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1 Introduction and summary

It is well-known that supergroups and their underlying superalgebras are the natural exten-
sions of Lie groups and Lie algebras by including Grassmannian valued generators. In the
studies of supersymmetric field theories, these supergroups typically encode both bosonic
and fermionic global space time symmetries. However when considered as the local or



gauge symmetries, a quantum field theory with a supergroup as its gauge group is in-
evitably non-unitary due to the violation of spin-statistics, therefore this class of theories
has often been overlooked and not been explored much in the literature. In more recent
years, thank to the various advancements in computational techniques, there have been
renewed interests in them and broaden our general understanding in these exotic quantum
field theories. Most notably, the explicit constructions of supergroup gauge via D-branes
and so-called negative/ghost D-branes were given in [1-3] (See [4] also for earlier work),
moreover the partition functions for supergroup gauge instantons have been computed in [5]
using equivariant localization. We will review both of these developments momentarily.

One of the active themes in the studies of supersymmetric gauge theories in various
dimensions has been uncovering their underlying mathematical structures and often con-
necting them with classical and quantum integrable systems. This research theme often
leads us to obtain useful quantities for given integrable systems as computed by gauge
theoretical means. For example, the generating function of commuting conserved Hamil-
tonians known as characteristic polynomial, can be identified with the generating function
of gauge theory chiral ring [6, 7]. We can further identify the spectral curves of integrable
models to the Seiberg-Witten (SW) curve of gauge theory. Well-known examples include
N =2 SYM/Toda lattice [6] and N = 2* /Calogero-Moser (CM) system [8, 9].

It is natural to investigate whether these well-established exact correspondences be-
tween the gauge theories and integrable systems can be extended to their respective super
versions. In this paper, we will initiate the study on such an interesting correspondence
between various supersymmetric integrable systems and supergroup gauge theories. More-
over at the classical level, we can naturally generalize the Lax operators/matrices of ordi-
nary integrable systems to construct so-called super-Lax operators which take values on
the supermatrices. Several super versions of the known integrable systems have been con-
structed in this way, including Super-Toda lattice [10], super spin chain [11, 12], and double
Calogero-Moser (dCM) system, a super analog of the well known Calogero-Moser (CM)
system, both trigonometric (tdCM) [13, 14] and elliptic double Calogero-Moser systems
(edCM) [15, 16]. Integrability, which is again defined by the existence of many commut-
ing conserved Hamiltonians, of dCM system was proved in [13] for the trigonometric, and
in [15] for the elliptic cases.

At the quantum level, we would also like to extend the earlier identifications of the
commuting quantum Hamiltonians with the quantum chiral ring operators [17-19] to the
supergroup cases. To achieve this, in addition to putting the supersymmetric gauge theories
on the so-called 2-background and taking appropriate limit [20], it is important recognize
the need for further introducing the co-dimension two surface defect in the gauge theory
through appropriate orbifolding procedures [21, 22]. Introducing such a surface defect
(more precisely full surface defect) into the gauge theory generates chainsaw quiver struc-
ture. For G-gauge theory, such a quiver structure is equipped with a set of gauge couplings
(9i)i=1,... 1k, which will later be identified with the canonical coordinates of the under-
lying quantum integrable systems. This allows us to reproduce the quantum conserved
Hamiltonians from gauge theory [15], and the further identification between instanton par-
tition function and quantum wave function [16]. We will generalize these procedures to the
various supergroup gauge theories.



In the subsequent sections, we will first review on D-brane realization [2] of super-
group gauge theories and their instanton configurations [5] in section 2. We then recon-
struct the conserved Hamiltonians from the instanton configuration of supergroup gauge
theory following the procedure in [15]: we first show that the saddle point equations of su-
per instanton partition function under Nekrasov-Shatashvili (NS) limit reproduces Bethe
ansatz equation (BAE) of the corresponding super integrable system, and further calculate
the conserved Hamiltonians of the integrable systems. We have successfully established
gauge/integrability correspondence for pure supergroup gauge theory and super-Toda lat-
tice in section 3, supergroup QCD /super-XXX spin chain in section 4, and ' = 2* /edCM
system in section 5.

2 Supergroup gauge theory

2.1 D-brane construction

One important application of string theory is the construction of various gauge theories
using D-branes. For the gauge theories with ordinary Lie groups as their gauge groups, the
D-brane constructions are well-known. The D-brane constructions of the gauge theories
with supergroups as their gauge groups were first considered in [1, 4], and later studied
in various other papers such as [2, 23-28]. To construct a D-brane system realizing super
gauge groups, one need to introduce the concept of negative brane (or ghost brane) for
which we will have a brief review below, see [1, 2] for details.

On the string world sheet, D-brane acts as its boundary. In the presence of multiple
D-branes, a Chan-Paton factor, which takes a value in the vector space CV for a stack of
N D-branes, is assigned to each string in order to identify which D-brane it ends on. These
Chan-Paton factors, though non-dynamical on the world sheet, give rise to N labels that
generates U(N) gauge group in the target space. The Dirac quantization requires N to be
an integer, this however does not exclude the possibility of N being negative. A negative
Chan-Paton factor can be realized by introducing additional minus sign to certain subset
of boundary states, i. e. the Chan-Paton factor now takes the value in a graded vector
space C"+"~ with the mixed signatures:

(*T)M _f ) . (2.1)

The additional vector space with negative signature corresponds to the additional n_ neg-
ative branes which carry an additional negative sign with respect to the boundary states
hence the Chan-Paton factors corresponding to the usual positive branes. This distinguishes
them from the more commonly encountered anti-branes which only carry an negative sign
for the RR sector, and preserve the opposite space-time supersymmetries. A system consist-
ing of both positive and negative branes can preserve the same space time supersymmetries.
Moreover due to the negative sign in their NS-NS sector, a negative brane carries negative
tension and anti-gravitates, this feature again differs from the anti-brane which gravitates.

