N
N

N

HAL

open science

Carrousel in family and non-isolated hypersurface
singularities in 3

Francoise Michel, Anne Pichon

» To cite this version:

Francgoise Michel, Anne Pichon. Carrousel in family and non-isolated hypersurface singularities in 3.
Journal fiir die reine und angewandte Mathematik, 2016, 2016 (720), pp.1-32.

0074 . hal-02543406

HAL Id: hal-02543406
https://hal.science/hal-02543406
Submitted on 15 Apr 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

10.1515/crelle-2014-


https://hal.science/hal-02543406
https://hal.archives-ouvertes.fr

CARROUSEL IN FAMILY AND NON-ISOLATED
HYPERSURFACE SINGULARITIES IN C?

FRANCOISE MICHEL AND ANNE PICHON

ABSTRACT. We study the boundary L; of the Milnor fiber for the
reduced holomorphic germs f : (C?,0) — (C,0) having a non-
isolated singularity at 0. We prove that L; is a graph manifold by
using a new technique of carrousel depending on one parameter.
Our results enable us to compare the topology of L; and of the
link of the normalization of f~1(0).

Mathematics subject classification: 14J17 32525 5TM25

1. INTRODUCTION

We denote by B?" the 2n-ball with radius 7 > 0 centered at the
origin of C" and by S?"~! the boundary of B2".

Let f : (C*,0) — (C,0) be a reduced holomorphic germ. The
singularity of f at 0 is allowed to be non-isolated. We consider the
three underlying topological objects :

e The link Ly = f71(0) N'S? of the surface f~1(0) at 0, whose
homeomorphism class of Ly does not depend on € when € > 0
is sufficiently small ( [I6], [1]).

e The boundary L, = f~'(t) N'S? of the Milnor fiber of f , where
0 < |t| << €, whose diffeomorphism class does not depend on ¢
when |¢| is sufficiently small ( [16], [6]).

e The link L of the normalization of the surface Fy = f~1(0)NBE
at 0, which can be defined up to diffeomorphism by L, =
n~Y(Ly), where n : Fy — F, denotes the normalization mor-

phism of Fy ([3]).

When the origin is an isolated singular point, Lo, L; and L are three-
dimensional differentiable manifolds, each of them being diffeomorphic
to the others.

In this paper, we assume that the singular locus X(f) of f is 1-

dimensional. Then only L, and L, are differentiable manifolds.
1
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The resolution theory implies that Ly is a graph manifold in the
sense of Waldhausen, or equivalently a plumbed manifold in the sense
of Neumann ([I7], [19], [22]). More precisely, the plumbing graph of
Ly is given, in its normal form, as the dual graph of a good minimal
resolution of the normal surface singularity F.

We will not recall here the notions of Seifert, graph and plumbed
manifolds. For a quick survey adapted to our situation, see e.g. [I5],
section 3.

In [I3], we state with a sketch of proof that for a germ f : (C*,0) —
(C,0), the boundary L; of the Milnor fiber is also a graph manifold
whose Seifert pieces have oriented basis. The main aim of this paper
is to give a detailed proof of this result.

We first describe the manifold L, using the following strategy (Sec-
tion 2) : by hypothesis the singular locus of f, ¥(f), is a curve.
Let Ko = Lo N X(f) be the link of the singular locus in Lg. Let
Ko = n"}(Kp) be the pull-back of Ky in Ly and X(f) = n~1(2(f))
be the pull-back of the singular locus. A good resolution of the pair
(Fo,%(f)) provides a Waldhausen decomposition for Ly as a union of
Seifert manifolds such that K is a union of Seifert leaves. Let M, be
a tubular neighborhood of K in Ly. The closure Ng of (Lg\ M) is an
irreducible Waldlhausen graph manifold with boundary that we called
the trunk of Lj.

On the other hand, we define, in 2.10, a submanifold M; of L; called
the vanishing zone around K,. Theorem (3), Theorem and

Proposition [5.2] can be summarized in the following theorem:

Theorem.

(1) The closure NV, of L;\ M, is orientation preserving diffeomorphic
to the trunk N,.

(2) The manifold M, is an irreducible Waldhausen graph manifold
whose Seifert pieces have oriented basis.

By definition, the number of connected components of Ly equals the
number of irreducible components of f. But L; is always a connected
manifold (Corollary . Then if f is reducible, L; is not homeomor-
phic to Ly.

Moreover, our description of L; enables us to compare the normalized
plumbing graph of L; with the minimal resolution graph of Ly. We will
perform this comparison when f is irreducible.
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Notice first that N, is a solid torus if and only if the minimal reso-
lution graph of (Lo, X(f)) is a bamboo with an arrow at one of its ex-
tremities. Moreover, if Ny is not a solid torus, then L, is an irreducible
3-dimensional manifold (Corollary . When L; is not irreducible,

then it is not homeomorphic to Ly as Lo is irreducible ([19], Theorem

1).

Let M be an irreducible graph manifold. We denote by G(M) the
normalized plumbing graph of M as defined in [19]. We denote by
T (M) the separating family of the minimal Jaco-Shalen-Johannson
decomposition of M and by $7 (M) the cardinal of 7 (M).

Proposition. Assume that f is an irreducible germ and that L,
is an irreducible 3-dimensional manifold. Then

rank Hy(G(Ly),Z) < rank H,(G(L,),Z), and

67 (Lo) < $T (No) < 4T (Ly)

The main aim in the study of the topological aspects of singularities
consists of describing the analytical properties of a singularity which
can be characterized through some topological underlying objects. One
of the most important results in this direction is the following famous
theorem of Mumford, which gives a topological characterization of a
smooth point on a normal surface :

Theorem. ([I7]) Let (X,0) be a germ of normal complex surface. If
the link Ly of (X,0) has the homotopy type of the 3-sphere, then 0 is
a smooth point of X.

The initial motivation of this work was to prove an analogous the-
orem for non-isolated singularities of hypersurfaces in C3. One of the
advantages of our description of L; as the gluing of the trunk and
the vanishing zone is that it makes fairly easy the comparison of L;
with Lo in most of the cases. We obtain the following topological
characterization of isolated singularities for the analytic reduced germs

f:(C?0) — (C,0).

Theorem. Let f : (C?0) — (C,0) be a reduced holomorphic
germ. We assume that either f is reducible or L; is not a lens space.
Then the following assertions are equivalent.

(i) f is either smooth or has an isolated singularity at 0.
(ii) The boundary L;, t # 0, of the Milnor fibre of f is homeomor-
phic to the link Ly of the normalization of f~1(0).
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In [15] , for the germs with equations z™ — g(z,y) = 0 where m > 2
and g(x,y) = 0 is a non-reduced plane curve germ, we proved that L;
is never homeomorphic to Ly even if L, is a lens space, and that the
later case arises if and only if m = 2 and g has the analytic type of zy'.

The problem of the characterization of the germs f : (C3 0) —
(C,0), which do not have the analytic type of germs with equation
2™ — g(z,y) = 0, and which have a lens space as boundary L; of their
Milnor fiber, remains open. Proposition [5.6| shows that this open case
concerns a very special family of singularities.

In fact, in most of the known cases, L; is not orientation preserving
homeomorphic to the link Lx of any complex normal surface singularity
(X, p). This happens for various reasons. In [I3], we show that the germ
f(z,y,2) = zy has L; = S* x S', which is not an irreducible 3-manifold.
In [14], we show that for the germs 2™ — z*y! = 0 such that L; is not
a lens space (i.e. (m,k) # (2,1)), the boundary L; is not an Lx as the
intersection form associated to its normalized plumbing graph is never
negative definite. In [I5], we show that for the germ 2% — (2% — 3®)y/!, [
odd, the boundary L; is homeomorphic to the boundary of an Ly, but
with the reversed orientation. More recently, in [I§], A. Némethi and
A. Szilard describe the boundary of the Milnor fiber for other families
of examples. In particular, they obtain some examples in which some
edges of the normalized plumbing graph of L; have a sign ¢ = —1,
which never happens for a Lx.

In Sections 3 and 4, we prove that the vanishing zone M, is a Wald-
hausen graph manifold whose Seifert pieces have oriented basis. This
proof, which is summarized in 4.2, uses two key constructions.

