), = F(v), 0,Gyx = 0,,,G(v.), O;F = 0,,F(v), etc. The matrix A(v) =
(a;;(v))1<ij<s is symmetric, positive, definite, depends on the interaction between
particles and is given by

VU5

| — T2 5. — _
a;;(v) = |v| (51 |v|2>’ v € [-3,1].

We recall the standard classification: we call hard potentials if v € (0, 1], Maxwellian
molecules if v = 0, moderately soft potentials if v € [—2,0), very soft potentials if
v € (—3,—2) and Coulombian potential if v = —3. Hereafter we shall consider the
cases of hard potentials, Maxwellian molecules, i.e. v € [0, 1]. We denote by

p(v) = (2m) %2 M2

the normalized Maxwellian which is a global equilibrium. We linearize the Landau
equation around g with the perturbation

F=p+pf.
The Landau equation ([II) for f = f(¢, x,v) takes the form

{ Of +v-Vaof —p ' PQUu' 2 f, 1) — w2Q(u, ' 2 f) = p= ' 2Q(u' 2 f, 2 f) 3)
fit=0o = fo = /fl/Q(Fo — ),

since Q(u, 1) = 0. Using the notation
L(f.9)=n"2Qu"2f, 1),

we may rewrite the above equation as

of+Pf=T(f1f)
{ f\t:O = Jo, (4)
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where the linearized Landau operator P takes the form
P=v-V,—-L (5)

with
L=Ly+ Ly L=/ f), L2=T(f,v/n)

Operator P acts only in variables (x, v), is non selfadjoint, and consists of a transport
part which is skew-adjoint, a diffusion part acting only in the v variable and a compact
part (see for example Proposition 2.1 in [5]). Using for example [22], [21], the diffusion
part L, is written as follows

v

)1+ 90 [

Lif = Vo (AW - (A0S -2
where A(v) = (@;;(v))1<i <3 Is a symmetric matrix with

Qyj = Qgj *oy [,

and the compact part L, is given by
Lof = =120, {u [ {2 0,8 + 2 }]

Remark 1.1. Here we do not follow the same convention as the one in [8] for operators

£1 and CQ.

1.2 Notations.

Throughout the paper we shall adopt the following notations: we work in dimension
n = 3 and denote by (z,v) € R3 x R? the space-velocity variables. For v € R? we
denote (v) = (1 + |[v|?)"/2, where we recall that |v| is the canonical Euclidian norm
of v in R3. The gradient in velocity (resp. space) will be denoted by 9, (resp. 0,).
We shall also denote D, = %81, (resp. D, = %81), and denote ¢ the dual variable of
x, 1 the dual variable of v. For simplicity of notations, a ~ b means that there exist
constants ¢y, ca > 0 such that ¢;b < a < ¢3b; we abbreviate “< C' 7 to “<”, where C' is
a positive constant depending only on fixed number. Finally, the space of distributions
on {2 is denoted by D'(§2) where 2 C R™ is an open set.

1.3 Main results and comments.

In this article, we will show a localization property of the pseudospectrum of the
Landau operator P, that is to say the region of the complex plane where its resolvent
is a priori large (in fact we more precisely give a description of a large region where the
resolvent is controlled, which is included in the complementary of the pseudospectrum).
This result is given by the following theorem.

Theorem 1.2. Let P be the Landau operator on L*(R3 x R3) defined in (&) with
v € [0,1]. Then there are two constants Cp > 0 and Qp > 0 so that:



a) The spectrum of P verifies
o(P) C Spn{Rez > 0},

with
1
Sp = {z €C, |2+ 1[* < Cp(Rez +1), Rez > —5}.

b) For any z ¢ Sp with Rez > —%, the resolvent is estimated by

1z = P) Mggeay < @rlz+ 177

Notice that if Rez < —% then
(= — P)AHB(Lg’v) < [Rez| ™

The results of Theorem [T.2] can be illustrated by the following figure:

Im z

D

N

N

N
\\
a4

+ Rez

N | =

Figure 1: Localization of the pseudospectrum of the Landau operator P.

In this figure dSp oriented from +i0o to —ioco. The hatched part is where the spec-
trum is localized and the non hatched part is the zone where we have good resolvent
estimates (see ([7]) and ([8])).

Let us give now some comments and motivations of this result. The cuspidal form of
the pseudospectrum of linear or linearized kinetic operators was first shown in [9], [11]

for the Fokker-Planck operator, and then extended to operators appearing in statis-
The main motivation for this type of study is to be able to

tical mechanics by [6].
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understand the so-called pseudospectrum properties and derive possible trend to the
equilibrium or regularization properties for the related evolution equation thanks to
Cauchy formulae (see e.g. [11] for a complete result in the Fokker-Planck case). Any-
way in this article, as a first step of a complete study of properties of this type, we only
focus on the pseudospectral localization, but in the case of the much more complicated
linearized Landau operator.

The aim of this article is double. First we show that the linearized Landau operator
has indeed a pseudospectrum of cuspidal form, which is a good clue for thinking that
this is a very general property of general linear or linearized kinetic operators. Second
we propose a very robust and self contained pseudo-differential framework (see Section
3.1]) in order to show this type of result. Our hope is that it can be used for many other
kinetic models. These tools are greatly inspired by previous works (see [1], [12], [13])
concerning kinetic equations, following fundamental ideas in [18] on Wick and Weyl
pseudodifferential calculus. Indeed the main remark done in all these works, following
preliminary works by Alexandre and Villani [2] is that the linearized Landau operator
L is, up to controlled/bounded operators, a pseudodifferential operator, namely that
there exists a symbol, in a Hormander-type class of symbol (see Section [3.1]) such that

L = a" 4+ controlled terms,

where w stands for the Weyl quantization. The equivalence above can be rigourosly
stated and we will do it in section 2 below. The understanding of Landau type opera-
tors has been greatly improved in the past twenty years, following in particular works
by Guo (see [8]).

Using these tools, the proof of the result given in Theorem [1.2] will follow the lines
of [12] (see also [1], [11]), where a multiplier method is used for proving regularization
(hypoelliptic) properties of the linearized landau operator. Let us emphasize here that
no regularization property is shown in this article, since we only focus on spectral
estimates. Mention anyway - and this is a remarkable feature of all these hypoellip-
tic/hypocoercive techniques - that the same (in spirit) methods give very strong and
precise results as the one given in the main theorem.

Organization of the article. In Section [2| we give some properties of the Landau
operator. In Section [3], we prove hypoelliptic estimates with respect to the velocity
variable for a parametric operator. In Section [4] we give hypoelliptic estimates for the
linearized Landau operator. Section [5] is devoted to the proof of Theorem [1.2]. An
appendix is devoted to a short review of some tools used in this work (Weyl-Hérmander
quantization, Wick quantization and the proof of the Theorem (Basic Theorem)).

2 Properties of the Landau operator

In this section, we first present the decomposition of the linearized Landau operator
P then we exhibit a simpler form of this operator. To end up we show that P is a
generator of a strongly continuous semigroup. Throughout this section, we work with
v e [=3,1].



2.1 Splitting of the linearized operator.

Consider a smooth positive function y € C°(R?) such that 0 < x(v) <

for [v] < 1 and x(v) = 0 for |v| > 2. For any R > 1 we define yz(v)
the sequel we shall consider the function M xg, for some constant M >
introduce the decomposition of the operator P as P = A+ K with

A:—£1+U'Vx+MXR, IC:_‘CQ_MXRa

where M > 0 and R > 0 will be chosen later.
We define the function F'(v) as

v v

vy v
2 2

F(v) = <A(v) -

) -V, - [A(v) } + Mxg.

Then, we can rewrite A as follows

-Af =v- vmf - vv ' [A(U)va] + F(U)f

2.2 Preliminaries.

We have the following results concerning the matrix A(v).

Lemma 2.1. The following properties hold:

1, x(v) =1
x() and in
0. Then, we

(9)

a) For v € R3\{0}, the matriz A(v) has a simple eigenvalue {1(v) > 0 associated
with the eigenvector v and a double eigenvalue ly(v) > 0 associated with the

eigenspace v-. Moreover, when |v| — 400 we have

6 (v) ~ 2(0)7 and ly(v) ~ (0)7T2

b) The function @;; is smooth, for any multi-index o € N?, there exists Co, > 0 such

that for all v € R3, we have
10555 (v)| + 105 (@55 (v)v;)] < Co (0)772710,

c¢) Forv e R3\{0}, we have
a;j(v)vv; = 01 (v)|v)?,
a;;(v) = tr(@(v)) = £1(v) + 243(v),
aij(v)min; = G ()| Panl® + 6(0)[(1 = Po)nl?,
with n € R3 and P, is the projection on v, i.e. P,y = (77 . ﬁ)‘—g‘

d) For |v| > 1, we have

1090, ()| < Co ()71 and |0%45(v)| < C, (0)T2710

Proof. See for example [4, Lemma 2.4], [8, Lemma 3] and [22, Proposition 1]. O
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Lemma 2.2. For all v € R with |v| > 1, we have
ti(v) 2 (v) and la(v) 2 (0)"F

Proof. Using (a) in Lemma [2.1], when |v| — 400, we have ¢;(v) ~ 2(v)”. In particular,
there is a constant N > 0 such that for all |v| > N, we have

El(v) > <U>,y.

We have that ¢;(v) is continuous since A(v) is a positive definite symmetric matrix
and continuous (due to convolution with u), hence the existence of a constant C' > 0
such that for 1 < |v| < N

((v) = C ()",
and then for all v € R3, perhaps with changing C,
li(v) > C{(v)".
The proof will be the same for ¢5(v). O

Lemma 2.3. Let F(v) be defined in (I0). Then, we can choose M and R big enough
such that for all v € R®, we have

F(v) Z (o).
Proof. Since

F() 2 3600 - |90 [A@S][+ Mxn

according to Lemma [2.1], we have

V. (A3 @ (12)

So, using Lemma and ([12]), there exist two positive constants C, Cy such that
F(U) Z Cl <’U>PY+2 — CQ<’U>PY+1 + MXR7
then there exist M and R such that for all v € R?