Let us focus on the world volume theory of a stack of coinciding n positive D3 and
n_ negative D3 branes. The extra minus sign introduced in negative brane means an open



string connecting a positive and a negative branes have the opposite of usual statistics. An
open string with both ends on negative branes have usual statistics since the two minus
signs from both ends cancel. This enhances an U(n4) x U(n—) quiver gauge group to an
U(ng|n_) super-gauge group, i.e. a supermatrix unitary group, U € End(C™+"-) with
Ul =ut,

A B
U= (C’ D) e U(nglno) (2.2)

where A and D are ny xn4 and n_ xn_ even graded matrices with complex number entries
and B and C are ny X n_ and n_ X n4 odd graded matrices whose entries are Grassman-
nian (B.3). An odd graded matrix means its elements are subject to anti-commutation
relation instead of commutation relation,

BiiCly = (—=1)CiuBij. (2.3)

Let us consider an N/ = 4 super Yang-Mills (SYM) theory with super gauge group
U(ng4|n-) realized in the world volumes of n positive D3-branes and n_ negative D3-
branes, the Lagrangian density can be written as:

6
— str F2 + z:str(DcIﬂ)2 4| =
g —
Z 6 6 (24)
? tr FJQr —trF? + z:tr(DCI)i)2 — Z:tlr(D(I)’;)2 +,
i=1 =1

where we have only listed out the contributions charged under the bosonic subgroup
U(ny) x U(n-) C U(ny|n—), and we denote them with subscripts + and —. There
are however few obvious features which distinguish the gauge theory with U(ny|n_) and
U(ny) x U(n-) gauge group. First we notice from (2.4) that the kinetic energy is un-
bounded from below thus the U(n,|n_) theory is manifestly non-unitary. This arises from
the relative minus sign in (2.4) between positive and negative field strength gauge coupling

dmi 0
T = —T- =T = 122 + o The Yang-Mills action can be evaluated in the instanton
g T
background as [5, 29]:
2rri , .
exp [—1?2 /str FQ] = exp[2miT(ky — k_)] = e2™iTHF+ 2Tk (2.5)
T

where ki are both non-negative integers. As the result, the instanton configurations of
supergroup consist of positive and negative instantons, with the counting parameters q+ =
e?™T now satisfy the relation: qy = q-! := q = ¢¥™7. In addition, we will see momentarily
in the localization computation that two bosonic subgroups of U(n|n_) are oppositely
charged under Q-background deformation, this is different from the U(ny) x U(n_) quiver
gauge theory whose two sub-groups are equally charged under €2-background deformation.



‘ Brane Type ‘ Signature of Chan-Paton factor ‘ # of Branes ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10 ‘

D(—1)+ Positive k4

D(-1)- Negative k_

D3, Positive ny X|x|x|x
D3_ Negative n_ X

Table 1. D-brane configuration for supergroup gauge theory instanton.

2.2 Instanton moduli space for supergroup gauge theory

We will start with a brief review about the construction of supergroup instanton configu-
ration, namely Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction [30] of super instan-
tons, more details can be found in [5]. Let us define the graded vector spaces:

N=C"Pr-—C™aC =N, eN_ (2.6a)
K =Crl- —CckrgCh- =K, o K_ (2.6b)

where the +-sign in the subscript indicates the signature of the respective sub-space. These
are the Chan-Paton factors of the corresponding brane configuration (table 1). The ADHM
matrices can be realized as the open strings stretching between the D(-1)-D3 configuration.
The matrices By 2 € Hom(K, K) label the open strings having both ends on D(-1) branes,
I € Hom(N,K) and J € Hom(K, N) represents the open strings with one end attached
to D(-1) branes and the other end on D3 branes. In particular I and J can be further
decomposed into:

I=I,&l; J=J.&J_ (2.7)

where I, € Hom(N,,K), J, € Hom(K,N,) for o = £+. Defining the instanton moduli
space by

Moy oo = {(B1, B2, 1,J) | pr = (o diag(lk, , —1k_), uc = 0}/U(k|k-), (2.8)
where the real and complex momentum maps are:

pr = [B1, Bi]+ By, Bi|+ 11T = JJ =By, Bj|+[Ba, BY) + I It 11T — gl g+ T

(2.9a)
/L(c:[Bl,BQ]—i-IJ:[Bl,BQ]+I+J+—I_J_. (2.9b)
We can write real momentum map in terms of supermatrices (in the form (B.5))
L = [31,007BI,OOH‘[BI,OhBIm] Bl,OoBI,w"’BLOlBI,n_BI,IOBI,OO_BIJIBI,M
Bl,lOBI,()o"‘Bl,llBI’()l_BI,OOBLlO_Bl,OlB;u [Bl,lo,BI,10]+[31,117BI,11]

+ [32,00:B;,oo]+[32,01:B;,01] BQ,OOB;JOJFBZMB;,H *BQ,loB;,OO*BZ,llB;,m
32,103;004’327113;01_32,0035,10_32,0135,11 [32,107B;,1o]+[32,11735,11]
1001304-101[(];1 10011(04-[01[11 B JJOJoo-I-JIOJlo JJOJ01+JIOJ11 (2 10)
Loldo+111, Loll+1ilIf, JiJoo+J1y J10 Iy Jor+J1 Jua '



We can do the same for pc:

B110B2,00+B1,11B82,10 B1,10B2,01+B1,11 B2 11 TIioJoo+111J10 T10Jdo1+111J11
(2.11)

_ <B1,0032,00+B1,01B2,10 3170032,014-31,0132,11) n <100J00+101J10 fooJ01+-701J11>

Moduli space (2.8) has 2 types of solutions based on property of parameter ¢ (up to
U(k4|k—) transformation)

e [f ( is a real number, the moduli space is bosonic, i.e. By, By, I, and J are diagonal.

e If ( is grassmannian even, the moduli space is fermonic, i.e. By, By, I, and J have
only off-diagonal component.

Here we choose ¢ as a real positive number to serve our purpose. We will now show that
the instanton vector space K = K4 & K_ is generated by two independent sets of ADHM
data by proving the following stability condition:

K, =C[B1, B[ (Ny); K_ =C[B],BjJJ (N.). (2.12)
Proof: We will prove this condition by contradiction. Let us denote
K/, =C[B),B)][{(N;) cK,; K =C[B},B}lJI(N.)cK_. (2.13)

Assuming there exists K+ = K4 — ', we can define the projection operators Py : K —
K+, Py = P? = P| such that P+Byy = By oPy, PaI, = PrJ' = 0. As the projection
only acts on one of the graded sub-spaces Pyl = 0, P_ J_JL = 0. We will prove this by
contradiction that existence of such Ki violates the stability condition defining moduli
space in (2.8). One may consider the projection of real momentum map ug to K}r space:

Golgs = PepzPs = [(PyBiPy), (PyBiPy)'| + (P4 BoPy), (Py BoPy)| = PoJL JL Py
(2.14)

Taking the trace on the both sides of the equation above yields:
0 < tr(Coolyy) = —tr(PyJI I Py) <0 (2.15)

This means Ki = 0. A similar argument applies to P_, and one finds that KX = 0 also.
q.e.d.

