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Abstract

This work is devoted to the stabilization of parabolic systems with a finite-dimensional control subjected
to a constant delay. Our main result shows that the Fattorini-Hautus criterion yields the existence of such
a feedback control, as in the case of stabilization without delay. The proof consists in splitting the system
into a finite dimensional unstable part and a stable infinite-dimensional part and to apply the Artstein
transformation on the finite-dimensional system to remove the delay in the control. Using our abstract
result, we can prove new results for the stabilization of parabolic systems with constant delay: the N-
dimensional linear convection-diffusion equation with N > 1 and the Oseen system. We end the article by
showing that this theory can be used to stabilize nonlinear parabolic systems with input delay by proving
the local feedback distributed stabilization of the Navier-Stokes system around a stationary state.
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1 Introduction

Time delay phenomena appear in many applications, for instance in biology, mechanics, automatic control
or engineering and are inevitable due to the time-lag between the measurements and their exploitation. For
instance in control problems, one need to take into account the analysis time or the computation time. In the
context of stability problems for partial differential equations with delay, it is classical that a small delay in the
feedback mechanism can destabilize a system (see for instance [7[6]). On the other hand, a delay term can also
improve the performance of a system (see for instance [I]). These features appear for hyperbolic systems and
here our aim is to consider the stabilization problems for a large class of parabolic systems with a particular
delay input.



More precisely this article is devoted to the feedback stabilization of the system
2 =Az+Bvu+ f, 2(0)=2° (1.1)

where A is the generator of an analytic semigroup (etA)@o on a Hilbert space H, where B : U — D(A*) is a
linear operator on a Hilbert space U and where f is a given source satisfying an exponential decay at infinity.
Our aim is to obtain a feedback control v(t) that depends on the values of z(s) for s < t — 7, where 7 > 0 is
a positive constant corresponding to a delay. With such a feedback control, our aim is to obtain exponential
stabilization of (1.1f) if we assume that it is the case without delay. A characterization of the exponential
stabilization of in the case without delay is the well-known Fattorini-Hautus criterion (see [10], [II] and
3]):

Ve e D(A*), VA€ C, ReA> -0 A'ce=X and B'¢e=0 = e=0. (UC,)
Here and in what follows, we denote by A* : D(A*) — H and by B* : D(A*) — U the adjoint operators of A
and B. This criterion is equivalent to the exponential stabilization of with a rate larger than o provided
we assume the following hypotheses:

The spectrum of A consists of isolated eigenvalues (\;) with finite algebraic multiplicity N; (Hypl)
and there is no finite cluster point in {A € C; Re\ > —c}, P
Be L(UH_,) forsome € [0,1). (Hyp2)

The spaces H,, are defined as follows: we fix pp € p(A), then

[ Do —Ay)  ifaz0 o[ Dlao—A")) a0
Ha = { D((jo — A*)*Y ifa<o 4 Hai= { D((o — A~ ifa <0. (1.2)

To deal with the source f, we also assume the following hypothesis

Ho = [H,D(A)]a (a €[0,1]), (Hyp3)
where [, ], denotes the complex interpolation method. We assume that
fo it e f(t) € L*(0,00;H_/) + < 1/2. (1.3)

We say that f € L2(0,00;H_./) if f, € L?(0,00;H_./) and we write
||f||L§(0,OO;Hﬂ/) = ||fUHL2(O,oo;]HLV/) :

The same definition can be extended to spaces of the kind L2 (0, 00; X), C2([0,00); X), H™(0, 00; X), with X a
Banach space.
Note that a sufficient condition for is that A has compact resolvent. For all \; eigenvalue of A, we
define its geometric multiplicity
¢; = dimker(A — A;Id) € N*.