F(v) > (0)*

~Y

O

Lemma 2.4. For any multi-index o € N3, there exists C,, > 0 such that for allv € R3,

we have
|05 F (v)] < Ca (v)"*2710,



Proof. For |v| > 2R, using Leibniz’s formula, we have
1 o}

AAOEEDY ( B) 080, (0) 9% (v)? — ia%(v) e (vv . {A(%D,

BLa
Then, using Lemma and Lemma we obtain
05 F (v)] < cq (0)F27100

The function F'(v) being C* on |v| < 2R, the estimates for |v| < 2R are immediate.
U

Lemma 2.5. i) A(v) is written as follows
A(v) = B (v)B(v), (13)
where B(v) = (bi;(v))1<i <3 s a matriz with real-valued smooth entries.

ii) For any multi-index o € N?, there exists Co > 0 such that for all v € R3, we

have X
|05bi;(v)| < Co ()21, (14)

iii) There exists c¢,C > 0 such that for all v € R3, for all n € R® we have
() (Inl* + v Anl*) < Afv)n - = [Bo)nl* < C )" (In* +[vAnl*)  (15)

Proof. i) As A(v) is a positive definite symmetric matrix (denoted S3*(R)) and ac-
cording to the spectral theorem, there exists Q an orthogonal matrix such that

On {|v\ > 1}, v — Q(v) can be calculated explicitly and can be chosen to be smooth.

If we set
B(v) = Q" (v)yD(v)Q(v)
with /D(v) = diag(\/ﬁl(v), \/EQ(U), \/EQ(U)). We have that v — (/D(v) is of class

C* for |v| > 1 (because ¢1(v), l2(v) are of class C*° for |v| > 1). Then the application
v — B(v) is of class C* on {|v| > 1}. Regarding the case where |v| < 1, we consider
the following two applications:

6 : R® - SI*(R)
v o~  A(w) ’

Y o STTR) — S3T(R)
M = VM

we note that ¢, are of class C*°, moreover B(v) = 1 o ¢(v). Then we have that the
application v — B(v) is of class C°.

ii) For |v| > 1, we have B(v) = \/{1(v)P, + \/{2(v)({ — P,), moreover using Lemma

[2.1], we have
105/6 ()] S 100 ()] S () (16)
9



and the fact that |07P,| S 1 (P, and all its derivatives are bounded), so we get that
for |v] > 1,
9515 (0)] S ()37, (17)

where the constants in ([IGl), (7)) depend on .
The function b;;(v) being C* on |v| < 1, the estimates for [v| < 1 are immediate.
Then, for all o € N3, there exists C,, > 0 such that for all v € R?, we have

1020, (v)| < Co ()21, (18)

iii) The estimate is immediate on |v| < 1 because A (v) is a positive definite symmetric
matrix and A = BYB. For |v| > 1, using Lemma [2.T], we have

@ (v)min; = G(v)|Ponl* + Lo ()| (T = P)nl?
2 ]v A nf*
o]
> () |n[2cos?(v,n) + () |v Aq* + ()|n|* sin?(v, n)
Z (W) (In]* + v Anf*),

Vv

(v)nl*cos® (v, 1) + (v)

on the other hand, we have
@i (v)nm; = L(v)|Pf® + L(v)|(I = P,)nl®
S0l + oAt
< ()7 (Inf* + v Anl).
Hence the proof of (iii). O

Using Lemma [2.5], we can rewrite A in the form
A=v-V,+ (B(v)V,)" - B(v)V, + F(v), (19)

where (B(v)D,)* = D,B(v)7, is the formal adjoint of B(v)D,.

2.3 Study of the operator P.
In this part, we will study the following problem:

{ ohf+Pf=0

f\t:o = fo; <20)

we show that the above problem is well-posed in the space L?*(R3 x R3) in the sense
of semi-groups. By Hille-Yosida Theorem, it is sufficient to show that A is maximal
accretive in the space L?(R3 x R3), then using the Bounded Perturbation Theorem
in [7, Theorem 1.3], we get that the operator P is a generator of a strongly continuous
semigroup (for more details on the semi-group theory see also [19]). First, we start by
recalling the basic definition of hypoellipticity.

10



Definition 2.6. Let P be a differential operator with C'*° coefficients in an open set
Q C R™. We say that P is a hypoelliptic operator on (), if, for any open w C 2, any
u € D'(Q2), such that Pu € C*(w) belongs to C*°(w).

Lemma 2.7. Let A be the operator defined in ([4). Then, A is a hypoelliptic operator.

Proof. Using formula ([19]), we can rewrite A in the following form:

e g2 (S50, (500, (550,00, (501,

v XX X3,
(sta ) (sta ) +F ()
XX
— X+ ix;xi + F(v).

=1

In addition, the coefficients b;;(v) and F'(v) are of class C*°, taking the vector field
square brackets we get

Y. = Xk,XO Zbk] x], for k € {1,2,3}

From the above, A is a “type II Hérmander’s operators” (see for example [9], [14]).
Moreover, the vector fields {Xi,Yi, 1 =1,..., 3} generate all the space tangent to
Rgv so A is hypoelliptic operator. O

Theorem 2.8. Let y € [—3,1] and A be the operator defined in ([4). Then, its closure
A on the space S(RS,) is mazimally accretive.

Proof. We adapt here the proof given in [9, page 44]. We apply the abstract criterion
by taking H = L*(RY ) and the domain of A defined by D(A) = S(R ). First, we
show the accretivity of the operator A. We want to prove that Re (Au,u),, > 0 for
u € D(A). Indeed, from ([19])

Re (Au,u),, =  RNe(v-Vyu,u)y, —RNe(V, - (Av)Vyu),u),, + Re (F(v)u,u),

=0 sincev-V is skew-adjoint

2
= [|B(v)Vyully, + Iy F(0)ul,,
>0

Since A is an accretive operator then its closure A exists and it is accretive (see [9,
Proposition 5.3]). Let us now show that there exists A\; > 0 such that the operator

has dense image in H. We take \; = 1. Let f € H satisfy

(f.Tu), =0, Yu € D(A). (21)
11



we want’s to prove that f =0,
Since T is a differential operator then his formal adjoint 7% exists (in the sense of
distributions). According to ([21I]) we obtain

Tif = (= Vo A()Vy + Fv) + 1= Xo) f =0, in D'(R°). (22)
Using Lemma [2.7], we have —V,, - A(v)V, + F(v) + 1 — X, is a hypoelliptic operator,

so f € C*(R®) (see [9, Chapter 2]).
Now we introduce the family of truncation functions (; defined by

— £ *\ 2
ck<a:,v>—¢(k1)c(k2) Wk = (k1 k) € (N°)?,
where ( is a C'™ function satisfying the following conditions:
0<¢<1,
¢ =1on B(0,1),

supp ¢ C B(0,2),
¢ is a radial function.

The expression of T%((,f) is
T G f) = =V - (A@)Vu(Gf)) + (F) + 1) Gef = Xo(Grf)
= =V, (AW)(Volil ) = Vole - A@) Vo f = Xo(G) f = GT,
by using (22]), we obtain
TG f) = =V - (A)(VoGl ) = Vil - A) Vo f = Xo(Ge) f- (23)

We note that T%((,.f) € H, taking the scalar product with (. f we obtain

(T*(Gef), G f) z—//v (VoG ) G f da;dv—/ Xo(C)Cilf)? dedv
—// (Vi - A()Vof ) Gef dadv,

By doing an integration by parts, we obtain

(Tﬁ(Ckf) Ckf //|BV (Ck) f\ dxdv — //Xo Cr) Ck‘f|2 dzdv.

On the other hand, using ([22]), we obtain

(TGf). 6ot ), = [[ 1BVWGAIP dadv+ [[ (F(0) +1)IGef P ddv
~ [[ Xo(Guh)Guf dwdv

=0 since X is skew-adjoint

_//|Bv (Cof)I? da:dv+// 0) + 1) |G f ? dado.

Using the fact that
[ 1BV dedv = 0,
12



we obtain

// v) + 1) |Ckf|2dxdv</ 1BV, (¢ I dxdv—//Xo COGlfI? dodv. (24)
® @)

Estimate of (i): Using Lemma (b)-(d) and taking into account that the function
( is a radial function we obtain

J[ 1BV dado = [[ )PV GIF P dedv+ [ GO = PIVGELSE dedo

=0 since v is parallel to V(g

< kg // (v)7® | f|? dwdv,

where Cp > 0 and @, = C(k—l)g“'(k%). Using the fact that v € [—3, 1] and the fact that
®, is a bounded function we have the existence of a constant C; > 0 such that,

J[ 1BV P dedo < (5 + )

Esimate of (ii): we have

‘/ Xo(Ce)CilfI? daxdv

1 .
< k—l//|v|<1>k§“k|f|2dxdv,

where &), = ¢'(£)C(%)- )
Now, taking into account that the functions ®, and (;, are bounded, we have the
existence of a constant C'y > 0 such that,

k
’/ Xo(Cr)CklfI? dadv| < C2k—?Hf|!2-

Finally, coming back to (24]) we obtained the existence of a constant C' > 0 such that,

k
J[ 161 dwav <C(k2 k— P vk (25)

Taking k; — +oo in ([25]) we obtain
J[ 166G P dade < €+ IR (26)

and taking ks — 400 in ([26]) we obtain

//|f|2dxdv —0,

then f = 0. O

From now on, we write A for the closure of the operator A.

Corollary 2.9. Let v € [—3,1] and P be the operator defined in ([3). Then, —P is a

generator of a semi-group (S(t))t>0 strongly continuous on H = L*(RS ) verifying
IS < ™ for t >0, (27)

where IC the operator defined in ([9]).
13



Proof. Using ([9]), the operator —P is written as follows
-P=-A-K.