By using the stability condition, the moduli space can now be written via Hyper Kéhler
quotient:

Moy ke = {(B1,B2,1,J) | pc = 0} GL(k4 |k-). (2.16)

The action of local transformation g € GL(ky|k_) and h € GL(n4|n_) on ADHM variables
is given by

(gah‘) : (BlaB2717 J) — (gBlg_lvgBQ.g_lvglh_17th_l)' (217)



The instanton partition function of supergroup gauge theory is equivalent integral over
ADHM moduli space:

1ns ki —k_ k,k, k,
Towrm S, -, e

k+ k_ ny,n_kyk_

We will evaluate (2.18) by following standard Nekrasov theory. Let us introduce the Q-
deformation

<q17q2) : (31732717 J) — (Q1Blvq2BZalv Q1(]2<])a (219)

such that the fixed points on the moduli space M,,, ,_x, r_ are defined where the -
deformation can be canceled by local transformation (2.17). The volume integration
over (2.18) is regularized to counting of discrete fixed points on the moduli space. Us-
ing the stability condition, one can show that I_ = 0 = J, at the fixed points. This
implies that By and By commute at the fixed points. Each saddle point in K4 can be
labeled by

K, : BBy 'L (NY), Ko (B)TYBHTII(ND). (2.20)

This means that each fixed point can be labeled by a set of partitions (Young diagrams)
(AT, A7) = {N s Ag=1 . }. Since our system is defined upon supergroup, the
super-character of ADHM data is taken by supertrace:

=sch(N) =ch(N4) —ch(N_) =Ny — N_, (2.21a)
K =sch(K) =ch(Ky) —ch(K_) =K, — K_. (2.21b)

The characters can be written as:

n
N+ = ie“‘t, K+ = Z eaa Z q Q%_la (222&)
a=1

(i.5)exd
n— B n— B
N_ = Zeaﬂ, K_= Zeaﬂ ;' Z e (2.22Db)
p=1 p=1 (i.4)€N

where g+ = q1¢q2. The additional power of qul comes from the fact that J carries a charge
of q1g2 = ¢+ in the Q-background.

For each positive and negative instanton, we have instanton counting parameter q4 =
e?™T+  As stated, the bosonic moduli space (2.8) is defined based on diagonal ADHM
data. By similar manipulation of the localization calculation producing standard Nekrasov
partition function [5, 31, 32|, each ADHM data and equations contributes to the Euler
character class of moduli space tangent bundle by [5, 33]:

e ADHM matrix B contributes to tangent space character by ¢q; K K*,

e AdHM matrix Bs contributes to tangent space character by go K K*,



e ADHN matrix I contributes to tangent space character by N K™,

e ADHM matrix J contributes to tangent space character by q1qoN* K,

e Local U(ky|k_) transformation on vector space K contributes to character by —K K*,
e Equation uc = 0 contributes to character by —qiqo K K*.

we can construct the tangent space character

T, 5 =NK +quN"K - (1-q)(1 - q2) KK* (2.23)

with ¢; = e“. We may now denote instanton partition function as sum over Young dia-

grams:
inst _ X=X Y+ Y. Y+ Y1 S55% NN*
Z Ulngln_) = Z q' = ‘ZU(n+|n_)[)‘ s A ]7 ZU(n+|n_)[A s A ] =E |:_ P + P )
Xt 12 12
(2.24)
where the dual bundle of X is denoted by X*, and we define the universal bundle characters
S=5,-5_, St =Ny —PPK,, (2.25)
with
P=1-gq, Pia=(1-q1)(1 - q2), (2.26)

which should not be confused with the projector P1 mentioned before. The operator E
converts the additive Chern characters to the multiplicative classes:

E Zaiemi] = Hxl_a’ (2.27)

where o; = £1 is the sign factor associated with each Chern root. This is also obtained as

the cohomological limit of the plethystic exponential.
The measure in (2.18) can be expressed into the following contour integration [5] by
denoting character K = Zf’:l et — Zf’l % :

ki k—
+ofv— d¢a ns 0' 1 ¢ 2)(¢+72 2)
Z(I;(nilnf) - fﬁxr_ l_Ii [1;[ 271 Zn”t ka ] HH (¢ ) :

s=1t=1
ky n_ k— ny
< [TTI(0F —az)(ef —az +e) [T [T (¢r — ad)(6r —al +ey)
s=18=1 t=1a=1
(2.28)
where ¢Z7" = ¢7 — ¢¢" and with

lnbt(¢ ) 1 <E+>k rk[ (¢St - 6+ ﬁ ﬁ 1 (2 29)
’ k' €1€2 (¢ - aa ¢s — Qq + 6+) ‘ ‘

2 €)(0% — €3) =1 a:l



Let us assume that €1, €2 have positive imaginary part. The contour I'y is chosen to be

Ty = R+iaf )™, of = min {Im(a})} (2.30a)
a=l,...ny4
I = (R+iag)", ap, = max {Im(az)} (2.30b)

m B=1,...,n_

Notice that the power counting of integration variable ¢¢ is of degree -2, which vanishes
quickly when integration variables approaching infinity, we can therefore enclose our con-
tour accordingly. The contour integration can now be evaluated by familiar residue formula,
and the poles picked up by integration variables ¢? are

T al+(i—-Dea+(—Dey, a=1,...,n4,4,5€N (2.31a)
o : ag — i€l — jeg, 6=1,....,n_, i,j €N (2.31Db)

These poles correspond to the fixed point condition for the ADHM variables (2.20) under
the equivariant action.

More generally, if we consider introducing the DO-branes into the D4,.-NS5 brane
configuration which engineers the five-dimensional quiver super-gauge groups in [2, 5],
they will play the role of the gauge instantons. When we dimension reduce this combined
D-brane configuration, we can thus interpret the super-instanton partition function (2.28)
as integrating over the zero-mode fluctuations around the moduli space of the D(—1), /D-
instanton world volume (super) matrix model.

3 Super Toda lattice and pure N = 2 supergroup gauge theory

The gauge/integrability correspondence can be calculated in various aspects [15-17, 33].
One important development is the identification of g-character [34, 35] (or called T-
function) of gauge theory with the characteristic polynomial of the associated quantum
integrable model. For ordinary group, we are able to extract every conserved Hamilto-
nian of the integrable model from q-character, see [15] for details. We will show that the
same procedure can be extended to supergroup case. In particular in this section we will
reconstruct Hamiltonian of super Toda lattice from pure AN/ = 2 supergroup gauge theory.

3.1 Bethe Ansatz equation from instanton partition function

Starting with the instanton partition function of pure N'=2 SYM theory with U (n4|n_)
gauge group is given in (2.24), which consists of four pieces

S % 85° NN
2ty = 32 oo R[50 ]
)\+/\ 12 12
+ R —
= Z ql/\ - |/\ ‘Z\;jzveiZ\;chec7 (31)
(X+X7)
e
:ZqIMIMHggeUC_
(X+X9) o=t



In this section, we would like to extend the methods in [15] to supergauge group, the main
goal is to extract conserved commuting Hamiltonians from the 7T-function or g-character
which we will construct subsequently.