The first key construction, presented in Section 3, is a parametriza-
tion result (Theorem [3.2)).

The second key construction consists of describing a Waldhausen
decomposition of M; in terms of a “carrousel in family” (see ,
parametrized by z varying on a circle S!. Let us recall that the ”car-
rousel” has been introduced by D.T.Lé, in [10] p.163, to obtain a geo-
metric proof of the monodromy theorem.

In order to implement this carrousel process, we apply Theorem
to the germ h = %. Then we obtain a parametrization of the critical
locus of the projection of M; on a solid tori (Lemma .

However, this parametrization involves some convergent power series
in x. The efficiency of the carrousel process is precisely that it uses
a geometric argument, the so-called Lé-swing (for example see [12]),
which enables one to consider truncated series.
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2. THE TRUNK AND THE VANISHING ZONE.

In this section, we define the trunk and the vanishing zone of L;. As
a preliminary, we start in (2.1)) and (2.2)) by performing generic choices
of the coordinates axis in C3

2.1. The Weierstrass preparation theorem implies that we can choose
f in C{z,y}[z]. Then, the intersection I'y between {f = 0} and the
hypersurface in C* with equation {% = 0} is a curve which contains

E(f).
Claim For a generic choice of the z-axis, ( % =0} N {g—i = 0})
does not meet the boundary of the Milnor fiber and:

2(f) =Ton {3 =0}

Proof. D.T. Lé and B.Teissier ( for example see (2.2.2) in [9] or

IV.1.3.2 p.420 in [2I]) have proved that, for a generic choice of the
T-axis,
af

(5 = 01N {5 = 0)) = (5() U

where the irreducible components of I'(, sy are one-dimensional an not
included in {f = 0}. They have called T'(, sy the polar curve of f for
the direction x. Then, the boundary of the Milnor fiber does not meet
[z, ( but its interior does). Moreover, the Milnor fiber does not meet

2(f).
O

2.2. Let P : C? — C? be the map defined by

P(z,y,z) = (,9).

Let Ag be P(I'g), Ay is the discriminant curve. Perhaps after per-
forming a linear change of coordinates in C2, we can assume that the
x-axis is, at the origin, transverse to Ay and that in C?, the hyperplanes
X, = {z = a} meet Iy transversely around the origin.

2.3. For technical reasons, we replace in this paper the standard Milnor
ball B® by a polydisc

B(a) =B, x B} x B] = {(z,y,2) € B, |o| <oyl <B,|2| <7}
where 0 < a < f <y < €/3.

Definition. The polydisc B(«) is a Milnor polydisc for f if for each
o with 0 <o < a,
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(1) the pair (B(a/), f71(0) N B(c/)) is diffeomorphic to the pair
(B, £1(0) N BY).
(2) there exists n with 0 < n << « such that:
(a) the restriction of f to W(a/,n) = B(a/) N f~'(B} \ {0}) is
a locally trivial differentiable fibration over B; \ {0},
(b) the isomorphism class of this fibration does not depend on
o/ and n when 0 < << o < av.

Let us denote by S the boundary of B(«) and let S(«) be the subset
of S defined by S(a) = S}, x int(B3) x int(B2). We can choose 0 <
a < 3 < < €/3 such that the two following inclusions hold :

(1o) (SN f7(0)) C {|z[ <7}, and
(20) (o NS) C S(a).

According to [9], Section 1, the generic choice of coordinates axis
performed in (2.1) and (2.2) and the above conditions on «, 3, imply
that the polydisc B(«) is a Milnor polydisc for f.

In the sequel, we will then replace the objects defined in the intro-
duction by the following :

e For 0 < [t| <,
Fi=f"'#)NnB(a)and L, = F,N S,
e Loy =n"Y(Ly), where n : Fy — F, denotes the normalization of

FOJ
o Ky= Z(f) N Ly and Fo = nil(K()).

Remark 2.4. Let us denote by S’ the boundary of B} x B3. The
restriction Py : Ly — S" of P on Ly = SN f71(0) is a ramified cover
whose ramification locus is the algebraic link AyN.S’ and whose generic
order is the degree of f in z.

The above construction implies the following proposition.

Proposition 2.5. For a sufficiently small tubular neighborhood V of
Ao NS, the two following conditions hold :

(1) V. C S}, x int(B3).
(2) Let My be the union of the connected components of Py (V)

which contain the components of the link Ko. Then M, =
n~1(My) is a tubular neighborhood of Ky in Ly.

Definition 2._6. The trunk Ofio is t_he (Losure_No of Ly \ My in Ly.
The trunk of Ly is the closure Ny of Lo\ My in L.
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Proposition 2.7. The trunk Ny is a Waldhausen graph manifold with
boundary.

Proof. By definition Ny = n~'(Ny). By construction Ny does not
meet the singular locus ¥(f). Therefore the restriction of n on Ny
is a diffeomorphism from Ny to Ny. A good resolution of the pair
(Fo,X(f)) provides a Waldhausen decomposition for Ly as a union of
Seifert manifolds such that K is a union of Seifert leaves. As M, is a
tubular neighborhood of Ky in Ly, then the closure Ny of (Lo \ M) is
a waldlhausen graph manifold with boundary. [J

Corollary 2.8. The number of boundary components of the trunk Ny
is equal to the number of irreducible components of the curve X(f).

Proof. In the proof of the above proposition, we show that Ny and N,
are diffeomorphic. By construction, the number of boundary compo-
nents of the trunk Ny is equals to the number of connected components
of Ky, which is equal to the number of irreducible components of the
curve 3(f).

2.9. For each t € ]B%%, the singular set I'; of the restriction of P on F}
is the curve

0
Ft:{a—£:O}mFt,

and its discriminant locus is the curve A, = P(IT').

By continuity, we can choose n sufficiently small, 0 < n << «, in
such a way that for each t, [t| <, the properties that we already have
for t =0, hold for t € B} , i.e. :

(1e) Ly {2 <7}
(2¢) T'; is a curve which intersects transversally S inside S(«)

Moreover, let P, : L, — S’ the restriction of P to L;. Then,

(3;) the map P, : L, — S’ is a finite ramified cover with ramification
locus I'y N S(a) and branching locus A; N S”.

Definition 2.10. Let L(n) = f~*(B?) NS and let M (7) be the union
of the connected components of L(n) N P~ (V') which intersect K. For
any t € B} let M, = M(n) N Ly. By definition M, is the vanishing zone
of L; and the closure Ny of L; \ M, in L, is the trunk of L.
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Notice that the choice of V' (see [2.5]), implies that M(n) C S(«).

Proposition 2.11. Let N(n) be the closure of L(n) \ M(n) in L(n).
There ezists a sufficiently small n such that f restricted to N(n) is a
fibration on B}

Corollary 2.12. There exists a sufficiently small n such that for all
t € B, \ {0}, Ny is orientation preserving diffeomorphic to No.

Proof of Proposition |2.11,.
i) Let
of
L) =L n{z> =0}

Then, the restriction of (P, f) on S\I'(n) is a submersion. By (4;), in
(2.9)), I'(n) does not meet the boundary of N(n), hence the restriction
of f on the boundary of N(n) is a fibration.

i) Let v/ such that 0 < 7/ < . In S, we consider S(a) = S}, x B3 xB?2,
and S(3) = B2 x Sj x B2, where a < § <~/ < 7.

As L(n) is compact, (1;) implies that there exists 7/ and 7 with
0<n<<a<f<v <vsuch that for all ¢t with 0 < [t| < n,

L, C (S(a) US(B)).

By (2;) in (2.9), I'(n) does not meet S(3), hence the restriction of f
on N(n) N S(p) is a fibration.

iii) Now, we have to prove that the restriction of f on N(n)NS(a) is
a fibration. Points i) and ii) show that it is a fibration on its boundary.
So, it is sufficient to prove that the projection on the x axis is transverse
to f on N(n) N S(«a) i.e. to prove that there exists a sufficiently small
1 > 0 such that the set

A:N(n)ﬂS(a)ﬁ{%:O}ﬂ{g—gzo}

is empty. But for a general choice of the coordinates x and y, lemma

(2.1) implies that:

LoN {% = O} N {g_:?]; = O} =K, C Znt(Mo)
Then, by continuity :
0 0
() L) " {5E =0} N {5 =0} € int(M(x)

(%) implies that A is empty. OJ
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2.13. Now, let us describe more precisely the connected components
of the vanishing zone M,.