According to Theorem [2.8], A is a maximally accretive operator. According to the
Hille-Yosida Theorem, —A is a generator of a strongly continuous semi-group of con-
traction. On the other hand, —K is a bounded operator in ‘H (we have £, a compact
operator and M x g is bounded). Using the Bounded Perturbation Theorem in [7, Theo-
rem 1.3], we have that —P is a generator of a semi-group (S (t))t>0 strongly continuous

on H, moreover we have
1S < eIt for ¢ > 0. (28)

0

3 Hypoelliptic estimates for the operator with pa-
rameters

In the following discussion, we work with v € [0, 1]. In this section, we will study the
operator acting on the velocity variable v:

Ac =1 -+ (B(v)V,)" - B(v)V, + F(v), (29)

where ¢ is the parameter in R*®. The operator A is obtained by the partial Fourier
transformation in x. The goal of studying the operator 4. and considering & as a
parameter, is to obtain estimates of the velocity variables v uniformly with respect to
¢. Then by using the inverse Fourier transform with respect to x, we can obtain global
estimates in all variables. We note that the operator A verifies for all u € S(R3),

2
IB()Vyullze + I F()ull , < Re (A, u) o - (30)
Notations. Throughout this section, we will use || - ||z2 to denote the norm in the

space L?(R3) and ¢ is a parameter. We use p"Vi® to denote the Wick quantization of
p in the variables (v, n) (for more details on Wick quantization see [17] and Appendix
A.3]).

The main result in this section is Proposition [3.19] and Proposition [3.20].

3.1 Pseudo-differential parts

In this part, we will show several lemmas concerning pseudo-differential symbols. We
need to build these symbols, who verify assumptions of Theorem [A.6], such that the
pseudo-differential operator associated to these symbols has good properties. These
operators play an important role in hypoellipic estimates. The standard concepts on
pseudo-differential calculus are explained in Appendix [Al. We define for (v,7n) € RS

14



the following symbols, they depend on the parameter £ but we do not mention it in

our notations since £ is seen as a parameter.

Aw,m) = [@)7 (14 o + Inl + €2+ [o A2 + o A €?)]
a(v,n) = 1+ o + [ + [€° + Jo An[* + [0 A€

gi1(v,n) =1+ (v) + (),

ga(v,m) = 14" + (),

g3(v,n) =1+ () + (n)*.

Lemma 3.1. The above symbols are admissible weights in the sense of Definition

uniformly with respect to the parameter & in R3.

Proof. We have to check A\ is an admissible weight. It is sufficient to verify that there

exists two constants N and C, both depending only on v, such that for all
Y =(v,n), Y = (v,n), we have

AY) < CANY') (1 +TD(Y =YY

where T is the metric defined by T' = dv? + dn?. We have

Nw,m) ) TP+ P+ P+ o AnP + o A€
W) W)\ T+ [P+ 2+ €2+ [0 A2+ o AEJ

We now use Peetre’s inequality

7|

W) <27 @) ly—y), T eR,

to get

Using ([37]), we obtain

1+ o* + In|” R
L+ [P+ 02+ €12 + [ A2+ o AL T ()2

and

€17
L [P+ [ 2+ €12 + o A2+ o AER T

Using the relation

vAE=(v—V)ANEFV NE,
we obtain
v A€ (v —v)*(£)* :
T Y S E AL

Moreover using the relation

Am=n)+@=V)A A7 +0"ANn—n)+0" A7,
15

vAn=(v—"1)

<1< (=) +—1))".

(36)



we compute

lv Al
L [0/ 2+ 02+ €2+ [ A2 + o' A EJ?
< A= VPl =P+ 4o = VP01 4 4Pl — P+ A A
- L [0+ 2+ (€12 + [ A2 + o A EJ?
< 4o —v'Pln =P + 4o = v')? + 4n — ] + 4
<10 ((v =) + (n—n)".

Combining the above inequalities, we get

A(Y)
YY)

<O, (1+D(Y —Y)F
so A is an admissible weight. The proof will be the same for a, g1, go and gs. O

Lemma 3.2. For m € R,
A e ST,

uniformly with respect to the parameter & in R3, where S(A\™,T') is defined in Defini-
tion in Appendiz [A1].

Proof. We can rewrite A as follows

A(v,n) = (v)

To prove the wanted result, we use induction on |a + 3| to prove that for any £ € R
and any |a + 8] > 0,

(N1
N

az(v,n).

|950ya" (v, )| < a*(v,n), (38)

which obviously holds for | 4+ | = 0. Now suppose |a + 3| > 1, then we have either
la| > 1 or |3] > 1, and suppose 3| > 1 without loss of generality. So we can write
97 = 000, with |5| = || — 1 and thus

85‘65&1]“(1), n) = 8385 {/’{;a'“’1 (277j +2(v A )0y, (v A 'r]))} :
which along with Leibniz’ formula and the induction assumption yields

050" (v,n)] < " (1 + [n| + [vllnl + vl A nl + [v]?)

< a¥(v,n),
on the other hand, we have for all £ € R,
(v)* € S((v)",T). (39)
Finally, using ([38]), (39]) and Leibniz’ formula we conclude for all |a + 3| > 0,
050, A" (v,m)] < Cap A™ (v, m). (40)

U
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Lemma 3.3. For m € R,
€ - AT S AT,

uniformly with respect to the parameter & in R3.
Proof. Lemma follows directly from ([31]) and the fact that
€0, = M) Fa gt o g v an N,
we can conclude that for all m € R,
€ AT S AT,
uniformly with respect to the parameter ¢ in R3. O

Lemma 3.4. We have
gi € S(g;, 1), fori=1,...,3,

uniformly with respect to the parameter & in R3.

Proof. Using the fact that for all m € R, (v)™ € S((v)",T), (m™ € S((n)™,T) we
obtain
Va, 8 € N, |070]9i(v,n)] < Coys i

uniformly with respect to the parameter ¢ in R3. O

Lemma 3.5. For all e > 0,

i) Or € SEN+e L W)Y, i) Dy € S(egr + LT,
iii) Opga € S(ega + s_1<v)%+1,F), w) Ohgs € S(egs + 8_1<U>%+1,F);

uniformly with respect to the parameter & in R3.

Proof. We have

1Oyg1 (v, )] = 10, (1 + () + ()| < Inlim) " < a1’
185920, m)| = 10, (1+ (&) + ()| < Inl(m) ™ < o> (w) 272,
10,930, m)| = 10, (1+ €0+ ()°)| S (n) < g3 *(w)¥+2

Using Young’s inequality we get for all ¢ > 0,

X _ X
[Opg1 (v, 0)] S eg1 74 Oga(v,m)| S ega+e7H0) T |yg(v, )| S egs + e Hw) P

then arguing as above we can use induction on |a| + |3| to obtain, for |a| + |5] > 0,
05000010, 0)] S 201+ 100070020, )| S €92+ &)
and |83858,793(v, | S egs + 5*1(1)}%“.
Regarding the symbol A\, we have

X< X vy, 1
O, m)| = (v)2a2|n+ (v An)D, (v An)| S (w)2a= 2 ([nl + [vllo Anl) S (v)FT2AM2,
17



Using Young’s inequality we get for all ¢ > 0,
O w,1)| S A+ e (o) EH,
then arguing as above we can use induction on |a| + || to obtain, for |a| + |5] > 0,
050,09, M (v, m)| S €A+ e {v) 2T,

O

From the above, we have shown that the symbols g1, g2, g3 and X verify the hypotheses
of Theorem [A.6], so we can apply the results of Theorem to the following operators

gk =(n+K)", (41)
Bx = (o + K(@)7H)", (42)
gk = (g5 + K(w)3™)", (43)
A= (A + K()Hh)”, (44)

where K the fixed constant given by Theorem [A.6]. In Section 3.2, we will apply the
results of Theorem on the operators above.

Let ¢ be a C§°(R, [0, 1]) function such that
w =1lon [_17 1]7 supp w C [_27 2] (45)
Definition 3.6. Define the real-valued symbol

= _B(v);/f(v)nw(\l?(v)?ﬂwj F(U))j (46)

where A is the symbol defined in ([31]).
Lemma 3.7 (Lemma 3.3 in [12]). We have

oL F) ¢

uniformly with respect to the parameter € in R3.

Lemma 3.8. The symbol g belongs to the class S(1,T") uniformly with respect to the
parameter & in R3.

Proof. Notice from ([45]) that
Bl + F(v) < 207 (a7)

on the support of the function

w(uﬂwT;:FW0>, (48)

18



By recalling ([31]) and using ([13]), we obtain
[B()¢] < (0)2 €]+ (v) 2o A gl S A (49)
We deduce from the Cauchy-Schwarz inequality that one can estimate
[B(v)é- Bu)n| S |B)E[|Bv)n| £ AY2, (50)

on the support of 1. The symbol g is therefore a bounded function uniformly with
respect to the parameter £ in R3. Using ([I4]) and ([I3]), we can estimate

05 B(0)E] S (0)F1¢] S [B)E] S A (51)
where o € N® with |a| > 1. Using again ([I4]) and ([I3]), we can estimate
05 Byl S (v)? 0] S [Blo)n] S A2 (52)

on the support of 1. Morever, one can estimate from above the modulus of all the
derivatives of the term B(v)n by a constant times A'/? on the support of the function

. <|B(v)77|2 +F<v>>.

\2/3

Using Leibniz’s formula, Cauchy-Schwarz inequality ([51]), ([52]) one can estimate from
above the modulus of all the derivatives of the term B(v)¢- B(v)n by a constant times
A3 on the support of the fonction 1. According to Lemma [3.2] and Lemma [3.7], this
proves that the symbol g belongs to the class S(1,T") uniformly with respect to the
parameter ¢ in R3. 0

Lemma 3.9. We have

-0, [o (PO <1k mon + oo

uniformly with respect to the parameter € in R3.

Proof. Let w = W”)@#. We may write

€0, [W(w)] = ¥'(w) [QB(“);@B(”)" + (IBOE + F) (e ap(x?/%] |

Notice from ([31]) and ([45])

|28<v>s ~ B(v)n‘ _ BB _ M2

2/3 2

on the support of the function ¢'(w). One can then deduce Lemma [3.9] from
Lemma [3.3]. O

19



3.2 Hypoelliptic estimates

We shall consider the multiplier G = ¢gVi® defined by the Wick quantization of the
symbol g. We refer the reader to Appendix on Wick calculus. We begin by
noticing from ([I33]) that there exists a real-valued symbol § belonging to the class
S(1,T) uniformly with respect to the parameter £ in R? such that

G = gWiCk — gw’ (53)

where ¢* denotes the operator obtained by the Weyl quantization of the symbol g
given by

300 = g [ e Jute) avan (54

We shall sometimes closely follow [12] and refer to appendix (Section [A]) for the main
features of the Wick and the Weyl quantizations.
We begin by a series of Lemmas whose proof is exactly the same as the one in [12].

