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1 Introduction

1.1 Problem addressed, motivation and results

We consider a set of M jointly stationary zero mean complex-valued scalar time series, denoted as y1 ;- . ., Yasr,n,
where n € Z. We assume that the joint distribution of ((Ym,n)nez),,—; as i the circularly symmetric com-

plex Gaussian law!, and that for each m = 1,..., M, the values taken by ¥y, 1,...,ym n are available. In
this paper, we study the behaviour of linear statistics of the eigenvalues of a certain large random matrix
built from the available data when the M time series (Y )m=1,...,m are uncorrelated (i.e. independent) and
that both M and N are large. Our results are potentially useful in order to address the problem of testing
whether a large number of time series are uncorrelated or not.

In order to introduce the large random matrix models that we will address in the following, we consider
a column vector gathering L consecutive observations of the mth time series, namely

yrlr/L,n = [ym,'ru (RS ym,nJrLfl]T

and from this build an M L-dimensional column vector

vi=oh) " )]

We will denote by R the so-called ML x ML spatio-temporal covariance matrix of this random vector,

T

ie. R =E |yL (yﬁ)H} where (-)# stands for transpose conjugate. Clearly, the M series (Ym)m=1,...m are
uncorrelated if and only if, for each integer L, matrix Ry, is block-diagonal, namely

RL = Bdiag (RL)

LAny finite linear combination z = Z%zl 3-]:1 @;jYm,n; of the random variables ((ym,n)nez)m=1,...,m is distributed

according to the distribution N¢(0,2), i.e. Rez and Imz are independent and N'(0,62/2) distributed, where 62 > 0 is the
corresponding variance



where, for an ML x ML matrix A, Bdiag (A) is the block-diagonal matrix of the same dimension whose
L x L blocks are those of A. We notice that the L x L blocks of Bdiag (Rr,) are the L x L Toeplitz matrices
Rm,r, m=1,..., M, defined by

{Rm,L}M/ =1y (k—Fk)

where 7y, (k), k € Z, is the covariance sequence of the mth time series, defined as

rm (k) = /0 Sm (v) ™ VEqy, (1.1)

where for each m, S, represents the spectral density of (ymn)nez. We will denote by Reorr,r the block
correlation matrix defined by

Reorr.r, = By PR B, ? (1.2)

where
BL = Bdlag(RL)

Consequently, Ry, is block diagonal for each L if and only if Reorr,z. = Insr for each L. If we assume that
for each m = 1,..., M, the observations ¥, 1,...,ym,n are available, a possible way to test that the time
series (Ym )m=1,...,m are uncorrelated thus consists in estimating Reopyr,r for a suitable value of L, and in
comparing the corresponding estimate to Ip/r. In the following, we consider the standard sample estimate
Reorr,1, defined by

Reom,r = By *RipB, " (1.3)
where R 1 is the empirical spatio-temporal covariance matrix given by
~ 1 & H
Rr=+ zzlvaz (vr) (1.4)
n=

and where B 1, is the corresponding block diagonal
B\L = Bdiag(’féL).

A relevant question here is how to choose the lag parameter L. On the one hand, L should be sufficiently
large, because this allows to identify correlations among samples in different time series that are well spaced
in time. For instance, two time series chosen as copies of the same temporally white noise with a relative
delay higher than L lags will be perceived as uncorrelated by examination of Reopr, 1, Which is of course far
from true. On the other hand, L should be chosen sufficiently low so that M L/N << 1 in order to make the
estimation error ||7/€COH7 1 — Inp|| reasonably low under the hypothesis that (ym,)m=1,.. . are uncorrelated,
to be referred to as the hypothesis Hy in the following. If the number M of time series is large and that
the number of observations N is not unlimited, the condition M L/N << 1 requires the selection of a small
value for L. Such a choice may thus reduce drastically the efficiency of the uncorrelation tests based on
IRcorr,z. — Insr|l. Finding statistics having a well defined behaviour under Hy when ML and N are of the
same order of magnitude would allow to consider larger values of L, and thus would improve the performance
of the corresponding tests. In this paper, we propose to study the behavior of spectral statistics built from
the eigenvalues of Reorr,, which will be denoted by (Mg n)k=1,.. amr. More specifically, we will consider
statistics of the form

- 1 . 1 ML R
o = T |6 (Reom)| = 777 >0 (Av)

where ¢ is assumed to be a suitable function, and will study the behaviour of QASN under Hp in asymptotic
regimes where M, N, L converge towards +oco in such a way that cy = % converges towards a non zero
constant ¢, € (0,+00).

The main result of this paper establishes that under the above asymptotic regime, (EN converges almost
surely towards the integral of ¢ with respect to the so-called Marchenko-Pastur distribution. In order to ana-
lyze the asymptotic behavior of the above class of statistics, we use large random matrix methods that relate



the quantity ¢ with the empirical eigenvalue distribution of ﬁcom L, denoted diin (\) = i QiLl 0

that is

A—j\k)N7

oN = /¢()\) diin (N).

We will establish the behavior of qASN by studying the empirical eigenvalue distribution din(\). More
specifically, we will first establish that there exists a deterministic probability measure duy(A) such that,
for each bounded continuous function ¢ defined on R, it holds that

On — | oW dun(3) =0 (1.5)

almost surely. Moreover, we will also prove that the deterministic sequence (un)n>1 converges towards the
Marcenko-Pastur distribution fim,p ., with parameter c,.. We recall that for each d > 0, ft;p, 4 is the limit of
the empirical eigenvalue distribution of a large random matrix %XX* where X is a J x K random matrix
with zero mean unit variance i.i.d. entries and where both J and K converge towards +oco in such a way
that % — d. This in turn will imply that, in the above asymptotic regime,

o~

on = [ 60 dhpe. (V) (16)
R+

holds. This result potentially allows to test whether the M time series yi,...,yn are uncorrelated by

comparing linear spectral statistics such as ¢y to their limits under Hy. The detailed study of such class of

tests will be conducted in a future work.

1.2 On the literature

Testing whether M time series are uncorrelated is an important problem that was addressed extensively
in the past. Apart from a few works devoted to the case where the number of time series M converges
towards 0o (see below), the vast majority of published papers assumed that M is a fixed integer. In this
context, we can first mention spectral domain approaches based on the observation that the M time series
(Y1,n)nezs - - - » (YM,n)nez are uncorrelated if and only the spectral coherence matrix of the M—variate time
series (Yn)nez, where ¥, = (Y1.n,- .-, Ynmn)?, is reduced to I at each frequency. Some examples following
this approach are [27], [26], [7], [8]. A number of papers also proposed to develop lag domain approaches,
e.g. [14], [15], [6], [18] which considered test statistics based on empirical estimates of the autocorrelation
coefficients between the residuals of the various time series. See also [9] for a more direct approach.

We next review the very few existing works devoted to the case where the number M of time series
converges towards +o0o. We are just aware of papers addressing the case where the observations y1,...,yn
are independent identically distributed (i.i.d.) and where the ratio % converges towards a constant d € (0, 1).
In particular, in contrast with the asymptotic regime considered in the present work, these papers assume
that M and N are of the same order of magnitude. This is because, in this context, the time series are
mutually uncorrelated if and only the covariance matrix E(y,y}) is diagonal. Therefore, it is reasonable to
consider test statistics that are functionals of the sample covariance matrix % Zﬁ;l ynyH2. In particular,
when the observations are i.i.d. Gaussian random vectors, the generalized likelihood ratio test (GLRT)
consists in comparing the test statistics log det(?@corr) to a threshold, where ﬁcorr = ﬁcoml represents the
sample correlation matrix. [16] proved that under Hy, the empirical eigenvalue distribution of Reore converges
almost surely towards the Marcenko-Pastur distribution fi,,, ¢ and therefore, that ﬁTr(gb(chon)) converges
towards [ @(A)dpmp,a(A) for each bounded continuous function ¢. In the Gaussian case, [17] also established

a central limit theorem (CLT) for log det(Reorr) under Hp using the moment method. [5] remarked that,
in the Gaussian real case, (det(Reorr))™/? is the product of independent beta distributed random variables.
Therefore, log det(ﬁcorr) appears as the sum of independent random variables, thus deducing the CLT. We
finally mention [21] in which a CLT on linear statistics of the eigenvalues of 7@60” is established in the
Gaussian case using large random matrix techniques when the covariance matrix E(y,y) is not necessarily

diagonal. This allows to study the asymptotic performance of the GLRT under certain class of alternatives.



It is also relevant to highlight the work in [19] and [20], which addressed the asymptotic behaviour of the
empirical eigenvalue distribution of matrix Ry in the asymptotic regime considered in the present paper.
More specifically, [19] assumed that the M mutually independent time series y1,...,yar are i.i.d. Gaussian
and established that the empirical eigenvalue distribution of RL converges towards the Marcenko Pastur
distribution fi;p... Moreover, if L = O(N®) with 8 < 2/3, it is established that almost surely, for N
large enough, all the eigenvalues of Ry, are located in a neighbourhood of the support of fimpc.. In [20],
the mutually independent time series y1,...,ya are no longer assumed i.i.d. and it is established that the
empirical eigenvalue distribution has a deterministic behaviour. The corresponding deterministic equivalent
is characterized, and some results on the corresponding speed of convergence are given. As it will appear
below, the present paper uses extensively the tools developed in [20].

1.3 Assumptions

Assumption 1. All along the paper, we assume that M — +o00, N = +00 in such a way that cy = % —
Cx, where 0 < ¢, < 400, and that L = L(N) = O(N?) for some constant 3 € (0,1). In order to shorten the
notations, N — 400 should be understood as the above asymptotic regime.

As M = M(N) — +o0, we assume that an infinite sequence (y,)m>1 of mutually independent zero
mean circularly symmetric complex Gaussian time series with spectral densities (S,,(V))m>1 is given. We
will need that the spectral densities are bounded above and below uniformly in M, namely

Assumption 2. The spectral densities are such that

sup max Sp (V) = Smaz < +00 (1.7)
m>1veE[0,1]

inf in S, = Smin > 0. 1.8
Juf, min. (v)=s (1.8)

Let us denote by rj; the M-dimensional sequence of covariances, namely
rar(k) = [ri(k), ... rar(k)]" (1.9)

where 7, (k), m = 1,...,M are defined in (1.1). We can consider the sequence of Euclidean norms
{llrar(k)||}pcz- At some points, we will need the corresponding series to be of order O(v M).

Assumption 3. The multivariate covariance sequence ry; defined in (1.9) is such that

1
sup T Z lrar(B)|| < +o0.

M=1 kez

If (rm)m>1 represents the corresponding infinite autocovariance sequences, we will also need to impose
some assumptions that impose a certain rate of decayment of sup,,>1 > x> ,41 [7m (k)| when n — +oo. To
that effect, we introduce the weighting sequence (w(n)),, ., defined as

w(n) = (1+ |n|)

where v > 0 is given. This sequence belongs to the class of strong Beurling weights (see [24], Chapter 5),
which are functions w on Z with the properties: (i) w(n) > 1, (i) w(n) = w(—n), (iii) w(m+n) < w(m)w(n)
for all m,n € Z and (iv) n=tlogw(n) — 0 as n — oco. We define £, as the Banach space of two sided
sequences a = (a(n)),, o, such that

o0 o0

lall, = Y wm)lam)= " 1 +In)"|a(n)] < +oc.

n=—oo n=—oo



When v = 0, w(n) = 1 for each n, and £, coincides with the Wiener algebra ¢; = {a = (a(n)),,cz, llall; <
+o00}. For each v > 0, it holds that |[al|; < ||a]|,, and that ¢; is included in £,,. The function }_, ., a(n)e? ™™
is thus well defined and continuous on [0, 1], and we will identify the sequence a to the above function. In
particular, with a certain abuse of notation, Y, ., a(n)e* ™ will be denoted by a(e*™) in the following.
We can of course define the convolution product of sequences in £, namely

(a1 xaz) (n) = Z ai(m)az(n —m)

meZ

which has the property that [|a; * az||,, < [lai]|, |laz]|,, and therefore a; * az € £, . Under the convolution
product, we can see £, as an algebra (the Beurling algebra) associated with the weight w.

Assumption 4. For some vy > 0, the covariance sequence r., defined in (1.1) belongs to £, for each m,
where wo(n) = (1 + |n|)7. Moreover, it is assumed that

sup || l,,, < oo (1.10)
m>1

Note that the fact that r,, € ¢, implies that, for each 0 < v < =g, we have 7, € £,, where w(n) =
(1+|n[)”. Moreover, (1.10) allows to control uniformly w.r.t. m of the remainder } 7 <, 1) [Tm(k)|. Indeed,
observe that we can write -

Il = > A+ ED (B 207 Y (k).

[k|>n+1 |k|>n+1

Therefore, (1.10) implies that
K

sup S (k)] <

USSP

e (1.11)

for some constant k.

1.4 Main Results

The main tool in order to study the statistics that are relevant here will be the Stieltjes transform of the
empirical eigenvalue distribution of the estimated block correlation matrix Rcorr,z defined by (1.3). More

~

specifically, we will denote by ¢n (z) the Stieltjes transform of the empirical eigenvalue distribution of Reor. 1.,

that is
ML

1 1 1
in(2) = diiny(N) = =
in(2) /R+>\—Z fin (A) MLkZ:l)\k,N_Z

which is defined for z € C\ RT. This function can also be written as ¢y (z) = ﬁTrQN(z) where Qv (2) is

the resolvent of matrix ﬁ,mm 1, hamely

Qn(2) = (ﬁcorr,L - ZIML)_1 . (1.12)

Each realization of the resolvent can be identified with the Stieltjes transform of a positive matrix valued
measure carried by R* with total measure I, (see Proposition 1.1 below for details).

Definition 1. We denote by Sy (RT) the set of all ML x ML matriz valued functions defined on C\ R

by
Sun®) ={ [ 5T uiv]

where p is a positive ML x ML matriz-valued measure carried by RT satisfying p(RT) = Iy p.




In some parts of the paper, we will need to bound quantities by constants that do not depend on the
system dimensions nor on the complex variable z. These will be referred to as “nice constants”.

Definition 2 (Nice constants and nice polynomials). A nice constant is a positive constant independent
of the dimensions L, M, N and the complex variable z. A nice polynomial is a polynomial whose degree is
independent from L, M, N, and whose coefficients are nice constants. In the following, k and Py, Py will
represent a generic nice constant and two generic nice polynomials respectively, whose values may change
from one line to another. Finally, C(z) will denote a general term of the form C(z) = Pi(|z])P2(1/4.,),
where 6, = dist(z, RT).

We present now the first result of this paper, which basically shows that, in the sense of almost sure weak
convergence, the empirical eigenvalue distribution of Reorr,r, has a deterministic behaviour. More specifically,
the following theorem states that the function gy (z) asymptotically behaves as a deterministic equivalent
2 Tr(Tn(2)), where the ML x ML matrix function Ty (z) can be obtained as the solution to a certain
system of equations, see (4.1-4.2) in Section 4.

Theorem 1. Under the above set of assumptions, there exists a function T n(2) of Sarr(RT) with associated
measure [y, such that

dn(z) — mTT(TN( z)) =0 (1.13)

almost surely for each z € C\RT, where 577 Tr(Ty(2)) is the Stieltjes transform of the probability measure
UN = ML Tr(py ). Moreover, for every bounded continuous function ¢, we have

T (6Ream ) = [ 6N (x (114)

almost surely.