We also define the maximum of the geometric multiplicities of the unstable modes:
Ny :=max{{;, Re\; > —0c}. (1.4)

Our main result is the following theorem:

Theorem 1.1. Let us consider o > 0 and let us assume (Hypl), (Hyp2)), (Hyp3) and (UC,)). Then there exist
K € LS. (R L(H)), ¢, € D(AY), v, € B* (D(A*)), k=1,..., Ny, such that if

Ny

0(t) = Ljrio0)(t) Y (z(t —7)+

k=1

- K(t—7,8)z(s) ds, Qk) Vg, (1.5)

0 H



then for any e H, f satisfying , the solution z of satisfies
()l < Ce™ (1) + 1 llrz000m_)) (> 0). (1.6)
Assume moreover that v =0, v' = 0 and that 20 e H, /3. Then,
z € L2(0,00; Hy) N CL([0,00); Hy /2) N HL(0, 003 H),

and
HZ”Lg(&oo;HﬂﬁCg([O,w);Hl/g)ﬂHc{(O,oo;H) < c (”ZOHH1/2 + Hf”Lg(O,oo;H)) . (17)

Here and in all what follows, 1 is the characteristic function of the set O.

The above result shows that we can stabilize the above general class of linear parabolic systems with a finite
number of controls and with a constant delay: the feedback control v(t) at time ¢, given by , only depends
on value of the state z(s) for s < ¢ —7. This result can be seen as a generalization of several recent results on the
stabilization of parabolic systems with delay control, in particular [5] where the authors constructed a feedback
control for finite dimensional linear systems, and [I7] where the authors obtained a stabilizing feedback control
of a one-dimensional reaction-diffusion equation with a boundary control subjected to a constant delay. Let us
mention some ideas of their method that we adapt to prove our result: using that their operator is self-adjoint of
compact resolvent they split the system into an unstable finite-dimensional part and a stable infinite-dimensional
part. They are thus led to stabilize the finite-dimensional unstable system and to do this with a delay, they
use the Artstein transformation and obtain an autonomous control system without delay satisfying the Kalman
condition. Finally, by using an appropriate Lyapunov function, they prove that the feedback control designed
in the finite-dimensional part actually stabilizes the whole system.

We can mention several articles in this direction: in [I5], the authors consider the stabilization of a struc-
turally damped Euler-Bernoulli beam. The corresponding system is parabolic but the main operator is no more
self-adjoint. Then [I4] generalizes the result of [I7] in the case where the main operator is a Riesz spectral
operator with simple eigenvalues. In [16] they manage to extend the result of [I7] to the case where the control
contains some disturbances and where the delay can depend on time.

Here our aim is to extend the result of [I7] for a large class of parabolic systems, and in particular with the
possibility to consider partial differential equations in dimension larger than one. We also precise the number
of controls N, needed to stabilize the system by using the approach developed in [2] in the case of the Navier-
Stokes system or in [3], for general linear and nonlinear parabolic systems. We present two important examples,
that is the reaction-diffusion equation and the Oseen system and we end this paper to show that within this
framework, we can also handle some nonlinear parabolic systems such as the Navier-Stokes system.

The present paper is organized as follows. In Section the proof of Theoremis given. As in [I7], it relies
on the decomposition of the system into two parts: an unstable finite-dimensional part and an infinite-
dimensional part. This decomposition is possible thanks to and [I3, Theorem 6.17, p.178]. Due to the
presence of a constant delay, an equivalent autonomous control system is considered for the finite-dimensional
part by means of the Artstein transformation. This system is exponentially stabilizable by using (UC,]). Using
the inverse of the Artstein transform, a stabilizing feedback control is designed in the finite-dimensional space
that stabilizes exponentially the finite-dimensional unstable system (with delay control). Finally, we prove that
the designed feedback stabilizes exponentially the complete system. Thereafter, we illustrate our results by
some precise examples: the case of the feedback stabilization of the N-dimensional linear convection-diffusion
equation with N > 1 with delay boundary control in Section [3] the case of the feedback stabilization of the
Oseen system with delay distributed control in Section [4] and finally, a local feedback distributed stabilization
of the Navier-Stokes system around a stationary state in Section

2 Proof of Theorem 1.1l

Let us consider o > 0. We first decompose the spectrum of A into the “unstable” modes and the “stable”
modes:
Ly={); Re)j > -0}, E_:={)\; Re)lj < —c}. (2.1)