The tubular neighborhood V' of Ag N S’, used above to obtain the
vanishing zone, can be defined as follows :

Let 01,...,0, be the irreducible components of Ay. Let us fix ¢ €
{1,...,s}, and let

[e.9]

u— (u®, ¢;(u)), where ¢;(u) = Zajuj

j=1
be a Puiseux expansion of the branch §; of Ay. Let us consider the
neighborhood W; of §; in C? defined by

Wi ={(z,y) € C* | x = u", |y — ¢:(u)| < ,u € C},

where 6 is a positive real number.
We now choose 6 sufficiently small, 0 < # << a, in such a way that:

(1) for each i = 1,...,s, W; intersects transversally S’ inside S! x
int(B3),

(2) the intersection V; = W; NS’ is a tubular neighborhood of the
knot (51 N S,,

(3) the solid tori V; are disjoint.

Let V = |U;_, Vi. By continuity there exists n << 6 such that for
each t, |t| <, one has (A, NS") C int(V).

Let o be an irreducible component of 3( f). There existsi € {1,...,s}
such that P(o) = 9;. We denote by M (n, o) the connected component
of P7Y(V;) N L(n) which contains the knot Ky(o) =o NS of o in S.

By definition, the three-dimensional manifold M;(o) = M(n,0) N L,
is connected, and we obtain :

M, = U Mi(a;),
j=1

where {0;,1 < j <r} is the set of the irreducible components of X(f).
For each j = 1,...,7, let 7*; be the number of irreducible components
of the curve n=*(o;). The boundary of M;(c;) consists of 7; tori.

Definition. M,(0) is the vanishing zone of Ly along o.

Proposition (2.7)), Corollary (2.12]), and the construction sum-

marize in the following theorem :
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Theorem 2.14. (1) The boundary L, of the Milnor fiber of f de-
composes as the union

Lt - NtUMt,

(2) Ny N M, is a disjoint union or r tori, where r is the number of
irreducible components of the curve L(f),

(3) N; is a Waldhausen manifold orientation preserving diffeomor-
phic to the trunk Ny,

(4) Let o1,...,0, be the union of irreducible components of L(f).
The connected components of the vanishing zone M, are the
manifolds My(o;),7=1...r.

Corollary 2.15. The manifold L, is connected.

Proof. The number of connected components of Fjy and Ly is equal to
the number of irreducible components of f. The intersection between
two irreducible components of f = 0 furnishes at least one irreducible
component of the singular locus ¥(f) and a corresponding connected
component of the vanishing zone. Hence, the constructions given here
show that after the gluing of all connected components of the vanishing

zone with the trunk, we obtain a connected manifold L;.
O

Remark 2.16. Corollary implies that the Milnor fiber F; is con-
nected. As the singular locus of f has dimension 1, F} is connected by
a much more general result of M. Kato and Y. Matsumoto in [§].

Remark 2.17. To prove that L, is a Waldhausen graph manifold, we
still have to prove that M,(o) is a waldhausen graph manifold for any
irreducible component o of ¥(f). This will be done in Section 4.

3. A PARAMETRIZATION THEOREM

In this section, we consider a reduced analytic germ h : (C?0) —
(C,0) such that h(z,0,0) = 0 for all x € C. Let H be the germ of
hypersurface with equation h = 0.

For each x € C, we denote by h, : (C? 0) — (C,0) the germ defined
by : h.(y,z) = h(x,y,z). Hence h, has an isolated singular point at
(2,0,0) for all z € B2\ {0}.

Let us fix a << 1 and € << « such that for each z € S}, {z} x B!
is a Milnor ball for the germ of curve h, =0 at (z,0,0).

Definition 3.1. A branch of H along S}, is the closure of a connected
component of the intersection H N (SL x (B! \ {0})).
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Theorem 3.2. Let G be a branch of H along S),. There exists d,i and
j € N*, and two convergent power series b(x'/? u) € C{z"}{u} and
c(xt/4 u) € C{zV " {u} with b(x,0) # 0 and c(z,0) # 0, such that

(s,u) — (s%,u'b(s, u), we(s, u))
s a parametrization of G.

For each = € B2 \ {0}, let 7, : Y, — {2z} x B! be the minimal good
resolution of h,, i.e. the minimal composition of blow-ups of points
such that the curve (h, o m,)~%(0) is a normal crossing divisor. We
denote by E, = m;'(x,0,0) the exceptional divisor of .

The proof of Theorem [3.2] will use the following :

Lemma 3.3. Let hy, be an irreducible component of h,, let fzm be
its strict transform by w, and let P = E, N Bl,m- We can choose local
coordinates (u,v) at P in'Y, such that :
(1) w =0 is a local equation for E, in Y.
(2) There exist three integers d, i, j in N*, two polynomials ¢(x'/®, u,v)
and Y(xY4 u,v) in C{xV/ Y [u, v], where ¢(x/¢,0,v) and (z'/?,0,v)
are not identically 0, and s € B2, ,, \ {0} with s* = & such that

1/d

To(u,v) = (s4, u'o(s, u, v), Wi (s, u,v)).
(3) There ezist an integer M € N* and two convergent power series
c(xt/4) € (C{xY4}\{0}) and g(2'/4, u,v) € C{z" " u,v} such

that, for the value s defined just above, we have:

(hom)(u,v) = uM(ug(s, u,v) + c(s)v)

Proof. Let us write h(x,y, z) as the sum
h/(:lj, y? Z) = Cn(x’ y? Z)?
n=0

where for all n € N,
Cn(-ra Y, Z) = Z Cn,k(x)ykzn_k
k=0

with ¢, ,(z) € C{z}.

Let m be the least integer such that ¢,,(x,y, z) # 0. Perhaps after
performing a change of variables, one can assume that ¢, o(x) # 0. We
start with the blow-up m , of (z,0,0) in C?, i.e.:
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e Yie — {7} x BL
Let Fi, = (m..) ' (2,0,0) be the exceptional divisor of m .. As
cmo(x) # 0, the axis y = 0 is not a line of the tangent cone of h,. We

will write the intersection points h, N F; , with the help of coordinates
(u1,v1) given by the standard chart on (7 ,) "' ({z} x B?) defined by

WI,I(U’h Ul) - (LU, Uy, Ul'Ul)

In the local coordinates (uq,v;), we have :

(he © 1) (ur, v1) = Ul ( Zm: Con e (VU F 4wy g1 (0, vl)) (%)

k=0

where

oo
gl(xauhq}l) - Z ugn/_m_lcm,(x7u17vl)
m/=m+1
Then the intersection h, N E} , consists of the points (x, 0, v;) such that
vy is a root of the polynomial

Qo) =Y empl(@)o" ™ € Cla}[u].

There exists an integer e > 0 such that the decomposition field of
the polynomial @ is the fraction field K, of C{z'/¢} (for example see
D.Eisenbud [4], p.295). There exists a unique root r € Ky, of @Q,
where d; < e is the minimal integer such that r; € K;,, and a complex
number s; which satisfies 3‘111 = x, such that the strict transform of
( by m ), cuts By, at the point P = (0,71(s1)). The strict transform
of h, meets also E; , at the d; distinct points (0, 75(s1)) corresponding
to the dy distinct roots rs of (Q defined by :

§" =1 and r(g(:pl/dl) = 7y (6z/%).
We find the others intersection points of the strict transform of A,

( by m ) with Ej, with the others roots of ). The map my, is the
blow-ups of all these intersection points.