The proof of Theorem 1 is established in Sections 2 to 5. We summarize the main steps of the proof in
what follows:

(i) First, it is shown in Section 2 that the eigenvalue behavior of ﬁcorr, 1 can be studied by examining the
eigenvalue behavior of the matrix

ﬁcorr,L = 821/2 7/?\'L 821/2 (115)

in the sense that ||7?,Corr L — Reorr,1.|| = 0 almost surely. Note that Reorr 1, is matrix defined in the same
way as RCO” 1 by replacing the estimated block-diagonal autocorrelation matrix BL = Bdlag(RL)
by its true value By = Bdiag(Rp), which in fact coincides with Ry (we are assuming independent
sequences). This will imply that the individual eigenvalues of both matrices have the same asymptotic
behaviour with probability one, and the same property holds for the linear statistics built from them.
It will therefore be sufficient to study the behaviour of the empirical eigenvalue distribution of ﬁcom L
in the rest of the paper, which will be denoted as dfi, (A). More specifically, we will devote most of the
paper to the analysis of the Stieltjes transform associated to this measure, defined as

1

CIN(Z) - R+ )\*Z

1
iy () = 1 T ()
on z € C\ R*, where Qn(2) is the resolvent of Reorr, 1, namely

Qn(z) = (ﬁcornL - ZI]\/[L)i1 . (1.16)

Sections 3 to 5 are devoted to the analysis of gn(z). We adapt the tools developed in our previous
work [20] devoted to the study of the empirical eigenvalue distribution of matrix Rp,.



(ii) Section 3 begins the analysis of the resolvent Qun(z) by considering an arbitrary sequence of deter-
ministic ML x ML matrices (An)n>1 satisfying supy ||[An|| < +oo and analyzing the behavior of
quantities of the form ﬁTr(A ~NQn(2)). More specifically, it is first established that

var | 5T Qu2Aw)| = 0 (177 ) (117

and that, for each bounded continuously differentiable function ¢ with bounded first derivative,

var [jwlLTr ((b(RCOmL))] =0 (MlN> : (1.18)

Given the fact that ﬁ N2 ~2—=7 and 2 — 3 > 1, the Borel-Cantelli lemma implies that these quantities
asymptotically concentrate around the correspondmg expectations with probability one. Following a
standard tightness argument, the statements of Theorem 1 are a consequence of the convergence of the
expectation EQy(z), which is analyzed following the steps in [20, Section 4].

(iii) Section 4 presents and studies the master equations that define the matrix function Ty (z) in the
statement of Theorem 1. The main objective of this section will be to establish existence and unicity
of the solution to the master equation, which will involve the study of several linear operators using
the tools developed in [20, Section 5].

(iv) Finally, Section 5 establishes that

7 T IEQx (2)) — Ta(2) An] =0

showing that indeed Ty (z) is the asymptotic deterministic equivalent of Qu (z). Taking Ay = I/ and
using that 717 Tr [Qn(z) — E(Qn(2))] — 0 almost surely, we obtain that gn(z) — ;7 Tr (Tn(2)) = 0
almost surely. This, in turn, justifies (1.13) as well as (1.14).

Furthermore, assuming that ﬁ/fjv — 0 (which is equivalent to 8 < %),
T [(B(Qu ()~ T (2) An]| < C() 17 (1.19)
ML V= NEDENI = SEIN '

holds for each z € C\ RT and N large enough, where C(z) = Pi(|z|)P2(5-) for some nice polynomials
Py and P, as specified in Definition 2. We will be able to conclude from (1.19) that

‘E(]V}LTr(cﬁ( L) R ‘ 0<MLN) (1.20)

for each compactly supported smooth function ¢.

In the last part of the paper, we will see that the deterministic sequence of probability measures (un)n>1
associated to the sequence of Stieltjes transforms (ﬁTr T n(2))n>1 converges weakly towards the Marcenko-
Pastur distribution fiy,yp ... For this, it will be crucial to rely on Assumption 4, which basically states that

sup Z(l + |[n|)"°|rm(n)] < 400
™ ez

for some ~yy > 0.

In order to present the main result more formally, let us denote by ¢x(z) the Stieltjes transform of the

Marcenko-Pastur 1aw fiy,p ¢, associated to the parameter cy = % In other words, for each z € C\ R™,
tn(z) is the unique solution of the equation
1
tn(z) = ————— (1.21)

—z+ 1+entn (Z)



for which W >0if z€ C\Rand ty(z) > 0if z < 0. If Tn(2) represents the deterministic equivalent
of Qn(z) solution of the equations (4.1, 4.2), the following theorem establishes that, for each v < 7o, v # 1,
the Stieltjes transform -7 Tr'T n(z) is well approximated by ¢x(z), up to an error of order O(L~™in(1:),

Theorem 2. There exist two nice polynomials Py and Py as given in Definition 2, such that for each v < g,
v # 1, the inequality

1 1
T () = (el < ey PP (5 ) (122
holds for each z € C\ R*. Moreover, for each compactly supported smooth function ¢, we have
K
¢ ) dpn (A </5 ) ditmp,en (A) < (1) (1.23)

for some nice constant k.

The proof of the above result is given in Section 6. The key point in order to establish (1.23) will be a
result that is established in Lemma 6.1, which basically states that

_ 1
sup sup |Sp,(v)aL ()R, ar(v) - 1‘ = 0 (Lmin(l 7)> ;Y <%0,7 # 1
m ve(0,1] ’
log L
= L y=1<
I Y Yo
where ar, (1) represents the L-dimensional vector
1 ( 2i 2in(L—1)w\ .
an(v) = —— (1,62, ... ¥ )”) . 1.24

This result, proved in Appendix B, is obtained by remarking that ar (v)? R;lLaL (v) can be expressed in
terms of the orthogonal Szegd polynomials associated to the measure S,,(v)dv, and by adapting to our
context certain asymptotic related results presented in [24, Chapter 5].

The above results allow to conclude that the variance of MLTr ((b( corr, L) ) J o(N)dpimp,en (A) is a
(’)(MN) term while its bias is (’)( <)+ O (W) if 8 < g for each v < 79, 7 # 1. This analysis should
of course be extended in order to have a clear understanding of the asymptotic behaviour of the probability

distribution of 177 Tr ((Z) corr,L ) J @(N)dptmp e (A). This important question is however outside the scope
of the present paper.

1.5 Notations

We will write the normalized observations as w, y = ﬁyL (n), where n =1,..., N and
Wy = [Wi N, ..., WN N (1.25)

Therefore R 1 coincides with R L :lV NW%. We recall here that we denote by By, the block diagonal matrix
BdiagR1, = Rr. Now, the matrix Rcorr,r, under study is given by

Reorns = B P WyWHB /2

In the following, we will often drop the index N, and will denote W, w; v, Qn,... by W, w;,Q,... in
order to simplify the notations. For 1 <[ <L, 1 <m < M,and1<j <N, WZ"] represents the entry
(i4+ (m—1)L,7) of matrix W.

In general terms, if A is a M Lx M L matrix, we denote by A;"""* the entry (i1 +(m1—1)L, ia+(ma—1)L)

11,22

of matrix A, while A™1"™2 represents the L x L matrix (A?f,lzgw)lg(il,iz)sb For each j = 1,..., N, e;



represents the ;" vector of the canonical basis of CYN and for i = 1,...,L

(i + (m — 1)L)™ vector of the canonical basis of CML.

,L,m = 1,...,M, £f" is the

The set C* is composed of the complex numbers with strictly positive imaginary parts. The conjugate
of a complex number z is denoted z*. If z € C\ RT, we denote by §, the term

§, = dist(z,RT). (1.26)

The conjugate transpose of a matrix A is denoted A while the conjugate of A (i.e. the matrix whose
entries are the conjugates of the entries of A) is denoted A*. ||A|| and ||A||r represents the spectral norm
and the Frobenius norm of matrix A respectively. If A and B are 2 matrices, A ®B represents the Kronecker
product of A and B, i.e. the block matrix whose block (4, j) is A; ; B. If A is a square matrix, Im(A) and
Re(A) represent the Hermitian matrices

A - AH A+ Af
Im(A) = —— A)=———.
m(A) = 2 A Re(a) = AL
If (An)n>1 (resp. (by)n>1) is a sequence of matrices (resp. vectors) whose dimensions increase with N,

(AN)N>1 (resp (bx)n>1) is said to be uniformly bounded if supys; [An| < 400 (resp. supys; [[by| <
+00).

If v € [0,1]) and if R is an integer, we denote by dr(v) the R—dimensional vector
: . T
dr(v) = (1,e2*”,...,e2m(3*1>”) (1.27)
and by ar,(v) the normalized vector ar(v) = ﬁ dgr(v), cf. (1.24).

If = is a complex-valued random variable, its expectation is denoted by E (z) and its variance as

Var(z) = E(|z|*) - [E(2)]”

The zero-mean random variable x — E(z) is denoted x°.

1.6 Background on Stieltjes transforms of positive matrix valued measures

We recall that if K is a positive integer, then a K x K matrix-valued positive measure p is a o—additive
function from the Borel sets of R onto the set of all positive K x K matrices (see e.g. [23], Chapter 1 for
more details). We denote by Sk (R™) the set of all Stieltjes transforms of K x K positive matrix-valued
measures p carried by RT verifying p (RT) = Ix. The elements of the class Sx (R™) satisfy the following
properties:

Proposition 1.1. Consider an element S(z fR+ ) of Sk (R™"). Then, the following properties hold

true:

(i) S is analytic on C\ R™

(i1) Im(S(z)) > 0 and Im(2S(z)) >0 if z € C*
(iti) limy 40 —iyS(iy) = Ik

(iv) S(2)SH(z) < 15—%( for each z € C\ R*

(v) SE) < L for each z € C\ R where IHIIS(ZZ) should be interpreted as the derivative S'(z) of S(2)

Imz m

w.r.t. z when z <0



(1) s Ndp(A) = Tim, .0 Re (—iy(Lic +iyS(iy))
Conversely, if a function S(z) satisfy properties (i), (ii), (iii), then S(z) € Sk (R™).

While we have not been able to find a paper in which this result is proved, it has been well known for a
long time (see however [12] for more details on (i), (ii), (iii), (vi)), as well as Theorem 3 of [1] from which
(iv) follows immediately). We however provide an elementary proof of (iv) because it is based on a version
of the matrix Schwartz inequality that will be used later. We denote by L%(u) the Hilbert space of all row
vector-valued functions u()) defined on R satisfying [5, u(\) d p(X) u’(X) < +o00 endowed with the scalar
product < u,v > defined by

<u,v>= ,/R+ u(\)d p(\) vE(N).

Then, if UN) = (wy(\)7T,...,uxg(M\)D)T and V() = (vi(V)7, ..., vk (A)T)T are matrices whose rows are
elements of I.2(u), it holds that

U, V] (V. V)~ [U,V]" <[U, 1] (1.28)

where [U, V] is the matrix defined by ([U, V]), ; =< u;,v; >. Using (1.28) for U(\) = = and V =1, and
remarking that |\ — 2|2 > 62 for each A € R*, we immediately obtain (iv).

1.7 Toeplitzification operators

In the following derivations, it will be useful to consider the following Toeplitzification operators, introduced
in [20], which inherently depend on the covariance sequences (7, )m>1. Let Jx denote the K x K shift matrix
with ones in the first upper diagonal and zeros elsewhere, namely {J}; ; = §;_i=1, and let J' denote its
transpose. For a given squared matrix M with dimensions R X R, we define \Il%") (M) as an K x K Toeplitz
matrix with (7, j)th entry equal to

R-1
{vron} = 3 mG-i-nreno (1.29)
’ I=—R+1

or, alternatively, as the matrix

o™ (M) = Z_: (Z_: rm(n—l)T(M)(l)>JK” (1.30)

n=—K+1 \l=—R+1

where the sequence 7 (M) (I), —R <l < R, is defined as

(M) (I) = %Tr [MJZR} . (1.31)

We can express this operator more compactly using frequency notation, namely
\I,(m) (M) = </ S, (v)Mag, (v) 27riundy> J;(n
—K+1

/ S, () Mag (v) dx (v) A2 () dv

where we recall that ag (v) = dg (v) /VR and dg (v) as defined in (1.27). The following properties are
easily checked (see [20]).
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e Given a square matrix A of dimension K x K and a square matrix B of dimension R x R, we can write

1
K

Tr [A\I/E,?) (B)} = %T& [\pg") (A) B} (1.32)

e Given a square matrix M and a positive integer K, we have

w5 0 < sup [5m @1 MI
rve|0,

e Given a square positive definite matrix M and a positive integer K, and assuming that inf, S,, (v) > 0,
it holds that
v (M) > 0. (1.33)

We define here two other linear operators that will be used throughout the paper, which respectively
operate on N x N and M L x M L matrices. In order to keep the notation as simple as possible, we will drop
the dimensions in the notation of these operators.

e Consider an N x N matrix M. We define ¥ (M) as an ML x ML block diagonal matrix with mth
diagonal block given by \I/(Lm) (M).

e Consider an ML x ML matrix M, and let M"™"™ denote its mth L x L diagonal block. We define
¥ (M) as the N x N matrix given by

- 1 M 1 M
T (M) =+ > o (™) (v = /O i > Sm)af ()M a(v)dy (v)dR(v)dv.  (1.34)

m=1

Observe, in particular, that ¥ (M) coincides with ¥ (Bdiag(M)).

Given these two new operators, and if A and B are ML x ML and N x N matrices, we see directly from

(1.32) that

1 1
~ I [V(A)B] = L [AV (B)]. (1.35)

We finally conclude this section by two useful propositions that follow directly from [20].

Proposition 1.2. LetT"™(z), m =1,..., M, be a collection of L x L matriz-valued complex functions belong-
ing to Sy, (RY) and define T'(z) as the M Lx M L block diagonal matriz given by I'(z) = diag (T'!(2),...,TM(2)).

Then, for each z € C\ R, the matriz Iy + CNET (321/21"(2)6;1/2) is invertible, so that we can define

F(z) = 2 (IN eyl (551/21“(,2)3;1/2))_1. (1.36)

Tz
On the other hand, the matriz Iprp, + 821/2\11 ('Y'T(z)> BZI/Q is also invertible, and we define

-1

Y(z) = —é (IML + 87w (TT(Z)) B;”Q) . (1.37)

Furthermore, Y (z) and Y (z) are elements of Sy(RT) and Sy (RT) respectively. In particular, they are
holomorphic on C\ RY and satisfy

T () < HE T ()T () < . (1.39)

z
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Moreover, there exist two nice constants n and 1 such that

2
Y ()Y (2) > 16(176_1_|Z|2)21ML (1.39)
Y)Y (2) > 16(775+|Z|2)I (1.40)

Proof. The proof is an easy adaptation of the proof of Lemma 4.1 in [20]. More precisely, if we replace in
this Lemma matrix Bdiag(EQ(z)) by I'(z) and matrices (R(z), R(z)) by (X(2), X(2)), it is easy to check
that the arguments of the proof of Lemma 4.1 in [20] can be extended to the particular context considered
in the present paper. O

In order to state the next result, we consider two M L x M L block diagonal matrices S, T and two N x N
matrices S T. We also assume that S, T, S T are full rank matrices. For each fixed z, we define the linear
operator ® on the set of all ML x M L matrices by

B (X) = 22y ST ('SVTT (X) TT) T. (1.41)

Note that the operator ® of course depends on S, T, §7 ’f‘, M, L, N and z. We also define the following linear
operators on the set of all ML x M L Hermitian matrices:

Opn (X) = |2 enTH O (T*@ (X) TT) T (1.42)
Bg (X) = |2|* en S (§T@ (X) §) S, (1.43)
We remark that both operators are positive in the sense that if X > 0, then &g (X) > 0 and ®t# (X) > 0.