Using that (e!);>0 is an analytic semigroup (see [4, Theorem 2.11, p.112]) and (Hypl)), we see that ¥, is of
finite cardinal.
Thus, we can introduce the projection operator (see [13, Thm. 6.17, p.178]) defined by

1
P+ =
2m Jp

(A=A~ ax, (2.2)
where I'; is a contour enclosing ¥, but no other point of the spectrum of A. We can define
H, := P H, H_:=(Id-P;)H.
From [13, Thm. 6.17, p.178], we have H, ¢ H_ = H and if we set
Api=Ag, Hy -H,, A=Ay :DA)NH. - H_,

then the spectrum of A, (resp. A_) is exactly ¥y (resp. ¥_). By using the analyticity of (eAt)tzo’ (Hyp1)
and (2.1), we deduce the existence of o_ > o such that

1

A_ —o_ A_ —o_
e oy <Ce" (o — A)et]| ey S Cpe . (2.3)
We can proceed similarly for A*: we write
1
P = A— A7 dA 2.4
+ 2m /F+( ) ’ (2.4)

H := P{H, H* :=(Id-P})H,
AL = Ap, H} - H}, AL :=Apy- : D(A")NHL — HZ.
Note that P is the adjoint of Py. In particular, we see that if z € H_ and ¢ € H, then
(2,Q) = (Id—=P1)z,{ )y = (2, (1d —Pj)()H = 0. (2.5)

We also define
U;:=B"H}, U_:=B'H",

and
py:U—=0U4, p-:U—-0_, ¢4:U; -0, i_:U_—=0,

the orthogonal projections and the inclusion maps. Then we write
B+ = P+Bi+ € L(U.ﬂr,HJ’_), B_ = (Id—P+)BZ_ S E(U_,H_ n H_,y).

We have that
P.B=Bip;y (Id-P)B=B_p_.

Indeed, for any w € D(A) and v € U we can write
<P+Bv,w>H7hH1 = <v,B*ij>U = <p+v,p+B*ij>U = <P+Bi+p+v,w>Hil’Hl = <B+p+vvw>H,1,H1 ,

and we can prove similarly the other relation.
From the above notation, we can split (1.1)) into the two equations (see [3] [19]).

2 =Apzy + Bipiv+ Prf, 24(0) = P20 (2.6)

2 =A_z_ +B_p_v+(Id—Py)f, z_(0)=1d—-Py)2". (2.7)



In order to study the stabilization of the finite-dimensional system ([2.6)), we use the Artstein transformation
that allows us to pass from (2.6) in the case of a delay input to an autonomous system. More precisely, we
consider

t+7
w(t) := 24 (t) +/ =94 B p v(s) ds.
¢

Then in what follows, we study the stabilization of the autonomous system satisfied by w (Lemma [2.1]). Since
the corresponding feedback is expressed with w, we also consider the inverse of the Artstein transformation and
more precisely show the existence of a kernel K to write w in terms of z4 (Lemma [2.2)).

Lemma 2.1. Assume (UC,|) for o > 0. Then, there exist C > 0 and G € L(H,, U, ), with rank G < N, where
Ny is defined by (1.4), such that for any f € Lg(O,OO;H_,YI) and w® € H, the solution of

w/ = A+w —+ 677A+B+p+G’lU —+ P+f,
: (28)
w(0) = w",
satisfies
||w||H;(0,oo;H+) < C (”wOHH+ + ||P+f||L[2r(0,oo;H+)) . (29)

Proof. Let us consider o, > o. First we notice that (A, e~ "+ B, p. ) satisfies the Fattorini-Hautus test: assume
Ale= )\75, Bjre_TAer =0.

Then we deduce . .
A*e = A\je, Bie_TAhs —e N B*Pie = e ™M B*e = 0.