The fixed points on the instanton moduli space are labeled by a set of Young diagrams:
(X557 = {0, ATy () )y (3.2)

where each Young diagram is represented by a row vector Ao (@) = ()\le’(a), )\;’(a), ...,) with
non-negative integer entries labeling the number of boxes such that:

A7) > A7), (3.3)
We define the following parameters
et =af +(i—Der + e L =g+ (i — ey, (3.4a)
Ty =ag — i€ — 62)\;’(’8); x/gz =ag — i€y, (3.4b)
such that
niy o0
Sty =Ny — PeKy = Zea“ + P ZZ (6 o —e ‘”) =P Xy (3-5a)
a=1i=1
S _ =N_— PlQK_ Ze B — Pl ZZ (6 Bi — eigz> = _PlX—7 (35b)
p=11i=1
with
ny o0 n—
+
O D) I RS 3) prs 59
a=1i=1 B=11i=1

By its definition, Z1.¥ is exactly the same as ordinary gauge group which had been con-

sidered in various earlier papers [15, 17, 18], thus we will not repeat the calculations here
but only give the final result:

S+S* N+N>k
Ze V] = [ P*; P1*2+]
1
- ﬁ ﬁ ﬁ ﬁ Tl (g =23 = 1)) . D(ey (3 — #5))) (3.7)
a=1p=1i=1j=1 D(ey ' (af; —ah))  Tley'(if; —if, —e)

(ad)#(B7)

All the remaining 222 in (3.1) are newly introduced by the supergroup structure. We will

vec

~10 -



first present the results and then discuss how each term is obtained:

5= [T TIIIII D(q (o — 5, — @) Tl g —i5))
o D(ey (0 —x5,)) Ty (i, — g —e1))’
o= A=Li=13=1] (ni)(8) 2 Bi 2 8
(3.8a)
n n— oo oo _ e o
a=18=1i=1j=1 F xa ng)) F(ﬁg_l(i‘;—i"gj—q))

Lonm s o —zt —e)) (e '(dn, —ih))
. N >\+ 3 5] 1 2 ai ﬁl
vec H H H H + )) F(Egl(a?m 5553 - 61))

a=1p8=1i=1j=1 :1: ~Tgj

(3.8¢)

Here Z__ is instanton partition function of U(n_) gauge group by definition. We may
simply replace {[z"],[#T]} in (3.7) by {[z~],[#]}, which one obtains (3.8a). The direct
supporting character calculation yields the following results:

I [ s_s N_Ni}
vec - P12 P1>k2 ’
PX_X* PX_X*
= E — _|_ ,
Py Py

_ H F(e;l(xm Tgi— €1)) F(e;l(:%;i—%gi))

o ———— : (3.9)
(o) (8)) T(ey (2, — xg;))  Tley (2, — 25 —€1))

with N = P Xy. To obtain the last line, we assume |g2| < 1 and use the following
equation

E [61;;] _E [;Z] _E [i exqg] _ ﬁ @jm) T ) (e) 2. (3.10)

i=0 i=0
The last equation is obtained from Gauss’s product representation of Gamma function:

I'(z) = n}gnoo z(z + lgnzm('z +m)’ (3.11)

The mixed contribution terms Z&z [\T, X7] and ZF[X*, A~] can also be obtained from

vec
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direct calculations:

[S+ S*  N.N* ]
Py, Pyl
PX,.X* PX,X*
P P3

9

T(eyt (), — Ty — €1)) T(ey (2}, — T5;))

- 9 = —1z P ; (3.12a)
(aHBj) I l(xzi o xﬂj)) I'(e; l(x;ti — ¥ T €1))
4Ty T S_S* N_N*
Zve;r[)‘Jrv)\ ]:E|: P*+_ D +:|’
12 12
_E _P1X_Xi N PX_X* |
Py P;
| qp Memoshoa) PG

-1 + —1 o+
(ai),(B7) F(EQ (xon xﬂj)) F(62 (xaz g _61))

Next we would like to consider Nekrasov-Shatashvili limit [15, 18] (NS-limit for short)
such that e2 — 0 with €1 =: € fixed [17] for the various pieces we constructed above. In
this limit, the vector multiplet contributions can be approximated by:

1 /
i mew | Y [l ale =0~ fehi— e )
(ad) (@) (3.13)

—F@ — i — ) + F(#5 — i+ €)] |

using Stirling approximation of I'-function and we have introduced the function f(x) =

a,(7)

z(logx —1). Moreover, the scaled variable ex\;”"’ becomes continuous, such that the sum

over discrete Young diagrams can be approximated by continuous integral over a set of
infinite integration variables {z 7., 25, } defined in (3.4). To sum up we have:

2t = [ T dats T oo [ ot 7D
= [Mars o | = Y 17l + = S w0
ai Bi o=+

(3.14)
where the instanton function Hinst([zT], [x7]) are

!

Mo ([2], [xgl]) = U7 ([2°], [27]) — U7 ([&°], [7])
H([27]) =logq »_ a7, —loga y &7, (3.15)

(ai) (at)

and

’ 1 / d
U =3 S @G —ay — ) = f@g -y +e). (3.16)
(vi)#('i")
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We will introduce the instanton density p(z), which is unity along J = JT U3, J* =

Uuled, 2t 3 =U silL5;» 5], and vanishes otherwise. Furthermore we also define
d (.’E — 6) / 1
G(z) = —log —=; R° = 3.17
(@)= e e @)= P @+ o) (3:.17)

where P*(z) = [[,L,(z — af) and P~(z) = [[4Z,(z — ag). Combining all together we

a=1
may rewrite instanton partition function Hi,st as

HO = —;PV/ dm/ dyG(x—y)—i—/ dzlog(R"") (3.18)
~o o/ 30

where the symbol “PV” denotes the principle value integral. Under NS-limit, the whole
integration on Hinet 1S dominated by saddle point configuration, the variation of p(x) can
be done by either varying a: ; OF Tg;.