Let 1) (X) = ® (X) and recursively define (1) (X) = @ (q)(") (X)) for n > 1. Then, the following result
holds.

Proposition 1.3. For any two L-dimensional column vectors a, b and for eachm = 1,..., M, the inequality
m,m m,m 1/2 m,m 1/2
‘aH (2 (x)) b’ < [at (26 (xx))""a] " [b# (85 Mn)) " ] (1.44)

holds. Moreover, if there exist two ML x ML positive definite matrices Y1 and Yo such that

(n)
Jim e (Y1) = 0 (1.45)
ngrquﬁ (Y, — 0 (1.46)
then, for each ML x ML matriz X,
lim oM (X) =0 (1.47)
n—-+0o0

If, moreover, 30 fI)(n) (Y1) < +oo and Z+°° @(") (Yg) < +oo, then, for each ML x ML hermitian
matriz Y, the two series 31 @én) (Y) and 3% TH (Y) are convergent. Finally, for each ML x ML
matriz X, ;Z% ®(") (X) is also convergent, and we have

+oo 1/2 +o0o 1/2
@) < S og? xxM)| > %) () (1.48)
n=0 n=0
as well as
+00 +o00 1/2 1 400 1/2
Z M (X)|| < ||X]| Z o5 (Inz) Z ‘I)S;Lf); (Iarz) (1.49)
n=0 n=0 n=0
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Proof. Inequality (1.44) is established in Section 5 of [20]. We now prove (1.47). For this, we first remark
that since matrices (Y;);=1,2 are positive definite, there exist a; > 0 and as > 0 such that Y; > a;Inp
for ¢+ = 1,2. As the operators ®s and ®ru are positive, it holds that <I>(sn)(Y1) > aﬂl)(sn)(IML) and
@gfﬁ, (Yz2) > agég‘ﬁ, (Insr) for each n. Therefore, conditions (1.45) and (1.46) imply that <I>(Sn)(IML) — 0
and <I>(1?){ (Ipr) — 0. If X is a generic ML x ML matrix, the inequality XX# < || X||?I;;, implies that
<I>(S") (XXH) < ||X||2(I>(S") (Insr). Therefore, we deduce that for each matrix X, then <I>(S”)(XXH) — 0 when
n — +o0o. The inequality in (1.44) thus leads to (1.47). Using similar arguments, we check that the conver-
gence Y% @én) (Y1) and 3720 q)(n) (Y2) implies the convergence of 37 &g 3 (Y) and S (Y)
for each positive matrix Y. If Y is not positive, it is sufficient to remark that Y can be ertten as the
difference of 2 positive matrices to conclude to the convergence of the above two series. We finally consider
a general matrix X, and establish that ::B (") (X) is convergent. For this, we remark that (1.44) implies
that for each m and each k, the inequality

k k 1/2 E 1/2
> [ (27 00) b < [aH (Z (28" (XXH))m’m> a] [bH (Z (o5 (IML))m’m> b]

n=0 n=0
(1.50)
holds. This implies that

+o00o
Z ‘aH (<I>(") (X))m)mb‘ < 400
n=0

and that the series ZZ:{) ®(™ (X) is convergent. The result in (1.48) is obtained by taking the limit in the
inequality (1.50), while (1.49) is an immediate consequence of (1.48). O

2 Simplification of the sample block autocorrelation matrix

Consider again the sample block correlation matrix, namely ﬁcom L= 321/ R ngl/ 2, where we recall that
B = Bdiag(RL) In this section, we will show that we can replace the block diagonal sample covariance

matrix B L by the true matrix By, = Ry without altering the asymptotic behavior of the empirical eigenvalue
distribution of RCOH - More specifically, we establish that the two matrices RCO” 1 and Rcorr 1 have almost

surely the same behavior in terms of spectral norm, where RCOH,L = BL1/2R 821/2.

For this, we first prove that the spectral norm of 7€L is almost surely bounded. Then, we show that
|BL — BL| — 0, from which we deduce that ||E>’_1/2 8_1/2H — 0. The almost sure boundedness of R, will
immediately imply, as expected, that

HE;”%L@;W - Bgl/zﬁLBgl/QH =0 (2.1)

almost surely. This will allow us to focus our analysis on ﬁcom 1, for the rest of the paper.

2.1 Control of the largest eigenvalue of 7€L

The approach we follow is based on the observation that it is possible to add a bounded matrix to Wy WH to
produce a block Toeplitz matrix. Controlling the largest eigenvalue of W y W becomes therefore equivalent
to the control of the largest eigenvalue of the block Toeplitz matrix, a problem that can be solved by studying
the supremum over the frequency interval of the spectral norm of the corresponding symbol. In order to
present this, it is more convenient to reorganize the rows of matrix W . For this, we define for each n the
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M dimensional random vector y,, defined by

Yi,n
Yn = : . (2.2)
YM,n
(¥n)nez is thus a M—dimensional stationary random sequence whose spectral density matrix S(v) coincides

with the diagonal matrix S(v) = Diag(S1(v), ..., Sm(v)). We next consider the ML x N matrix Wy, which
is defined as

Y1 Y2 e YN-1 YN
Y2 Y3 .- YN YN+1
1 . . . . .
Wy = — : : : : : . 2.3
N . . . ( )
Yo YrL+1 --- ¥YN+L-2 YN+L-1

Observe that Wy can be obtained by simple permutation of the rows of Wy and consequently WyWH and
Wy W have the same eigenvalues. In particular, they have the same spectral norm. For this reason, we
may focus on the behavior of Wy from now on.

We define matrices Wy 1 and Wy 2 as the ML x (N — L + 1) and ML x (L — 1) matrices such that
Wn = Wn 1, Wn2). In particular, matrix Wy 2 is given by

YN-L4+2 YN-L+3 .- YN-1 YN
YN-L+3 YN-L+4 - yn YN+1
1 . . .
WN’Q - ﬁ (2 4.)
YN+1 YN+2 -+ YN+L-2 YN+L-1

We now express W2 as Wy 2 = Wn o1 + Wh 2,2 where Wy 21 is the upper block triangular matrix given
by

YN-L+2 ¥YN-L+3 --- ¥YN-1 YN
YN-L+3 YN-L+4 --- YN 0
1 YN-—L+44 . YN 0 0
Wn21 = ﬁ : : : : : (2.5)
YN 0 : : 0
0 0 .. 0 0
and where Wy 2 2 is the lower block triangular matrix defined by
0 0 ... 0 0
0 0 ... 0 YN+1
1 0 : 0
Wraa = = DA AR (2.6)
0  ynNy1 ... . YN+L-2
YN+1 YN42 - YN+L-2 YN+L-1
In other words, matrix Wy 2,1 is obtained by replacing in Wy 2 vectors yn41,...,¥Yn+r—1 by 0,...,0 while

W 2,2 is obtained by replacing in Wy 2 vectors yny_r42,..., ¥y~ by 0,...,0. We also define Wy o as the

14



ML x (L — 1) lower block triangular matrix given by

0o 0 ... 0 0
1 0 @ 0 w Y2
Wno = —— . 2.7
o VN S : : : 27)
0 Y1 YL—2
Y1 Y2 - YL-2 YL-1

We finally introduce the ML x (N + L — 1) block Toeplitz matrix Wy defined by
Wy = (Wn.0.Wn,1: Wa2.1)- (2.8)

It is easy to check that WNWﬁ is the block Toeplitz matrix whose M x M blocks ((VNVNWJI\}[ )k,l)

are given by

ki=1,....L
T T
WNWRN ki = Ri—y

where the M x M matrices (ﬁl)l:,(L,l) 1—1 are defined by

1 N—
N Z n+lynH

for I > 0 and ﬁl = ﬁlfl for [ < 0. In other words, for each I, f{l is the standard empirical biased estimate

of the autocovariance matrix at lag [ of the multivariate time series (y,)nez. Matrix VV/NVNV}\L,I also coincides
with the block Toeplitz matrix associated to the symbol S(v) defined by

.....

L—1
S(v) = Z Rye 2t (2.9)

l=—(L—1)

so that we can write s
WAWE = / d(v)a¥ (v) @ Sw) dv. (2.10)
0

The M x M matrix §( ) coincides with a lag window estimator of the spectral density of (y5)nez. Evaluating
the spectral norm of WNWN is easier than that of WNWN, because the spectral norm of WNWN is upper
bounded by sup, ¢ 1] IS()||, a term that can be controlled using a discretization in the frequency domain
and the epsilon net argument in CM (see e.g. [25] for an introduction to the concept of epsilon net). In the
reminder of this section, we first prove that |[WxWH — Wy WH|| is bounded with high probability, and then
establish that sup, ¢ 1] IS(v)]|, and thus HWNW]{}[H is also bounded with high probability.

We first state the following lemma, which will allow to reduce various suprema on the interval [0, 1] to
the corresponding suprema on a finite grid of the same interval. This result is adapted from Zygmund [29],
and was used in [28].

Lemma 2.1. Let h(v) = zL:—(L 1) hie=27™" an order L — 1 real valued trigonometric polynomial. Then,
for each vy € [0,1], 6 > 0, K > 2(1 4 0)(L — 1), we define vy = vy + k/K for k=0,...,K. Then, it holds
that

=0,...,

1
< - . .
max )1 < (14 5), max Jh() (2.11)

We now compare the spectral norms of WyWH and WNV/V]IJ .
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Proposition 2.1. If « is a large enough constant, then, it holds that
P (||WNW{§ —WAWE| > a) < w1 Lexp (—kaMa) (2.12)
for some nice constants k1 and ks.
Proof. We drop all the subindexes IV from all the matrices for clarity of exposition. Matrix WWH is equal
to WIWH = WiWE +(Wa 1 +Wa2)(Wa1 +Wa2) while WWH = WoWE + Wi WH + W, 1 WY Therefore,
WWH —WWH = W, WL + Wo o WITL + W W, — WoWE.

In order to establish (2.12), we have to show that P(|[ Wy Wih|| > @), i = 1,2, and P(|WoW§'| > a)
decrease at the same rate as the right hand side of (2.12). We just establish this property for matrix WoW{,
or equivalently for matrix W()Wéq , where W is defined as

Y2 Y1 L. 0 0
—~ 1 . .
Wy = —— 0 0
0 N .
Yo—2 yr-3 - y1 O
Yo-1 YL—2 --- Y2 Y1

It is easily seen that Wy can be expressed as

N 1
Wy = \/E/O dp_(v)d¥ | (v) @&, (v)dv (2.13)

where &, (v) is an M-dimensional column vector defined as &, ,(v) = % ZIL:BQ yir1e” 2™ The matrix
version of the Schwartz inequality (1.28) leads immediately to

— L
W < 5 [ dinat)df ) 96, (e () v
0
From this, we obtain immediately that

— L
VoWl < sup = [1€x, ()]
vel0,1]

Next, observe that v — £||¢ L.y(V)|I? is a real valued trigonometric polynomial of order L — 2. Therefore, if
K, and the points (v)g=o,... . x are given as in Lemma 2.1, it holds that

— L L
P (W | > a) < P ( sup, ez, 0P > a) <P <k_%“p Wyl > m>

for some nice constant k. Using the union bound, we get that
— K I
P (I 1> ) < 3P (5 Iz 0a)1? > na ).
k=0

Therefore, we just have to evaluate an upper bound of P(% €, ,(¥)||* > k) uniform w.r.t. the frequency

v, where %€, (v)||? is given by
M
L 5, ML 1 2
ﬁ”éL,y(V)H =N M mz_:l €L, (V)]
where 1, (), m = 1,..., M are components of §;, , (v). These are mutually independent complex Gaussian

random variables, so that we can use the Hanson-Wright inequality in order to control P(% &L, ,(v)||> > ka):
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Proposition 2.2. Consider x = (x1,...,2,)T a random vector whose components are i.i.d. N.(0,1) random
variables, and a n x n matriz A. Then, there exist two nice constants k1 and ko for which

2
P (x"Ax — E(x"Ax)| > 8) < k1 exp (—K}Q min (6, 5 5 )) (2.14)
[A[" (A%
holds.
In order to use (2.14), we remark that for each m, &, (v) can be written as &1, .. (v) = (E[L .. (¥)[?) 1/2 Ton
where x1, ...,z are N¢(0,1) i.i.d. random variables. If x = (z1,...,2n), 77 27]\7/{:1 €Ly (1)]? can be writ-
ten as

1 M
=5 Jery, )P = x" Ax
M m=1

where A is the M x M diagonal matrix whose entries are (;E[¢z,y,. (¥)[*)m=1,...m. In order to evaluate
|A]l and ||A|%, we have to study the behaviour of E|{y ,,. (v)|?, i.e. the expectation of the periodogram of
the sequence ¥Ym 1, .., Ym,—1. The following result holds.

Lemma 2.2. E[¢1 . (V)| can be written as E|¢L, ., (V)2 = S (V) + €m,1(v) where €y, 1,(v) verifies

R

lem. L) S T Tymmtan

(2.15)
for each m and for some nice constant k.

Lemma 2.2 is proved in the appendix.

This lemma implies that it exists a nice constant x for which E|¢f, . (v)[* < k for each v and each m
and L > 1. Therefore, if A is the above mentioned diagonal matrix, A verifies [|A|| < & and [|A[F < "Mz

Consider a nice constant 8 > 2x. Then,

1 M
P (M 3 let. 0 > ﬁ)

IN

1 M
" (M S €t ()~ Bl 0P > B )
m=1

IN

M
P (_,\14 > Ly, WP = EléLy,, () > 5/2) .
m=1

As min (M(g/Q), M(§£2)2) = M(ﬁ/z) and ML/N — c,, the Hanson-Wright inequality leads to

M
P (MZ;L % m2:21 |£Lﬁym(’/)|2 > ﬁ) < k1 exp(—Mksa B)

for some nice constants x1 and ko. As K = O(L), we have shown that if « is a large enough constant, there
exist two nice constants k1 and k9 such that

P(|WoWE|| > @) < L ky exp(—Mry).
Following the same approach to evaluate P(||WN’Z-W}\L,IJ || > ), we can conclude that (2.12) is established. O
As a consequence of Proposition 2.1, the evaluation of P(|[WxWZ| > «) can be alternatively formulated

in terms of the evaluation of P(||WNWJ{,IH > «). For this, we use the expression in (2.10) and remark that

HVV/NWJ{,IH < SUP,e(o,1] ||§(1/)H In the following, we thus control the spectral norm of §(1/) In particular,
we have the following result.
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Proposition 2.3. If « is a large enough constant, it holds that

P < sup H/S\(V)H > a) < k1L exp (—kaMa) (2.16)
vel0,1]

for some nice constants k1 and K.

Proof. We first notice that sup,, ||IE(§(V))H is finite. It is clear that E(g(y)) = lL;_l(L_l)(l - %)R(l)e*%’rl”

where R(l) = E(y,.;yH) is the autocovariance matrix of y,, at lag [. Since the components of y, are
independent time series, matrix R(l) coincides with R(I) = Diag (7 (!))m=1,....m). Therefore,

L-1

IES@ < sup > frm(D] < sup Y frm(D)]-
m=b My (o) m2leg,

Condition (1.10) thus implies that sup,, |[E(S(v))|| < 40c. Therefore, in order to evaluate the left hand side
of (2.16), it is sufficient to study P(sup,co1) [IS(v) — ES(v)[| > «). More precisely, for each v, we have
IS(v) = ES()|| > |[S()|| — |[ES(»)|| > |S(v)|| — sup, |[ES(v)||. Therefore, it holds that

sup |S(v) — ES(v)|| = sup [S(v)|| — sup [[ES(v)].

