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The “pits effect” for entire functions of

exponential type and the Wiener spectrum

Jacques Benatar * Alexander Borichev ** Mikhail Sodin ***

Abstract

Given a sequence ¢: Z, — C, we find a simple spectral condition which guarantees the

angular equidistribution of the zeroes of the Taylor series

This condition yields practically all known instances of random and pseudo-random se-
quences & with this property (due to Nassif, Littlewood, Chen—Littlewood, Levin, Eremenko—
Ostrovskii, Kabluchko-Zaporozhets, Borichev—Nishry—Sodin), and provides several new ones.
Among them are Besicovitch almost periodic sequences and multiplicative random sequences.
It also conditionally yields that the Mobius function p has this property assuming “the binary

Chowla conjecture”.

1 Introduction and the main result

Let F¢ be an entire function of exponential type represented by the Taylor series
zn
Fe(2)=) €(n)—, &2 —C.
n>0

As in [2], we are interested in the influence of the sequence £ on the asymptotic be-

haviour of the function Fg, in particular, on the angular distribution of its zeroes.
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Definition 1. The sequence £: Z, — C 1is called an L-sequence, if

M — |Z‘ ) in Llloc<(c) : <1)

t t—o0

In the classical terminology of the entire function theory [11], condition ([I]) means
that the function F¢ has completely regular growth in the Levin-Pfluger sense with the
indicator diagram being the closed unit disk.

Since the L] (C)-convergence of subharmonic fucntions implies convergence in the
sense of distributions, and the Laplacian is continuous in the distributional topology,
(@) yields

%Alog\Fg(tz)|H—o>oA\z| =dr®df, z =re?, (2)

in the sense of distributions, with rdr ® df being the planar Lebesgue measure. De-
noting by ng(r;6;,0y) the number of zeroes (counted with multiplicities) of the en-
tire function F' in the sector {z: 0 < |z <10 <arg(z) < 92} and recalling that
5= Alog |F| is the sum of point masses at zeroes of F, we can rewrite (2) in a more

traditional form: for every 6; < 6s,

(0 — 6, +0(1))r

2T ’

np(r; 01, 0) = r— 00,

which means that the angular distribution of zeroes is uniform, while the radial one is
proportional to r. Littlewood called such behaviour “the pits effect” which he described
as follows: “If we erect an ordinate |f(z)| at the point z of the z-plane, then the
resulting surface is an exponentially rapidly rising bowl, approximately of revolution,
with exponentially small pits going down to the bottom. The zeros of f, more generally
the w-points where f = w, all lie in the pits for |z|] > R(w). Finally the pits are
very uniformly distributed in direction, and as uniformly distributed in distance as is
compatible with the order p” [14, p. 195].

There are no general results providing conditions for a sequence £ to be an L-
sequence, but rather a collection of interesting examples. Most of them required an

individual, sometimes, quite involved, treatment. These examples include:

(a) random independent identically distributed £(n) (Littlewood—Offord [15], Kabluch-
ko—Zaporozhets [9]);

(b) stationary sequences with a logarithmic decay of the maximal correlation coeffi-

cient [2, Theorem 3] and Gaussian stationary sequences [2, Theorem 4];
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(c) £(n) = e(Q(n)), where Q(z) =5, qxx" is a polynomial with real coefficients g,
at least one of which is irrational [2, Theorem 1], a special case £(n) = e(qn?) with
irrational ¢ was treated earlier, by Nassif [17] and Littlewood [I3], when ¢ is a quadratic

irrationality, and then, by Eremenko—Ostrovskii [7], for arbitrary irrational g;

(d) e(n?) with non-integer 8 > 1, for 1 < 8 < 2 by Chen-Littlewood [4], and for g > 2
in [2, Theorem 2];

(e) uniformly almost periodic {(n) (Levin[l1, Chapter VI, §7]).

Here and elsewhere, e(t) = ™,

In this work, we find a simple spectral condition for the sequence £ to be an L-
sequence, which provides an easy and uniform treatment of the aforementioned ex-
amples (the only exception is a result of Kabluchko and Zaporozhets [9] pertaining to
independent random variables which may have no second moment), as well as of several
new ones, which were previously out of reach. Among them are Besicovitch almost pe-
riodic sequences and multiplicative random sequences. It also conditionally yields that
the Md6bius function p has this property assuming “the binary Chowla conjecture”.