OMinste  OHTT OHT™ Mt OHT

0=

oxto dxl, ol dxl,  dal
—— [ dyGlati—n)+ | dyGlaz—y)+los(RY(wh)) ~log(R™ (af) +loga
3t -
o SHinst _ SHYT OHTT OHT SHC

— —+ — 4+ —+——
533/&. 5:3& 51‘/31- 5:3,81' ‘hﬁi

- +/3+ dyG(:cEi—y)—/g_ dy G(x5;—y)—log(RT (x55;))+log(R™ (x5;)) —logq.
(3.19)
Since G(x) is a total derivative, the two saddle point equations can be simplified to

(3.20)

with the definition of Q*-function given as:

ny+ oo n— oo

=[] -2t Q@ @ =]]]]@- =5 (3.21)

a=1i=1 B=1i=1
In order to write down T-function associated with this system, we define
Q@) Qo
Qt(x—e) Q ()

Both yT (resp. y~) becomes degree n (resp. n_) polynomial when xi = :zi In particular

yt(z) = (3.22)

in such a limit, one may identify that y*(z) form the characteristic polynomials of block
diagonal elements of adjoint scalar ® = &, ¢ ¢_, i. e.

ny oo 2_1) ni

HH $_a Z—l)e—ezH(m_a)_det@:_(I)'f‘) (3.23a)

a=11i= 1 a=1

= HHmfaaf“fe = ljl(x—aa):det(x—@_). (3.23b)

aclimg LT Oa Fe




The saddle point equations can be expressed in terms of y* (z) function:

y~(a})y~ (xf; +€)
0=1+ ai ai T 3.24a
qy+(x§z’)y+<$:@‘ +€) ( )
0=1+ qy_ (p;)y (g, + 6). (3.24D)
yt (%j)?ﬁ (935] + 6)

To find the resultant Bethe ansatz equation, we consider the twisted superpotential arising
from the NS-limit

W= hm € log[Zgl(SLlni)] = Whelassical + Wi-loop + Winst- (3.25)

ea—0

The classical twisted superpotential is given by

S (of)? = (0p)
a _
Wclassical = - IOg q Z (;6) - IOg q ! Z %7 (326)
a=1 ps=1
and the one loop twisted superpotential is of the form

Wi loop = Z Z f( — a7 N 6) f(i‘?w — L%SYT:Z-/ + 6), (327)
0,0 i ? (vi)#('i")

where acf'w € {$2z> :UEz} Last but not least, there is the non-perturbative twisted superpo-
tential

Winst = Hinst = Z uaa’([xa]’ [xa’]) - UUU,([:%UL [ia/

o,0'=%

) (3.28)

where 4?7 is defined in (3.16). The twisted superpotential satisfies the equation of motion,
which is the twisted F-term condition for SUSY vacua:

1 OW(u)
— =nZ; 7 e 2
2mi Oag Myi Ty € (3:29)

The explicit minimization calculation shows that

() r(=2)

at € B € )

—?O‘ log q + Z log AN + Z log —aN & 2ming; (3.30a)
o' £a F(—W> B F<ae B>

= 2ming. (3.30b)

3 T <_a5aj§> r (aﬂ—aﬁ,
a

B
—1 E 1 E 1

. ogq-+ . og——~— + og —

— 14 —



Exponentiating both sides of the above equations yields

(3.31a)

1 2 H ) <a66%1> HF <—“ﬁ:“3> (3.31D)

:q € a*_a*l a__az .
B';ABF(— - ﬂ) o F<+ o )

Here we propose that (3.31) are the resultant Bethe ansatz equations of super Toda lattice.
In principle, the equations (3.24) are enough for us to define our polynomial T-function.

However, we would like to pause for a moment to introduce an alternative and more elegant
way to obtain (3.24a) and (3.24b). The reader will see shortly the new method greatly
simplifies the calculation.

In order to obtain (3.24a) and (3.24b), saddle point approximation is applied to full
instanton partition function under NS-limit, such that one only considers the instanton
configuration that dominates the sum of all partition in (3.1). The resultant configuration

is called saddle-point configuration. This means the partition function Z[i}l(sﬁﬁni) can be
approximated by
; SS*| - <
2 ~E |- A (332)
Pry

under NS-limit, {Xf} are the saddle point configurations. To obtain the saddle point
equation, we may consider a small perturbation on the limit shape Young diagram, i. e.
adding/subtracting one instanton, and require the full instanton partition function to re-
main invariant. Suppose an additional box is added to X*Jr with the character associated
to it denoted as e*, the invariance of the full partition function requires:

Pry Py
SS* x T\ * —X
=E |- Pr [1— a4+ E [q12e"(S — Prze”)* 4 Se™7]]. (3.33)
12

Let us define Y-function, which is a generating function of the UV chiral ring operators,

Y(z) = E[-¢*S*] = E [—€*(S4 — 5_)*]
=~ x—at s
0L, | < I

a =1 x $o¢z B i=1

_ T

(3.34)

T —Xg —€
with the universal bundle Sy in (3.5). One may immediately recognize Y (z) is related to
y* defined in (3.22) by

() _ det(z — @)
“(x) det(x —P_)

Y(z) = Z = sdet(z — @)| . (3.35)

~15 —



with ® being adjoint scalar in vector multiplet in (2.4). We have recovered saddle point
equation for x =z, in (3.24a) as

9+
0=1 . 3.36
* Y(z2)Y (2l +¢€) (3:36)

at

Similar procedures can be applied to adding one additional box in Young diagram X; .

0=E [— SS*] -q.E [— Gl Puex)(*s mkiti
Py Pry
SS5* T * T\ * —x
=E| -5 | [1 = a-E[-qe"(S = Plye”)” — Se™]] (3.37)
12
and we have recovered (3.24b) as
0=1+q-Y(z;)Y (x5, +e). (3.38)

As we have shown, (3.36) and (3.38) successfully reproduced (3.24a) and (3.24b). Using
the fact that the coupling constants are subjects to q. = q_! = ¢, we may rewrite (3.36)
and (3.38) into a single equation

=1+ q o 4+ =
1 . (gt oam |
’ Y(29,)Y (25 +¢) 5 = ai T} (3.39)

We can now define the T-function as

1 det(z — @) . (3.40)

Tx)=Y(x+e) + Y(2) R

which is identified as the super characteristic function of the U(n4|n_) adjoint scalar ®
in IR. In the absence of Q-deformation, by denoting z = Y (x), we have also successfully
recovered the SW-curve of U(n4|n_) gauge group [2]:

sdet(z — @) = 2 + g (3.41)

We need to address that T-function defined in (3.40) is subjected to the restriction

0 < |q] < 1 such that the gauge coupling is real (See earlier discussion around (2.4)).
The open strings with both ends on positive branes therefore have kinetic energy bounded
from below and the positive branes can be regarded as the physical ones. Conversely for
lq| > 1, (2.4) shows that the negative branes now become physical. This also reflects on
our definition of T-function, as can be seen when |q| — oo, the asymptotic limit of T'(x)

becomes
o —ag)  det(z— @) 1
T(@)~ qHZL(w —ab) det(x—®4) sdet(z — @)’ (342)

where only the negative section survives. In the rest of our paper, we will always assume
0<lql <1.
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3.2 Conserved Hamiltonians

One important aspect of the correspondence between four dimensional A/ = 2 supersym-
metric gauge theory and one-dimensional integrable model is that the T-function obtained
from supersymmetric gauge theory can be identified as the characteristic polynomial of
the corresponding integrable model. In the case of ordinary gauge group of rank n, the
T-function is a degree n polynomial of the form:

T(z) = det(x — ®) = 2" + hyz" " + hoa" > + -+ + hy 12 + hn. (3.43)