If we choose « > 2sup,, ||E§(1/)|| we have o — sup,, ||E§(V)H > a/2. Consequently, the set {sup, ||§(1/)H > a}
is included in the set {sup, ||S(v) — ES(v)|| > «/2} and the left hand side of (2.16) is upper bounded by

P ( sup Hg(y) —E/S\(I/)H > a/2> .

velo,1]

It therefore remains to establish that the above probability can be upper bounded by a term of the form
k1L exp (—keMa).

We recall that we denote by S°(v) the centered matrix S°(v) = S(v) — ES(v). We first show that the
study of the supremum of ||S°(v)]|| over [0, 1] can be reduced to the supremum over a discrete grid with O(L)

elements. The idea is to make use Lemma 2.1 by conveniently expressing [|S°(v/)|| in terms of trigonometric
polynomials.

Lemma 2.3. We consider ¢, K, and (vg)k=o,...x as in Lemma 2.1. Then, the following result holds:

AO 1 AO
swp [SWI< (145) s 80l (2.17)
ve(0,1] =0,...,
We will first verify that
sup ||§°(1/)H = sup hH§°(V)h‘ (2.18)
vel0,1] v€(0,1],hesM—1

where SM~1 is the unit sphere in C™. We remark that, because of the continuity of the spectral norm as
well as the continuity of both true and estimated spectral densities, there exists a certain ¥ that achieves
the supremum on the left hand side of (2.18), that is sup,co 1) [[S°(v)[| = [|S°(¥)||. Moreover, for such given

7, there exists a hy € SM~! for which ||S°(D)| = |h§§°(ﬁ)hg|. In other words, sup,¢p 1 IS°(v)|| coincides

with |hg§°(ﬁ)hp\. Hence, we obtain that the left hand side of (2.18) is less than the right hand side of
(2.18). The converse inequality is obvious.

Using a similar continuity argument, we can readily see that sup, ¢jo 1] nesm—1 |hH§° (v)h| = |h§/S\o (V)hp|

also coincides with sup,¢g ] |hg§o(y)hg|. The function v — hggo(u)hg is a real valued trigonometric
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polynomial of order L — 1. Therefore, Lemma 2.1 implies that

1
< (1 + ) sup
0/ k=o,..K

Since |hg§°(uk)h;| < IS°(») ||, we have shown that

hZS°(v)hy

v

28° (i) |

sup
vel0,1]

hZS°(v)hy

v

sup [|S°(v)|| = sup
vel0,1] vel0,1]

1 .
<(143) sw 18700
k=0,....K
This establishes (2.17).

We now complete the proof of Proposition 2.16. The union bound leads to

K
P ( sup [S°(v)| > o</2> <N\ p <§°(uk)|| > %L(; a/2> . (2.19)

vel0,1] =0

Thus, we only need to evaluate P(||S°(v)|| > 1), where v is a fixed frequency and where 7 = %a a/2. For

this, we use the epsilon net argument in C™. We recall that an epsilon net A, of CM is a finite set of
unit norm vectors of CM having the property that for each g € SM~1, there exists an h € AN, such that

lg — h|| <e Itis well known that the cardinal |N | is upper bounded by (£ )2M for some nice constant .
We consider such an epsilon net A, and denote by h a vector of S~ for which HSO( ) = |EH§°(V)E|, and
consider a vector h € A, such that |[h — hH < e. We express h¥/S°(v)h as

W& b= (B +h-5) &) (B +5-h).
Using the triangular inequality, we obtain that
’EH§O(y)ﬁ’ > ‘EHS h’ 72’ (h — h)H h’ f‘ h-h)"§° (y)(ﬁfﬁ)H’.
Since ‘(ﬂ — A §°(y)ﬂ‘ < |I8°(v)(h—h)| < €||S°(v)| and ](ﬂ — )" §°(v)(h - ﬂ)H) < &2[8°(v)]|, we have
[B78°(W)h| > (1 - 2¢ = )8° W)
In the following, we assume that e satisfies 1 — 2¢ — €2 > 0. Therefore, using the union bound, we obtain

ha
o P<||§O(1/)|| > n) 3 P(’hHS° h‘ >(1—2 ¢ )n) (2.20)
heN,

In order to evaluate P(\hHgo(V)h| > (1 — 2¢ — €?)n) for each unit norm vector h, we denote by z, the
scalar time series defined by z, = hfy,. Then, the quadratic form h¥ §°(V)h coincides with §,(v) —
ES,(v) where §,(v) represents the lag-window estimator of the spectral density of z defined by 5,(v) =

L 1( -1 T=(e . Here, 7,(1) is the standard empirical estimate of the autocovariance coefficient of
2 at lag I. We denote by z the N-dimensional vector z = (21,...,2n5)7.
expressed as

—2imly
As is well known, §,(v) can be

2
du (2.21)

N-1
_92;
_M)N E Zng1e Ty
n=0

where w(y) is the Fourier transform of the rectangular window Ijc¢_(z—1),....z—1}- The expression in (2.21)
can also be written as a quadratic form of vector z:

5.(v) = 2" (;, / Cwl - ) dy (u)aki(n) du) 2 (2.22)
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If R, represents the covariance matrix of vector z, z can be written as z = Ri/ x for some N:(0,In)
distributed random vector x. Therefore, if we denote by € the N x N matrix defined by

1 1
=R L [l = 0 dy(df ) duRY2,

the quantity 5, (v) — E3,(v) can be written as 5, (v) — E35,(v) = x7 Qx — Ex” Qx. Therefore,
P (B.(v) ~ BS. ()] > (1 26 — )

can be evaluated using the Hanson-Wright inequality (2.14). This requires the evaluation of the spectral and

the Frobenius norm of €. Observe that we can express 2 = Ri/ 2ﬂwR:lz/ 2 where Q,, is a Toeplitz matrix
defined as

2=+ / w(v — ) dy (u)a () d.

It is easy to check that the spectral norm of R, is uniformly bounded. Moreover, the spectral norm of
Q, is bounded by + sup, |w(v)| = L/N. Therefore, ||| < k% for some nice constant x. In order to
evaluate the Frobenius norm of €, observe that Q,, is band Toeplitz matrix with entries given by (Qy)r,; =
Le2imk=DrT, ;. Therefore, ||Q,]|% < k%, which implies that [|©2||% < k%. This in turn leads to the
conclusion that if 7 is large enough, then

P (’hH/S\O(Z/)h‘ > (1—2e— 62)’[7> < K1 exp (—kaMn).

€

Recalling that |N,| < ("‘)QM, the union bound (2.20) implies that P (||§°(1/)|| > 77) < K1 exp (—keMa) for
a large enough. Finally, (2.19) leads to

P < sup ||S°(v)|| > a/2> < k1Lexp (—kaMa)
velo,1]

for any constant « sufficiently large. This completes the proof of Proposition 2.3. O

As a direct sequence of Propositions 2.1 and 2.3 we have the following corollary.

Corollary 2.1. If a > 0 is a large enough constant, then, it holds that
P(IWNsWE || > a) < k1 Lexp(—koMa) (2.23)

for some nice constants k1 and ks.

Note that Assumption 1 implies that M = O(N'~#). Thus, (2.23) and the Borel-Cantelli Lemma imply
that |WyWE || = ||[WNyWZ| is almost surely bounded by a constant for each N large enough.

2.2 Evaluation of the behaviour of ||Bdiag(R,) — Bdiag(R.)||

Recall that Ry, 1, m = 1,..., M, denote the L x L diagonal blocks of the matrix Bdiag(R ). We will denote
by R, r the mth L x L diagonal block of Ry,. In this section, we establish that

lim sup  ||Rm.z — R, =0 (2.24)

N—+oom=1,.. .M
almost surely. Note first that we can express ﬁm, L as the empirical estimate of R, r,, that is

~

N
1 H
R’rn,L = N nz::lyffn,n (y’rl;’b,n)
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or equivalently by Ry, = W (W7)? where W7 is the L x N matrix defined by

1 L L
W?\} = ﬁ (me’ e 7}"77%1\/') .
The arguments used in this section are based on the techniques used in Section 2.1. Therefore, we just provide
a sketch of proof of (2.24). We first observe that W7 (W}G)H has the same behaviour as the Toeplitz matrix
W2 (W) H where WT is obtained by replacing vectors (y,)n=1....,
definition of matrix Wy in (2.8) above. In particular, it holds that

~ by the scalars (Ym n)n=1,..,~ in the

.....

W (va’]VL)H - /O 1 S (v)dy () (v) dv

where S, (v) represents the mth diagonal entry of the lag window estimator (2.9). More specifically, following
the proof of Proposition 2.1, we justify that for each 0 < € < 1,

— s N\H 1
Pl sup [wpows? - wp (WR}) > ) < KN exp (—ka M) (2.25)
m=1,..., M M(l—e)

holds for some nice constants k1 and kg. To verify (2.25), we remark that
W W =W (W) = W (W)™ + WS (W) o+ W (W) — Wi (W)

where the various matrices of the right handside are obtained by replacing vectors (y,,)n=1,.. N+L—1 in the
definition of matrices W5 2, Wa 1, Wy used in Section 2.1 by the scalars (¢ n)n=1,...N+L—1- In order to verify
(2.25), we just briefly check that

1

P sup ’Wg” (ng)HH > ——— ) <k Nexp(—ra M)
m=1,...,M M=)

or equivalently that

wm (Ywm H 1 €
P (m sup’M ‘ WO (WO ) H > ]\4(1_6)) < mNeXp (—K2M )

where Wg’ is defined by
— L /!
Wi =5 [ )l ey, () dn
0

As in Section 2.1, we notice that the matrix-valued Cauchy-Schwarz inequality implies that
W (xarm\ H L ! H 2
W' (We')" = ; dr1 (V)AL (V)[€L.y,, (V)] dv.

Using Lemma 2.1, we get that for each m,

e N 1 . L 2 K
P [|W{§ (W0> > o SKblij N|§L,ym(V)‘ > MQa-e

where K is defined as in Section 2.1 and where « is a nice constant. Noting that % = O(ﬁ) and using the
union bound, we obtain

P ( sup
m=1,....M

for some nice constant k. Following Section 2.1, it is easy to check that

o, \H 1
w (Wg”) H > ]\4(16)) <rkiN slup MsupP (I€L.y., (V)|* > KM)
m=1,..., v

P (|éLy,,(V)]* > M) < Ky exp(—k2M©)
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and that
1

o (S H
P( sup  [[Wg (Wo) | > Vi)

) < k1N exp(—koM€).
m=1,....M

We conclude from this that, for IV large enough, the inequality

HWN,O ( N,o) H < @9 (2.26)
holds almost surely for each 0 < e < 1.

In order to prove (2.24), it thus remains to establish that

— o \H
sup HW% (Wﬁ) —Rm,|| —0
M

m=1,...,

almost surely. Noting that W}G(WW)H — R, is the L x L Toeplitz matrix associated to the symbol
Sm (V) — Sm(v), it is sufficient to prove that

sup  sup gm(u) — Sm(l/)‘ -0
m=1,....M v

almost surely. In order to see this, we write gm(u) —Sn(v) as

L—-1

E (gm(y)) —Sn(v)=-— Z Tm(l)e_m”l” _ % Z |l|rm(l)6_2”l”.

=L I=—(L—1)

An easy adaptation of the proof of Lemma 2.2 in the appendix establishes that

‘E (§m(y)) —Sm(y)‘ <k (leo N L(l—]\;voh>

for some nice constant x, where (-); = max (-,0). This implies that

sup sup
m=1,....M v

E (§m(y)) - Sm(z/)‘ 0. (2.27)

~

In order to study Sy, () — E(S,,(v)), we remark that it can be written as

~

Sn(v)—E (§m(y)) —el'S°(v)en

where e,, is the mth vector of the canonical basis of C™. Using the Hanson-Wright inequality as in Section
2.1, we obtain immediately that for each v and for each m, we have

P <|e£§°(1/)em| > aN) < Ky exp(—roMa’k)

where (an)y>1 satisfies ay — 0 and Ma3 — +oo. Any sequence verifying ay = O(W), where
0 < € < 1 satisfies this condition. Using Lemma 2.1 as well as the union bound, we obtain that

P( sup sup|eﬁ§°(u)em| > aN> < Nkyexp(—roMaR;).
m=1,...M v
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The Borel Cantelli Lemma thus implies that almost surely, for each NV large enough,

sup  sup |S(v) — E <§m(u))‘ < ap.

m=1,....M v

This, in conjunction with (2.27) implies that

sup  sup gm(u) - Sm(l/)‘ -0
m=1,...M v

almost surely, and that

Therefore, we have established that |[Bdiag(R 1) —Bdiag(R.)|| — 0 almost surely. Noting that Bdiag(R ) >
Sminlyr for each N, matrix Bdiag(Rp) verifies Bdiag(Ry) > *z=Iyp almost surely for each N large
enough. We thus also have

H (Bdiag(ﬁ;))ilﬁ — (Bdiag(R.))"?|| = 0

almost surely as N — +o00. As HﬁLH is almost surely bounded by a constant for each N large enough, we
eventually conclude that (2.1) holds.

From all the above, we can therefore conclude that the spectral behavior of the sample block correlation
matrix ﬁcom 1, is equivalent to the spectral behavior of the matrix ﬁcorr, L= le/ R LBgl/ 2 In the following
section, we will analyze the spectral convergence of the eigenvalues of this matrix by analyzing the behavior
of the corresponding resolvent and co-resolvent.

3 Expectation of resolvent and co-resolvent

In this section, we analyze the expectation of the resolvent and co-resolvent of the matrix Reorr, 1, which are
respectively defined as

Q) = (B, AWWIB 1)
Q(z) = (WIB'W —21y)
where we recall that we use the short hand notation
B, = Bdiag (R.) =RL.

As a preliminary step, we need to evaluate the variance of certain useful terms. This is the purpose of the
following lemma. The result is also valid to bound the variance of linear statistics of the eigenvalues of
matrix Reopr, 1, thus justifying (1.18).

Lemma 3.1. Let (An)n>1 be a sequence of deterministic ML x ML matrices and (Gn)n>1 a uniformly
bounded sequence of deterministic N x N matrices. Then

1 C(z) 1
Var itrANQ(z)B‘l/QWGWHB‘” ) < %itr(ANAH) (3.2)
ML L L = MN ML N
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where C(z) = Py(|z]|)P2(1/6,) for two nice polynomials Py, Py. Moreover, if ¢ is a bounded continuously
differentiable function defined on RY with bounded first derivative, we have

1 — K
Var <mtr¢) (Rcorr,L)> S W (33)

for some nice constant k.

Proof. The proof of this lemma is an easy adaptation of the techniques used to establish Lemma 3.1 in [20].
The main tool is the Poincaré-Nash inequality [22]:

Lemma 3.2. Let £ = £ (W, W¥) denote a C' complex function such that both itself and its derivatives are

polynomically bounded. Under the assumptions formulated in this paper, we can write

0 - * 0
Var§ S E Z <a(vvi)*> ]E [Wz?h (Wg,jz) } B(val)*

™m,i1,12,71,72 11,01 12,72

o€ o eom e [0 )
+E Z 8(Wm )E |:W11 »J1 (Wim]'z) } <8Wm )

™m,i1,%2,J1,J2 11571 02,52

where W' is the ((m — 1)L +4,7)th entry of W.