Our spectral condition is based on a notion which was at the heart of a generalized

harmonic analysis developed by Wiener [19, Chapter IV]:

Definition 2. Let &: Z, — C. We say that € is a Wiener sequence if for every k > 0

there ezists a (finite) limit

o) = Tm 3 €T ).

n—oo M
0<s<n

Each Wiener sequence ¢ has a unique spectral measure and its support is called
the Wiener spectrum of &. The spectral measure is constructed as follows. Let £ be a

Wiener sequence. Then immediately, £(n) = o(n'/?), n — oco. Furthermore, we set
- 1 _
(k) =g = lim = S ERe(s + k), k>

Now, given j, k > 0, we have

plk =) = Tim S (s -+ )T 1 B
0<s<n
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For any complex numbers ¢, ..., ¢, we obtain
S ek —j) 1}13;05 > chgckfsﬂ E(s+k)
0<j,k<m 0<s<n 0<j,k<m

Z

= hm — ’ E
n—oo M

0<s<n 0<5<m
Hence, by the Herglotz theorem, there exists a positive measure p on the unit circle,
the spectral measure of the Wiener sequence £, such that p(k) = u(k), k € Z.

Our main result is as follows.

Theorem 1. Let & be a Wiener sequence such that the closed support of its spectral

measure is the whole unit circle. Then & is an L-sequence.

It is worth mentioning that one does not need to know the spectral measure p in
order to check that its closed support has no gaps. It is not difficult to show (see [5]
Theorem 1]) that the sequences of measures dyu,(0) = + ’20<s<n§<8)6(—89)’2 df and
dv,.(0) = (1 = r)|fe(re(—0))[*df with fe(z) = Zn>0§(n)z”,_converge weakly to the
measure 4 as n — oo and r — 1 Correspondingly._ Thus, for instance, it suffices to

verify that, for any arc I, liminf u, (1) > 0.
n—oo

The proof of Theorem [l will be given in Section 2} its main idea is similar to the
one used in [2]. Since the sequence & does not grow faster than /n, the upper bound
|Fe(2)] < V/]z] € is a straightforward consequence of the estimates for the Taylor
coefficients. A matching lower bound cannot hold everywhere (the function F¢ has
zeroes), but a simple argument based on the subharmonicity of log|Fg|, yields that it
suffices to find a sufficiently dense set of points z at which such a lower bound exists. We
cannot explicitly locate such points z, instead, in several steps, we estimate from below
the averages of |F¢|? over sets of the form {w = te(p): r <t <r(1+9),|0 — | <}
with any 6 > 1, 0 € [—5, %] and r > r;. This estimate will be based on the spectral
properties of the sequence &.

In Section [3] we discuss various examples of Wiener sequences that have no gaps in
the support of their spectral measures. Likely, all, or almost all of them are well-known
to the experts, however, in combination with Theorem [Ilthey provide new instances of

L-sequences.
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2 Proof of Theorem [1

2.1 Two lemmas on Wiener sequences

Lemma 1. Let & be a Wiener sequence. Then there exists a non-decreasing function
¥, lim, o ¥(x) = 00, such that

‘— EG+R = pk)| € =y =1 [k < (). (3)

0<s<n n

Proof. For every k,
‘1

max|—

n>m|n

Z 5(8)§(8+/€)—p(k)‘ = e(m, k) — 0, m — 0.

0<s<n

Set My = 0. Given m > 1, we can find M,, > M,,_; such that

1
max (M, k) < —
|k|<m m’

and set ¥(x) =m, M,, <z < M;,11, m > 0. O

For a positive function f on [A, B] N Z, we put
def
oscum f = Y Ifl@) = flg=1)].
A<qg<B
Lemma 2. Let £ satisfy [B) for some non-decreasing function ¢, lim,_,., ¥ (x) = oo.
Given integers 0 < A < B and |h| < ¢¥(A) and a positive function f we have
B
‘ Z k"—h Z f ‘ )+OSC[A,B}f)W.
A<k<B A<k<B

Proof. Applying summation by parts and then using (3]), we get

D IRIGE DY noY fk

A<k<B A<k<B
<JA)] Y EWERTR) - p(h)(B - A)]
A<k<B
+ 3 U@ = fla= Dl | Do EWER+R) — p(h)(B — )
A<g<B q<k<B
2B 2B
< f(A)M +A<q<B |f(a) — fla— 1)\@
< 2(f<A) + 08C4,B] f)% ,

which proves the lemma. O
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2.2 A lemma on entire functions of exponential type