Remark 3.4. To make the above blow-ups in family for all z € B2 \
{0}, we have to take a sufficiently small a such that:

(1) ¢mo does not vanish on B2 \ {0},
(2) if r and 7" are two distinct roots of @ in K., then (r — r’)(s%)
does not vanish for s¢ € B2 \ {0}.
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End of proof of Lemma[3.5,

As K, is nothing but the field of convergent Laurent power series
in the variable z'/% | there exists l; € N* such that

zhry (xl/dl) € (C{:El/dl}

We consider new local coordinates (i, 7;) in Y . centered at (0, r; (z'/4))
by setting :

(ur,v1) = (2", 0y + i (z2/4)) (#)
We then have :
T1a(l1, 01) = (2, ur, urvr) = (2, 2"y, (2" 0) (01 + 11 (/D))

As 2Ma; and (24 (9; + ri (V") are in C{z"/“}[d;, ;] and as
@y = 0 is the local equation of E; , at the point P;, statements (1) and
(2) of lemma ({3.3) are proved for 7y ,.

When we perform 7o ,, we blow-up P, in Y;,. In order to write
Ty, in one of the two standard charts around ()~ (P;), we perform
in (%) one of the two following substitutions : (@, 91) = (ug, ugvy) or
(1,71) = (ugva,vs). If necessary, we follow it by a new change of
coordinates of the type:

(ug,vq) = (mlzﬂg,ﬁg + T2<x1/d2>),

where z'2ry(2Y/%2) € C{z'/%} is defined as before.

Then, points 1. and 2. of lemma are also proved for s, o
T1.. By finite iteration, there are also proved for m,. As 7, is a good
resolution of h,, the strict transform iLx is transverse to E, at P and
has multiplicity 1. A direct computation of h, o m,, with the help of
the point 2. of lemma implies point 3.

This ends the proof of lemma (3.3). O

Let U(a) be the interior of (B3, \{0}) and H = HN(U(a) x BY). Let
7, be the blow-up of the one-dimensional non singular analytic subset

(U(a) x 0 x 0) in C3.
m Y] — (U(a) x BY).

Remark 3.5. For all x € U(a), m, , the blow-up of (x,0,0) in
{x} x C?, is equal to m; restricted on (m;'({z} x B!)). Moreover,
for a sufficiently small «, m,, the minimal good resolution of h, (see
3.3) is the composition of the same number, let say k, of blow-ups of
points.
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Let H; be the strict transform ( by m) of H. If 2« satisfies the
two conditions given in (3.4), H; meets the exceptional divisor E; =
7 (U(a) x 0 x 0) along a one-dimensional non singular analytic sub-
set of Y. More precisely, in the chart (uy,v;) used in the proof of
lemma 3.3, the connected components of E; N H; are parametrized
by {(s,0,7(s)), s¢ € U(a)} for all roots r € K, of Q. Then, for a
sufficiently small «, the open set Fy N H; is non singular. Let m be
the blow-up of F; N"H; in Y;. We iterate the same process to obtain
T =T O...0 Ty 0m where

7Y, — (U(a) x BY).

By construction, for each z € U(«), the restriction of 7 on 7= !({x} x
B?) is equal to the minimal good resolution 7, of h,. It is why we say
that 7 is a resolution in family of h, for z € U(a).

Let Hj, be the strict transform of H by .

Lemma 3.6. Each connected component of (71 (U(a) x0x0))NHy, has
an open neighborhood parametrized in s,u and v such that there exist
a positive integer M, c(s) € (C{s} \ {0}) and g(s,u,v) € C{s,u,v}
which satisfy :

(hom)(s,u,v) = u™(ug(s,u,v) + c(s)v).

Proof. Let HM be the connected component of Hj which contains
the strict transform h, , considered in lemma . Point (3) of lemma
implies that for all z € U(«), we can trivially parametrized by s,
s? = x, the same chart in (u,v). This chart contains (7=} (U(a) x 0 x
0)) N HW. Lemma gives the number M, and the series ¢(s) and
g(s,u,v).

This ends the proof of lemma . O
Remark 3.7. By definition (7(H®M)) N (S x B?) is a branch G of H.

Then G = 7(G) where:
G = {ug(s,u,v) + c(s)v =0, s € SL, (u,v) € B}).

Proof of Theorem [3.3,
Thanks to lemma (3.6) and the above remark we have to solve the

following equation:

{ug(s,u,v) + c(s)v =0},
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where ¢(s) # 0.

Let us perform the change of coordinate v = (c(s))_lu. Then, we
obtain :

(hom)(s,u,v) = u™e(s)M+! (v g(s,u'c(s),v) +v)
We replace «/ by u. Now the equation of G is given by:
u g(s,u,v)+v=0

Let us consider F'(u,v) = u g(s,u,v)+v = 0 as an element of A{u,v}
where A = C{s}. As F(0,v) = v, we can applied the Weierstrass
preparation theorem (for example see [23], vol.2, p.139-141), to obtain
R(s,u) € C{s}{u} such that

F(u,v) =0 v = R(s,u)

This leads to :

hom(s,u, R(s,u)) = 0.

This equality, together with point 2. of lemma (3.3]), implies that h
vanishes on {(s%, u'¢(s,u, R(s,u)), w1 (s,u, R(s,u))),u € B?}.

For each s € S!, ,, we set b(s,u) = ¢(s,u, R(s,u)) and c(s,u) =
(s, u, R(s,u)). We have a parametrization

(Sqisa) X B — G
given by A A
(s,u) — (%, u'b(s, u), uc(s, u))
This ends the proof of theorem [3.2] O

4. M, 1S WALDHAUSEN : THE PROOF

The aim of this section is to prove the main result of this paper :

Theorem 4.1. M, is a Waldhausen graph manifold whose Seifert pieces
have oriented basis. .

According to Theorem we have to prove that for each branch
o of the singular locus X(f), the vanishing zone M;(o) of L; along o is
a Waldhausen manifold.

4.2. Abstract of the proof
Before giving the proof in details, let us give the key ideas and steps.
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e At first, we will show that it suffices to prove that M;(o) is

Waldhausen when o is smooth. We will then assume that o is
the z-axis.

Let ¥ : (C3,0) — (C3,0) be the germ defined by ¥(x,y,2) =
(x,y, f(x,y,2)). The critical locus of ¥ is H = {% = 0}, and
its discriminant locus is the image H' = W(H). Let ¥, be the
restriction of W on M;(o). As o is the z-axis, the image of W,
is equal to S}, x B2 x {t}. Moreover,

U, : My(0) — St x B} x {t},

is a finite ramified cover over the solid torus T' = S}, x B2 x {t}
whose ramification locus is the braid H; = M(o) N H.

Set H; = V;(H;). To describe H{, we consider a branch G of
H along the circle S}, x {0} x {0} as defined in Section 3, we set
G’ = U(G), and we prove the following parametrization result

(Lemma (4.7)) :

if (z,y,t) € G', then y satisfies the following equality :

y = b w(xt/?) 2o/ /P 4 Z by (/™)™ (%)
m=1

where b € C*, d, d’, n, p, p' and g are positive integers
with pp’ = n, w(z'/?) =14+ 3°_ w,z™? € C{zV4}, e € Z,
n' = dn, bj(z'/") € K, and r,, = (qp' +m)/pp'.

The equality () implies that G} = W;(G N M,(0)) is a braid
in the solid torus 7. But this braid can be rather complicated.
It is the reason why we approximate it by the torus link

App(Gh) = {(, b /71977, t); x € S}

Definition. We say that G is the braid of G' = ¥(G), that
App(G}) is the torus link associated to G' and that the pair
(q/p, e/d') is the pair of the first exponents of G'.

We index the pairs of first exponents (q/p, e/d') by lexico-
graphic order. For each of them, (qi/p;, €;;/d;;) where 1 <
t < k,and 1< j <I; we construct a vertical polar zone Z; j
(see Definition (4.10))) such that G} is included in the interior
of Z; if and only if (gi/pi, eij/d; ;) is the pair of the first
exponents of G’ (Lemma (4.11)). Moreover, Z 1 is a solid
torus and for all (4, j) not equal to (1, 1), the Z; ;’s are concen-
tric thickened tori which recover the solid torus 7" along their
boundaries.
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e In the solid torus 7', we define some tubular neighborhoods
N(G,) of the link App(G}) for all the branches G of H such
that :

x Gy C N(G})

« If G has it’s pair of first exponents indexed by (7, ), then
N (G}) is included in the interior of Z; ;.

« Let G be another branch of H. If App(G}) = App(G)),
then NV(G}) = N(G}). Otherwise, N'(G}) and N(G}) are
disjoint solid tori in 7' (see Lemma (4.13)).