The coefficients {h;}} ; in this polynomial are conserved Hamiltonians of the corresponding
n particles integrable system, see [15, 17] for examples. In the case of theory with super
gauge group U(ny|n_), its T-function is defined as the superdeterminant of adjoint scalar
field. Replacing the determinant with the superdeterminant indicates T-function can be
written in the form of:

Ty (z)
T(x) = —P) = 44
(@) = sdet(z — ) = 752 (3.4
where T (z) (resp. T—(z)) is degree n4 (resp. n_) polynomials.
T () = 2™ + c§+)xn+—1 4t cﬁj, (3.45a)
T (z) =2" + cg_):nnf_1 4ot (3.45b)

Our goal is to identify the coefficients {cgﬂ, cg.*)} which can be identified with the conserved
Hamiltonian of the corresponding integrable system. A co-dimension two full surface defect
is introduced through Zy,, 4, = Z/(n4 +n_)Z orbifolding [15, 16]. Here Z,,, 4,_ orbifold-
ing acts on the coordinates of R* = C; x Cy by (z1,22) — (21, (z2) where ("+1"- = 1.

As the orbifolding procedure commutes with the NS-limit, we will temporarily restore
€2, and take NS limit once orbifolding is performed. We will see shortly that restoring es
helps us to assign the Young diagram boxes to the representations R, of Zy, _. In the
case of supergroup U(n|n_), we perform Zj, ;,_ orbifolding action into the system to
introduce the full-type surface defect [21]. Such an orbifolding action is characterized by a
coloring function on the indices of moduli parameters ¢ : {a}"L,U{3 }g;l — L, 4n_, which
assigns each color o and 3 to a representation Ry, of Zy,, yn_,w =0,1,...,ny+n_—1[15].
In the simplest case, c is defined as

clay=a—-1; cf)=ny+p—1 (3.46)

For this coloring function, we will denote [a] = {0,...,ny — 1} and [f] = {n4,...,nqy +
n_ — 1} such that [o]U[8] ={0,...,n4 +n_ — 1}, which is the range of the index w. The

orbifolding also splits the instanton counting parameter q into n4 +n_ instanton counting
ny+n_— ny+n_—1

w=0 w0 is a collection

parameters (q,) ! for each representation Ry, of Zp, 4n_. (qu)

of n4 + n_ non-vanishing complex numbers subjected to

ny+n_—1

a= [ &% (3.47)
w=0
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with the parity function defined by

1, € [a]
plw) = { (3.48)
Let us now define the coordinate system
qg(w) — exwflw—l7 qo = qexO_Fn++n_71 (3.49)
with
+ -1 _ _
, +1l)=aci{a=1,..., )
. {Xi c 1(w )=ac{a ny} (3.50)
Xg, ¢ (w+l)=pe{B=1,....,n_}.
The orbifolding also splits T-function defined in (3.40) into
ny+n_—1
Tx)= [] Tu() (3.51)
w=0
where each T,,(x) is of degree one with sub-leading powers (3.58)
T+eteryt+ 224 L wela]
To(z) =Yz +er)+queoe—— = o . (3.52)
Yw+1(ZL‘+62) Jw [$+Cl,w+%+"’} 7w€[ﬂ]

Notice that we modify T'(z) by shifting Y (x) — Y (z + e3). This shift is necessary when
the orbifolding is introduced in order to generate the correct coefficients {c; .24, ... }.
Under the orbifolding, Y (x) defined in (3.34) is also split into:

Vo) =[[e-atyc@= ] {QT(‘_U] I [

" o aners T ekt -
:U—(IE—F’L'E [:1:—%4—(@'—1)6
C(ﬁ —w) _ 1 -
Giiners L7 BTV g pen, L T e
(3.53)
with the index function:
1 =0
6(x) = e (3.54)
0 z#0

Er={(a.(i.j)a=1,...np; (i,5)ex"; a+j-l=wmodni+n_}, (3.55)
K ={(B:(i.0)|18=1,....n_, (i.5)ex?, B—j=wmod ni+n_}. (3.55b)
Here K are the collections of Young diagram boxes in X*i assigned to the representation

R, of Zy yn_ orbifolding. Taking x — oo, Y,,(z) approaches asymptotically to:

[, (x—al) d(e(@)~w) exp (;1 Vo 1t 3k DJr 1+ (9(33_3))
[I5(z —ag)?C®=) exp (Lv,_, ;12 DS +0(z73))

Yo(z) = (3.56)
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with the following definition of notations based on collection of Young diagrams (3.55a)
and (3.55b):

€ .
K=K vi =k -kl ol =gki+ ). al+(-1)e Di=-of+ol;
(o (i) €KS

(3.57a)
_ _ _ _ _ _ €., _ - . _ _
=K, 5 vy =k, —k,; O'w=§kw+ Z ag—ie; Di=—0,+0,,;.
(3.57b)
Using (3.56), we may write T,,(z) (3.52) as
T (l‘)_ x_‘_e_aj*l(w—&—l tevwt |:% E) c 1 w+1)yw_1+6DW+qu|+'“ we [Oé]
w - 9
Qo [T+ (—€vy—a__ w+1 %[%1/ +e(a_- Lwit1) E)VW—EDw-Fq%}‘F'“} w e [B]
(3.58)
where v, = v} — vy, and D, = D} — D . Let us consider the following combination
instead:
1
T(x) = T,(x) x — T (x 3.59
[ 2o« 11 e 859
we|a] welf]

in order to normalize the overall coefficient to be 1. The first conserved Hamiltonian can
be found by (3.52)

hl = 2 Cl,w - § Cl,w

wela] wels]
— Z [Eljw — ajfl(w+1):| + Z [EV‘*’ + aC 1(W+1):|
wE[a] welp)

n4 n—
Sy .00
a=1 £=0
The second conserved Hamiltonian is given by

hy = Z CQw — Z C2.w
we[B]

w€[a]

2 2
€ € 1
= E [QVf;eail(w+1)Vw+€Dw+qw} - E |:2VUJ+€( e 1(w+1)) — €Dy, + —

wela] wel[f] e
+ 2

- € (ac*l(w—&-l)) Tw—Tw— Y0—tny +n_—1
Y e e R

w€[a]

- 2
€ (ac*1 w1 ) —
8] [2 —l(w N % + efw et (3.61)
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Gauge Theory Integrable System
a*t Coulomb Moduli Momenta
T Complex gauge coupling Elliptic modulus
€ -deformation parameter Planck constant
nt Gauge group rank Number of particles
2+ = ¢ | Ratio between orbifolded couplings | exponentiated coordinates

Table 2. Parameters in gauge/integrable correspondence

We recovered conserved charges of super-Toda lattice [10] as advertised. Parameters in
gauge/integrable correspondence can be summarized into table 2.