Lemma 3 (Lemma 3.2.1 in [2]). Let F' be an entire function of exponential type with

indicator function
)  Jim sup ! log |F(re(6)] <1.

r—00

11

Suppose that for every 0 € [—3, 5] there exists a sequence of R; such that lim;_,o R; =

00, lim; o Rj11/R; =1, and a sequence of 8; — 6 such that

1
lim inf — log | F(R;e(6,))| > 1.
J]—00 7
Then, condition ([Il) holds for the function F, that is, it is of completely reqular growth

with hf' = 1.

2.3 Approximating the Taylor series by an exponential sum

Given r > 0 and an integer N such that N ~ r'/2logr, set

k—r+(k3—r)2+(k—r)3

vk 1) ==, 2%k 32

and

Wen(@) = Y E(k)e(k)e ",

k—r|<N

Furthermore, set U(r) = e /V/2nr.

Lemma 4. Let & be a Wiener sequence. Then

F; 0 —~
FE O W@l =of1), 7,0 € [0.27),
Note that if the Wiener sequence ¢ is bounded, then, as in [2], instead of Wr, N We

can use the sum

Won(0) = Y (k) e(kg) e FH/E,

k—r|<N

which makes the proof of Theorem [Il somewhat simpler (cf. Lemma 4.1.1 in [2]).

Proof. First, we deal with the sum over £ < r — N. Denote by p the largest integer

smaller than » — V. Since the sequence (r"/n!), increases for n < r, we have

k k P
r 12« 327
Do Wl s D RSt

k<r—N ’ k<r—N



2 Proof of Theorem [I] 7

By Stirling’s formula, we have

7"3/2 rP < 7*3/2 Tp+1/2€p
Ulr)p! ™~ erprtl/2

< 2 exp(—(r —N) log(l — g) — N)

el o)

r2

=o(1), r— 0.

Second, we deal with the sum over k¥ > r + N. Denote by p the smallest integer

larger than r + N. Since the sequence (n*r™/n!),, decreases for n > r + 1, we have
T_ 1 /2 rk F32 P
> lewigg = >k i
k>r+N k>r+N
By Stirling’s formula, we have

r3/2 pp

U(r) p!

Finally, we turn to the central group of indices. We have

> cthetko)( k!;k(r) — e ]2

k—r|<N
k 2
< > lal X G ™)

= o(1), r — 00.

|k—r|<N |k—r|<N
Nt :
—_ . _ 7’\/(}677‘)
=o(r)- >, ( Ker € )
er|<N

Again by Stirling’s formula, for |k — r| < N, we have

(o) e ()

(1+O( )) exp(k —T+(k:+1/2)log(1—kgr))
(1+0( )) exp(—(k.7) +0(logr )
(1+0(*5))e,

1+0
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and hence,
Z 2mrr¥ e’Y(k”’))2<@
kler ~ 7»3/2
k—r[<N
Finally,
|[Fe(re(0)| 7
— W, n(0)] = 0o(1), — 0,
o = W@ oD, r o0
proving the lemma. ]

2.4 A lower bound for the exponential sum W (beginning)

Lemma 5. Let £ be a Wiener sequence. Given 6 > 0, r > r(0), and 6 € [0, 27], there
exist 1o € (1,7 + 6r) and 0y € (6 — 6,0 + 0) such that for some (every) N ~ r'/2logr
we have

|Woon(60)] 2 7%,

Beginning of the proof of Lemmal[d. Choose a non-negative even function g € C3(R)
with support on [—1/2,1/2] and such that [ g(p)dp = 1. Fix N ~ r'/2logr. It suffices
to verify that

r4dr 1/2
X = / / W (@) (5~ — 0) ds dip = 1.
r -1/2

Expanding the square we get

r+dr L
X = 5/ ST > Elh)k) e((ky — k2)0) G(0(ky — ky)) e vkt g,

r |k1—s|<N |ka—s|<N
Set
r(14-6)
Vi(t) = / N 4N () Dp— N th-n] (S) e V)= (ths) 4

Then
X=6Y > §(k)E(k + ) e(=h0)g(oh) Vi (k). (4)
|h|<2N r—N<k<r(14+8)+N
To apply Lemma 2, we need to estimate the quantities maxa p) Vi, oscja,p Vi, and
Y oa<ken Va(k) with A =r — N and B = r(1 4+ 6) + N. This will be done next in a
series of lemmas. In what follows, we always assume that the value of r (and hence of

t) is large enough.
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2.5 Estimating the integral V}(?)
The first estimate is a crude upper bound:

Lemma 6. Let |h| <2N. Then

sup Vi < ri/2,
[r—N,r(148)+N]

Proof. Fixr — N <t <r(1+0)+ N. Then, for |s —t| < N, we have

(t—s)
2t

3 Noxy/rlogr 3
CN N NI gt

~y 2 ~Y Y

rooor T

)v(t, s) —

and similarly, for |s — (t + h)| < N, we have

(t+h —s)? log® r
t+h,s) — < .
At + b, s) R ERY
Hence,
_ 2 t~r
0 5 [ (-5 as T v
R 2t
completing the proof. O

This lemma (combined with the decay of the Fourier transform g(dh)) will allow
us to make the sum in A in (@) much shorter, cutting it from |h| < 2N to |h| < logr.
Hence, it will suffice to estimate ), V} (k) and the oscillation of V}, only for || < logr.

In what follows, we assume that |h| < logr. Our next goal is to simplify the

integrand in the definition of V},. First, we note that, for |s — ¢t| < N, we have

(ts _ log?r (t—s)?
ot = (14Qu 1 )+ OB Y e,

where Q € R[z,y] is a polynomial which consists of the terms xy™ with m < 2/, and ¢
1,22 1,23 1.3 4

is a positive number. The exact form of Q (Q(z,y) = —jay + s2%y* — $22y* + ;a’y* +
%Sx4y6) and the value of ¢ (¢ = 9) are of no importance in our analysis. Replacing ¢
by t + h, we see that, for |s — (¢t + h)| < N, we have

log?r

e~ (tths) — (1 +Q(t+h) " t+h—s)+ O(W)) e~ (HHh=s)*/(2)
r

B log” r ()2
= <1+P(h,t 1,t—s)+0( 7 ))e (t=9)%/2t)
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where P € R[h, z,y| is a polynomial which consists of the terms h¥zfy™ with m < 2/,

and p is a positive number. Thus,

r(146)
Vi(t) = / Ny v N (8) Dppn— N h N () X

log? r
X <1—|—P1(h,t’1,t—s)+0( 75/2 ))e’(t’s)%ds

r(146) 1 P ) )
_ / (1 Pt — )+ 0( o8 T)) (=91t 45 1 O (=18’ )

r3/2

(r(14+6)—t)/Vt ) log? r
:\/E/ (1+P1(h,t_1,—u\/¥)) e du+O< ) (s =t+uVt).
(r=t)/vt r

Here, P, € R[h,x,y] is a polynomial of the same structure as P, and the positive

integer value p may vary from line to line.

In what follows, we will separate three ranges of values of ¢: the central part r+ N <
t <r(1+6)— N, and the edges: r—N <t <r+Nandr(1+90)—N <t <r(1+0)+N.

r+ N <t<r(l+9J)— N: Then,

[—clogr, clogr] C [(r— t)/\/Z, (r(140) — t)/ﬂ],

so we can replace the integration over the interval [(r —t)/v/t, (r(1+8) —t)/+/t] by the
integration over the whole real axis, the error we make is O(e_dog2 T). We immediately

conclude that

Vi(t) = (V7 + o(1))VE, r+N<t<r(l+4§)—N,|h| <logr,r —o00. (5)
This yields
Lemma 7. Let |h| <logr. Then

> Vi(k) = (A5 +e(r))r*/?, r— o0,

r—N<k<r(1+6)+N
with As = 2/m((1+ 6)** — 1), and e(r) monotonically decreasing to 0.