Lemma 3.10. There exists ¢c; > 0 such that for all u € S(R?),
| (F)u, Gu) o [+ (Vo - (A(0)Vou), Gu) e | < o1 Re (Aeu,u) s

uniformly with respect to the parameter & in R3.

Proof. See Lemma 3.7 in [12]. O

Lemma 3.11. There exists co > 0 such that for all u € S(R3),

1Bl + Iy F@uls = (el BEE + Fo)" )

< ¢ Re (Aeu,u);s
uniformly with respect to the parameter & in R3.
Proof. See Lemma 3.11 in [12]. O

Let 0 be a positive parameter such that 0 < § < 1. We use a multiplier method and
write that

Re (Aeu, (1 — §G)u) ., =||B(0)Vyull72 + ||\ F(v)ul|72 — dRe (iv - Eu, Gu) ;s

+ Re (V, - (A(v)Vyu), Gu) . — 0Re (F(v)u, Gu);o - (55)
Lemma 3.12. We have for any s € R
(B (v)&)" (1 = 0G)ullr2 S [{B(v)€) ul 2,
uniformly with respect to the parameter & in R3.
Proof. See Lemma 3.8 in [12]. O

Proposition 3.13. There exists C > 0 such that for all u € S(R?),
(A3 Wik, u) 2 < C'(Re(Agu, u)re + Re(Aeu, (1 - 0G)u)2),

uniformly with respect to the parameter & in R3.
20



Proof. Using ([55]), we have for 0 < § < 1 and u € S(R?),

| B(v)Voull72 + [V F(v)ull72 — 6Re (iv - Eu, Gu),

= Re (Aeu, (1 — 0G)u) . — 0Re (V, - (A(v)Vyu), Gu) o + 0Re (F(v)u, Gu)po, (56)
uniformly with respect to the parameter £ in R®. Recalling ([53]) and noticing from
(I33]) and ([[34]) that vWVi%k = v, we may rewrite ([56]) as

| B(v)Vyul||2e + ||/ F(v)u|?: — 6Re (zf Wik, Gu)L2

= Re (Aeu, (1 = 6G)u) . — 0Re (V, - (A(v)Vyu), Gu) 2 + 0Re (F(v)u, Gu)p. . (57)

Using Lemma [3.10], we deduce that there is a constant c3 > 0 such that for all
0<d<1andueSR?),

| B(v)Voull72 + ||\ F(v)ul/72 — dRe (if cpWidky, G’u)L2
< cs(Re (Acu,u) o + Re (Agu, (1 - 0G)u) . ), (58)

uniformly with respect to the parameter £ in R3. We deduce from Lemma and
(I35]) that

—oRe (i§ - pWVicky, Gu)L = —Re (gWiCk(if ) Vicky, u)

= 5$ ({f . v,g}WiCku, u)

o (59)

L2’

Using ([46]) with a direct computation of the Poisson bracket gives that

{€-v,} = (B)E- B)m)(E- 0,(A*)y ( Bl F(”))

. |B)(\i)/)§|2w<|B(v)n)i/3+ F@)) . B(v);/f(v)né 0, [w<|B(v)nAlz/3+ F(v)ﬂ - (60)

We notice from Lemma [3.3], Lemma [3.9], ([4€]) and ([50]) that

IB(U)SIQQZJ<|B(v)77|2 + F(U))

€00y~ B PO St 1B@nP + Fe). 61)

uniformly with respect to the parameter £ in R3. Tt follows from ([59]), ([E8]) and
the fact that the Wick quantization is a positive quantization ([132]) that there exists
constante ¢; > 0 such that for all 0 < § <1 and u € S(R?),

) |B(v)§|2 |B(v) |2+F(v) Wick 2 2
4z (l \i/3 ¢< 77)\2/3 )] uu) ) + | B)Voull2: + [ F (0)ul)32

<3 (?Re (Aeu,u), s + Re (Aeu, (1 — 6G)u),, )

+5c4([1+|B<v)n|2+F<v)]WiCku,u) (62)

L2
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uniformly with respect to the parameter ¢ in R3. It follows from Lemma that
there exists c5 > 0 such that for all 0 < § < 1 and u € S(R?)

2 2 Wick Wick
5(l|B><\Z/)f| o[ 1B+ M) b (1B + P )

+ulfs < o5 (Re (Agu, u) o + Re (Aeu, (1— G)u) . ), (63)

uniformly with respect to the parameter ¢ in R3.

Notice from ([31]), ([45]) and ([I5]) that
5|B(U)€|2w<|3(v)n|2 + F(v)

) + 47 Bo)n)* + F(v) +1 >

\4/3 \2/3
B + B0 + Fw) 11 (1Bl + F(
0 \4/3 IP( \2/3 )
F OB + P+ 1) |1 o ZE T |

> 5)\2/3’

5;4\53@”('3(”)77)\'2; F(“)) 4523 [1 _ ¢<|B(U)77)\|2/:“ F(U))

when 0 < ﬁ < 1; since
[Bo)n|* + F(v) > X%,
on the support of the function

11— ( |B(v)71|2/3+ F(U))

By using again that the Wick quantization is a positive quantization ([132]), we deduce
that there exists C' > 0 such that for all 0 < ¢ < 1 and u € S(R3?),

(()\2/3)Wicku’ U)L2 S C(%G(Agu’ U)L2 + §R6(A§U, (1 — 5G)U)L2)7

uniformly with respect to the parameter ¢ in R3. O

Lemma 3.14. There exists C > 0 such that for all v € R? and &£ € R3,
(B()g)""* < Cm(v,¢),

with
1/2

m(v,&) = (/RS (B(v+ ﬁ)§)2/37r’3e’|ﬁ‘2 dﬁ)
Proof. We have that
m(v,€)? 2 /]R (14 |Bw+ 0)e[ynde " as,
therefore by using ([I5]), we obtain that
(.6 2 [ (14 0+ 0PI 4+ o+ 57 0+ ) A ) a,
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and using Peetre’s inequality ([37]), we have

(o)
GRE

S (w+9)7,

so we get

/
m(v,€)° 2 1+ ()Pl + /R i j;;j;@ +0) AEPBr eI g

> 1+< >“//3|§|2/3+ <U>W/3|( + ~)/\§|2/3 -3 _—|9)? A
~ (% m<6>7/3 v v T e v

where B(0, 1) stands for the closed unit ball in R®. By noticing that we have
- . 1
0+ D) AE 2 [oAE = [ong] = [ong]—[¢] = Slvng],

when [0] <1 and 2[¢| < |v A €], it follows that

(o) o
L it +5) AL a et i 2 (o) o n g,
R3 (VU

when 2[¢| < |v A €|. Since
W PIEPE Z () Pl n gl
when 2[¢| > |v A €|. Based on the above and using ([13]), we obtain
m(v,€)* 2 1+ )15 + (o) o AP 2 14+ [BO)E? 2 (B0)€)*.

O
Lemma 3.15. For all u € S(R?),
242 112 I+1 2 < 2 2
{0} e ullze + [[{0)* 7 B(v) Dyullzz S | Agullze + [lullz=- (64)
Proof. See Lemma 3.3 in [10]. O
For the rest, we need to improve this estimate. We have the following Lemma.
Lemma 3.16. For all u € S(R?),
1) 2ull?2 + 1(0) 7 B(o) Dyul32 < || Acull?z + [ful3-. (65)

Proof. We will start by estimating the term
141 T+1
([Ag, (v)2 } u, (V)2 u)L2 :
Let u € S(R?), we have
[([Ae, ()2 u, (0) )

<
<
2
_l’_
—
| S
N———
™~
V)




using the fact that the symbol of the operator {DU, (v}gﬂ} belongs to the class

S ((v>%, ') uniformly with respect to the parameter £ and using the following notations

Hy = B(v) [Dy, ()2 "] ()7,

€B(L?)

we obtain

[([Ae, ()7, (0)2 )

< ‘(Hl ()", Hy <v)7+1u)

using the fact that v +1 <2+ %Y and Lemma [3.15], we obtain for all € > 0

([Ae )], ) ) | < elll o)™ 2ulat ) B(o) Dyul3)

Ce(llAgullz> + [[ullZ2)-

On the other hand, we have

[(Ac(w)?u, (0)2 ) |

and

<[ (e (7).

([Ae, @) 3w, ()7 ) |

[(Aeu, (0)20) | < ell ) 2ull3s + Cull Acul .

Now using ([30]), we can write

()" u2s + [[(v) T B(v) Dyul[
sn<w“<w“mm+WBwﬂ%wﬂ“mm+Wwameﬁ“%m;
(Aew)*u, ()5 ) |+ 1B() [Do, (0)2 ] ulfZ.

For the last term, we have

IA

1B(0) [Doy ()3 ulZ < [ Hy ) ulZe S ell(0)2ul2 + CollAcull3a + lullZ2).

Finally, taking e small enough, we obtain for all u € S(R?),
(o) 2ulF + 10} Bv) Doull?e S I Aeull?s + ull?a: (66)
]
Proposition 3.17. There exists C > 0 such that for all u € S(R?),
ol
(03 € ullz> < (I Agulz2 + lulltz),

uniformly with respect to the parameter & in R3.
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Proof. We deduce from Proposition [3.13], Lemma and Lemma that
(B)E) Pull e S (B ()E) ™ Agull2: [ (B()€)*ull 12,

uniformly with respect to the parameter ¢ in R3. By substituting (B (v)f)l/ %4 to u in
this estimate, we obtain that

I(B@)E)*ullz2 S IB@)E)™° Ae(B(©)€)*ull 2| B(0)€)* ]| 12, (67)
uniformly with respect to the parameter ¢ in R3. First, we have

(B)e) " [Dy - A0)Dy (B0))]

= (B)&)™* 3 D, -au(v) [D, (B)E)"?]