When we promote the classical Hamiltonians to the quantum mechanical operators
acting on the orbifolded partition function, we may replace v, with the operator 0, =
a;% by recognizing that the only coordinate dependence in orbifolded instanton partition
function comes from the instanton counting parameter []_ g%, k, = k' — kg such that:

. . o .
inst _ inst _ inst
Vo2l (g n_) = (ko = kot 1) 2000, ) = o ZU(ny|n_) (3.62)

3.3 Super Lax operator

3.3.1 Standard arrangement

We have established the correspondence between super Toda system and pure SYM theory
with super gauge group. In particular the T-function with orbifolding (3.59) reproduces
the desired conserved Hamiltonians (3.61). A super integrable model is constructed by
defining Lax operator L on a supermatrix, see [36, 37| for reviews on Lie superalgebra.
The super version of characteristic polynomial T'(z) is given by

T(x) = sdet(z1,,_ |, — L). (3.63)

The Lax operator of super Toda lattice has been discussed in the literature, see [10] for
example.

The particle interaction in Toda lattice system is restricted to only the nearest neigh-
bors. When the system consists of more then two types of particles, the ordering of the
particles becomes a crucial property of the system. The Hamiltonians obtained in previous
section (3.61) depend on the ordering of particles, which was determined by the coloring
function (3.46): the first ny particles are in the positive sector, followed by n_ in the
negative sector. Let us consider the following form of sub-structure for the super-Lax
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matrix [10] which reproduces the same particle ordering:

(

pi ifi=j; p; ifi=j;
b oifj=i+1; by ifj=i+1;

Aij =9 ’ Djj=<" ’ (3.64a)
1 ifj=i—1 1 ifj=i—1
0  otherwise. \ 0  otherwise,
bjl'+§ fori=nq,j=1 (77 fori=1,7=n,

Bij=1qn fori=1,j=mn_ Cij=Rb, &€ fori=n_,j=1 (3.64D)
0 otherwise 0 otherwise

where pii are the canonical momenta associated with the particles in plus/minus sector, and
¢ and 7 are the odd graded elements under superalgebra (B.3). The conserved Hamiltonians
of the super integrable model are given by the supertrace of the super Lax matrix to integer
powers:

H; =str(LY), i=1,...,n4y +n_. (3.65)

In particular the first and second conserved Hamiltonians can be found easily:

ny n_
Hy =str(L) = tr(A) — te(D) = > _pt = pj, (3.66a)
a=1 A=1
Hy = str(L?) = tr(A? + BC) — tr(CB + D?)
ny—1 n_—1
= > (pH)P+207) + 26T, En— > () +2(b7) + 2b, &n, (3.66D)
=1 =1

with bli given by

T —
by = eferiTXa pr =M1 T (3.67a)

by = T by =gt o (3.67b)

we recover the conserved Hamiltonians in (3.60) and (3.61), which fully establish the cor-
respondence between the super version of gauge theory and Toda integrable system. We
may also consider the spectral curve of the Lax matrix, since we are dealing with a super-
matrix, the corresponding spectral curve which remains Grassmannian even, is defined by
the superdeterminant (Berezinian):

0 = sdet(x1,,|,_ — L) = det(zl,, — A~ B(xl,_ — D)71C) x det((z1,_ — D)™ ).
(3.68)

To calculate spectral curve, we introduce the spectral parameter y in the top right corner
and bottom left corner elements in L by

1
Lin, +n = B, =yé xdet(zl, — D)% Ly, 4n 1=Cph 1= gb]@n x det(x1,_— D).
(3.69a)
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Since most of the elements in sub-matrices B and C' are zero, the only non-vanishing terms
in the combination B(x1,_— D)~'C are associated with the spectral parameter y:

By, (21, — D), C1,, = yén x det(21,_ — D), (3.70a)
By.1(zl, — D)} Cp 1= anl_ -+ -byy % det(21,_ — D), (3.70D)
Bin_(z1,_ — D)t Cn._1; By, 1(x1, — D)1 Cin,, (3.70¢)

with all the other entries are zero. The superdeterminant (Berezinian) can be found by:

q det(x1,, —A—JA) q T)(x)
= sdet(z1 —L)=—ytn— - = —yén — -
0 = sdet(21,,,},_ — L) = —y&n y§77+ dct(zl, — D) yén y§n+ T ()
(3.71)
with
Bin_ (21, —D);', C, 1 fori=1,57=1,
0Aij = { Bp,1(2l, — D)1 Crp,  fori=ny,j=ny, (3.72)

0 otherwise.

Here T’ (x) are degree ny and n_ polynomials respectively. This agrees with the expected
SW curve for 4d pure U(n4|n—) SYM theory obtained in [2]:

Ysw = {(z,y) € Cx C* | H(z,y) = 0}, (3.73)
where
H(z,y) =y + q; - ;fg; (3.74)

with the canonical one-form on the curve \ = Jr%y. The ratio of T4 (z) is identified with
the super analog of the characteristic polynomial of the adjoint scalar field in N/ = 2 vector
multiplet in the IR regime:

Te®) _ et(z — )| . (3.75)

@) =73 IR

We may therefore identify the SW curve of U(n4|n_) gauge theory with the spectral curve
after replacing Grassmannian even entries {n by 1. The equation (3.74) agrees with the
spectral curve of Super Toda-system [10]. We may justify this step by realizing that Grass-
mannian even entries in (3.71) are the results of choosing a representation for supergroup
and superalgebra. One may choose a different convention of supergroup/superalgebra that
does not involve Grassmannian. See appendix B for details.

In this subsection, we have chosen a particular order of positive and negative particles
in Lax matrix in (3.64), however general permutation can also be considered and we will
discuss about it in the next section.
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3.3.2 General arrangement: Dynkin diagram with fermionic roots

The fact that D-brane construction of supergroup uses both positive and negative branes
allows for additional arrangements for them. Different ordering of the positive and nega-
tive branes can be represented by special Dynkin diagram [11, 12]. The vertices in Dynkin
diagram, for which label fundamental roots, can be either bosonic or fermionic. The
fundamental roots represented by a bosonic vertices are called even roots, while funda-
mental roots represented by fermionic vertices are called odd roots. Let us consider a set
of three positive and three negative branes for definiteness, their different arrangements
correspond to the different Dynkin diagrams with the odd roots labeling representation
under sl(3|3) superalgebra. See also [38] for a related argument in the topological string
setup. For instance, consider the Dynkin diagram with a single odd root at the 3rd/middle
vertex [2, 11, 12]:

O—O0—@—0—0 (3.76)

The odd vertex is labeled by a circle with a cross. This Dynkin diagram represents the
(++ + — ——) arrangement of three positive and three negative branes. Fermionic vertex
in Dynkin diagram means the two neighboring branes have different signs of Chern-Paton
factors, i. e. either a positive brane followed by a negative brane, or the other way around.
The Lax supermatrix of this arrangement is given in (3.64). We may consider another
permutation of positive and negative branes as (+ —+ —+—), the Dynkin diagram labeling
such an arrangement of branes is given by:

R—R—R—R—R. (3.77)

A super Toda lattice defined on the root system of su(3|3) algebra is represented by Dynkin
diagrams. In particular the alternating ordering of positive and negative particles set up
(+ — 4+ — +—) can be represented by the same Dynkin diagram (3.77).