Proof. We split the sum into three parts:

Z Vi(k)
r—N<k<r(1+6)+N
-( X o+ + 3 Vak).

r—N<k<r+N r+N<k<r(1+8§)—N r(140)—N<k<r(14+0)+N
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By Lemma[B] the first and the third sum are < /2N < rlogr. In the central sum we
use the asymptotics (H). O

Next, we will show that

Z [Va(k 4 1) = Vi(k)| S V7 (6)

r+N<k<r(1+6)—N

To this end, we will re-write the asymptotics (B)) with a more accurate error term. We

have
_ > kym/2—€, m\ _—u? long
Vh<t) = \/E 1+ Z Z Z Ck"g,mh t u € du + O
o kfm: m<2l r
log? r
o 1 pkp(mt1)/2—0 ( ) '
Vat+ > YN Gy +0(=

klm: m<2l

Each term f(¢) in the triple sum on the RHS satisfies

max '| = O (r3/%%e) r— 00,
[r+N,r(14-8)— N] £ e )

which yields ().
It remains to prove counterparts of the estimate (@) at the edges of the range of t.

r— N <t <r+4 N: In this case, extending the upper limit of the integrals to +o0, we

get

Vi(t) =Vt e du

(r=t)/Vt
oo 1 P
F LS Gttt [ e 0(22).
k. 0m: m<2¢ (r—t)/Vt r

Observe that the function t +— (r — t)/+/t decreases. Therefore, the first term on the

RHS increases with ¢ and satisfies

Y. W = fhE=DI<fr+N) SV
r—N<k<r+N
A similarly straightforward inspection shows that for other terms we have the even

better estimate

> k) = flk=1)| Sloghr.

r—N<k<r+N
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We conclude that

Z [Va(k) = Va(k = )| S V7. (7)

r—N<k<r+N

r(1+0)— N <t<r(l+4d)+ N: Inthis case, extending the lower limit of the integrals
( , g g

to —oo, we have

:\/E(/ —/ )e‘“Qdu
—c0 (r(148)—t)/V1t

+ > > ck,z,mhkﬂmﬂﬂ%’f( / )
k.l

Lm: m<20 -

%) 1 yY
—/ )ume’”2 du + O( o8 T)
(r(1+8)—t)/V/ r

T

which, similarly to the previous case, yields

> [Vi(k) = Vi(k = 1) S V. (8)

r(14+8)—N<k<r(14+46)+N
Combining estimates (@), (@), and (&), we obtain
Lemma 8. Let |h| <logr. Then

S VAl = Valk = D) S V.

r—N<k<r(1+§)+N

2.6 Completing the proof of the lower bound for (1%

Let us return to the proof of Lemma Bl We use that for |h| < 2N,

S etk n)|

r—N<k<r(14+3)+N

1/2 1/2
<( X kwEH)T( X k) SO
r—N<k<r(148)+N r—N<k<r(14+8)+N
Choose a large H < min(logr,(r/2),1/e(r)) with the functions ¢ and ¢ as in
Lemma [3 and Lemma [7l By (d) we have that

X=a> N R+ Re(—hO)FOR)Va(k)

|h|<H r—N<k<r(14+38)+N

<5 > > [E(R)E(K + h) - [g(h)] - Vin(k).

H<|h|<2N r—N<k<r(14+6)+N
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Since |g(6h)| < (6h) 72, using Lemma [§ and estimate (), we obtain the bound

x-s> Y SETE T Be(-10)g (5h)Vi ()

|h|<H r—N<k<r(1+d)+

Next, by Lemma 2], we have that

> CWERFRVAR - o) Y Valk)|

r—N<k<r(1448)+N r—N<k<r(14+0)+N

r
< T AN T— T V

By Lemma [8 the RHS is

S

Thus, recalling Lemma [7, we get that

5(5(7’)—1— ! )r3/2,

> EWER R Valk) - Asp(h)r TR

r—N<k<r(1+§)+N

whence, using once again that [g(dh)| < (6h) 72, we obtain the estimate

32

’X—5A5r3/2 S p(h)e(—h6)G(sh) )_ (5H)

|h|<H

T — OQ.

Arguing as in the proof of Lemma 7.3.1 of [2], we use that

> " p(h)e(—h6)g(sh)

heZ

is the density of the convolution u * gs; at the point —6, where gs(¢) = d1g(6 1),
|p] < 1. Since the support of p is the whole circle and the function g is non-negative,
this value is positive. Hence, for some ¢ = ¢(§) > 0, we have X = (c + o(1))r%/?,

r — 00, and the lemma is proved. O

Theorem [l follows now from Lemmas [3] [4], and Gl O]
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3 Examples to Theorem (1]