J,k=1

= (B Y Do) [Dyy (B@)&))

jk=1

+ (B S @)Dy, ( [Duys (B@)E])

3
jk=1

Symbolic calculus shows that

D, (B(0)§)"?] =
and using the following notations

Hy = (B(v)€)™20,,@;1,(0)d,, (Bv)€)* (v) 71,

€B(L?)

Hy = (B(0)&)a@1(0)8y, 0, (B(0)E) 2 (0) 772,

€B(L?)

Hs = (B(0)§)™" b ()0, (B)&)* (v) 2,
€B(L?)

Hy = (B)§) by (1), (B0 () ",
€B(L?)

25



where we used the fact that A(v) = BY(v)B(v). Then, going back to ([67]), we have

[{B©)&)* ull7:
S I(B@)E) ™ Ae(B(0)€) ull 2| B(0)€)* *ull 2,
SB[ Ae (Bw)E)' | ullza + | AgullZ,
S MAgullZe + [1Hs(w) ullZe + || Hao) ™ ullZ

3 3 3 3
+ s (3 ()2 by (0) Do) 72 + 3 1 He (Y (v v)Dyu) |32,
i=1 j=1 i=1 k=1
ol
S Acull7a + 1) ullFe + [[(w) ullfa + [(0) 3 Bw) Dyul 72

We finally conclude from Lemma that for all u € S(R?),
(B)E) ull2s < IlAeull?s + lull?..
This ends the proof of Proposition [3.17]. O

Lemma 3.18. Let Ak be the symbol defined in ([{4]). Then for any & > 0 there exists
a constant Cz, such that for all u € S(R?),

Re (Ac(M) u, (W) ), + Re (Ae(NE) "u, (1= 66) (M) ")

L (68)
S () ull3e + Co(ll A3 + [Jull32).

Proof. As a preliminary step we firstly show that for any €, & > 0 there exists a constant
C. ¢, such that

Re ([Ae, (AK*) " Twa® (W) "),
S al(N) "l + Cec(I1Acull3a + [lul?2) (69)
e {Re (A (M) "u, (\) ), + Re (Ae(0) "u, (1= 6G) (M) ) L}

where a is an arbitrary symbol belonging to S(1,I") uniformly with respect to the
parameter £. Using the notation

Z = ([Dv - A(v)D,, (A%g)w} u,a"” ()\}(/g)wu)L2 .

We have
2= > ([l D ()] i) Dy (V) )
i.j,k=1
b Y (D [(W7)" (o)D) 0 (M) )

i,5,k=1

s
e
Il

Using the fact that

[B)D,, (M) u=B) [D., (M) u—[(N)", Bw)| Do,
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we obtain

20| 3 (ou) [P, (W) b1 D0 (%) ™),
ijk=1

FLS ()" 5] Doyt by () Dy () ")
i,j,k=1

3 () Dby 0) [P, () (V) ),

~
<
w o
Il
—

+1 > (bik(v)kau, [()\}(/g)w,bij(v)} va.aw()\}(/?’)wu)L2

i7j7k:]‘

<|Z11| + | 212 + | 213 + | 214]-

Estimate of Z;;: Observing a € S(1,T), L e S((w) 09,1, T) and using ([I4])

with symbolic calculus shows that

X
2

D,,.a"] € W(1,T), [by(v),a"] € U((v)%,T) and [D,,, (\L*)"] € U((0) ¥ gox, T)

uniformly with respect to the parameter £, where gy'r- the operator defined in ([42)).
Now using the following notation

w -1 _ _y_
H7 = by(v) [ka, ()\%3) } (gé“K) (v) '7/6<U> 21
eB(L?)
we obtain
3
|Zl,1| < Z <H7 3 +1g§uKu bij(v) [va’aw} <v>*%*1<v>%+1<)\}(/3) u)
i,5,k=1 12
3
3 (Bt ¥ g (0. a) 00 H@) D, () )
i,j,k=1

3
+ Z <H7 (0) T gy e, awbij(v)va()‘%s)w“>
k=1 L2
Ce (Iw) ™ 2ullfa + () DoulFa + 10 [ ull32)
T eRe (AN u, (M) ") .

Moreover using Lemma and Proposition [3.17], we obtain

1201] S ee (A (M) "u, (W) "), + Ce ([ Aeull3e + Ilull32).-

Estimate of Z »: Observing 0, PPARS S((v>%+%, I') and using ([14]) with symbolic calcu-

lus shows that the symbol of the commutator [(A}(/s)w, bik(v)J belongs to S({v > +3 ,T)
uniformly with respect to the parameter £&. Now using the following notation

2y 1

Hs = [(A) " bin(v)] (0) 7575,
€B(L2)
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we obtain

|Z12| <

|
[ V]
|
—
=4
S~
[T
+
—
/
>
==
w
~—
g
N————
h
X

(2

<H8<v>%+ﬁpvku, b (v) Dy, a"] (v) 2
1

e 50

+ (H8<v>%”+%pvku, by (v),a®] (v) 3 ()3 D, (A}g?’)”u) .

&
i

i k=1

+ (H8<v> D, u, by (v) D, (A}(/B)wu)

1 L2

) Dl + 2Re (A W), (ML) ")

e

<
i

i?

S Ce

L2’

moreover using Proposition [3.17], we obtain
1/3\W 1/3\ %
|Z10] S eRe (A (ML) "u, (M) "), + Ce(Aeull3e + Ilulle).-

Estimate of Z; 3: Using the following notation

Hy = (0) 37 by(0) [Dyy, (M) 0 (g5) ()77,

€B(L?)

we obtain

3
|Zl73| < Z (<v>%+1bivakuvH9<U>%Q$K()\}</3) u)LQ
Jok=

()2 Do, (0)F g8 (A7) "),
1

A
I = 3

Ed

1,7,

X w o w ok w
S e (1) (A7) "ullda + 110) s Do (N “ullFa + 1) 1617 (ML) "ull?2)
+ C.|[(0)2 T B(v) Dyul |22,

moreover using Lemma, and Proposition [3.13], we obtain

1Z18] S eRe (Ac(AL) Tu, (M) "), + eRe (A u, (1= 6G) (ML) ")
+ Cc ([ Aeull 72 + [lu7:)-

L2

Estimate of Z; 4: Using the following notations

X
3

Hyo = (o) 37 (A7) by (0)] [ Doy 0] (0) 73,

€B(L?)

Wl

Hy = <U>7%71 [(A}(/g)w’sz(v)} a’(v)”3,

€B(L?)
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we obtain

< |30 (03 D Hioe) () "),

i ((0)3 " b Dy, Hia(0)3 Dy, (V) )

i, k=1

< e (1) () “ull + 114w)3 Do (NL) "l 12)
+ O ()5 B(v) Dyl 22,

Moreover using Lemma [3.15], we obtain
1/3\W 1/3\ ¥
214l S eRe (A (M) w, (A7) "), + C(IlAeull iz + [lul32),
so using the estimates of 2, forn =1,...,4, we obtain

21| S ee (A (ML) w, (V) ), + Ce(llAeullZ + [lull3z).-

\L/3)Y w(\1/3\¥
= ([F@), () T a” () )
observing the symbol 0, A2 e Syt 5 ,T'), and using Lemma [2.4] with symbolic cal-
w 3y
culus shows that the symbol of the commutator [F(v), ()\}(/3) } belongs to S((v)2 T2, T
uniformly with respect to the parameter £&. Now using the following notation
Hyy = ()27 [F(v), (A) )77

€B(L?)

Let’s look now

we obtain

|Zo] < |() T Hup )7 o) e (W) ),
s\mwu,aw ),
+ | (Ha) ™ [ @] @7 @ () ),

in addition, we have that the symbol of the commutator [(v)%ﬂ,aw} belongs to
S(<U>%+1, I') and using Lemma [3.16], we obtain

I

2] S eRe (Ac(AL) "u, () "u) |, + Celll Acul3a + [[ull32). (70)

2,= ([iv-€ () w0 ()",

using Lemma [3.3] with symbolic calculus shows that the symbol of the commutator
[iv e ()\}(/3) } belongs to S ()\%3, ') uniformly with respect to the parameter £. Now
using the following notation

i = (M) @y - ()T (03)")
€B(L?)
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we obtain
2] < [(His (V) "wo) | S ell(N) "ullie + Co(ll Acullze + lullZ=). (7))

From the above, using the estimates of Z; for [ = 1,..., 3, we obtain ([69]). Next we
prove ([G8]), we have the following relation

Re (Ac(ML) " u, (N)"0) e (Ac(W) ", (1 = 5G) (ML) ")

Re (Acu, (N) " (0°) ) 1, + e ([Ae, () T (W) ),
+ Re (Aeu, (\2) (1= 0 (V) "), + Re ([Ae, (AP, (1= 66 (NE) ")

= e (s ()" O (O (3", e (e () (),

(e, () =80 (00)" ((0)") ™ (5°)"w)

+ Re ([Ae, (A7) w, (1= 06) (M) ")

gives, with & > 0 arbitrary,
Re (Ae(A) "u, (N8) )+ Re (AN Tu, (1= 6G) (A) )
SEI(N?) “ullda + Ce(IAculFa + IlullF) + Re ([Ae, (A ], (A) )
e ([Ae, (V)" s (1= 6G) (W) ")

L2

2’

We could apply (@l) with a =1 and a = 1 — g to control the last term in the above
inequality; this gives, with ¢, > 0 arbitrarily small,

Re (Ac(N) u, (W) ), + Re (Ac(NE) Tu, (1= 8G) (W) ")
S (W) "l + eRe (A (M) u, (W) ), + Cealll Aculliz + [lullfe)
+eRe (A (M) "u, (1= 6G) (VL) ")

L2’
Letting e small enough yields the desired estimate ([GS]). O

Proposition 3.19. Let A\x be the symbol defined in . Then there exists Cy > 0
such that for all u € S(R3),