We call the solid tori N'(G}) the approximation tori.

Notation. Let N (4,j) be the union of all the approximation
tori of the branches which have their first exponents indexed by
(i, 7).

By construction the closure of Z; ;) \ V(; ;) does not meet the
set of ramification values H of W; and is saturated by (e; ;, d; ;)
torus links. The case e;; = 0 is not excluded, but we always
have 0 < d; ;. It induces a Seifertic structure on the closure of

U (Zigy \ Ni))-

e The last step consists in showing (see Lemma (4.19))) that U; ' (N ;)
is a disjoint union of solid tori. Then we can extend the Seifert
fibration on all the ¥, '(Z ;). Moreover, we explain in m
why the so constructed Seifert manifolds have oriented basis. It
ends the proof of Theorem [4.1] To prove [4.19] we need Lemma
(4.15) which uses deeply the polar curve theory and the Le-
swing theorem (introduced by D.T.Lé and B.Perron in [I1] )via
the following construction.

4.3. Carrousel in family

Let M(n,o) (as defined in [2.13)), be the union of the M;(c) where
t € B;. The image of the restriction of ¥ on M(n,0) is equal to
S, x Bj x B2,
Let us fix a € S}, and let us consider the plane curve germ f,,
fa: ({a} x C?,(a,0,0)) — (C,0)

defined by f,(y,2) = f(a,y, z). The restriction of ¥ on M(n,o)N{z =
a} has I'; = H N {x = a} as singular locus. The curve I', is nothing
but the polar curve (at (a,0,0) ) of f, for the direction y, and the set
A, =¥(T,) is its discriminant curve.
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Let us consider

M(0) = M(n,o) N {z = a} N {|f] = n}.

By construction, the restriction

U@ MD(g) — {a} x B2 x Sy

of ¥ on M@ (o) is a ramified cover, whose ramification locus is T, N
{If1=mn}.

Remark. By construction, the Milnor fiber of the plane curve germ

fais

Fro= M,(c) N M9 (c).

The restriction ¢, : Fy, — D of U@ on F,, is a finite ramified
cover over the disk D = {a} x B2 x {t}. This ramified cover has been
studied in details by D.T.Lé , (for example in [9] and in [10]) to study
the monodromy of the Milnor fiber as a pull-back (here by v,) of a
diffeomorphism of the disk D modulo its intersection points with A,.
D.T.Lé calls this construction “the carrousel”.

But v, is also the restriction of ¥; on F};,. Then we have to study
the family of ¢, with x € S!. In order to do this, we construct a
carrousel parametrized by x : it is a carrousel in family.
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4.4. Reduction to a smooth branch of I’
Let us fix a branch o of ¥(f) and let

u e (u¥, ¢(u), 9 (u))

be a Puiseux parametrization of o.
Let us consider the analytic morphism © : C* — C? defined by

O(z,y,2) = (2", y + d(2), 2 + ¢(x))

Let g : (C?0) — (C,0) be the composition ¢ = f o ©. Then
o/ = ©7!(0) is the z-axis. Moreover, a direct computation of the
derivative of g shows that ¢’ is a branch of the singular locus of g.
Let My(f,o) (resp. M;(g,0’)) be the vanishing zone of f along o
(resp. of g along o’) defined in the boundary of the ball B(«) (resp.

B(a/*) as in The construction given in leads directly to :

Lemma 4.5. M,(g,0) = © (M(f,0)), and the restriction O\, (g.0) :
My(g,0") — M(f,0) is a diffeomorphism.

In the sequel, we assume that o is the z-axis. In particular, the van-
ishing zone M, (o) along o is nothing but

My(o) = LN (S, x By x B2), 0 <n << <<a.

4.6. Parametrization of the branches of ¥ (H)

Let us recall that ¥ : (C3,0) — (C,0) denotes the germ defined by
U(z,y,2) = (z,y, f(z,y,2)). The critical locus of ¥ is H = {% = 0},
and its discriminant locus is the image H' = W(H). The proof of the

lemma uses theorem for the germ h which is the reduced of %,
i.e. his reduced and H = {h = 0}.

Let G be the closure (in C?) of a connected component of
(H \ (S5 x {0} x {0})) N (S, x By x BY),

i.e. G is a branch of H along the circle S} x {0} x {0} as defined in
Section 3.
We set G' = U(G), and we call G' a branch of H' = V¥(H) along

St x {0} x {0}.
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Let us recall that K, denotes the fraction field of C{x!/4}.

Lemma 4.7. There exist:
-d, n, p, p/, q € N*, where p is prime to q and pp' = n,
e€Z and d € N* is prime toe (ife=0, then d =1),
= (gp" +m)/pp',
- bi(z") € Ky, where n' = dn,
w(zV) =143 w,a™? e C{z"?} and b € C*.

such that, if (x,y,t) € G', then y satisfies the following equality :

y =bw(z?) z/? /P 4 Z by (22/7 ) (%)

m=1
Remark. As recalled below, the integer d is provided by theorem
. For each branch G of H there exists such a d minimal which depends
on G. Here, for convenience, we will choose a ( perhaps greater) d
common to all the branches of H.

Proof. Theoremprovides b(xt/? u) € C{z}H{u} and c(z'/9 u) €
C{z"}{u} with b(x,0) # 0 and c(z,0) # 0, such that we have a
parametrization

SliuxBZ — G
given by ' '
(s,u) = (s%,u'b(s, u), uc(s, u))

and we obtain n, j < n, and ¢(z'/? u) € C{x"/}{u} with ¢(z,0) #
0, such that G’ = ¥U(G) admits a parametrization of the form

(5,u) — (%, u'b(s,u), u"c (s, u)) (%)
If necessary, we can perform the modification v = s'u/,l' € N, to

obtain [ € N, ¢,,(s) € C{s} with ¢(0) € C*, such that:

t=u"c(u,s) =u" s co(s (1+Zcm )

There then exist r(x¥/4,u') € C{z"/4}{u'} with r(0,0) = 1 and
ro(2'/?) € C(x'/?) with (r¢(0))™ = co(0), such that

t=u"s (ro(s))"(r(s, )™
We perform the following change of coordinates:

uy = u' ro(s)r(s,u)
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and (%) becomes:
(5,u1) — (s ult/ (s, uy), uts")
where V' (214 u;) € C{zV*}{u,}.
Now uy = s7/™ t/" and (z,y,t) € G’ satisfies:
y = (:Cfil/nd ti/n)b/(xl/d,xfl/nd tl/n) <* % *>

Asz € S, and t € Bf] with 0 < 1 << «, there is no problem of
convergency. Moreover, we have :

W (z'4,0) =b(z"*,0) = ba**(1+Y " w,a™?), k € N,b € C*,w,, € C.

m=1

Let

w(:z:l/d) =1+ Z W™ e C{xl/d},
m=1

if we take p and ¢ prime to each other such that ¢/p = i/n = qp'/pp,
n' = nd, e and d’' prime to each other such that e/d' = (n k—il)/(nd),
and if we write (* ) in terms of the increasing powers of ¢ , we obtain

(%) of Lemma (4.7)) i.e. :

oo
y = b w(x?) /4P Z by (227

m=1

This ends the proof of Lemmal[{.7 O

4.8. The polar decomposition

Let us consider the ordered set

of rational numbers £ such that, there exists a branch G of W(H) which
admits, with the notations of [.7 a parametrization of the form :

Y= b U)(Il/d) xe/d’tq/P + Z bm(xl/'n,’)trm7
m=1
with = € S} and ¢ € B},
We denote by G’ the union of the branches of W(H) corresponding
to the quotient ¢;/p;.
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For each i € {1,...,k}, let
€4,1(3)

€i1 €ij
Qi={-+<..<="<...<—"—}
d;l,l dé,j d;,l(i)
be the ordered set of rational numbers such that there exists a branch

of G which admits a parametrization of the form:

(1) Yy = b U)(Q;Ud) in,j/dgﬂjtqi/pi + Z bm(l’l/n/)t“”’
m=1
with z € S}, and t € B;.
We denote by G ; the union of such branches of ;.