3.1 Ergodic stationary processes on 7Z

Let £: Z, — C be a stationary process on Z whose elements have finite second mo-
ment. Then the sequence m +— E[{ (O)M} is positive-definite and may therefore
be expressed as the Fourier transform of a non-negative measure p on the unit circle,
called the spectral measure of the process £&. By the Birkhoff ergodic theorem, almost

surely, the limits
lim = 3 €(s)E(s + b (10)

n—oo N
0<s<n

exist for every k, that is, almost every realization of £ is a Wiener sequence. Generally
speaking, the spectral measure of a realization, as well as its closed support, are random,
but if the process ¢ is ergodic, then the limits (I0]) are not random and coincide with the
Fourier coefficients fi(k). That is, for ergodic stationary processes on Z, for almost every
realization, its spectral measure coincides with the spectral measure of the processes,

cf. [3, Section 2]. Combining this discussion with our Theorem 1, we obtain

Corollary 1. Let & be an ergodic stationary process on Z with no gaps in its spectrum.

Then, almost surely, £ is an L-sequence.

This corollary removes unnecessary assumptions in Theorem 3 from [2] where it
was assumed that the sequence £ is bounded and has strong mixing properties.
It is worth mentioning that, as follows from [2, Theorem 4], for Gaussian stationary

processes on 7Z, Corollary [l holds without the ergodicity assumption.

3.2 Besicovitch almost-periodic sequences

For functions (sequences) s: Z, — C, define a semi-norm

el = timsup - S (€)1

0<s<n

Two sequences & and & are said to be equivalent if € — q | = 0. For instance, any
sequence € with £(n) = o(1) as n — oo, is equivalent to the zero function. By ¢* we
denote the linear space of the equivalence classes equipped with the norm || - ||. One

can show that this space is complete.
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By P we denote the linear hull of the exponentials, i.e., the elements of P are the

finite linear combinations of exponentials

P(n) = Z exex(n),

AEA

where e)(n) = e(An), and A C T is a finite set, the spectrum of P.
Definition 3. The Besicovitch space B? is the closure of P in (2.

We say that a sequence ¢: Z, — C has a mean if the following limit exists (and is
finite):

1
M(&) = lim — 0;n£<s>-

The following two facts are relatively straightforward:

-~

1. For any £ € B% and any A € T, the Fourier coefficient of £ at A, i.e. £()\) =
M(&e_,) is well defined.

2. For any &, 1 € B2, the mean M(£7) exists. It defines the scalar product (£,n) =
M(£7) in B2. Hence, the Cauchy—Schwartz inequality |(£,n)| < ||€]] - ||n]|| holds
for every &, € B2

Noting that the translations &,,(n) = £(n+m), m € N, preserve B?, we conclude that
any B?-sequence is a Wiener sequence. Furthermore,

~

3. The set Ae = {A: £(N) # 0} (called the spectrum of &) is countable, and the

~

Parseval identity ||£]|? = Z)\EAg |€(X)]? holds.

~

Then, the spectral measure p of £ is nothing but Z/\GAé |E(X)]? 8y, where 6y is the unit
point mass at .

Combining these preliminarie with Theorem 1, we arrive at

Corollary 2. Any B%-sequence whose spectrum is dense in the unit circle is an L-

sequence.

! The reader will find more details, for instance, in [6, Sections 2.6, 3.4, 4.2 ] (where the Besicovitch

almost-periodic functions on R are treated) as well as in [T, Section 3].
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If the sequence ¢ is uniformly almost-periodic, then the function F; has a completely
regular growth in the sense of Levin-Pfluger with the conjugated indicator diagram
being the convex hull of the spectrum A¢. This is a theorem of Levin [I1], Section VI.5]
(for a relatively self-contained proof see [2, Theorem 5]). If the spectrum A¢ is dense in
T, then the conjugated indicator diagram is the closed unit disk. In this special case,
Corollary 2 provides a much stronger resultH. On the other hand, it is not difficult to
construct a bounded B2-sequence & such that the closure A¢ ; T, but still the indicator
diagram of F is the closed unit disk (i.e., the Phragmén-Lindeldf indicator hp, = 1).

This leaves no hope to extend the general case of Levin’s theorem to B2-sequences.

3.3 Unimodular pseudo-random sequences
3.3.1

Corollary 3. Let (a,)n>1 be a sequence of positive integers such that for every k > 1,
the sequence (anir — Gn)n>1 consists of distinct numbers. Then for almost every real
number x, the sequence (e(an,x))n>1 is a Wiener sequence, its spectral measure being
Lebesgue measure on the unit circle, and, hence, this sequence is an L-sequence.