We just briefly justify (3.3) because the proof of (3.1) and (3.2) follows from a trivial adaptation of
the arguments provided in [20]. In order to see (3.3), we apply the Poincaré-Nash inequality to £ =
MLTrgb( COH,L), and just evaluate the first term of the upper bound of Var(¢) in Lemma 3.2, which is
here referred to as w. As mentioned in the proof of Lemma 3.1 in [20], using that 7, (i1 — iz + j1 — j2) =
fol e?mii—i2ti1=72)v S, (1) dv, we obtain immediately that this first term w can be written as w = E(a) where

« is defined by
2

/ ¢ _ et gy,
m
ia,j2 3 (W22 ]2)
Assumption (1.7) thus implies that w < x© for some nice constant k, where @ = E(&), with & defined as
2
/ 85 Kol gy,
m=1 |ig 32 72 J2)

This term & can also be written as

- o\ e 1.
a= Z (8(Wm )*) a(wm )* N621+J1:12+J2' (3'4)

myi1,12,71,]2 11,1 12,2

Now, given i, j, m, it is easy to check that

3 1 " 1)2 Hip—1/2y 1p—1/2 emn\T p—1/2
W = mtr ((b (BL WW BL )BL WeJ(fi ) BL )
_ ML (T B, ¢ (B, PWWIB, Y2 B P We,

where qbl denotes the first order derivative of ¢. Next, we use the change of variables i1 — iy = jo — j1 = u
on the right hand side of (3.4), together with the identities

oot = IyeJ

m,i1 —i2=1u

> oen(e)t = I

J2—j1=u
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where we recall that for each integer K, we denote by Jx the K x K shift matrix defined by (Jx); j = dj=i+1
and use the notation J=! = J¥. Using all this, we can write & as
L-1

~ 1 —Uu —u
asz mTr(BH (In ®3.")BIY"))

where B = BZI/Z(b/ (Bgl/ZWWHle/Q) B, V2w Using the inequality

1
—Tr B (1 BJ Y| < —Tr(B”B
ML (B (I @I )JN)_ML( )

together with the fact that sup, max(||5, /2|| o' (B _1/2WWHB_1/2)H) < k for some nice constant x, we
obtain immediately (3.3). O

We now need to define two matrix valued functions of complex variable that will asymptotically ap-
proximate the expectation of the resolvent and co-resolvent, respectively. The following corollary, which is
an immediate consequence of Proposition 1.2, will introduce these functions and state some of their useful
properties.

Corollary 3.1. The matriz-valued functions R(z) and R(z) defined by

R(z) = %(INHN@T (5’;1/21EQ(Z)B;1/2))_1 (3.5)
R(z) = —%(IML—FB;W\IJ (f{T(z))Bglm)il (3.6)

are elements of SN(RT) and Sy (RT) respectively. In particular, they are holomorphic on C\ RT and
satisfy

vt 5, 5 In
R(z)R(2) < 7 R(2)RF (2) < 5 (3.7)
Moreover, there exist two nice constants n and 1 such that
H oz
R(z)R D S—— | .
()R (2) = 16072 + [2]2)2 ML (3.8)
o 2
RORT(:) > — % 1, (3.9)

16(7% + |2[*)?

Proof. Tt is sufficient to use Proposition 1.2 for I'(z) = Bdiag(EQ(2)), and to observe that matrices Y(2)
and Y (z) defined by (1.37) and (1.36) coincide with R(z) and R(z) respectively. O

In this section, we will see that the two matrix functions R(z) and f{(z) defined above are asymptotic
approximations of the expectation of the resolvent and co-resolvent, that is EQ(z) and EQ(z) respectively.
Observe, however, that these matrix function still depend on the EQ(z). We will get rid of this dependence
in a next step, which is developed in the next two sections.

In order to address the expectation of Q(z) and Q(z) we will apply the wel known integration by parts
formula for the expectation of Gaussian functions, which is presented next (see e.g. [22]).

Lemma 3.3. Let £ = £ (W, W¥) denote a C' complex function such that both itself and its derivatives are
polynomically bounded. Under the above assumptions, we can write

W28 = 3 Y E[wa, (W) e [mfj)]

i2=1ja=1 12,72

where W' is the ((m — 1)L + 1, j)th entry of W.
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We recall that we can divide the normalized observation matrix W into M blocks of dimension L x N
each, namely

w= [ (w)' o wnt |
and that for each m =1,..., M, W' is the Hankel matrix of dimensions L x N, with (¢, j)th entry equal to
{Wm}ij = Lym,iﬂﬂ
7 VN
where 1 <i< L, 1 <7< N.
Consider the resolvent identity
2Q(2) = Q(2)B, PWWH B2 _ 1y, (3.10)

Recall that wj, denotes the kth column of matrix W, 1 < k < N. Applying the integration by parts formula
in Lemma 3.3 we are able to write?

E [Q(Z)Bgl/zwkwf

= > e[ [aes ] W w) |

o{ [aes; )" (W)

11,3

2 (Wi)

14,7

:|m1,7’rI,2

11,12

ms,is

I
] =
M=

> E[Wi (W) |E

r=11i4=1ms,i3

= Z s e O

11,3

Z_: Py (k — 7 — i) E HQ(Z)B;“ w,wh ] - ([B;l/ 2Q(2)8; Y 2}"””"3) (i)}

11,12

where in the last term we have used the change of variable ¢ = i4 — i3 and where 7 (-) (¢) is defined in (1.31).
Using the definition of the operator \IIE\T) and its averaged counterpart in (1.34), we obtain

E [Q(Z)le/kaW }:ﬂl)m? _ Z Tmz ] + 13 — )E |:|:Q(Z)le/2:| 7vn14,3m2:|
v i3=1 11,1
~enE [T (B L QB ) WTBLT QT (i (1) W] (3)
5J

where cy = % From (3.11) and using again the definition of ¥(-), we may generally write, for any N x N
deterministic matrix A

E Q(z)BZl/QWAWH] —E [Q(Z)B;W\y (AT)] (3.12)

—enE [Q(Z)B;” Wi (B;l/ 2Q(2)B; Y 2) AWH] .

We can now consider the co-resolvent identity

2Q(2) = Qz)WHB'W — 1. (3.13)

?Recall that, for an ML x M L matrix A, we denote as A™™2 its (m1,m2)th block matrix (of size L x L) and as Aj"!;"™2
the (i1,42)th entry of its (m1,m2)th block.
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Observe that we can write Q(z)WHBFW = WHlemQ(Z)BZlmW and therefore
BQEWIB; W] ~E[WB, Qs W]
= Etr [Q(Z)le/zwkwfll?;l/ﬂ _
Hence, using the expression for the expectation of the resolvent in (3.11), we can obtain
E[QEW" B W] =& [WE Qs W]
= ox ¥ (B PEQB; ) - enE QW B W (5,7Q(:)8; )]

and, by the co-resolvent identity in (3.13),

E[Q(:)] = —%IN —enE QT (5,28,

Now, replacing Q(z) in the above equation by Q(z) = EQ(z) + Q°(z) we see that
E[Q()] = R(2) + 2enE [Q)T" (B,7Q(2)8; 7 ) R(2)]

where R(z) is defined in (3.5). On the other hand, particularizing the equation in (3.12) to the case A = R(z)
and using the resolvent identity in (3.10), we also obtain

E[Q(2)] = R(2) - zenE [Q(2)B, *WT' (B,2Q7(2)8, %) R(=)W B, /*R(2)]
where R(z) is defined in (3.6). Combining all the above, we have obtained
E[Q()] - R(z) = A(z), E[Q()] - R(z) = A2)
where the error terms are defined as
A(2) = —2enE [Q(2)B, W (B,7Q ()8, ) R(:) W B,/ *R(2)] (3.14)
A(:) = 2enE Q)T (B,2Q°(2)8, %) R(z) - (3.15)

We finally evaluate the order of magnitude of terms depending on A(z). This is the purpose of Proposition
3.1.

Proposition 3.1. For each deterministic sequence of M L x M L matrices (An)N>1 satisfying supy [|AN|| <
a < 400, it holds that

tr[ANA(2)]| <aC(z)

1
— .1
‘ML MN (3.16)
where C(z) = P1(|z|)P2(1/4,) for some nice polynomials Py and Pa. Moreover, if (b1, n)n>1 and (ba n)N>1
are 2 sequences of L dimensional vectors such that supy ||b; n|| < b < +oo fori = 1,2, and if (dm,N)m=1,.. . M)N>1
are deterministic complex number verifying supy ,, |dm n| < d < 400, then, it holds that

H 1 2 L3
biy M;dm,NA "(2) | b | < db? C(2) 7 (3.17)
where C'(2) is defined as above. Finally, we have
_ I3/2
U(A) < . 1
[T < CC) i (318)

Since matrix By, verifies spminlvr < Br < Smazlyr, Proposition 3.1 can be proved by following the
arguments of the proof of Proposition 4.3 in [20]. The main ingredients are the use of Assumption 3, identity
(1.35) and Lemma 3.1.
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4 The deterministic equivalents

We consider here the two asymptotic equivalents T(z),’i‘(z), as the solutions to the equations

T(:) = —é (e + 8,2 (T7(2)) B,2) (4.1)
T() = —é (v + e’ (8,218, 7%)) (4.2)

Proposition 4.1. There exists a unique pair of functions (T(z),T(z)) € Sy (RT) x Sy(R™) that satisfy
(4.1, 4.2) for each z € C\ RT. Moreover, there exist two nice constants n and ij such that

2
T(2)T"(2) > 16(7725_:|Z|2)21ML (4.3)
’T(Z)TH(Z) 2 16(7726—|f|z|2)21N' (4.4)

We devote the rest of this section to proving this proposition. We first indicate how the existence of a
solution can be established using a standard convergence argument. As a very similar approach is developed
in the course of the proof of Proposition 5.1 in [20], we just provide a sketch of proof.

In order to prove the existence of a solution, we define a sequence of functions in Sy, (R*) that converges
towards a solution. We begin by defining T (z) = —1 (I, + 321/2\1,(7%11\/)3;1/2)71 and using the
iterative definition

- . —1
TW () = —% (IN FenT (Bg” 27 ()8, Y 2)) (4.5)

~ —1
T () = 2 (L + B, 20 (0 (2)7) B, 2) (4.6)

for p > 0. By Proposition 1.2, we see that the L x L diagonal blocks of T?)(z) belong to the class Sy (RT),
whereas T(®) (z) belong to Sy (R*). In order to prove the existence of a solution to the canonical equation, it
is possible to establish that the sequence T(p)(z) has a limit in the set of M L x M L diagonal block matrices
with blocks belonging to the class S (RT). Then, in a second step, it can be shown that this limit is a
solution to the canonical equation. For more details, the reader may refer to the proof of Proposition 5.1 in
[20].

Next, we focus on the unicity of the solution. More specifically, we will prove that, for each z € CT, the
system (4.1, 4.2) has a unique solution in the set of ML x ML and N x N matrices with positive imaginary
part. This, of course, will imply the uniqueness of the pair of functions (T(z), T(z)) € Saz(RT) x Sy (R)
that satisfy (4.1 , 4.2) because functions of Sy (RT) and Sy(R™) are uniquely defined if their values on
C* are prescribed. We fix z € C*, assume that T(z), T(z) and S(z),S(z) are matrices solutions of the
system (4.1, 4.2) of equations at point z, and assume that T(z) and S(z) have positive imaginary parts. Let

Tg(z) = BZI/2T(2)B£1/2 and Sg(z) = 321/28(2)821/2. Tt is easily seen that
TB(Z) - SB(Z) = (I)B,O (TB(Z) - SB(Z)) (4.7)
where we have defined the operator @5 (X) as
D0 (X) = 22enSp(2)¥ (87 (=) (X) T7(2)) Ta(2) (4.8)

where X is an ML x ML matrix. We note that operator ®3 o depends on point z, but we do not mention
this dependency in order to simplify the notations.
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We only need to show that the equation @5 (Xo) = Xo accepts a unique solution in the set of block-
diagonal matrices, which is trivially given by Xo = 0. This will imply that Tg(z) = Sp(z), and therefore
T(z) = S(z), contradicting the original hypothesis.

We recall that if we put ‘1)531,)0 (X) = @5, (X), we recursively define (I)gfarl) (X) = @B,O(@gf())(X)) for
n > 1. A solution X, of the equation ®g o (Xo) = Xo also satifies (I)(an)) (Xo) = Xy for each n > 1. In order
to establish that X is equal to 0, it is thus sufficient to prove the following result.

Proposition 4.2. For each ML x ML matriz X, it holds that

lim @4 (X) = 0. (4.9)

n—-+o0o

Proof. We remark that ®p ¢ coincides with the operator ® defined by (1.41) when the matrices S, §, T,’f‘
are chosen equal to Sz(z),S(z), Ts(z), T(z). As T(z), T(z) and S(z), S(z) are solutions of the system (4.1,
4.2) of equations at point z, it is clear that the matrices Sg(z), S(z), Ti(z), T(z) are full rank. Proposition
1.3 thus implies that for any two L-dimensional column vectors a, b, we can write

B

‘aH (@g;jg (X)) - b‘ < [aH (q>g> (XXH))m’m a} i {bH (q)gg, (IML)) - b} v (4.10)

where <I>Tg and ®g, are the positive operators defined by

Dy (X) = |2 enTH (2)¥ (T*(2)¥ (X) T7(2)) T(2) (4.11)
Bs, (X) = |2[% enSp(2)¥ (é%)@ (X) §*(z)) SH (2). (4.12)

By Proposition 1.3, (4.9) will be established if we prove that there exist two positive definite matrices Y; and
Y such that @g?l (Y1) and <I>(SnB) (Y2) converge towards 0. The following Lemma proves that this property
B

holds because (T(z), T(z)) and (S(z),S(z)) are solutions of the canonical equations (4.1, 4.2).

Lemma 4.1. Let T(2),T(z) be a solution to the canonical equation (4.1, 4.2) at point z € CT satisfying
Im(T(2)) > 0, and define Tp(z) = le/zT(z)le/z. Let X be a positive semi definite matriz. Then, it
holds that

o§) (X) = 0 (4.13)
and
<I>(T"£, (X) =0 (4.14)

such that T(2)TH(2) > a(2) Inrr (as T(2) ds full rank, T(2)TH(z) is positive definite). Then, we have

as n — 0o. Moreover, the series Z::) (I)EF,; (X) and Z:ﬁ% CI)(T";), (X) converge. Finally, consider a(z) > 0
B

+oo
1 IIIlTB
o (1 < 41
7;) rs (ne) - < Ha(z) Imz (4.15)
+oo
1 ImTB
q)(n) 1 < 4.16
T;) Tg(ML) - Ha(z) Imz (4.16)

for some nice constant k.

Proof. To simplify the notation we sometimes omit the z arguments of the multiple matrix functions in this
proof. If T is a solution to the canonical equation, we must have

1T —TH
L .

5 B % = 1mzB, ' *TT7 B, + &1, (ImT5). (4.17)

ImTB =B
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Iterating the above relationship, we find that, for n € N|

ImT _ . ImT
nos Zcﬁ(’“) (B V2ppH g 1/2) + Y <mB) (4.18)

Imz Imz

Now, since hfln;l;B > 0, we have <I>£rn +1) (III“TB) > 0 and therefore
B mz

k=0
for each n. However, since Bgl/zTTHBZl/2 > 0 we must have @EI.TLB) (BZI/QTTHBZI/Q) — 0asn — oo
and Z ”)( 1/2TTHB£1/2) < +00. As the inequality T(2)TH (2) > a(z)I)r, holds, we obtain that
B_l/ *T(z )TH (2)B, 1z ka(z) I for some nice constant x because the spectral densities are uniformly
bounded away from zero. Therefore, B, V2ppH B, 12 g positive definite. Proposition 1.3 thus implies that

(4.13) and 3729 @S}g (X) < 400 hold for each positive matrix X. Using (4.13) for X = ImTp in conjunction
with (4.18), we obtain that

ImTp <X _ _
BN el (B, TT B (4.19)

Imz

Noting that B /2 T(z )TH(Z)BZUQ > ka(z)Ipr, (4.19) implies that

+o0o
1 ImTB
oW (Typ) < :
Z_: Ty (Irz) S & a(z) Imz

In order to establish (4.14), we use the observation that
ImTy = ImzB;, /> (2)T(2)B; "/ + ®pu (ImT5(2))

and use the same arguments as above. O

This completes the proof of the uniqueness of the solutions T(z), 'i‘(z) of the equations (4.1, 4.2).