Thus from (UC,)), we deduce e = 0. We can thus use the standard result of Fattorini or Hautus (see also [3}
Theorem 1.6]) to deduce that there exists G € L(H,, U, ), with rank G < N4 such that the solution of

! 77’A+
w=Ayw+e : BypyGu, (2.10)
UJ(O) =w € HJ,_,
satisfies
—0y 0
[w()|lg, <Ce ™ ||lw HH+, t>0. (2.11)

Then we write the Duhamel formula for the solutions of ([2.8))

t
w(t) = e+t —|—/ eA*(t*S)P+f(s) ds,
0

with
A, = A +e B p,G,

to deduce ([2.9). O
Lemma 2.2. There exists K € LS. (R? L(H.,)) such that

K(t, S) = €(t_3_T)A+ B+p+ G]l(max{th,O},t) (8)

~+

+ MDA B p L GK(E5) dE (> 0,5 € (0,1). (2.12)
max{t—7,s}

Proof. The proof relies on a fixed point argument. We set

Ko(t) =" Bip, G, Kye L*(0,7;L(H,)),



so that (2.12]) writes
¢

K(tv S) = KO(t - S)H(max{tf-r,o},t) (5) + / KO(t - §)K(§, 8) df

max{t—7,s}
Let T > 0, and let us define
Dy ={(t,s) €R? tc(0,T), sc(0,t)},

and
D : LOO(DT;ﬁ(H+)) — LOO(DT;ﬁ(H-‘r))a

(BK) (1, 5) = / Kot —K(€.5) d ((t.3) € Dy).

max{t—7,s}
The mapping ® is well-defined, and is a linear and bounded operator of L*(Dr; L(H, )). Moreover,
(@Kt )l 2o,y < EIEoll oo (0,750, ) I N oo (D) -
This yields
2 2
H(<I>2K)(t,s)||£(H+) S5 1Kol o0 0,7 201, )) 1K | oo (Dps iy ) »
and by induction
tTL

||((I)nK)(t’S)”£(H+) < ol HK0||20°(O,T;£(H+)) HKHLOO(DT;L(H+)) (n € N").

In particular, for n large enough, ®™ is a strict contraction and so is
(CbK) (ta 5) = ((I)K) (tv 5) + KO(t - S)]l(max{t—r,o},t)(s)'

Thus, ® admits a unique fixed point which is a solution of (2.12)).

O
We are now in a position to prove the main result
Proof of Theorem[I.1, We consider G and K (¢, s) obtained in Lemma and Lemma and we set
t—1
v(t) = 17 100y ()G {er(t —7)+ K(t—71,s)z4(s) ds| . (2.13)
0
Note that, we can write G as
Ny
G(6) = (&, C)gve, (¢ €Hy)
k=1
with ¢, € H} and vy, € Uy, k =1,...,N,. We can take ¢, € HY due to a standard result in linear algebra:

combining dim H, = dim £(H.,C) and ({2.5)), we can identify these two spaces. The interest to take (; € H is
that the above formula for G can be applied to ¢ € H and extend G as a linear bounded operator in H satisfying
G =01in H_ (see (2.5)). Extending also the family K by K(¢,s) = 0 in H_, we see that (2.13) can be written

as (T5).

Let us define

t
w(t) == z4 (1) +/ K(t,s)z4(s) ds, (2.14)
0
so that (2.6) can be written
Zii—(t) = A+Z+(t) + B+p+]l['r,+oo) (t)Gw(t - 7_) + P+f(t) t> Oa (2 15)
Z4 (0) = P+ZO. ’



Then we use (2.12), (2.14]) and the Fubini theorem to perform the following computation for ¢ > 0:

t+r t
/ 4% B, p. Gu(s — TV L7 4o0)(8) ds = / e~ A4 B p. Gu(s) ds
t

max{t—7,0}

t s
-/ Ry We [Z+<s>+ | K692 d&] s
0

max{t—7,0}

t t
:/ [ﬂ(max{tr,o},t) (S)e(t_s_T)A+B+p+G +/ e(t_g_T)A+B+p+GK(€7S) df] Z+(S) ds
0

max{t—r,s}

:/0 K(t,5)z4 (s) ds = w(t) — 2. (£).  (2.16)

Consequently,
t+7
w(t) = z4(t) + / =94 B . Gu(s — T) L [r 400y (8) ds. (2.17)
t
From (2.15), we deduce that w is solution of (2.8) with w® = 2, (0). Thus w satisfies (2.9) and from (2.17),
Iz 11 0,005, ) < C (I1P42° ey + 1P £l 22 (0,005, ) - (2.18)