Let us fix a € S!. We consider the plane curve germ f,(y,2) =
f(a,y,z). By definition the above set @ is the set of polar quotients of
fa for the direction y (for example see [9]). We will follow the classical
construction of [12] which furnishes a decomposition of the solid torus
T, = {a} xBj xS} into polar zones in bijection with the polar quotients
qi/pi. This decomposition lifts by ¥(®) to a Waldhausen decomposition
of the exterior of the link of f,. But as explained in the abstract of
the proof, we will in fact define our polar zones Z; in the solid torus
T =S., x B2 x {t}. The key idea is that the two constructions coincide
on the disc D = T'NT, where they give a polar decomposition of D as
an union of concentric annuli.

Let us now define this decomposition of 7" as the union of Z;.

For each i € {1,...,k — 1}, let us choose s; € Q such that
qi+1 <5 < @’
Pit1 Pi

Definition 4.9. The first polar zone is the solid torus

Zy ={(z,y,t) €T/ [yl <™},
and C'(1) = Z; ND is the first polar disc.
Ifi € {2,...,k— 1}, the polar zone Z; is the thickened torus defined
by:

Zi={(y ) €T [ <yl <n™},
and C(i) = Z; N D is the associated polar annulus.

In T, the value of t € S} is fixed. If G is a branch of H with first expo-
nents (¢;/pi, €ij/d; ;), then the braid ¥,(G) = G} admits a parametriza-
tion of the form (1)) in [4.8
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To take account into the first exponent of x, we will refine the polar
decomposition of T'. For each j € {1,...,l;—1}, let us choose a rational
number v; ; such that

Cij+1 Ci,j
d’ <Vij < d
ij+1 irj

There exists n sufficiently small, 0 < n << # << «, such that the
following inequalities hold :

0 < nt/Prgha < pii/Prghne < < pi/Pgtin -1 < oSt
for each i € {2,...,k — 1},
nhimt < nllPigrit < pB/Pighiliot < i
and
Nt < an/pkaVk,l < an/Pkal/k,qu < 0.

Definition 4.10. The vertical polar zones Z; j),1 <i <k, 1 < j <1,
are defined as follows :

® Z,1) is the solid torus
Zany = {(z,y,t) € T/ |y| < n@/Pra¥ay,

e For (i,7) not equal to (1,1), Z; ;) is a thickened torus :
x If 1 <i <k,

Ziny ={(z,y,t) €T [ pP= < |y| < p/Pig¥in},
Zijy ={(z,y,t) €T / n‘]i/pioél/i,jfl < |yl < nqi/piaui,j}7

xif 1 <1 <k,
Zigo = {(z,y,t) € T | n/Pigrii=t < |y| < p*i},
* and

Z(k,lk) = {(m,y,t) c T/ n‘]k/l)kal/1,zk—1 S |y| S 9}

The associated refined polar annuli are :

By construction the torus 7T is equal to the union of the vertical polar
zones Z(; j), 1 <1<k, 1 <j<I;. The intersection of two consecutive
(for the lexicographic order on the (i, 7)) vertical polar zones is a unique
torus which is the common connected component of their boundaries.
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The intersection between non consecutive vertical polar zones is empty.
But, the most important property of the vertical polar zones is given

by Lemma (4.11]).

Lemma 4.11. There exist o and n sufficiently small, 0 < n << 6 <<
a, such that a branch G' of H' = V(H) has (¢:;/pi, eij/d;;) as pair of
first exponents if and only if the braid G, = V,(M(c) N G) is included
in the interior of Z ;).

Proof. By definition, G’ has a parametrization of the form in :
y==>b w(xl/d) wei,j/d;‘jt‘h/pi + Z bm(xl/n/)trm7

m=1

Therefore, (z,y,t) € G} if and only if

b w(:l:‘l/d) + Zbm(xl/n/)tﬁn*fh/pi(x_ei,j/d;,j>

m=1

ly| = O{ei,j/dgﬂjn(h/pi

Then, the inequality

ei,j
d; ;
implies lemma for the zone Z(;; where 1 < i < k, j =
{2,...,0; —1}.
As s; < g—i < 8;_1, the computations are similar for the other vertical
polar zones.

g

Vij < < Vij-1

4.12. The approximation solid tori

Let G be a branch of H such that G’ = ¥(G) is parametrized by

y = b w(x?) z¢/4r 4 Z by (/)7

m=1
We approximate the braid G = V,(G N M(c)) by a torus link
App(G,) as follows :

Definition. The link App(G}) associated to the braid G is the torus
link in 7= S}, x B3 x {t} defined by:

App(G}) = {(,b 21977 1), = € S}
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Let [ be the l.c.m. of d’ and p. Let a € S}, let s and 7 be such that
s =q and T = t.

Definition. The suns of G} are the intersection points S(G}) = G} N
D= {(a,b€& s 1 t), =1}

Let p = (e/d + 1/2d).

Definition. We call approzimation solid tori of G} the tubular neigh-
borhood N (G}) of App(G}) defined by:

N(G) = {(z,y,t) € T such that 0 < |y —b z¥¥1V/P | < n/Par}.
Lemma 4.13. There exist a and n sufficiently small, 0 <n << 0 <<

«, such that:

(1) The intersection N'(G}) D consists of | disjoint discs of radius
equal to n?Pa® which have the | suns of G} as centers.

(2) The braid G} is included in N (G}).

(3) If (ai/pi, eij/d;;) is the pair of the first exponents of Gy then
N(G}) Cint(Z )

(4) Let G be another branch of H. If App(G;) = App(Gy), then
N(G}) = N(G)). Otherwise, N(G}) and N(G}) are disjoint
solid tori in T

Proof. To obtain (1), it is sufficient to prove that if £ # 1, for a
sufficiently small o we have:
3nPaf < |(b— Eb)|n?Pasl?.
But this inequality is equivalent to:
3D < (b — b))

As b is a given non zero complex number, it is sufficient to choose «
sufficiently small to obtain (1).
let (s%,y,7?) € G} , then:

(o]
y==>b w(sd//d) s°Td + Z bm(sdl/”')Tp’"m.

m=1

By construction there exists w; (s?/9) € C{s%/?} such that:

w(s?/?) —1 = s/ w (s,

For sufficiently small, @ and n with 0 < n << 6 << «a, we have:
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o
ly — bs7| = |b wy (s¥/4) s @/ Dra 4 Z by (5477 )P |
m=1

_ nq/pae/d'+1/d|b wl(sd'/d)+z bm(sd’/n’>8(—e — d'/d) T—q-l—prm’ < nq/pae/d'-ﬁ-l/Qd'
m=1
We then get (2).
To get (3), we show that, for sufficiently small, o and n with 0 <
n << << «, the distance, in D, between the suns of G} and the two
boundary connected components of the annulus C(3, j) is bigger than
the radius n?/Pa’.
By construction, we have for 1 <i <k and j={2,...,[;, — 1} :

Cli.) = {(a,y.1) € D with y™/Pa*t < [y| < yi/ratis},

where:
4 Ci,j
S < — < Si-1, and Vij < /J
pi ij

< Vjj-1-

The distance between a sun of G and the interior circle of C(i,j) is
equal to:

n‘]i/pia(ei,j/d;,j)(lb| _ (a(l’i,j—l)_ (ei,j/d;‘,j)).

This distance, for sufficiently small o and n, 0 < n << «, is greater
than 7??afs because the exponent p;; = (e;;/d; + 1/2d) corre-
sponding to a branch with the pair of the first exponents equal to
(gi/pis eij/d;;), is greater than (e;;/d; ;). But v;; < 2?—3 < pij, and
similar computations prove that the distance between a sun of G and
the exterior circle of C(i, §) is bigger than the radius n%/Piafii.

Then (3) is done.

Let us now prove (4). When App(G}) = App(G}), then by definition
N(G) = N(G)).

If G} does not have the same pair of first exponents as G then NV'(G})
and N(G}) are included in the interior of distinct vertical polar zones,
they do not meet.