In particular, for almost every real number t and for every natural number a > 2,

the sequence (e(a”t))n>1 is an L-sequence.

Indeed, we fix k& > 1, consider the sum
> cla) elamin) = 3 el(ar — ani)),
0<s<n 0<s<n
and apply the classical theorem of Weyl (see, for instance, [10, Theorem 4.1 in Chap-
ter 1]), which says that, given a sequence (b,) of distinct integers (in our case, b, =

Ay — pyg), for almost every real number z,

Z e(bsz) = o(n), n — 0o.

0<s<n

3.3.2

Corollary 4. Let a > 0, 3 > 1, 3 & N. Then the sequence (e(an?)),>, is a Wiener

sequence, its spectral measure being Lebesque measure on the unit circle, and, hence,

2 For instance, uniform almost-periodic sequences cannot attain finitely many values, while there
are plenty of B2-sequences that attain only finitely many values and have a spectrum that is dense in

T. One of the simplest examples is, probably, £(n) = (—1)l*" with irrational a.
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this sequence is an L-sequence.

For 1 < # < 2, this follows from a result of Chen and Littlewood [4]; for 3 > 2,
B ¢ N, this was proven in [2, Theorem 2]. The techniques used in these cases were quite
different and the case 1 < < % required a rather elaborate argumentH. Theorem [I]
combined with classical van der Corput estimates of exponential sums allows us to
treat both cases in a simple and uniform manner.

Let us also mention that for 0 < 8 < 1, the sequence (e(an?)),>; is a Wiener
sequence, its spectral measure being the unit point mass at 1. It is not difficult to
show that the corresponding entire function F; has the Phragmén-Lindelof indicator
hi(0) = cosy 0 (cf. [7, Theorem 2]), which is obviously incompatible with ¢ being an

L-sequence.

Proof. We need to show that for every m > 1,

1
im — E F_ash) =
ng;on0<<e(a(s+m) as”) = 0.

Set ¢(t) = a(t +m)? — at®.
For 1 < 8 < 2 we apply a van der Corput estimate [I0, Theorem 2.7 in Chapter 1].

We have .

1 _
]5 S e(gb(s))’ S ST P2

0<s<n
For 5 > 2 we use another, more elaborate, van der Corput bound [I8, Theo-
rem 5.13]. Choose an integer k& > 2 such that k < 8 < k + 1 and fix M = 2.
Since

nfhL < G0 (4) < plkHi=B)/4pf—h-1 n3t <t <n,

~Y

we have

DIRCOIEL AN S )]

0<s<n n3/4<s<n

< /A BB/ (3R /(M=2) (/M) | (=B (M2) _ )

as n — 0o. ]

3 Note that Chen and Littlewood proved a much finer result: they found an asymptotic location

of zeroes of the entire function F¢.



3 Examples to Theorem [II 18

We note that, likewise, one can show that if Q(z) = ZZ:Q gex® is a polynomial with
real coefficients ¢ and at least one of the coefficients is irrational, then the sequence
(e(Q(n))n>1 is a Wiener sequence whose spectral measure is the Lebesgue measure on
the unit circle. Therefore, this sequence is an L-sequence. The latter conclusion is
Theorem 1 from [2].

3.4 Arithmetic multiplicative functions

Recall that an arithmetic function f: N — C is called completely multiplicative if
f(n)f(m) = f(nm) for all natural n,m, and multiplicative if f(n)f(m) = f(nm) for

all mutually prime natural n, m.

3.4.1 The Mobius function

The classical Mobius function p is defined by

1, n square — free with an even number of prime factors;
pu(n) =< —1, n square — free with an odd number of prime factors:
0, otherwise.

One instance of the well-known Chowla conjecture (the so called “binary Chowla con-

jecture”) asserts that, for every k > 1,

S u()uls + k) = o(n),  n— oo, (11)

1<s<n
that is, p is a Wiener sequence whose spectral measure is the Lebesgue measure. Thus,

applying Theorem [Il, we get

Corollary 5. Assuming Chowla’s conjecture (), the sequence (pu(n))n>1 is an L-

sequence.