This yields in particular that if 20 € H; /o and if f € L%(0, 00; H), then

12411 22 (00058 )nC2 ([0,00) 88, ) M2 0,00) < C ([12°llm, 5 + 11122 (0,00580)) - (2.19)

Then, we can consider the solution of (2.7)): for t > T,
t
Z_(t) = eA-HId—Py)2° + / (Ao — A)YeA=E=9)(\g — A)""B_p_Guw(s — ) ds

+ / t eA==)(1d —Py) f(s) ds. (2.20)
0

Using (2.3]) and (2.9]), we deduce that

t
—0o —o 1 —(o_—0o)(t—
[z ()|l < Ce™ 7" ||2°|| + Ce t/ e” =) ds (|| Py 20y + 1Py f ]l 22 0,008,

T (ti 8)’\{

t
Y 1 —(o_—0o)(t—s as
e t/o t—s)7"° T e f (9, .

Using that o_ > 0, v < 1 and 7/ < 1/2, we deduce from the above estimate that
20l < e (12 + 12 00m_ ) (2> 0).

Combing this with (2.18]), we deduce (L.6]).
Let us prove now (L.7). If f € L7(0,00;H), B € L(U,H) and if 2° € H, o, then the first part remains
unchanged, and we have (2.19)) and

[vllz2 0.000) < C (1%l + 1F |22 0,004 - (2.21)

Consequently,
B_p v+ (Id—Py)f € L2(0,00; H_), (2.22)

and
Z_(O) = ZO - P+ZO € H1/2 NH_.



Using that A_ is the infinitesimal generator of an analytic semigroup of type smaller than —o (see, for instance
[4, Proposition 2.9, p.120]), then

z_ € L2(0,00; Hy) N C2([0, 00); Hy 2) N H(0, 00; H),

and from ([2.21)

1211 £2 (0,008,020 ([0,00):8 )82 (0,00580) < C (112 = Pr2°lm, 5 + 1 B-p—vl|£2 (0,005 + |(1d =Py) fl 2 0,00
< c (HZO||]1-[[1/2 =+ ||f||Lg(07oo;H)) .

Combining this with (2.19), we deduce (1.7)). O

3 Feedback boundary stabilization of the convection-diffusion equa-
tion

Let Q ¢ RY (N > 1) be a bounded domain of class CH!. In this section, we apply Theorem for the
stabilization of the convection-diffusion equation. Let us consider I' a non-empty open subset of 92 and the
control problem:
Oz—Az—b-Vz—cz=0 in (0,00) x Q,
z=wv on (0,00) xT,
z=0 on (0,00) x (0Q\T),
2(0,)=2" inQ,

where ¢,b,divb € L>(Q2). In order to write (3.1) under the form (1.1]), we introduce the following functional
setting:

(3.1)

H=L* ), U=L*T),
Az=Az+b-Vztcz, D(A) = H*Q) N HQ).

From standard results on this operator A (see for example [8, Theorem 5, p.305]), we see that holds
true. To define the control operator B, we use a standard method (see, for instance [20, pp.341-343] or [18]): we
first consider the lifting operator Dy € L£(L*(99); L?(2)) such that for any v € L?(9S2), w = Dy is the unique
solution of the following system

Aw—Aw—b-Vw—cw=0 in ),
w=v on 0f),

where Ag € p(A4). Then, we set
B =\ —A)Dy: U — (D(AY)),

where we have extended the operator A as an operator from L*(Q2) into (D(A*))" and where we see U as a closed
subspace of L*(9Q) (by extending by zero in 9Q \ T’ any v € U). Using standard results on elliptic equations,

we have that B satisfies (Hyp2|) for any v > 3/4.
Let us recall how we can see that with A and B defined as above (3.1)) writes as (1.1). We set 2 = z — w,
with w = Dgv. Then Z satisfies the system

0z —AZ—b-VZ—czZ=—-0w+ Mw in (0,00) x Q,
Z=0 on (0,00) x 09,

2(0,-) =2 =2 —w(0,) in Q.