The last case is when G and G} have the same pair of first exponents
(q/p,e/d'), but distinct associated torus link. If (s?,y, 77) € G} , then:

y==>a w(sd//d) s°td + Z bm(sd//"')T”T"‘.

m=1
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If (s*,y,77) € G , then:

8

y = E U~) d/d Se79 + Z d’/n Tprm

where I~)~€ C* and b # &b, for all € such that & = 1. But the minimal
value of {|b—¢&b|, & = 1} is well defined. With computations similar of
those performed to obtain points (1) and (2), we can choose sufficiently
small o and 7, 0 < 7 << «, such that the distances between the suns
of G} and G’ are bigger than 3n%?a?. This proves that N (G’ ) and
N(G’) are dlSJOlnt

But the trivial projection of T = S} x B2 x {t} on S} restricted
on N(G}) is a fibration with the discs N (G}) N D as fiber. Then the
tubular neighborhoods N (G}) are an union of disjoint solid tori in T

This ends the proof of lemma O
Lemma ([4.13]) allows us to define the solar discs.

Definition 4.14. Let s and 7 be such that s* = a and 7 = t. If G
is a branch of H and G’ = ¥(G) the solar discs associated to G are
the [ disjoint discs N (G}) N D centered at the suns S(G}) = G, ND =
{(a,b & s¢ 1t), & =1} of G

Lemma 4.15. Let Dg be a solar disc of G, then ¥; '(Dg)) is a disjoint
union of discs.

To prove lemma [4.15 we need the following subsection.

4.16. Carrousel in family

Let M(n,o) (as defined in [2.13)), be the union of the M;(c) where
t e IB%%. The image of the restriction of ¥ on M(n,o) is equal to
S x Bj x B2,
Let us fix a € S} and let us consider the plane curve germ f,,
fa: ({a} x C*,(a,0,0)) — (C,0)

defined by f.(y,2) = f(a,y, z). The restriction of ¥ on (M (n,o)N{z =
a}) has I', = H N {z = a} as singular locus, it is the polar curve ( at
(a,0,0) ) of f, for the direction y. The set A, = ¥(I',) of its singular
values is the corresponding discriminant curve.

By construction, the Minor fiber of the plane curve germ f, is

Fio= M(o)N{z =a}.
Let 1, be the restriction of ¥ on F, :
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Vot g — D.

As 1, is equal to the restriction of ¥, on Fj,. Lemma is equiv-
alent to:

Claim. Let D¢ be a solar disc of G, then 1, (D¢)) is a disjoint
union of discs.

Now we will prove this claim.
Let § be a irreducible component of the discriminant A, which is
included in G’ = U(G). Then a Puiseux expansion of ¢§ is given by:

y =bw(s") s tP 4 Z by (8)E7™.
m=1

Where s and d” satisfy the following equalities: s"* = a and d’'d" = nd.
Moreover, the suns of ¢ as defined in [I2], in (2.4.3)p.157, are the
following p points of D: {(a,b w(s") s°¥'79,t), 7 =t }. In [12], a
solar "polar” disc D is defined in (2.4.6), and lemma 2.4.7 states that
¥ 1(D) is a disjoint union of discs. This uses the Lé-swing. Our polar
disc D¢ takes account of the coefficients parametrized by = via w(z'/9)
and is slightly different from D. But we can consider the curve ¢’ having
y = b 519/ as Puiseux expansion in {a} x C2. If we use the curve ¢’
in the proof of lemma (2.4.7) ( in [12],) in place of dy, we obtain, with
exactly the same arguments, that ¢, *(D¢)) is a disjoint union of discs.
This proves the claim. [

Remark 4.17. In [2], C.Caubel proves a very general version of the
Lé-swing. In particular let D be a subdisc of a polar annuli C(3, j).
We say that D is marked if it contains points of A, in its interior, but
the boundary of D does not meet A,. Proposition (2.4) in [2], implies
that:

if D is a marked subdisc contained in a sector, in C(z, j), of angle 6
with 0 < 27(q;/p; + 1/2p;), then D can be swung.

Then, in the case a plane curve germ (as f, in our case), we obtained
(as proved in (2.4.12) of [12]), that (D) is a disjoint union of discs.
By definition our polar disc D¢ is contained in such a sector.

4.18. Vertical monodromy

Let p be the restriction on M,(o) of the projection on the z-axis i.e.:

p: M(c) — SL.



CARROUSEL IN FAMILY AND NON-ISOLATED HYPERSURFACE SINGULARITIES IN C39

In (2.1) we choose a generic z-axis such that p is a submersion on
M,(o) when t € S}, 0 < 7 << . Then p is a differentiable fibration
of fiber Fi, and M;(o) is the mapping-torus of a diffeomorphism A :
F,, — F, . Following the terminology introduced by D. Siersma in
[20], h is a representative of the vertical monodromy for o.

Let N'(7, j) be the union of all the approximation tori of the branches
which have their first exponents indexed by (i, j).

Lemma 4.19. Each V; ' (N ;) is a disjoint union of solid tori.

Proof of Lemma By construction the boundary of ¥, ' (N ;)
meets {x = a} transversally for all @ € S}. Then, the restriction p;
of p on \Ilt_l(/\/'(i,j)) is a fibration. But the fibers of this restriction is a
disjoint union of W, *(Dg)) for all the polar discs D¢ of the branches
G' = U(G) having (qi/p;, e;j/d; ;) as pair of first exponents. Lemma
implies that the fibers of p;; are a disjoint union of discs. Then
U, (M) is the mapping torus of a disjoint union of discs, it is a
disjoint union of solid tori.

O
Lemma is the key-lemma which enables one to conclude :

By construction the closure of Z; \./\/'(Z-J) does not meet the ram-
ification value Hj of W; and is saturated by (e;;, d; ;) torus links. The
case ¢;; = 0 is not excluded, but we always have 0 < d; ;. It induces
a Seifert structure on the closure of W; ' (Z(; ;y \ N ;). Moreover the
so obtained Seifert leaves are, by construction, transverse to the fibers
of p. Then, lemma [4.19| allows us to extend the Seifertic structure on
the disjoint union of solid tori ¥, I(A/'(i,j)), the connected components
of U;(Dg)) being the meridian discs of the tori ¥, '(N; ), there
is no singular leaf in the constructed Seifert structure on ¥, 1(Z(i,j))
and the possible exceptional leaves are the cores of the tori ¥; ' (N(; ;)
or in ¥; (S} x {0} x {t}). The union along their boundaries of the
Seifert manifolds ¥; ' (Z; ;), for all (i, j) gives a waldhausen structure
on M;(o) = U, 1 (S}, x B2 x {t}).

Remark 4.20. The above constructed Seifert leaves of M (o) define a
quasi-finite vertical monodromy which preserves the orientation of the
oriented Milnor fiber F; ,. It implies that the obtained Seifert pieces of
M, (o) have oriented basis.

This ends the proof of Theorem
U
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5. A TOPOLOGICAL CHARACTERIZATION OF ISOLATED
SINGULARITIES

In this section, we prove the following topological characterization
of isolated singularities, which was the first motivation of this work.

Theorem 5.1. Let f : (C30) — (C,0) be a reduced holomorphic
germ. We assume that either [ is reducible or L; is not a lens space.
Then the following assertions are equivalent.

(i) f is either smooth or has an isolated singularity at 0.
(ii) The boundary Ly, t # 0, of the Milnor fibre of f is homeomor-

phic to the link Ly of the normalization of f~1(0).

The degenerating case when f is irreducible and L; is a lens space
remains open.

If f is reducible, L; is not homeomorphic to Ly. Indeed, by defini-
tion, the number of connected components of Ly equals the number
of irreducible components of f, but L; is always a connected manifold

(Corollary [2.15)). B

On the other hand, Ly is an irreducible 3-dimensional ([19], Theorem
1).

Then, it suffices to prove the theorem when f is an irreducible germ
and L; is an irreducible 3-dimensional manifold. From now on, we
assume that f is irreducible.

Before proving the theorem, we will establish some basic properties
of Lt~

Proposition 5.2. The trunk N, and the vanishing zone M, are irre-
ducible 3-manifolds.

Recall that a 3-manifold M is irreducible if every embedded 2-sphere
in M is the boundary of a 3-ball.

Proof of Proposition [5.3. Tt suffices to prove that every connected
component W of Ny is irreducible. Let (.S, p) be an irreducible compo-
nent of Fy whose link contains W, and set v = X(f)NS. Then W is the
complement of a tubular neighborhood of the link of the complex germ
of curve (v,p) in the link of the normal complex surface singularity
(S, p). Therefore W is irreducible (see [15], 9.2, Cor. J).