The question on the asymptotic behaviour of the Taylor series of the form

Z win) apz"

n>1

was raised by Paul Lévy in [12, Section 18]. He hinted that the positive answer to the

Riemann hypothesis would provide information on this asymptotic behaviour.
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3.4.2 Random multiplicative functions

Denote by P the set of prime numbers. Let (X,),cp be a sequence of independent
Steinhaus random variables (i.e., uniformly distributed on the unit circle), and let
(Y,)pep be a sequence of independent Rademacher random variables (i.e., taking the
values +1 with equal probability). We consider two random functions: a Steinhaus

random completely multiplicative function s determined by &s(p) = X,,, p € P, that is,
&) = [ (X)
p*lln

and a Rademacher random multiplicative function & determined by &(p) = Y,, p € P,

on the square-free indices p and 0 elsewhere, that is,

IL,,, X, nissquare — free;
gR(n) — |

0 otherwise.

The function £ randomizes the prime factorization of integers, while the function & is
a randomized version of the Mdbius function. The study of these random multiplicative

functions has a long history and goes back, at least, to Wintner [20].

Theorem 2. The sequences &g and & are almost surely Wiener sequences, their spectral
measures being Lebesque measure on the unit circle, and, hence, these sequence are

almost surely L-sequences.
The proof is based on the following lemma:

Lemma 9. Given k > 1, we have

E| > ()& 1 B)|F = om™

m<s<Aim

E [ Z Er(s)&r(s + k) ]2 = O(m7/4) )

m<s<Am
uniformly in X € [1,2].

Proof. Since

E’ Z &s(s fss—i-k’ ZZ fsslfs81+k)fs(52)fs(82+k))

m<s<Aim m<s1,52<Am
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and the Steinhaus random variables X, p € P, are independent, after a minute reflec-
tion we convince ourselves that
2
E‘ Z &s(s)és(s+ k)| < card(B),
m<s<Am

where
B = {(s1,52) € [m,Am] x [m, Am] : s1(s1 + k)sa(s2 + k) is a square}.

Similarly,

E[ Z &r(s)&r(s + k)]2 = card(B).

m<s<Am
It remains to estimate the cardinality of the set B.

Given (s1,s2) € [m, Am] x [m, Am], set di = ged(sy, s1+ k), do = ged(sz, s2 + k).
Then d; and dy are divisors of k. Next, let €2, f2, €3, f2 be the largest square divisors
of s1/dy, (s1 + k)/dy, se/da, and (sg + k)/ds. Then (s1,s2) € B if and only if

(s1/dr) - ((s1+ k)/dv) _ (s2/da) - (52 +F)/ds)
et ft €3 f3
Let By = {(s1,52) € B: e, fi < m!'/3}, By = B\B,. First, we will bound the cardinality
of By and then of B,.
For every choice of sq,dy, €1, f1, the integer s; divides M = sy(sy + k)el f2d? (recall
that si(s; +k)e2fids = so(se+k)e? fd3), and the number of divisors of M is O(M¢) =

O(m*), e > 0 (see, for example, [8, Theorem 315]). Furthermore, the number of

different choices of sy is ~ m; there is only a bounded number of different choices of
d; (since the integer k is fixed and d; divides k); and the number of different choices

of e1, as well as of f; does not exceed m'/3. Thus,
card(B;) <. m/te

To bound the cardinality of By, we observe that if (sq,s2) € Bg, then either e; >

m!3 or fi >m'/3. Now,

Card{<81,32) €EB:e; > ml/3} < Z Z Z 1

m1/3<61§()\m)1/2 m<s1,52<Am

S1 :ue%

m5/3.

N

]
EXE

N

e1 >m1/3

In the same way, card{(sl, so) €EB: f1 > m1/3} < mb/3, O
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Proof of Theorem[2. Let £ be either & or &. We will show that £ is a Wiener sequence
with the spectral measure being the Lebesgue measure on the unit CircléH. The rest
follows from Theorem [

Fix k£ > 1 and split the sum

> s)E(s+ k)
s>1
into the blocks m?® < s < (m +1)?°, m = 1,2,.... By Lemma[d for every m > 1, we

have
P(’ Z ﬂ@W’ > m(15/16>'20) < /8,

m20< s< (m+1)20

and hence, by the Borel-Cantelli lemma, almost surely, for sufficiently large m,

Y @R | <mo

m20< s< (m+1)20

Therefore, almost surely,

DIRICCES] ER SN B SO cen ] A S

1<s<n 1<0<[nt/20] £20<s<(€41)%0 [n1/20]20<s<p
< Z (754 4 plo/20 < TR0 | p19/20 iy n— 00,
1<0<[n1/20]
proving the theorem. O
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