We finally remark that (4.3) and (4.4) follow immediately from Proposition 1.3. Proposition 4.2 is thus
proven. O

We now take benefit of Lemma 4.1 and of Proposition 4.2 to deduce the following Corollary.

Corollary 4.1. Consider the solution T(z) of equations (4.1, 4.2), and Tg(z) = le/2T(z)le/2. Then,
for each z € C — R™, it holds that

where C(z) = P1(|z\)P2(é) for some nice polynomzals Py and Ps.

Proof. The proof of Lemma 4.1 implies that (4.15) holds for each z € C\ R because % is also positive
if Imz < 0. Moroever, (4.3) leads to the conclusion that the term a(z) in (4.15) can be chosen as a(z) = =+

C(z)"
Therefore, (4.20) for z € C\ R follows immediately from Item (v) of Proposition (1.1).
If z belongs to R™*, then % should be interpreted as the positive matrix T (z f]R n /\ z)2’ and the
reader may verify that the above arguments are still valid.
O
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We have therefore proven the existence of two matrix functions T(z), T(z), defined as the solutions to
a couple of matrix equations. In the following section we will prove that these two matrix functions are, in
fact, the deterministic equivalents to our resolvent and co-resolvent respectively.

5 Convergence towards the deterministic equivalents

We establish in this section that if (Ax)ny>1 is any sequence of ML x ML deterministic matrices such
that supy |An|| < a for some nice constant a, then 377 TrAN(Qn(z) — Tn(z)) converges towards 0 almost

surely and conclude from this that the empirical eigenvalue distribution iy of Reorr,z has a deterministic

. . 3/2 .
behaviour when N — +o00. We also evaluate the corresponding rate of convergence when ﬁI—N — 0, ie.

when £ < %. The approach used in this section is again similar to what is proposed in Section 6 of [20]. We
therefore often omit to provide detailed proofs.

We recall that we denote by i, the positive matrix-valued measure associated to the Stieltjes transform
Tx(2), and define uy as the probability measure uy = ﬁTruN. We first notice that showing that
112 Tr(Qn (2) — T (2)) — 0 almost surely for each z € C* implies that fiy — puy — 0 weakly almost surely.
More precisely, by Corollary 2.7 in [12], the property ﬁTr(Q ~(2) = Tn(2)) — 0 almost surely for each
z € C* implies that iy — uny — 0 weakly almost surely as soon as (fin)n>1 is almost surely tight and
(un)N>1 is tight. We therefore verify that these conditions are verified. For this, we check that

limsup/ Moy (A) < 400, a.s. (5.1)
N—+oco JRT
and
limsup/ Adpun(N) < 4o0. (5.2)
N—+o0 JRT

In order to prove (5.1), we remark that

_ _ 1
T8, PWNWHB, 2 = M >
m=1

1 1
Adpin(A) = b7

s Tr Ry, [ Ron 1 R
R+

m,L | *
The identity in (2.24) implies that

sup
m=1,...,.M

1o T
+Tr R R iR 2|~ 1‘ 0, a.s.

Therefore, [, Adfin(A) = 1 almost surely and (5.1) holds. To verify (5.2), we evaluate [;, Adpy () using
item (vi) of Proposition 1.1 and immediately obtain that [, Adpy(X) = Iy and [o Adun(X) = 1. The
asymptotic bound in (5.2) is thus established.

We devote the rest of the section to establishing the following result.

Proposition 5.1. We consider a sequence (An)n>1 of MLx ML deterministic matrices such thatsupy ||[An|| <
a for some nice constant a. Then, for each z € C\ RY, we have

7T (AN (Qy(2) ~ EQu() = 0 (53
almost surely. Moreover,
ﬁTr (An(EQn(2) — Tn(2))) — 0. (5.4)
If 22 0, it holds that
L
T (AN(EQx (2) ~ T (2))) < C(2) 110 (55)
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when z belongs to a set En defined by

L3/2
MN

Ex ={z € C\R*, =——Pi(|z))P:(1/5.) < 1}

where Py and Py are some nice polynomials. Finally, for each compactly supported smooth function, we have

BT (G(Reann) - [ ¢><A>duN<A>] -0 (MLN) : (5.6)

Proof. The bound in (3.1) can be written as

2

1
< C’(Z)MN.

E ﬁm (An(Qn(2) — EQu(2)))

Since iy = ﬁ with 2 — 8 > 1, the Borel-Cantelli Lemma leads to (5.3).

In order to establish (5.4) and (5.5), we follow the reasoning in Section 6 of [20]. The quantity EQ(z) —
T(z) can be written as

EQ(z) — T(z) =EQ(z) —R(2) + R(z) — T(2) = A(z) + R(z) — T(2)

where A(z) is defined in (3.14). As (3.16) holds, we have just to evaluate the behaviour of R(z) — T(z).
We recall that Tg(z) is defined by Tg(z) = le/QT(z)le/z, and introduce Rg(z) = l”)’zl/lel(z)ZS’Zlm7
Qs(z) = BZI/QQ(Z)BZI/Q and Ap(z) = le/zA(z)le/z. A simple calculation leads to

RB(Z) — TB(Z) = @371 (RB(Z) - TB(Z)) + @3’1 (AB(Z)) (5.7)

where the operator @5, is defined on the set of all ML x ML matrices by

D1 (X) = 22enRu(2)¥ (R ()T (X) T7(2)) T (2). (5.8)
In other words, ®p; is obtained by replacing (Sg, §) by (RB,f{) in the definition (4.8) of operator ®z 0.
In order to establish (5.4), it is sufficient to exchange matrices (R, T) by matrices (Rp, Tg) in the proof of
relation (6.3) in [20], and to follow the corresponding arguments. In particular, the "transpose” operator ®}
introduced in [20] is replaced here by the operator @%71 defined by

Bl 1 (X) = ey U (TTE(TBXRB)IET) (5.9)
L | verifies
’ 1 1 .
mtr(éB,l(X)Y)) = mtr(X¢5,1(Y)) (5.10)

for any two given ML x ML matrices X and Y.

To check that (5.5) holds if 3 < 2, we also follow [20]. We verify that for each matrix X, the series

5
= <I>(Bn& (X) is convergent, and deduce from (5.7) that

+oo
Rp(z) - Tu(z) = Y o (Ap(2)). (5.11)
n=0

To establish these properties, we use Proposition 1.3 for S = Rp(2),S = R(z), T = Tp(z),T = T(z). We

have already proven that le/QTTHB'Zl/2 > %IML > 0 and that E::E) ‘I’Srn; (le/QTTHB,;lm) < 400.
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It remains to find a positive definite matrix Y (z) such that Y @gﬁ (Y(2)) < 4+o0. Following Section 6.2
in [20], we see that

Im(E(Qg5)) _ 12 Hpp—1/2 , IM(Ag) ) ((Im(E(Qg))
b (BB (g 8)) g (B

As in [20], it is possible to show that (3.17) leads to

H <Im (As) >H < C(z)]L\;;\j. (5.13)

Using (5.13), it is easy to prove that it exists a term C(z) for which

o ("R ) =

if z belongs to a set En defined as in the statement of Proposition 5.1. As % > 0, we can iterate (5.12)
in the same way than in Lemma 4.1, and conclude that

= () ~1/2 ~1/2 , Im(Ag)
> o) [@RB (BL R(2)R(2)7B,'* + ﬂ < 400

o Im(z)

for each z € En. Proposition 1.3 thus allows to conclude that Z+°° <I)(n+1) (Ag(z)) is convergent and
coincides with Rp(z) — Ti(z) as expected. Therefore, Eq. (5.11) is estabhshed

We also notice that

Dg,, (Im ) Z oR) [@RB (Bgl/ R(z)R(2)7B;'* + hﬁf@?)ﬂ

and that using the same arguments as in the proof of Lemma 4.1 and of Corollary 4.1, we obtain that

ZCI) IML <C(Z)IML

for cach z € Ey. The use of (1.48) for S = Rp(2),S = R(2),T = Tp(z), T = T(z) thus leads to the
conclusion that for each matrix X, the inequality

—+oo
Y el (X)|| < ) X
n=0

holds for each z € En. In particular, if X = &1 (Ap(z)), |X]| < C(z )
implies that

i N, and the above inequality

L3/2
IRs(=) ~ To(2)l < C) 37 (514)
or, equivalently,
L3/2
R(z) - T < 1
IR(=) - T < O(:) 7o (515)
if z € En.
In order to complete the proof of (5. 5) we again follow Section 6.2 in [20]. It is possible to establish that
for each block-matrix X, the series 37 B(q) (X) is convergent, and that
wo( C(2)|1X]. (5.16)
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Starting from (5.11), we obtain that

+oo
1 _ 1 t(n+1)
Therefore, (5.5) is a consequence of (3.16) and (5.16).
We finally justify (5.6). This follows directly from Lemma 5.5.5 of [2] 2 provided we verify that for each

nice constants Cy, Cy, it exist nice constants C1, Cy, Cs and an integer Ny such that

L B (Qu()) - 1Tr<TN<z>>\ <o b1

S — 1
ML ML MN (Imz)Cs (5.17)

for each z in the domain |Re(z)| < Co, ey < Im(z) < C, and for each N > Ny. For this, it is sufficient to
follow some of the arguments used to establish Theorem 10.1 in [19].

O

6 Approximation by a Marchenko-Pastur distribution

This section provides the proof of Theorem 2. We will drop here the subindex /N in all relevant quantities,
ie. ty(2),tn(2),en, Tn(2), Tn(2), ete. to simplify the notation.

It is well known that the function #(z) = ct(z) — 1=¢ coincides with the Stieltjes transform of the
probability measure cpimp c + (1 — ¢)dp and is equal to

- 1

t(z) = AT ae) (6.1)
so that ¢(z) can also be written as .
&) =~ i)
Consider here the two matrix-valued functions 'i‘mp(z) and T,,,(z) defined by
Top(z) = _é (IN FenT (Bg” 24(:) Ly B;W))_l (6.2)
Top(e) = — (Lun + 820 (Th,() B,2) (63)

According to Proposition 1.2, these functions belong to Sy (RT) and Spsr(R™) respectively, and verify the

various properties of functions Y(z) and Y(z) defined in the statement of that proposition. In order to
establish Theorem 2, we define A,,,(z) by

App(2) = t(2)Inn — Thp(2) (6.4)
and express t(z)Ip — T(2) as

t(2)Inr — T(2) = (Top(z) — T(2)) + App(2). (6.5)

We also define tz(z), Tg,mp(2) and A mp(2) by tp(z) = 821/2 t(2)Inmr B;l/z, Timp(z) = le/szp(z)le/2

and Ag mp(2) = Bgl/ 2Amp(z)821/ 2 respectively. Using the definition of T,,, and ’i‘mp as well as the canon-
ical equations (4.1, 4.2), we obtain easily that

Tsmp(2) — Ts(2) = P2 (ts(2) — Ts(2)) (6.6)

3We notice that the statement of Lemma 5.5.5 of [2] assumes that the function ¢ vanishes on the support of ux. However,
the reader may check that this assumption is not needed
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where ®p 5 is the linear operator acting on ML x M L matrices defined as
Dpo(X) = 22 Tpmp(2)¥ (Tgp(z)@ (X) "fT(z)) Ty(2). (6.7)
Using this definition, we can re-write (6.5) as

tB(Z) — TB(Z) = &g (tB(Z) —Tp(2)) + A&mp(z). (6.8)

Our approach is to use Proposition 1.3 in order to establish that

t5(2) Z@S (A mp(2)) (6.9)

and that [[tg(z) — Tg(2)| < C(2) [|AB,mp(2)||. The identity in (1.22) will then be established if we are able
to show that [[Ag mp(2)|| < C(z)ﬁ if v <9, v # 1

We begin by evaluating the spectral norm of A,,,(2) and Ag mp(2). For this, we observe that ’i‘gp(z) is
given by

~ 1 -
Thp(2) = = (Iy +ct(2) T (B71))
were we can express g (Bgl) as
M

/ 1 m(v)ag (V)R par(v)dy (v)dy (v) dv.

Let us denote by Ex the N x N matrix defined by

1 1 M
Ey — /O (M mz::l emr (1) ] d (v) A2 (v) dv
where €, (V) is defined by
€m,L (V) = Sm(v)all (v) R;;LaL (v) — 1.
It is clear that U (B;") = Iy + Ey, so that ’i‘ﬁp(z) can be written as
~ ct(z) -1
T, (2) = |—2(1+ct In+ ———E
() = |-+ ate) (v + 22 my )|
or equivalently as

-1 —1

”f%p( ) =1(2)In (In —czt(2)i(z)En)

In order to express T),,(2), we define I'(z) as the ML x ML block diagonal matrix given by

=1(2)Iy + c2t(2)?(2)En (In — c2t(2) E(2)En)

T(z) =¥ (EN (Tnz — c2t(2) £(Z)EN)*1) . (6.10)

Using that U(Iy) = By, we obtain
~ B B -1
Typ(2) = [_z ((1 () Iy + czt(z)?(z)sLl/Qr(z)BL1/2)]
or, equivalently,

Typ(2) = t(2) (Tarz, — c(24(2)E(2))°T5(2))

= t(2)Inr + t(2)c(2t(2)E(2))°Ta(2) (Inr — c(zt(z)f(z))QI‘B(z))_l
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where I'p(z) = BZUZI‘(Z)BZUQ. We eventually obtain that

App(2) = —t(2)e(2t(2)E(2))°Tp(z) (I - c(zt(z)z?(z))21"3(z))71 . (6.11)

The asymptotic behaviour of A,,,(z) depends on the behaviour of matrix Ex, which itself depends on the
properties of the terms (€, (v))m=1,...,m. The following Lemma, established in the Appendix B, is the key
point of the proof of Theorem 2.

Lemma 6.1. For each v < 7g, it holds that

K
sup sup |ém.r(V)| < ———— 6.12
e 612
for some nice constant k (depending on v) if v # 1 while if vy =1,
log L
sup sup |em (V)| <k =kl (6.13)
m>1ve[0,1] L

In the following, we use Lemma 6.1 for a value of 7y as close as possible to vy in order to obtain the fastest
speed of convergence for sup,,~1 sup,¢o,1] [€m,2(¥)[- If 70 <1, v <70 < 1 cannot be equal to 1. If o > 1,
we will of course consider a value of v for which 1 < v < . Therefore, in the following, we assume that
v # 1. If 7 < 1, we thus obtain that for each v < g

sup sup |em, (V)| < - (6.14)
m>1ve[0,1] Ly

holds, while if vg > 1,
sup sup |em r(v)| < % (6.15)

m>1ve(0,1]

Noting that Ey is the N x N Toeplitz matrix with symbol 7 E%:l €m,(V), we immediately infer from
this discussion the following corollary.

Corollary 6.1. If vg < 1, then, for each v < 7y, it exists a nice constant k depending on ~ for which
|En|l < 5. If v0 > 1, it exists a nice constant r such that |Ex|| < F.