Using the Duhamel formula, we have

t
Z(t) = 20 + / e=)A(—9w(s) + Mow(s)) ds.
0



By integrating by parts, we obtain
t
2(t) = et20 + / =94 (Ng — A)w(s) ds,
0

that is
Z/ = Az + ()\0 — A)DQU,
2(0) = 2°.
To apply Theorem we only need to check (UC,|). We recall that
D(A*) = H*(Q)NH(Q), A'c=Ae—b-Ve+ (c—divb)e,

(see, for instance, [20, p.345]). Moreover, by classical results (see [20, Proposition 10.6.7]), we see that

* 0 *\—1
‘DO — 5()\0 A ) 5
and thus
oo _0¢
- ovr

Thus if € satisfies A*¢ = Ae and B*s = 0, then

Ae —Ae+b-Ve—(c—divh)e =0 in Q,

e=0 on 09,
%:0 on .

From standard results on the unique continuation of the Laplace operator (see for instance [I2, Theorem 5.3.1,
p.125]), we deduce that ¢ = 0. Thus (UC,|) holds for any ¢ and we deduce the following result by applying
Theorem [L.1}

Theorem 3.1. Assume o > 0 and let us define Ny by (1.4). Then there exist K € L (R?; L(L*(Q))),
G € HX Q) NHF(Q), vp € HY2(T), k=1,..., Ny, such that the solution z of (3.1)) with

Ny

0t = Ty ()Y ( /Q {z(t 9+ OH K(t—1,8)2(s) ds} G dx) o, (3.2)

k=1

and for 2° € L*(Q) satisfies
l2(®)ll220) < Ce™"[|2°|22(0)- (3.3)

4 Feedback distributed stabilization of the Oseen system
Let Q C R? be a bounded domain of class C1'1. In this section, we apply Theorem to the Oseen system:
Oz + (w® - V)z + (2- V)w® —vAz+Vqg=1pv in (0,00) x Q,

V:.z=0 1in (0,00) x §,

z=0 on (0,00) x 09,
2(0,) =2° inQ,

(4.1)

where w® € [H*(Q)]? is a fixed (real) velocity and v is the control that acts on the nonempty open subset
O C Q. We could also consider the boundary stabilization of the Oseen system by using the same method as in
the above section but with some adaptations due the incompressibility condition and due to the pressure (see
[2] for more details).



Let us give the functional setting:
H={zc[L*(Q)]3 V-2=0inQ, z-n=00n0dQ}, U=[L*O)>.
We denote by P the orthogonal projection P : [L*(2)]> — H and we define the Oseen operator:
D(A) = [H* () NHF QPP NH, Az=P(vAz— (0 V)z—(z- V)uw?).

We recall (see, for instance [2, Theorem 20]) that the operator A is the infinitesimal generator of an analytic
semigroup on H and has a compact resolvent. Moreover,

D(A*) = [HX Q)N H(Q)PP NH, A'c =P (vAe+ (0¥ V)e — (Vwd)*e).
We also define the control operator B € £(U, H) by
Bv=P(1ov),

and we can check that
BYe = glo-

In particular, we see that (Hypl)) and (Hyp2) hold true and if ¢ satisfies A*¢ = Ae and B*e = 0, then

e —vAe — (w¥ - Ve + (V') + Vr=0 in Q,

V.e=0 inQ,
e=0 on 09,
e=0 in O.

Then using [9], we deduce that ¢ = 0. Thus (UC,|) holds for any ¢ and we deduce the following result by
applying Theorem

Theorem 4.1. Assume o > 0 and let us define Ny by (L.4). Then there exist K € L3, (R?; L(H)), ¢ € D(A¥),
v € [L*(0))?, k=1,..., Ny, such that the solution z of (&.1)) with

Ny t—7
V(t) = L o0) (1) < / {z(t —7)+ K(t—7,5)2(s) ds} Ch dx> Vg, (4.2)
k=1 /€ 0
and for 2° € H satisfies
Izl < Ce™ 1202 (e (4.3)

Let us define
V = [Hy(Q)]* N H, (4.4)

then we have that V = Hj /5 (see again [2, Theorem 20]). Thus applying Theorem we have also the following
result on
Oz + (w® - V)z+ (2- Vw® —vAz +Vg=1pv+ f in (0,00) x Q,
V-z=0 1in (0,00) x £,
z=0 on (0,00) x 09,
2(0,-) =2 in Q.