I(X) ul22 < Co(llAcull 22 + [[ull3). (72)
Proof. Using Proposition [3:13], we have for all u € S(R?),
(NBYWidky, 1) < Re(Aeu, u) 2 + Re(Aeu, (1 — 6G)u) 2, (73)

uniformly with respect to the parameter ¢ in R3. By substituting ()\}(/3)10 u to u in
the above estimate, we obtain that for all £ > 0,

()™ 00w, () ") | S 21 (°) "l + Co(Aeule + lulia). (74)
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Notice from ([133]) that we may write
(R = )+, (75)

with
1
)= [ [ Q=008 + )Y Yie " ao,
0 JR

where Y,Y; € R and ()\%3)”(}/) is the Hessian of A2* at the point Y. Define

1 2
e ”73/0 /RGO — V2N (Y + 01 - e M d; do,

3 1 )
r=m S /0 /]R (1= 0)9,,0,, (LY + 0Y1) (010 + vngm)e MY, do,
j,k=1

and
1 2
= [ =0V + 6%y vie M AY; do.
0 JRE

Using Lemma with symbolic calculus shows that the symbol
V2O, VLV, () € S((v) 1),

uniformly with respect to the parameter &, then 1,75 belong to S({v)”™ T'). Using
the following notations

i = () () o )y

€B(L?)
o= ((9)") O ()0
€B(L?)

we obtain for all £ > 0,
[ (8) " () ) [ () s (V) )
< ‘(HM(UWHU, ()\i(/‘rs)zuu)L2 + ‘(Hl5(v>7+2u, ()\%3)10’@)
S EN(NL) ullze + (1l Aeul2 + [[ull?2).-

L2

Taking into account that the symbol Vg()\%?’), belongs to S ((v>% g3k, 1) uniformly
with respect to the parameter &, where g3 x the operator defined in ([43]), then the

symbol r3 belongs to S(<’U>%937K, I'). Using the following notation

Hio = (32 (08 e (0 () ()78,

€B(L?)

we obtain

(5 () s () )

2

< |(Hrote)? ghacn. (V) ")
SENINL) ullze + (1 Aul3: + ull3:).
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From the above, using the estimates of r; for [ =1,...,3, we obtain
(o () s (N8) )| S AN Tl + Ce(lAeul3 + Nlull3=). (76)
By applying Theorem with p = A, we obtain
()" () ", (M) ), ~ 1[(RE) ) e ~ 1(N38) “alZen (70)

uniformly with respect to the parameter &. Using ([76]), then taking & small enough,
we get for all € > 0,

I(E2) “ull3a S all(A) "ull3a + Ce (Il Acul 3 + [lull?2).

now taking € small enough, we obtain that there is a constant Cjy > 0 such that for all

u € S(Ry),

1) "ull < Co(ll Agull?z + [lull?2)- (78)
O

Proposition 3.20. Let Ak be the symbol defined in ([44]). Then there exists Cy > 0
such that for all u € S(R?),

| Acul?: < Coll(Nx) ullz2. (79)

Proof. We denote by & the symbol of the operator Ae;. We will show that ¢ belongs
to S(A?,T') uniformly with respect to the parameter &.
Using Lemma 3.11 in [12], we can write & as follows

& =iv-€+ [B(o)nf* + F(v) + Ry + Ry,

where Ry (resp Ry) is a symbol belongs to S((v)"7(n),T) (resp S((v)”,T)) uniformly
with respect to the parameter &.
For v - &: Taking into account the fact that v > 0, we have

For |a] =0, [iw- € < [ol* + [€* S (o) + ()€1 S N2,
for |a] = 1, |05 (iv - €)] = €] S (v)"[€] S N,
for |a] > 2, |05 (iv- &) = 0.

For |B(v)y|*: Using ([I4]), we have
for |a] > 1, |0y B(u)nl® S (0)"Inf* S |Bo)nl’, (80)
then, using Cauchy-Schwarz we get
va e N°, |3 (|B(u)nl*)| S [Blonl* S A% (81)
On the other hand, also using ([I4]), we have

|
pour [a| =1, |97(]B(
pour |a] =2, |0(|B(v
pour |a| >3, [9;(|B(v



so we get
va e N*, |35 (| B(o)n*)] S A% (82)

Moreover, one can estimate from above the modulus of all the derivatives of the term
|B(v)n|® by a constant times A2.

For F(v): Using Lemma [2.4], we have
Va € N, |00 F(v)| S (v)* 21 < 2, (83)

which gives that F((v) € S(A\?,T') uniformly with respect to the parameter &.
In addition, we have that Ry, Ry € S(A%,T'). From the above, we can deduce that &
belongs to S(A?,T') uniformly with respect to the parameter £. Using the following

notation 1
i = A((M))
—_———
eB(L?)
Then there exists Cy > 0 such that
[Hizpll72 < Collellze Vo € LA(RY), (84)

uniformly with respect to the parameter &, which implies for all u € S(R?),

lAeull72 < Coll (Xi) " ull72. (85)

4 Hypoelliptic estimates for the whole linearized
Landau operator

In this section, we show hypoelliptic estimates with respect to the velocity and position
variables for the Landau operator P. These estimates allow us to locate the spectrum
and estimate the resolvent of the Landau operator. We denote by Ag the operator
associated to the symbol A\x by considering the inverse Fourier transform with respect
to the variable x.

Theorem 4.1. There exists C > 0 such that for all u € S(RS ),
2/3
I ul7s < C(IPullfs, + Ilulliz,) - (86)
Proof. Using Theorem [A.6], we have for all u € S(R?),

IOl ~ 11 (3) a2,

so using the Proposition [3.19], there exists a constant C; > 0 such that for all u €
S(RY),

w\2/3
1(x%) " ullzs < €1 (I Aeul2 + [lull?s) . (87)
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uniformly with respect to the parameter £. By integrating the previous inequality with
respect to the parameter £ in R?® and considering the inverse Fourier transform with
respect to the variable x, we obtain for all v € S(RY ),

A ull?: , < Ca (|l Aull?s  + [lull?z ) - (88)
Using ([9]), the operator P is written as follows
P=A+K.
Consequently, using ([88]), we have

2/3
1A%l < O (I(A+ K = Kl + lull3s )
< Ci (IPullts, + I1Kullzs, + [lullzs )

and using the fact that K is a bounded operator, we obtain that there exists a constant
C > 0 such that for all u € S(R ),

2/3
IAPul3s < C(IPullfs, + llullfz,) - (89)
O
By adding a term ix to P with x € R, the proof doesn’t change due to the never

changing of the real part of P as mentionned crucially in Remark 2.2 in [11]. So
Theorem [4.1] admits the following extension.

Theorem 4.2. There exists C > 0 such that for all u € S(RY ),
Ve € R, AR ulEy, < O (I(P —impulliy, + ulliz, ) (90)
Theorem 4.3. There exists C > 0 such that for all u € S(R} ),
IPullZ;, < ClIAZullZ; . (91)
Proof. Using Theorem , we have for all u € S(R?),
(%) “ullzz ~ 11 (¥%) "l

so using the Proposition [3.20], there exists a constant C; > 0 such that for all u €
S(R}),

2
| Acull?s < Cill (\%) ullZa, (92)

uniformly with respect to the parameter £&. By integrating the previous inequality
withrespect to the parameter ¢ in R? and considering the inverse Fourier transform
with respect to the variable x, we obtain for all u € S(RS ),

lAullZ; | < Cil|ARullZ; - (93)
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Using ([9]), the operator P is written as follows
P=A+K.
Consequently, using ([93]), we have

[Pull2s . < 4wl + [Kul;
< Cil[A%ullzz , + Collullz: .
with Cy > 0. Using the fact that the operator A% > Id (see for instance Theorem

in the Appendix [A.2]), we obtain that there exists a constant C > 0 such that
for all u € S(RE ),

[Pull}s . < ClA%ul: . (94)
O

We srongly think the estimate in ([8G]) is optimal in term of the index 2/3 appearing
in the left hand side, although we don’t prove that. This index 2/3 is classical for
kinetic model. We refer for example to Proposition 5.22 in [9], partial results in this
direction in the Fokker-Planck case.

5 Localisation of the spectrum for the Landau op-
erator
In all that follows, we denote by o(P) the spectrum of the operator P, p(P) The

resolvent set of P and || - || 2 to denote the norm in the space L*(R ). The following
lemma holds for any maximally accretive operator.

Lemma 5.1. Let (A, D(A)) be a mazimally accretive operator in the Hilbert space H.
For anyn €10,1[ , the estimate

|2+ 1P ull” < 4(((A+ DA+ 1)"u,u), + 4] (A= 2)ul?
holds for all uw € D(A) and z € C with Rez > —1 .
Proof. See Proposition B.1 in [11]. O

Proof of Theorem 1.2.

Proof. The proof will be divided into two steps.

First step:

Using ([90]) and the triangle inequality we therefore get for all z = v + ix € C, with
v="=Rez>-1/2 and u € S(RY ),

|AZ ull: < CUNP — imyull7 + Ilull?2).
< C((P —ir—v+v)ulis + [uli2)
< Cl(P = 2)ullzz + (20" + 1)l|ullz2).

35



But we have v > —1/2 implies 2v + 2 > 1, so we get
1A ullz2 < C(6][(P = 2)ullfa + 6(v + 1)*|[ul72)
< 6O([(P = 2)ullz: + (v +1)%ulZ2),
By taking C' = 6C', we finally obtain the following estimate
|7 ullzs < CIP = 2)ullfz + (Rez + 1)2|lullzs). (95)

for all u € S(RE ) and z € C with Rez > —3.