In order to control the norm of I'(z), we mention that for each z € C\ RT, then c|zt(2)t(2)|? < 1
(see e.g. Lemma 1.1 in [19]). Therefore, the inequalities |z¢(2)t(z)] < % and c¢|zt(2)t(z)| < +/c hold on
C\ R*. Corollary 6.1 thus implies that for L large enough, |[Ix — c2zt(2)#(2)Ex| > 1 — /| En| >
1 and || (In —czt(z) 1?(2)EN)_1 | < 2 hold for each z € C\ RT. For L large enough, we thus have

Ey (In —czt(2)t(z)En ! < -2 for some nice constant k, a property which also implies that
Lmin(y,1)
IT(2)|| < tame because if X is any N x N matrix, then |¥(X)|| < Smag [|X||. This, in turn, implies that

1A (2)|| < % and ||Ag,mp(2)]| < % for L large enough, as we wanted to show.

We now establish that (6.9) holds. We first prove that for any ML x ML block matrix matrix X

the series Z:i% @g;(X) is convergent. For this, we use Proposition 1.3. It was already proven that
+oo (b(")
n=0 Tg

&y .., We notice that a simple calculation leads to the identity

(Y) < +oo for each positive matrix Y. In order to establish a similar property for operator

ImTg p(2)

- _ Imt
= BL 1/2Tmp(z)Tgp(z)BL 1/2 + @TB.,mp < = B>

Imz Imz

ImT3, mp(2) and

if 2 € C\ RT, where we recall that, when z € R™*, we follow the convention of denoting as T

Imtp
Imz

the derivatives of Tz mp and tg at z respectively. This implies that

Imts(z) 172 g 172 ImAg mp(2) Imtg
Imz - BL TmP(Z)Tmp(Z)BL + Tmz + (I)TB,mp Imz .
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C(z)
[min(y,1)

Noting that [|Ag mp(2)|| < Lemma B.1 in [13] implies that

— [min(y,1)°

ImA&mp (Z)
Imz

‘ . _C)

Proposition 1.2 implies that Ty, (2)TH (2) > %IML for each z € C\ R*. Therefore, if we denote by
Y1(z) the matrix Y;(z) = B;lﬂTmp(z)Tgp(z)BZl/Q + %, then, Yi(z) > C( Iz > 0if 2 € Fy
where Fy is a subset of C\ R defined by

1 1

for some nice constant k. Using the same arguments as in Section 5, we obtain that for each z € Fl,

the series /% ) (Y1(z)) is convergent. Proposition 1.3 implies that for each positive matrix Y,

TB ,mp
s <I>£lf2p (Y) < +oo and that for each matrix X, the series 37 n) 5 (X) is convergent if z € Fy.

Therefore, (6.9) holds true for z € Fi, and

400 too 1/2 1/2
S0 (Asmp(2)|| < |1 A8mp(2)] |05 (Tup) Z@Ts Tue)
n=0 n=0

It is easy to check that 3720 @%2 oy Inrr) < C(2)Inyg for z € Fy. Therefore, we obtain that [[tz(z) —

Ts(2)]| < % for each z € FN It remains to evaluate ||tg(z) — Tp(z)| if z does not belong to Fy.
For this, we remark that |[tp(z) — Tr(2)|| < |[ts(2)|| + || Ts(2)|| < C(z). As z does not belong to Fi, the
inequality 1 < % holds for a certain C(z), from which we deduce that |[tp(z) — T(z)] < Lm%fw)l) as

expected. Since the matrix 821/2 verifies 821/2 we obtain (1.22) for each z € C\ RT.

1
VSmin
It remains to justify (1.23). For this, we remark that

C(z)

S T (s, T<z>>\ <[z — T € s

ML

where v < 79, v # 1. An easy generalization of Theorem 6.2 in [11] (see e.g. [4]) thus implies that if ¢ is a
compactly supported C* function, we have

K

1
/]R+ o(A) <mTr N+ ie)Inr — T(A+ ze))> d/\' S TemGD

The inequality in (1.23) thus follows from the Stieltjes transform inversion formula

lim
e—0

1., 1 . )
- d(A) (dpn(A) — ditmp,c (X)) = = lim Im (/R+ d(N) (mTr (A +ie)Ipr — TN+ ze))) d)\> .

A  Proof of Lemma 2.2

A classical calculation (see e.g. Theorem 4.3.2 in [3] in the non Gaussian case) leads to

L—-2
El¢ry, )2 = Y (1 [l|/L)rm (e 2.
—(L-2)

Taking into account that S,,(v) = 3, 7, (1)e =2, we obtain immediately that

El¢L.y,, )|* = Sm(v) + em,(v)
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where €, 1,(v) is defined by

L—-2

. 1 .

_ —2imly —2imly

emp(v)=— Y rm(le -7 > flrm(De :
[{|>L—1 —(L-2)

It is clear that
1 L—2
lem (W) <Y rm (Ol + 7 > llrm@)-

[l|I>L—1 —(L-2)

Using the bound in (1.11) we directly obtain an upper bound of the first term, namely

K

Z |Tm(l)| < m

[|>L—1

If v9 > 1, 252572) [|7m (D] < |rmllwo and it holds that %252572) U7 (1)] < %. Therefore, if 7o > 1, we
obtain that

K
s < 7
If 79 < 1, we equivalently have
L—2
Y D] < L0y
—(L-2)
Therefore, the inequality
1 &2 K
- [ lrm (D] <
z, =1
holds, as well as
K
|€m,L(V)| < Lo

This completes the proof of Lemma 2.2.

B Proof of Lemma 6.1

The proof of Lemma 6.1 follows from the observation that the term a¥ (I/)R;:LaL(I/) can be expressed in

terms of the Szeg6 orthogonal polynomials associated to the scalar product
1
<2k >= / S ()2 k=0V gy, (B.1)
0
For each integer I, we introduce the monic orthogonal polynomial ®;(z) defined by

@l(m)(z) =2 =2l sp(1, z,..., 27 h) (B.2)

where the symbol |A stands for the orthogonal projection over the space A in the sense of the scalar
product (B.1). We denote by al2’m the norm square of <I>l(m), and define for each [ the normalized orthogonal
polynomial qbl(m)(z) by

(m)
" (2)
() = L2 (B.3)
oy
It is well known that the sequence (Uf’m)lzg is decreasing, that og’m = r,(0), and that lim;_, | « le’m = g2m

coincides with exp fol log S, (v)dv. 1t is clear that the normalized orthogonal polynomials satisfy
1 *
<o o >= [ @) (6 ™)) Sy = by,
0
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In the following, we also denote by CIJ(m)*( ) and gbl(m)*(z) the degree [ polynomials defined by
(I)l(m)*(z) — <(I>l(m)(2’7*)> ’ l(m)*(z) _ <¢l(m)(zf*)>

Noting that ®; is for each [ a monic polynomial, it is clear that @(m) (2) can be written as

1
oM (2) =1+ Z a2 (B.4)
for some coefficients (ag';))kzlv_,’l. Moroever, <I>l(m)*(z) coincides with

B (2) = 1= 1sp(z, 22, 2))

and the [-dimensional vector al( ™) - (agnz), ce al(T))T is given by

1 _
(m) —‘71 le+1 (B.5)

a
where e; is the [ + 1-dimensional vector e; = (1,0,...,0)T. It is moreover easily checked that
l
Ymn — ym,n|sp(ym,n717 ce ;ym,nfl) = Ym,n + Z a(m) Ym,n—k (BG)
k=1

where the orthogonal projection operator is this time defined on the space of all finite second moment
complex valued random variables. For more details on these polynomials, we refer the reader to [24] and
[10].

The matrix R;;L can be written as
1 . 1 1 u
Ry =AmrDiag | ... 5 | Anr (B.7)
90 Or—-1
where A, 1, is the upper-triangular matrix defined by

1™ ol (m)

Qgo --- Qp 31 1
0 1 aﬁ;) (an2,L—1
Apnr=1 1 - 1 . : . (B.8)
0 0 1

In order to see this, simply observe that R, A, 1 is lower triangular because of (B.5) and the fact that
R%,Hl =J1+1Rm,i+1d141. Since AZ,L is also lower triangular, so is the product Ag’LRm’LAm,L. However,
matrix Afi . Rom, L A, 1 is also hermitian, which implies that it must be diagonal. Close examination of (B.5)

reveals that its diagonal entries are equal to alZ’m for [/ =0,...,L — 1. Inverting the corresponding equation
we obtain (B.7).

Using the above decomposition of the matrix R;ml ;, we immediately obtain that

aL(V)HAm,L _ (17 e—zz'w(l)gm)*(ezim>7 o e—QiTr(L—l)uq)(L"i)l*(einy))

1
VL
and consequently

ar()" R, ! ar(v Z ™" (2m) 2, (B.9)
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We first explain informally why, for each m, S,,(v)ar(v)¥ R, ' ar(v) — 1 converges uniformly towards 0.
For this, we need to recall certain results that are summarized next.

Since the spectral densities S, (v) are uniformly bounded from below, we can define the cepstrum
coefficients (¢, (k))kez, namely

1
em (k) = /0 log Sy, (v) >k dy.

We notice that lim;_, of’m = ¢2™ coincides with exp ¢m(0). Assumption 4 and a generalization of the
Wiener-Lévy theorem (see e.g. [24]) implies that for each m, ¢,, € £, for each v < 9. We define the function
7(™)(z) given by

n=1

“+o0
7™ (2) = exp — (cm(O)/Q + Z cm(n)z”> .

Then, 7(™)(z) and (™) (z) = 7r<+)(2)

unit disk. In the following, we denote by 7(™)(z) = 3720 7(™) (n)2" and (™) (2) = 32722 (™) (n)2" their
expansion in . Moreover, functions v — 7(™ (e*™) and v — (™) (%) also belong to £,,. To check
this, we denote by (é,(n))n>0 the one-sided sequence defined by é&,,(0) = ¢,,(0)/2 and é,,(n) = ¢ (—n) for
n > 1. Then, the sequences 7(™ and ¥("™) can be written as

are analytic in the open unit disk D and continuous on the closed

(m) — (_1)k ~ \x(k) (m) — L *(k)
™ :ZT(Cm) s P :ZH(Cm)
k=0 k=0

where for a sequence a, a*®) represents a*ax*...*a. Observe, in particular, that both sequences are
—_———

one-sided. Now, for each v < ~q, it holds that

—+oo
m 1 ~ ~
ESRIPEES gllcmllii = exp([|ém lw) < exp(([cmlw) (B.10)
k=0
+o00o 1
> yllémllfi = exp(|émlw) < exp(llemllw)- (B.11)
k=0 """

1™ L,

IA

In the following, we also need a version of (B.10, B.11) holding uniformly w.r.t. m. For this, we establish
the following lemma, which can be seen as a uniform version of the generalized Wiener-Lévy theorem.

Lemma B.1. Consider a function F(z) holomorphic in a neighbourhood of the interval [Smin, Smaz] Where
Smin 0Nd Smae are defined in Assumption 2. Then, for each v < 7o and for each m, the function FoS,,

belongs to £, and *

sup ||F oSmlle < +o0. (B.12)
m>1

Proof. We adapt the proof of the Wiener-Levy theorem in [29] (Theorem 5.2, p. 245). We first claim that
if p is an integer such that p > 1+ and if G(v) =3 ., g(n)e* ™ belongs to Cp, then, g € £, and

19lluo < & (sup GW)| + sup |G<p><u>|) (B.13)

for some constant x depending only on . To verify (B.13), we remark that |G(0)| < sup,, |G(v)|. Moreover,
for each n # 0, the integration by parts formula leads to

1 ! .
g(n) = / GV (v)e= 2 gy
0

(2imn)P

4We make the slight abuse of notation by identifying the w-norm of a function on the unit circle as the corresponding norm
of its Fourier coefficient sequence.
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and to |g(n)| < (Qi)p ‘nllp |G®)(v)|. As p > 1+ 9, we obtain immediately that (B.13) holds.

Since F is holomorphic in a neighbourhood of [$ymin, Smaz), there exists a p > 0 for which F is holomorphic
in the open disk D(s, 2p) for each s € [$ymin, Smaz]- In particular, for each m and each v, F' is holomorphic in
D(Sm(v),2p). We consider a partial sum Sy, n, (V) = 3,2, rm(k)e™2™ " and claim that for each v < 7o,

we have .

1Sm (1) = Smme Wl = > (L+ k) [rm (k)] < —— (B.14)

n
[k|>(no+1) 0

for some nice constant . To justify (B.14), we remark that

7 llwo = Z (L+ k)0 |rm (k)] > ng® ™ Z (L+ [k |rm(B)] = ng® ™" [|Sm (V) = Smne (V) |-
|k|>(no+1) |k|>(no+1)

Assumptlon 4 1mphes that sup,, ||7m|lw, < +o00. This leads immediately to (B.14). We choose ng in such a
way that < £, and notice that (B.14) leads to sup, |Sp, (v) — Spmn, (¥)| < £ for each m. Therefore, the

vo v =2 2
circle (C(Sn;J no(V), p) with center Sy, n, (V) and radius p is included into D(S,,(v), 2p), and S,, (v) belongs to
the disk D(Sp n, (V), p). The Cauchy formula implies that
A [T F(Smn(v) + pe’)
21 Jo  Sm(v) = Smne (v) — pet?
Since |8y (V) = Smono (V)| < §, it holds that

(FoSy,) (v) = pe'? do. (B.15)

eiO

“+o0
P == e (S0 ) = Smmo )"
k=0

Sm(V) - Sm,no (V) - Pele

and that
pe'’ < Z kS, — Ik <2
S (V) = Smmo (V) — pei? || P Smanolle < 2

Using (B.13), it is easy to check that G,, (v, 0) defined by Gm(y, 0) = F(Sp.n, (V) + pet?) verifies

sup [|Gm (v, 0)lw < K

m,uv,v

for each v < vy for some nice constant k. We thus obtain that for some nice constant «, it holds that

F(Smn, (V) + peie) pew
S (V) = Simyno (V) — pe’®

for each v < 79, each m and each 6. (B.15) thus implies (B.12). The proof of Lemma B.1 is thus complete. [

<k

w

The use of Lemma B.1 for f(z) = logz shows that

sup ||em|w < 400 (B.16)
m

for each v < ~9. Therefore, (B.10, B.11) imply that

sup |70, <k, sup [l < k. (B.17)

It also holds that S, ’w(m) Zimvy ’ and therefore w(m)( ) coincides with the so-called outer spectral
factor of S,,, in the sense that both (™ (z) and w<m>

5.1.8 in [24] leads to the conclusion that Hgbl(m)* — (™|, = 0 when [ — 400, a result which implies that

o= = 7(™)(2) are analytic in the unit disc. Theorem

)*(62i7ru) o 7T(m) (621'71'1/) 0. (Blg)

sup
1%
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1
7 0m) (e2i7v)

2
Given the fact that S, (v) = , (1.7) and (1.8) allow us to conclude that

0 < inf inf |7(™)(27)| < supsup |7(™ (™) < +oc0. (B.19)

(m)*

Therefore, (B.18) leads to sup,, |m¢l (e2™)—1| — 0, and to sup,,

0, or equivalently, to

‘W|2|¢§m)*(e2iﬂ—u)l2 1] =

sup ‘Sm(u)|¢l(m)*(62””)\2 - 1‘ — 0. (B.20)
This, in turn, implies that

1 Cn | (mye 2
Sm(v) 7 D14 (22— 1| =0 (B.21)

=1

sup
v

when L — 400 as expected. In order to complete the proof of Lemma 6.1, we have thus to prove that
(B.21) holds uniformly w.r.t. m, and to evaluate the rate of convergence. For this, we can follow the proof
of Theorem 5.1.8 in [24], adapting the corresponding arguments to our particular context.