(4.5)

Theorem 4.2. Assume o > 0 and let us consider v given by [&2). Then for any 2° € V and for any
f € L2(0,00;H) the solution of [&.5)) satisfies

z € LZ(0, 00; [H?(Q2)]%) N CH([0, 00); [H' (2)]*) N H, (0, 00; [L*(Q)]?),
and

120 L2 (0,00: 2 (2)))nC0 ([0,00)51H2 (@)]2)HL (0,005L2 (01 < C (12° im0 + 111 L2 0,005122 (2)))) - (4.6)
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5 Local feedback distributed stabilization of the Navier-Stokes sys-
tem

We use the same notation as in the previous section. We consider the stabilization of the Navier-Stokes system
with internal control:

HZ+(Z-V)Z—vAZ4+Vi=1pv+ f% in (0,00) x Q,

V.-z= n (0,00) x Q,
b n (0,00) x 09,
in €,

0o

(5.1)

L

g =
5(07 ) =
around the stationary state

(w® - V)w® —vAw® +Vr® = f5 inQ,
V-w®=0 inQ, (5.2)
w¥ =b" on IN.

We assume that (w®,7) is a solution of (5.2)) such that w® € [H*()]? as in the previous section. The functions
9 e [L2(Q))? and b € [W3/2(00)]* are independent of time.
We define

z=2—w", qg=q—1r°, 20=3°—w",

so that
Oz + (w® - V)z+ (2- V)’ —vAz+Vqg=1pv— (2-V)z in (0,00) x Q,
V:.z=0 1in (0,00) x §,
z2=0 on (0,00) x 09,
2(0,-)=2" inQ.

Then we consider the following mapping
2 120,00 [LAQF) — L2(0,00: [LAQ)), [ — (- V),

where z is the solution given in Theorem associated with 2° € V and f € L2(0,00;H). Then by standard
Sobolev embeddings, we find

12" V22l 0.0est2@1) < Cllz"llog(iocopim @i 12122 0,00s12(0)9): (5-4)
Thus Z is well-defined. Let us set

R =12l e
and
Br = {f € L3(0,00; [L*(Q)1%) 5 Ifll220,005122 () < R}
Then from and ,
IZ() L2 (0,005112 () < 4CR?,

and Bp is invariant by Z for R small enough. Similarly, using (5.4) and ([&.6)), for any f!, f> € Bg, then
IZ(f1) = Z(F) | r20,0002205%) < 2CRIFY = 21112 (0,005L2(20)1%)

and thus Z is a strict contraction on By for R small enough. We thus deduce that Z admits a fixed point f for
HZOH[Hl(Q)]B small enough and we notice that the solution z given in Theorem associated with z° € V and
f € L2(0,00; [L*(Q)]?) is a solution of (5.3).

We have obtained the following local stabilization result for the Navier-Stokes system with internal control
with delay:
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Theorem 5.1. Assume o > 0 and let us define Ny by (T.4). Then there exist K € LS, (R?; L(H)), ¢ € D(A*),
v € [L2(O)?, k=1,...,Ny and R > 0, such that for any

and

ReEH@QP, v-22=0 nQ, 2= onoQ,

||§O — 'LUS”[HI(Q)]S g R,

there exists a unique solution z of (5.1]) with

Ny

o0 =100 ® X ([ [E=ue-n+ [ K-G0 as| o) (59)

k=1

satisfying

7w € L3(0,00; [H*(Q)*) N C([0, 00); [H ()]*) N H, (0, 003 [L* ().

Moreover we have the estimate

17 = w2 0 00stm2@p)nca (0.00ntm @)nE3 0 00i22@p) < ClIE = w7 |z @y (5.6)
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