Second step:

First, we will show that there exists a constant C; such that for all u € S (RS ,), we
have

0 < ((A+ 1D (A+ Du,u) , < O (A, u) (96)

12
where A the operator defined in ([9)). Indeed, let u € S(RS ), we have

(L +4 (1 +Au,u) = ((1+ A, (1+A)u) |, =[[(1+ A > 0.
On the other hand, we have

(L+ A 1+ Auu) =1+ Al < [ Aulfe + [Jull72:
Using ([9]), the operator P is written as follows
P=A+K,

we obtain

(1 +4) (1 +Au,u) , < [Pullfs + [Kul72 + ul,

finally, using the fact that K is a bounded operator, A > Id and the estimate ([91]),
we obtain

((1 + A)* (1 + A)u, U)L2 < (1+ )| A%ull7 + C|[A%ull7
< (14 v + O)||A%ul|7:,

where vy > 0. By taking Cy = (1 + 1 + C), we obtain the estimate ([96]).
According to the monotonicity of the operator functional A — A“ for o € [0, 1], in

particular with a = 3 we obtain

0< (((1+A4)(1+ A))1/3u,u)L2 < PP (Nu,u)

L2

According to Theorem [2.8], A is maximally accretive, then by applying Lemma
1

with n = 3 for Rez > —1/2 and u € S(RY ), we obtain

|2+ 1P fulFe < 4(((1+ A (1 + A) P, u) |+ 4] (A= 2)ulZ
<4CYP (A Pu ), +4lI(A = 2)ull?s
<ACEP AL ull3e + 4 (A = 2)ul3
<ACTPYATul3a + 41(P = 2)ullfz + 4va|ull 7.
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With the inequality ([93]), we obtain

2+ 123||u)|2. < ACPC + D)|(P — 2)ul2 + (ACY2C + 1611) (Re = + 1)2||ul|%.

By taking Cp = \/8(41/1 + C’f/gé’), Qr = V8(1+ C’lz/gé) we finally get
VzeC, Rez > —1/2, Yu € S(RY,),

QQ 02
|2+ 12 ull7: < 77’!\(7’ — 2)ull72 + 77’(3?62 +1)%[Jull7. (97)

Now let z ¢ Sp such that ez > —1/2, so according to the definition of Sp given in
([6]) we have

1
(Rez+1)? < — |z + 1%,
2

then for all u € S(RS ), inequality ([07]) implies
|2+ 12 lulfe < QBII(P — 2)ullZ, (98)

we deduce that P — z is injective, moreover we can replace P — z by (P — z)* in ([98]),
which gives (P — 2)* is injective and consequently P — z is bijective with dense image
in L2, therefore z € p(P). By taking v = (P — 2)u in the estimate ([98]) we get

(P —2) " ollze < @plz + 1 7P|vl7. Vo € L,

then we obtain the resolvent estimate ([7]).

On the other hand, we have that if z € o(P) then z € Sp and taking into account that
the numerical range of the operator P is the half plan {Rez > 0}, we deduce that the
spectrum o (P) satisfies

o(P) C SpN{Rez > 0}.
Concerning estimate ([8]), we have
Re (P — 2)u,u). > —Rez||ul|3. with Rez < —% <0,
which implies that
1(z — P)A”B(Lg’v) < [Rez| ™

The proof is then complete. O

A Appendix

A.1 Weyl-Hormander calculus

We recall here some notations and basic facts of symbolic calculus, and refer to [18]
and [15] for detailed discussions on the pseudo-differential calculus.
We introduce on R?*" the following metric

I' = dv? + dn.
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Definition A.1. Let m > 1 be a C*™ function on R?". We say that m is an admissible
weight for ' if there exist two constants C' > 0 and N > 0 such that

VX,V e R, m(X) < C(X =YY m(Y). (99)

Definition A.2. Let m be an admissible function. We denote by S(m,I") the symbol
class of all smooth functions p(v,n) (possibly depending on parameter ) satisfying

Va, 3 € N*,3Cy5 > 0; V(v,n) € R*, 10500 p(v,n)| < Capm(v,n).

The space of symbols S(m,I") endowed with the semi-norms

12l m.r) i Im(v,n)"'958p(v,n)|; k €N (100)
@ <k (v,n)ER="

becomes a Fréchet space.
For such a symbol p in S(m,I") we may define its Weyl quantization p* by

1 (1 v+
n w _ i(v—0")m / /
Vu € S(R™), (p“u)(v) G /R% e p( 5 ,n)u(v ) dv'dn. (101)

The Weyl quantization of S(m,I") is denoted by ¥(m,I).
Theorem A.3. (Calderon-Vaillancourt)
Let p® be an operator in W(1,T). We have p* a continuous operator on L*(R"™) and

Vu € LAR"), [p"ullz2 < Clpllvisarlul e, (102)

where C' > 0 and a positive integer N depending only on the dimension.

Proof. See Section 18 in [15]. O

Theorem A.4. Let p¥ be an invertible operator in V(m,T'), then its inverse [p*]~*

belongs to ¥(m~1,T).

Proof. See Lemma A.2 in [11]. O

Definition A.5. Let p* € ¥(m,I"). We say that p* is an elliptic operator if there
exists C' > 0 such that
lp| =2 Cm.

Let us also recall here the composition formula of Weyl quantization. Let a € S(my,I)
and b € S(ms, "), the compositions of the pseudo-differential operators a® and b are
pseudo-differential operators whose symbol, denoted afib, belongs to S(m;ms,I") and
has the following development:

“W’—“”/ [ et <ayu%)am>b<Yz>dY1dY2d9/<e>2", (103)

where o is the symplectic form in T*R" = R?" given by
Z — 2;C; (104)

As we work with pseudo-differential operators which belong to classes associated to
the metric I', all operators will be defined as continuous operators of S(R") to S(R")
or from S'(R") to S'(R™).
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A.2 Basic theorem

This theorem aims at giving a uniform statement for Weyl Hormander tools with a
large parameter K. This theorem gives very important results which can use these
results to establish estimates which requires pseudo-differential operators. Part (I) in
the theorem below has been shown in [1] with 7 = 1, but here we have improved this
result for all 7 € R. In general, these results give a general and robust framework to
techniques already used as well for work that requires these kinds of properties.

Theorem A.6. Let p,q > 1 be two symbols which verify the following hypotheses:

i) p is an admissible weight.
it) p~q.
iii) p, q € S(p,T').

iv) There exists M € R such that for alle > 0 we have 8,p, d,q € S(ep+e=(v)™, T).

We define the symbols py, qx as px = p + K(v}M and qx = q+ K(v)M. Then there
exists Ky such that for all K > Ky :

I) Forall T € R, (pk)* and (q)™ are invertible.

II) For all 7 € R, [(p})*]" and [(¢k)*]™" are pseudo-differential operators that
belong to V(py", ') uniformly in K.

IIT) For all 7 € R and for all k > 0, [(p%)"]" and [(¢5)*] are pseudo-differential
operators belong to W (piT, T') uniformly in K.

IV) For all 7 € R and for all k > 0, Yu € S(R"™), we have

i) Tl ~ [R5 ullZe,

uniformly in K.

V) For all T € R, Yu € S(R™), we have

1) ullZ2 ~ [1(pF) iz ~ I(a5) ullz> ~ I (gi) ullz2,
uniformly in K.

VI) Yu € S(R"), we have
(PRu, )2 ~ (greu, u)r2,

uniformly in K.

VII) If M >0, we have p¥, ¢} > Id.

Proof. Let K > 0 and let p and ¢ two symbols and M € R such that the hypotheses
from (i) to (iv) are verified. For simplification, we will prove (I, II, III) just for the
operator (p%-)", and we reason in the same way for (¢%)".
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I. We will show that (p} )" is invertible for all 7 € R. We note that px is an admissible
weight (p is an admissible weight). We have px € S(pg, ') uniformly in K. Indeed,
using (iii) we have for all «, f € N,

050 pic| < 10505 p| + (0505 K (0) ™|
< Cogp + KCopar(v)"
< CopMPK-
More generally we can show, by induction on || and Leibnitz’s formula that for 7 € R,
VOé S N2n7 ‘aﬁiinK| S Ca,ﬂﬂ'pTK7

which gives pf- € S(p}k, ') uniformly in K.
Using formula ([I03]), we may write

(Pk)“(p")" =1d — Ry, (105)

where
1 1
Ric = = | 0t (0.05)) 46 + [ (0,7)20(0,05)) a6
with gfigh defined by

Grah(Y) = [[ e o0 Y0 L gy, (Y )d¥iYa/ ()" (106)

21

with Y, Y], Y5 € R?" and o a symplectic form defined in [T04].

Let now N be the integer which is given in ([102]). By [3, Proposition 1.1], we can find
a constant Cy and a positive integer [, both depending only on N but independent
of K and 6, such that

105 )0 (300 Ivisiar) < O 9w luysso o 190D s

where the semi-norm ||.|[x;s(a,r) is defined by ([100]).
Moreover, using (iv), we have d,p € S(ep + ¢ ()™, T), by taking ¢ = K~'/2, we
obtain 9,p € S(K~Y2pk,T). By writing 9,p% = 7p} '0,p, we obtain

0| < Cn K Y2pi.

Then arguing as above we can use induction on || + | 5] to obtain, for |a| + |5| > 0,

105050,p%| < CnK~/py,
which gives 0,p% € S(K~Y?p%,T) uniformly in K, moreover we have

1@upF) lisor ) < Cn K12,

On the other hand we have p;~ € S(py’,T'), and thus

100 (P 135071y < Cns
with Cy a constant depending only on N but independent of K. As a result,

1052520 (90 (7)) I visury < CnCRE Y2, (107)
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Similarly, R
1@upi )20 (9n(pR7)) Ivisiry < OnCRE Y2, (108)

Using the estimates ([107]), ([L08]) we will estimate the semi-norm || R ||v,s(1,r). Indeed,

! 1
| R [l vsar) S/O H(avp%)lje(@n(p}f))HN;S(1,r) d«9+/0 ”@"p;()ﬂ"@v(p?))HN;S(LF) €0,
Then i
IRk || visary < 2CNCR K2,

and thus by ([102]) )
| R || 5(z2) < 2CCNCR K2

~ N2
with C a constant depending only on the dimension. Taking K; = (4C'CNC’]2V) , SO
we get for all K > K;

1
| R || Ber2) < 5 < 1,

this implies Id — RY is invertible in the space B(L?). In addition, its inverse is given
by

(Id — R¥)~ i " e B(L?). (109)

=0

Based on ([105]) we obtain
()" ((p7)*(1d = Ry) ™) = Id.
Similarly we can find a Ry € S(1,T) such that
((1d = RE) ™ ()" (pR)" = 1d.
Based on the above (pf)® is invertible and its inverse [(pf)®*] ™" is written in the form
()] = (px)“(1d = Ry) ™ = (1d — Ryg) ™ (o).
We have proved the conclusion in (I).
II. According to (I), we have [(pk)*]™" has the form
()] = (p")"(1d = R) ™

By taking Hx = (Id — R%)~! and using ([I09]), we have Hy is a continuous operator
in L? uniformly in K. So based on Theorem [A.4], we have H is a pseudo-differential
operator. We note by §(Hp) its symbol. We have 6(H) belongs to S(1,I") uniformly
in K. From the above, we have [(p})*“]! is a pseudo-differential operator (compo-
sitions of pseudo-differential operators). We denote hy its symbol, hx has the form
hx = px t6(Hg) and belongs to S(py”,I') uniformly in K.