According to[4.18] each connected component M (o) of the vanishing
zone M, is fibered over the circle S' with a connected and orientable
fibre not diffeomorphic to the 2-sphere. Therefore M,(o) is irreducible
(see [15], 9.1., Lemma A).

O
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Corollary 5.3. Assume that f irreducible and that Ny is not a solid
torus. Then L; is an irreducible 3-dimensional manifold.

Proof 1t is an easy consequence of the following general principle,
which is a consequence of [22] : let (M;),i = 1,...,k be a finite col-
lection of Seifert manifolds with non empty boundary, none of them
being a solid torus. Let M be constructed by gluing the M;’s along
boundady tori. Then M is irreducible. [J

Notice that . N, is a solid torus if and only if the minimal resolution
graph of (Lo, 2(f)) is a bamboo with an arrow at one of its extremities.

Remark 5.4. In fact, when f is irreducible, L; is a reducible 3-
dimensional manifold if and only if Ny is a solid torus and a Seifert
leaf on the boundary of M; is a meridian of N, = N,.

Let M be an irreducible graph manifold. We denote by 7 (M) the
separating family of the minimal Jaco-Shalen-Johannson decomposi-
tion of M and by #7 (M) the cardinal of 7(M). When M has empty
boundary, we denote by G(M) the normalized plumbing graph of M
as defined in [19]

Proposition 5.5. Assume that the germ f is irreducible and that L;
s an irreducible 3-dimensional manifold. Then

4T (Lo) < 4T (No) < £7 (L), and
rank Hy(G(Ly),Z) < rank H,(G(L;),Z)

Proof When Ny is a solid torus, then Lo is a lens space. Then
rank Hy(G(Lo),Z) =0, T(Ny) = 0 and the two inequalities hold.

Assume that Ny = N, is not a solid torus, then
T (M) UT(Ny) CT(Ly)

On the other hand, one has 17 (Lg) < #7 (Ny) as the closure of Lo\ Ny
is a disjoint union of soli tori.

When M is an irreducible graph manifold without boundary, we
denote by G'(M) the graph G(M) without weights, and we extend the
definition of G'(M) to the case when M has a non empty boundary by
symbolizing each boundary component of M by a free edge.

For example, the graph G'(Nj) is obtained from normalized plumbing
graph with arrows of the pair (Lo, (f)) by removing the weights (genus
and Euler classes) and by replacing each arrow by a free edge.



32 FRANCOISE MICHEL AND ANNE PICHON

According to Theorem , L, is obtained from N, = N, and M,
by gluying together these two manifolds along their boundary compo-
nents. Then the graph G'(L;) is obtained from the two graphs G'(Np)
and G'(M;) by identifying the free edges corresponding to the glued

boundary components. This proves the second inequality.
O

Proof of theorem (i) = (ii) follows from Milnor’s theory ([16]).

To prove (ii) = (i), let us assume that f is neither smooth nor has an
isolated singularity at 0. As mentioned at the begining of the Section,
it suffices to prove (ii) = (i) when f is an irreducible germ and L; is
an irreducible 3-manifold.

If the trunk Ny & N, is a solid torus, then Ly is a lens space. But, we
have assumed that L; is not a lens space, then L; is not homeomorphic
to Ly.

Now, assume that the trunk Ny = N, is not a solid torus. Then L, is
obtained as the union of the two irreducible manifolds M; and N, along
their boundaries , none of them being a solid torus. Therefore L,
is irreducible (Corollary [5.3)).

Assume first that there exists a connected component M;(o) of M,
whose boundary is not connected. Gluing the manifold M;(o) to the

trunk NV, increases the number of cycles in the normalized plumbing
graph G(Lg). Therefore,

rank H,(G(Lo),Z) < rank H,(G(L;),Z)

and Ly is not homeomorphic to Lj.
We now assume that each connected component M;(o) of M, has a
connected boundary, i.e. that M;(c) N N; consist of a single torus.
When #7 (Lo) < #7 (L;), then Ly is not homeomorphic to L.
Otherwise, the equality 7 (Lo) = #7 (L;) implies that the connected
components of M; are all Seifert manifolds and that the Seifert struc-
ture induced on the boundary components are homological to that of
N;.
We now use the following :

Remark. Let M be an irreducible orientable 3-dimensional manifold
whose Jaco-Shalen-Johannson decomposition admits only Seifert pieces
with orientable basis. Assume that M is not diffeomorphic neither to a
lens space nor to a solid torus. Then, according to the classical classifi-
cation of irreducible 3-dimensional manifolds (see [7]), the following two
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numbers are some numerical invariants of the homeomorphism class of
M
(1) The sum g(M) of the genus of the bases of the Seifert pieces of
M in any Jaco-Shalen-Johannson decomposition of M,
(2) the global number s(M) of exceptional Seifert leaves in the
minimal decomposition of M.

Let r be the number of irreducible components of ¥(f). As each
connected component M;(o) of M, has a connected boundary, then 7 is
also the number of irreducible components of the curve X(f). Therefore
the trunk No = N, has r boundary components (Corollary , and
Ly is obtained by gluing r solid tori along the » boundary components
of Ny. We then have :

9(Lo) = g(No) and s(Lo) < s(No) +7 ()

Let o be an irreducible component of X(f). Let p : My(o) — S! be
the locally trivial fibration with fiber F;, and monodromy h : F,, —
F} o defined in [4.18

If the transversal section of Fy at a point of ¢ \ {0} is the ordinary
quadratic germ, then the Milnor fibre F;, is an annulus [—1,+41] x
S'. As M;(o) has a connected boundary, then h : [-1,+1] x S! —
[—1,+1] x S' is isotopic to the diffeomorphism h(t, z) = (—t, 2) and its
mapping torus M;(c) is the so-called Seifert () manifold ([22]), which
has two exceptional fibers and base a disk.

In all other cases, x(F;,) < 0. Then M,(o) has either g(M;(c)) > 0
or at least two exceptional fibers, i.e. s(M;(o)) > 2.

If there exists o such that g(M(c)) > 0, then g(L;) > g(Ny) =
g(No) = g(Ly), then L, is not homeomorphic to L.

Otherwise, each M;(o) has at least 2 exceptional fibres, and

s(Ly) > s(INVy) + 2r

Then (x) implies s(L;) > s(Lo) and L, is not homeomorphic to Lq.
U

Theorem remains open when f is irreducible and L; is a lens
space. The following proposition shows that, in fact, this case concerns
a very special family of singularities. Recall that the K, denotes the
link of the curve X(f) in the link Ly of the normalization Fy of Fp.

Proposition 5.6. Let f: (C3,0) — (C,0) be a reduced holomorphic
germ such that f is irreducible and L; is a lens space. Then

(1) The trunk Ny is a solid torus, Lo is a lens space, L(f) is an
wrreducible germ of curve and the minimal resolution graph of
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the pair (Fy,%(f)) is a bamboo with an arrow at one of its
extremities,
(2) M, is connected with a connected boundary.

Proof of proposition . Let o be a component of ¥(f). According
to m, M,(0o) is fibred over the circle with fiber F},. As F;, is not a
disk, then M,(o) is not a solid torus.

Let T be a connected component of ON; = 0M;. As the connected
components of M, are irreducible manifolds none of them being
a solid torus, then 7' is incompressible in M, (see [15], 9.1, prop. D).
Now, as the trunk N, & N, is irreducible (5.2)), if it were not a solid
torus, 7" would also be incompressible in N; (see again [15], 9.1, prop.
D). Then, van Kampen’s Theorem and Dehn’s Lemma would imply
that T" is incompressible in L;. But a torus embedded in a lens space
is always compressible. Hence Ny = N, is a solid torus and then the
minimal resolution graph of the pair (Fy, (f)) is a bamboo with an
arrow at one of its extremities. It follows immediately that Ly is a lens
space. According to , the curve X(f) is irreducible in Fy. Therefore
¥(f) is also irreducible.

As the trunk Ny = N, is a solid torus, the vanishing zone M, is
connected with a connected boundary because ON; = dM,.

O
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