Theorem 5.1.8 in [24] follows from general results concerning Wiener-Hopf operators defined on the
Wiener algebra ¢;. As explained below, we will show that sup,,, ||¢l(m)* —7(™)||; = 0, and will only use that
sup,, [|7mlle < +00 and sup,), ||¢m|lo < 400 for each v < g in order to obtain an upper bound of the above

term. In the following, we denote by C'(™ the operator defined on the Wiener algebra ¢; by
C™a =7, xa

where 7,, is the sequence defined by 7,,(n) = r,,(—n) for each n € Z. C™) can alternatively be defined in
the Fourier transform domain as the multiplication operator

Z a(n)e? ™ — S, (v) Z a(n)e? ™.

neZ neZ

It is well known that |[CU™ ||} = |[Fmlli = |[7mll1. As Sm(v) = |™) (e?™)]2, the operator C™) can be
factorized as C™ = LMy m) = y(m) [(m) where U™ and L™ represent the multiplication operators by
™ (e27) and (™) (e27))" defined on ¢; respectively. We denote by Py the projection operator defined
on /1 by

Py ({a(n),n € Z}) = {a(n),n = 0}

or equivalently in the Fourier transform domain by

+oo
P+ <Z a(n)e%ﬂ-nu> — Z a(n)e%‘n—nu.
nez n=0

The operator P_ is defined by P_ = I — P,. The operator U™ is called upper triangular in the sense that

P_UM™ P, =0 while L(™) is lower triangular because P, L™ P_ = 0. Moreover, as 7(™) = ﬁ belongs

to 1 and 7(™) (™) = Z:::(’) 7™ (n) 2™ the operators U™ and L(™) are invertible, and (U(™)~1
and (L(m))_1 are upper triangular and lower triangular respectively. In the Fourier domain, (U (m))_l and
(L™)~1 correspond respectively to the multiplication operator by 7(") (™) and (7™ (e*7¥))* These
properties imply that the factorization C(" = LMy (m) = y(m) [,(m) ig a Wiener-Hopf factorization. In the
following, we denote by 7™ the Toeplitz operator defined on ¢; by

7™ = p,Cc™p,. (B.22)

It is clear that if j > 0 and if 6; is the sequence d; defined by d;(n) = 0,,—;, then, < d;, T(m)éj >, defined as
(T(™)5;) (i), is equal to 7y, (j — ). Therefore, the matrix representation of 7™ in the basis ()0 is the
infinite matrix R}, . Theorem 5.1.1 in [24] implies that, considered as an operator defined on Range(Py),
T(™) is invertible, i.e. that for each a € Range(Py ), there exists a unique b € Range(Py.) such that T(™b = qa.
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(T(m)) ~ b is of course defined as a. If an element a does not belong to Range(Py), (T(m)) ! a is defined as

(T(m))_1 P.a. We also notice that (T(m))_1 =P, (U(m))_1 Py (L(m))_1 P.. For each n > 1, we denote
by @, the projection operator defined by

Qn {a),l €Z}) ={a(l),0 <1 <n} (B.23)

or equivalently by

n
Qn E 217rlu E a 2i7rl1/'
=0

leZ

We also introduce the truncated Toeplitz operator Tém) defined by
7™ = Q,C™Q, = Q.T™Q,. (B.24)

We note that in the basis (6;);j—o,....n, the matrix representation of T,(Lm) is the matrix R,Tn,nﬂ. We now

introduce the projection operator R,, defined by R, = Py — Q,, and state the following Lemma which
appears as an immediate consequence of Theorem 5.1.2 and Theorem 5.1.3 in [24].

Lemma B.2. For each n > 0, it holds that R,L'"™Q,, = R,L="™Q,, = Q,U"™R, = Q, U ("R, =0.
Moreover, there exists an integer ng independent of m such that for each n > ny, T,gm), considered as an

operator defined on Range(Q,), is invertible, in the sense that for each a € Range(Q,,), it exists a unique
b € Range(Q,), defined as (T, ém)) a, such that 7™ = a. If a € Range(Py), (T, ém))*la is defined as
(Tflm))_la = (Tflm))_lQna. Moreover, there exists a nice constant o such that, for each n > ng and each
a € Range(Py), the inequality

< allall (B.25)

-1
6"

holds.

Proof. We just verify that R, L™ @Q, = 0, and omit the proof of the three other identities. For this, we
have just to check that if a(e*™) = Y"1 a(n)e?™, then (w(m)(ezi””)) a(e?™) can be written as

(w(M)(e?z'm/)) 2y — Z b(1)e2 v

l=—00
for some coefficients (b(1))1= oo, n. This, of course, holds true because (1(™ (e27))" = $S77° (™) (1))*e~ 2,

In order to be able to use Theorem 5.1.2 in [24], we establish that it exists an integer ng such that
| P_(L™) IR, UM ||} < % and ||R,(U™)"1P_L(||; < L for each n > ngy and for each m. If a €
(1, we evaluate P_(L(™)~'R,U)q in the Fourier transform domain, and denote z{™ (e27") the func-

tion defined by z{™ (e2™) = R,1)(™ (2™ )a(e>™), which, of course, can be written as zy™ (e2™) =

Zl il zS{")(Z) 2irlv - The operation of (L{"))~1 is equivalent to the multiplication by (7(™ (e2*™))* in the
Fourier transform domain, which is associated to a left-sided series. Therefore,

* X too * . X
P (ﬂ(m)(e%m/)> x%m)(e%mj) - p Z (’/T(m)(l)> eszleglm)(e2wru)‘| )
l=n+1
The norm of the right hand side can be bounded as
Py (7o) e‘%””w;m(e?”")] <| X (=) e 1w al,
l=n+1 1 l=n+1 1

or equivalently,

|-t R < ( > ) 4.
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The bound in (B.17) implies that sup,, ||1»"||; < & and that sup,, [|7("™]|,, < & for some nice constant .
It is therefore clear that for each v < 7o and for each m, we have

+oo
K2 r ), > >0 1+ )E ™ @) = (14 n) Z | (1)
l=n+1 l=n+1
We conclude from this that N
Y )< (B.26)
l=n-+1 n
and therefore
HP (LOm)~1R, U<m>H (B.27)

for some nice constant . It can be shown similarly that
(m)y—1 (m) il
HRn(U )y1P_L H1 <= (B.28)
This implies that it exists an integer ng such that ||[P_ (L) ~1R, U™y < % and ||R,(U™)~1P_L(M]; <
1 for each n > ng and for each m. Therefore, Theorem 5.1.2 in [24] implies that for each n > ng and for each

m, it holds that T\™ is invertible and that for each a € Range(Qy, ), it holds that H(TT(Lm)) La|| < ammnllallx
where o, is given by

@ = (L) )|

o) (-] e ).

+ 2max (H(U(m))*lH ’
1

The bounds in (B.17) imply that for each m and n, o, < « for some nice constant a. Therefore,
I(T™)1a)| < allal|y for each n > ng, for each m, and for each a € Range(Q,). If a € Range(Py),

(Tflm)) la is equal to (T,(Lm))*lQna. Therefore, H(T,Sm))’laﬂl < a||Qnalli < alla]l;. This completes the
proof of the lemma. O

Lemma B.2 and Theorem 5.1.3 in [24] imply the following corollary.
Corollary B.1. For each integer m and for each a € Range(Py), it holds that

lim H(TT(Lm))’laf(T(m))’laH ~0. (B.29)

n—-+4oo 1

Proof. (B.25) implies that T\™ is invertible for each n > ng. We use the observation that (T\™)~1T{™ =
Q,. Therefore, the operator (™)1 — (T(™)~1 can be written as

(@)™ = ()7 = (@) (10 = T ) (1) 7 4 (Qu = D)

We conclude from this and (B.25) that for each n > ng, it holds that

I(T™) " a — () ally < a (T = T ) (T)  Hall + [(T0) " a = Qu(T™) Halli. (B.30)

It is clear that (T 1a — Q. (T™)a|; — 0 when n — 4o0. Moreover, for each b € Range(Py),
(T — )b can be expressed as

(T — T4 b = = (QuC™ (Qu — Py) b+ (Qu — P1) CU™Pyb). (B.31)

From this, we obtain immediately that for each m, ||(T(™ — )b|| — 0 when n — +oo. Taking

b= (T™)~1a leads to (B.29). O
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Corollary B.1 implies that for each m, H(Tflm))’l% — (T™) =154 ||; converges towards 0 when n —

.....

implies that (Tém))_léo coincides with the sequence #(1,@{?, ... ,a%%),(), ...) whose Fourier transform

coincides with —L- Z(m)(e%“”). Therefore, the Fourier transform of the ¢; sequence (T™)~14, is the limit

G-TL

of ﬁqﬁ(m)(e%”) in the ¢; metric. Theorem 5.1.8 in [24] implies that for each v < vy and for each m,

|\¢5{”)* — 7(m)||, — 0, and therefore that ||¢$1m)* — M|} = 0 as n — +oo. As it is well known that
CM(O)

oyt — o™ = exp =5, this discussion leads to the conclusion that for each m,
m — 1 m
(T =16 = UTM( ), (B.32)

In the following, we establish the following proposition.

Proposition B.1. If v < v, there exist an integer ny and a nice constant k such that

_ )y — K
sup [|(Z0™) 718y — (1) 15, < 2= (B.33)
m>1 n
for each n > n;.

Proof. In order to establish (B.33), we use (B.30) and (B.31) for a = §y and b = (T(™)~1§, = U%ﬂ(m).

We first evaluate ||(T0™)~16y — Qn(T™) 18 ||1, or equivalently - Z;X;H |7(™) (n)|. In order to check

that sup,, U%n < 400, we notice that (1.8) implies that inf,, co(m) > —oo, and that inf,, exp@ > 0.
Therefore, it holds that sup,, - < +0c. The bound in (B.26) thus implies that for each n > ng and for
each m, it holds that

(m)y—1g5 _ (m)y—1 ’ <
@)1 — Quirt) e < =

for some nice constant . It remains to control ||(70™) — T,(Lm))(T(m))_l(SoHl. As sup,, =& < +oo, it is

sufficient to study ||(70™ — Ty(Lm))ﬂ(m) 1. For this, we use (B.31) for b = 7("™) and obtain that
-] <o oo -, -l s
1 1 1 1

The bound in (B.26) implies that the first term of the right hand side of (B.34) is upper bounded by -7 for
some nice constant x for each n and each m. The second term of the right hand side of (B.34) is given by

=i = $ [(e2) e

k=n-+1

where it holds that N

(c<m>7r<m>) (k) = 3 T (k= D 7™ ().

=0

Therefore,
+oo +oo

> (e ) < 37 D k=Dl ).

k=n+1 k=n+11=0
We express the right hand side of the above inequality as

+oo  +k +o00 +o0
DX rmE=DIE™O+ D Y Ik = DlF ™)
k=n+11=0 k=n-+1Il=k+1
or equivalently as
—+oo —+00
> > [ ()| () 4+ > |7 ()| ()]
k=n+1u+v=k,u>0,v>0 k=n+1utv=k,u—1,v>0

45



It is clear that

+oo

+00 o
> > |rm<u>||w<m><v>s(Z|7r<m><z>|> ST frm®)] ] +
=0

k=n+1ut+v=k,u>0,0>0 k=[(n+1)/2]
“+o00 “+o00
(Erw)( 3 oo
k=0 I=[(n+1)/2]

and that

+o00 foo
> > P (@)™ @) < [ D7 (k)] ( > 7T(m)(l)|>~

k=n+1u+v=k,u<—-1,0>0 k<-1 l=n+1

Using the fact that that sup,, ||rm|l. < +00, we obtain, using the same arguments as in (B.26), that

“+o0
K
sup Z RAGIES o

n
m l=n+1
for some nice constant k. We have thus shown that

Py —Q,)Cm gt < B
sup [|(Py = @n)CTm ™ < 02

and this completes the proof of Proposition B.1. O

Proposition B.1 immediately allows to study the behaviour of ||¢Z(m) — ™|y when n — 4-oc0.

Corollary B.2. If v < g, it exists an integer ny and a nice constant k for which

* m K
o™ — 7™y < — (B.35)

nYy

for each n > no and each m.

Proof. ¢>£Lm)* — 7™ coincides with U,T(Trgm))_léo — o™(T(™)) =18y, which can also be written as

B = wm) = o (T 16y — (T)7165) + (o = a™)(T™) 71

n

or equivalently as

(m)

O — 7 = it (TM) 16y = (T0) 7160 ) + (o = 0™) . (B.36)
o
We notice that o) = (< (Tygm))_léo,éo >)~1 and that o™ = (< (T(™)~15y, 50 >)~'. We express ¢ — o™

as
1 1

oy —o" =oad™ <Um - 0m> =o,o™ << (T =150 — (T™)7154), 6o >> .
Noting that sup,, , 05" < sup,, 7o(m) < 400, we obtain that for each n large enough and for each m, the
inequality
o — o™ < K|[(T{™) oy — (TC) Mg < =
n

holds for some nice constant k. (B.35) thus follows immediately from Proposition B.1. O
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We finally complete the proof of Lemma 6.1. (B.35) implies that

* (592 m TV K
supsup 6" (¢27) — ) (e27)| < 2

for each n > ny. Using (B.19) and S,,(v) = 5 e obtain that

1
[ (m) (e2i7v)

n B @™)P 1| < (B.37)
for each n > ny. We recall that €,,(v) is equal to
_ 1 Lilg (m)* (p2imvy(2 _

emr(v) =7 n;) m (V)] (€7 ™) — 1.

Therefore,
lem.L( Z ’5 (1)) (e2imv) |2 — 1‘ )
We express the right hand side as
na—1
1 Z ‘S e2imvY 1‘ —i—— Z ’S ¢(m)* 22 1

n=nso
and handle the two terms separately. On the one hand, (B.37) implies that

1 &1

- Z ‘S ¢(m)* 217r1/ _1‘ SHZ

n=ns n=ns

Y’

If v > 1, Zn ny 75 18 & bounded term, and we obtain that

supsup— Z ‘8 |¢ m)* 2z7ru _1‘ < %

n=ns3
Ifv= , it holds that
L
S L <k
ny —

n=nsa

and that
* v aZ
supsup— Z ‘S ¢(m) Zimey |2 1‘ < 15k

n=nsy

We finally justify that there exists a nice constant x such that

no—1

supsup Z ‘S |¢ m)* 2171'1/ _1’ < K.

Indeed, since ns is a fixed integer, we have just to verify that for each n < ng, sup,, sup,, |</)§Lm)*(62i””)| < +o0.

For this, we recall that the non normalized polynomials <I>£Zn) and (D%m)* verify the relation the well known
recursion formula
() = 2 () — ol M (2) (B.38)
() = B(2) — a2 B((2). (B.39)
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Here, (ayn(n))n>0 are the reflection coefficients sequence associated to autocovariance (7, (n))nez, also called
in [24] the Verblunsky coefficients. For each n, it holds that |a,,(n)] < 1. It is obvious that ||<I>£1m)||1 =
@™ ||y Therefore, (B.38) implies that
120 1 < (1 am (DI 2™ 11 < 21247
n+l I = m n 1> n 1-

As [|[@* |1 = 1, we obtain that ||y < 2", and that sup,, sup, |®™*(e2™)| < 27, As inf,,, o™ > 0,

the normalized polynomials verify sup,, sup,, \¢$Lm)*(62i””)| < +00. This completes the proof of Lemma 6.1.
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