We have proved the conclusion in (II).
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III. Using the Theorem [A.4], we have [(p’;()w]*l is a pseudo-differential operator. Tak-
ing into account that the composition of the pseudo-differential operators is a pseudo-
differential operator, we obtain

vn € Z, [(px)“]" € ¥(pk',T). (110)

Now consider the case of the exponents 7 € R. By pseudo-differential calculus the
problem will be reduced to

vrel, [(pk)] € ¥(p¥.T),

where I an open interval of R. Note that the operator (pf)™ is self-adjoint because its
symbol pf. is real. Now we will show that (pf )™ is a positive operator for K sufficiently
large, wich is equivalent to show that

(W5) u,u) , >0, Yue S(R"). (111)

Using again the formula ([103]), we can write
(R WR)" = () = Rk (112)
where
- _/ npK H/Q do +/ vpK (an/Q)) do
with gfigh defined in ([L06]). Based on the proof of (I), we have
0pil* € S(K2pil%, 1)
uniformly in K. Moreover we have 8vpK s (pK ,I'), so we get
(0093 )80 (0u(Pi)) (Oupi )0 (95 (P3%)) and Ry € S(K~/2pf, T)

uniformly in K. Writing R¥ in the following form

Ri; = K (p3l%) KM [(03%)" ) REL0i") ) 0i)"

€B(L?) uniformly in K

we obtain
w — K/2\w
[(R&u, u) 2| < CoK 2| (p5) ul |2,

with Cj some constant independent of K. Let K, = 16CZ, then using the relation
(L12]) we get for all K > K,

K O\w 3 K/2\w
()", w)ze 2 R) 2 > 0.
Then, using the following formula (see for example [23]) we can write

sin(77)

() = =222 [T (s + (pR)™) s, 7€ (<1,0). (13)

T
First, s + (pf )" is a pseudo-differential operator and its symbol ak s verifies

Vs € (0,1), ag,s € Sk, T)
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and
Vs > 1, aks € S(s(pk),I') uniformly in K and s.

So using the Theorem [A.4], (s + (p5)*)~! is a pseudo-differential operator and its
symbol bk s verifies
Vs € (0,1), bk, € S((p5) " T)

and
Vs > 1, by, € S(s(pf)~ ", T) uniformly in K and s.

Then, taking u € S(R") we have

_sin(77)

|7+ who) s,

T

using the formula ([I01]), we get

- sin(mwr) oo 1 o v+
()] u=— - /0 s ((27‘(‘)" /Rgne( )-UbKS( 5 ,nu(v') dv’dn) ds,

1 o sin(mr) [o° v+
= Z(U U)-U — T / /
e L ([ o st

So [(p5)™]" is a pseudo-differential operator and its symbol d given by

dy — —Sn(r7) /0 STb.s ds.

™

Then we will show that dx € S(p5Z,T). Indeed, let a, 3 € N", (v, ) € R*",

ocogdx o] < € ( [ 57 10000bw ds + / T SI000] bl ds )
Cos (/ ds+/ ds)
éoz,ﬁ (pHK) la

which gives that dx € S(pi7,T"). Take I = (—1,0), then we get

IA

IA

vrel, [(pk)"] € Y(pxk,T). (114)

In addition, [(p5)*]" is a bounded operator in L? uniformly in K. Indeed,
(s+ (p%)@)~t € ¥(1,T) uniformly in K, then there exists a constant C; > 0 such that

Vs € (0,1), [[(s+ (5)") sz < Ci (115)
On the other hand we have
Vu € S(R™), ((s+ (k)" u,u)2 > sllul|72,

which gives

—_

Vs > 1, [[(s+ (5)") " llsae < (116)

Using ([I15]), (I16]) and the formula ([I13]), we obtain

I1(p5)"“T 52y < Co, (117)
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with C5 some constant independent of K.

Then based on ([LI0]), ([114]) we obtain for all 7 € I,

vn € Z, [[(p§)"]]" € YR, T), (118)
so we have
vreR, [(pk)“]" € YK, T). (119)
IV. We will show that
Vu e S(R™), |[(p5)"] ullz2 ~ (i) ull7, (120)

otherwise we will show that there are two constants ¢, C' > 0 independent of K such
that for all u € S(R™), we have:

1(P3) ullZ> < e lIpk)") ulliz, (121)

and
I[(p5) "] ullZ2 < Cll(pF ) ull7e. (122)

We will start with inequality ([I121l), using the conclusion (IIT), we have that [(p%)*]"
is a pseudo-differential operator belongs to W(p57,I') uniformly in K. Taking
v =[(p%)"] "u, show inequality ([I21]) is equivalent to showing that

1P [(Pi)") " vliZe < Csllvllze Vv € L2 (123)

Using the Theorem [A.3], we have (pi7)“[(p%)*] " € ¥(1,T') < B(L?) uniformly in K,
hence the inequality ([I21]).

Similarly, using the fact that [(p5)*] [(p52)*]™" € W(1,T) < B(L?) uniformly in K,
then taking v = [(p%7)*] 'u, we get the inequality ([[22]), so the estimate ([I20]) is
true.

V. We will first show that
Vu € S(R™), |(pk)"“ulliz ~ I(qk)" ullZ:, (124)

otherwise we will show that there are two constants C7, Cy > 0 independent of K such
that for all u € S(R")

1(pF ) ullz2 < Chll(gk) " ulli2, (125)
and
1(q) " ull72 < Coll(pk) " ull72. (126)

We will start with inequality ([125]), using hypothesis (iii) we have that
(q%)" € ¥ (pk,T) uniformly in K. Using the conclusion (II), we have (¢ )" is an
invertible operator, moreover its inverse [(¢%)“]™! belongs to ¥(px", ') uniformly in

K.
Taking v = [(¢%)"] 'u, show inequality ([I23]) is equivalent to showing that

1(pk) " [(g7) ") ollZe < CullvllZo Vv € L2 (127)

Using the Theorem [A3], we have (pk)“[(¢5)"] " € ¥(1,T) < B(L?) uniformly in K
hence the inequality ([127]).
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Similarly, using the fact that (¢ )" [(pk)*]™" € ¥(1,T) < B(L?) uniformly in K, then
taking v = [(p%)¥] 'u, we get the inequality ([I20]), so the estimate ([124]) is true.
In the same way we have

Vu € S(R™), |(g5)" ullze ~ [1(gi) ull72- (128)
Finally, using conclusion (IV) with k = 1, we get that

Vu € S(R"), [|(pi) ullze ~ [1(pk) " ull7:- (129)

VI. We will show that
Vu € S(R™), (ppu,u)rz ~ (qpu,u)rz. (130)
Indeed, let u € S(R™) we have

(Picu, w2 = (i), (i) Pu) e = [[(pk) 2,

using the result (IV) with 7 = %, we obtain that

w 1/2\w 1/2\w w w
1) )22 ~ () ul2e ~ [0 %) ul2e ~ [[(@)*ul22 ~ (gEu, u) 2.
So the estimate ([130]) is true.

VII. We will show that
Vu € 8<Rn)7 (pllv(u7u)L2 Z HUH%Q
Indeed, let u € S(R™)

(i, u)rz = (Pi_yu,w)pe + ((0)"u,u) g,

based on the proof of ([IT1]), we can show that there exists a positive constant K3 such
that for all K > K3 we have

(pﬂfluv u)L2 > 07
Which gives

M/2

(i, u)pe = (PR_yu w)ie +((0) M )2 2 [ (0)" | 2.

~—_—
>0

With the condition M > 0 we finally obtain
(Piu,u)pz > Jlul|7..

Finally, for a symbol p which verifies the hypotheses of Theorem [A.6], we can fix

K Z maX(Kl,KQ,Kg) (131)
Ko
and we apply the results of Theorem to the operator pY. O
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A.3 Wick quantization

Finally let us recall some basic properties of the Wick quantization, which is also called
anti-Wick in [20]. The importance in studying the Wick quantization lies in the facts
that positive symbols give rise to positive operators.

Let Y = (v,7n) be a point in R°. The Wick quantization of a symbol ¢ is given by

gk = (27)73 /R (V) aY,
where Iy is the projector associated to the Gaussian ¢y which is defined by
vy(z) = n34emale P eiEn/2 e R3,
The main property of the Wick quantization is its positivity, i.e.,
q(v,n) >0, Y(v,n) € R® implies ¢V* > 0. (132)

According to Theorem 24.1 in [20], the Wick and Weyl quantizations of a symbol ¢
are linked by the following identities

quCk — (q " 7T—36_|.|2)w _ qw + r¥ (133)
with
1 2
(V)= [ (1= 0)g7 (v + vyl Ay do, (134)
o Jr

where ¢”(Y') is the Hessian of ¢ at the point Y. Therefore, according to ([102]), if
q € S(1,T) then ¢"Vi¢* is a bounded operator in L? .

We also recall the following composition formula obtained in the proof of Proposition
3.4 in [16]

icl ic! 1 ic!
@ * g = [qiga — g - g + A {q1, V' + T, (135)

with 7" a bounded operator in L*(R®) and ¢ is the gradient of ¢ with respect to Y,
when ¢; € L°(R®) and ¢, is a smooth symbol

whose derivatives of order > 2 are bounded on R®. The notation {qi, ¢} denotes by
the Poisson bracket defined by
O 9g2 01 Ogo
== = - — . — 136
{q17 q2} 877 8’U 8’U an ( )
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