The Lax operator of such an arrangement is different from the standard permutation
in (3.64). To write down Lax matrix, we first choose a different convention for the su-
pervectors in C3P. In standard convention a supermatrix can be decomposed in 2 x 2
block form (B.5) with its fundamental vector in the same convention (+ 4 + — ——)T. The
convention associated to Dynkin diagram (3.77) is given by:

pBE O 0 0
nopr br& 00 0
0 n pj b3¢& 0 0O
Loy o = S (3.78)
(F=F=+-) 0 0 n p; b¢ 0
0 0 0 n pibi¢
b€ 0 0 0 n pg

(+—+—+-)

_ + 5
with bfc =e% ¥, {az?t} are the fundamental roots of given Dynkin diagram. In the case

of (3.77), it gives:

fo— = -+ = fo- = -+ = f_o= = -+
bf:exl_xl; b;:exl _X2; b;:ex2_x2; bQ*:eX2_X3- b;: X3_X3; bg:qexa_xl.

| (3.79)
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One needs to convert Lax matrix in (3.78) to standard convention for further calcu-
lation. To achieve this, notice that a fundamental vector ¥ = (af, al_,a; , 0y a;, as )T in
the alternating convention can be mapped to standard convention:

af 100000\ [af af
ag 001000 |ay ay
ag | 1000010 |ag U ag (3.80)
ay 010000 |ay ay
ay 000100 as as
as 000001/ \a3 az

Lax matrices in standard and alternating convention is related by the same similarity
transformation using the matrix U:

st0 05 0 g
0 py 0 by&bye 0
0 0 pf 0 by&b¢

L . =UL,_, , \U' = _ . 3.81

(+++———) (4—+—+-) n om0 pT 0 0 (3.81)
0 nm 0 py O
b6 0 n 0 0 p3 (+++——)

Its nearest ordering potential is of the form:
VENLR) = I R qexi’?_xf. (3.82)

Notice that it is not required to have only two Grassmannian numbers 7 and £ in the Lax
matrix, one may assign distinct Grassmannian number to each entries in fermionic sub-
blocks. Comparing with (3.64), the Lax supermatrix in (3.81) has total different structure,
which leads to different conserving Hamiltonians:

sdet(z — L) = T(x) = =) (3.83)
T (x)

On the other hand, the five-brane web formalism verifies that the instanton partition func-
tion itself does not depend on such an ordering [38] (which can be T-dual to D3-branes),
so that the spectral curve, to be identified with the SW curve, and the classical Hamiltoni-
ans are consequently independent of the brane ordering. This implies that the apparently
different classical Hamiltonians are isomorphic to each other under a suitable linear trans-
formation, whereas the quantum Hamiltonians may depend on the brane ordering due to
the surface defect insertion. It would be interesting to understand if the different arrange-
ments of positive and negative branes as labeled by different Dynkin diagrams can lead to

different super integrable systems.

4 “Super” XXX spin chain and supergroup QCD

One of the most well-established gauge/integrablity correspondence is the one relating
four dimensional N’ = 2 SQCD and XXX Heisenberg spin chain [17, 18]. Here we also
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would like to generalize this correspondence to relate the theory with the fundamental
matters charged under the super gauge group and “super” spin chains. Here “super”
means the integrable system corresponds to supergroup SQCD is a system consisting of
both positive and negative s[(2) magnons, in terms of their respective contributions to the
energy eigenvalue. This is to distinguish from what normally referred as a super spin chain
in the literature, which is a spin system with only positive magnons transforming under a
superalgebra, for instance sl(n4|n_), see [3, 39, 40] for more details.

In the presence of the fundamental and anti-fundamental representation hypermulti-
plets, the instanton partition function of U(n|n_) super gauge group is of the form:

. S5 SS* MS* SM* NN* MN* NM*|[e, -
ZlnSt = ql)‘+|_|)‘ |E - * + * + * + k - * - * |:>\+7)\_i|
U(n+\n7) (Xg) P12 P12 P12 P12 P12 P12
(4.1)
where
ni
+
M:M+_M—, Mi:z mi , (423)
i=1
.
P _ — o
M — M+ _ ]\4’_7 Mﬂ: = emi , (42b)
i=1

denote the characters of fundamental matter and anti-fundamental matter. Here S =
S; — S_ is defined in (3.5), and take flavor symmetry to be U(2n4|2n_), namely by
n?[ + nff = 2ny. We have proven in section 3 that finding the saddle point equation for
instanton partition function under NS-limit is equivalent to impose the following condition:

SS*  MS* SM*
P12 P12 P12
—qIE _ (S_PHSIL)(S_PHEIL)* n M(S—Plzex;i)* + (S—Plzef”ii)]\?*
Py Py Py
SS*  MS* SM* —
=Lttt [1_CIE[lee"E;(S—Plz@mL)*+5€_IL—Me_x;—cme"”;M*] :
12 12 12

The saddle point equation can now be written as

Azl +e)D(z})
1 ai ai) _ 44
Y )Y (i + o “4

with the following definitions:

Ale) = El-" 3] = g;g - Z; - ‘ﬂg ; (4.53)
(- mt Tz
D(s) = Bl-e"M") = [EERETE = T (4.5
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such that A*(x) and Dt (z) (resp. A~ (z) and D~ (x)) are degree n, (resp. n_) polyno-
mials. Similarly the other saddle point equation can be found as

Alzg; + €)D(xg;)

qY(in)Y(in +€) 0
Let us define the transfer function (or T-function) T'(z) as:
A(z+€e)D(z) yt(x+e) AT(z+e)DT(z)y ()
Txz)=Y(x+¢e) + = +
(@) =Yt+a+a—yr yere A @D @)yt
= 1 - d
Sdet(.%’ nyln_ )IR’

which is identified as the super characteristic function of adjoint ® in IR. In the absence
of Q)-deformation, we have successfully recovered the well-known classical Seiberg-Witten
curve of SQCD by setting z = Y (x),

sdet(z1,,, |p,_ — ®) — + qA(a:lD(:v) (4.8)

The correspondence between SQCD and XXX spin chain is established by the identification
of saddle point equation of gauge theory with BAE of XXX spin chain [17-19]. To achieve
such a goal, we impose the condition between the masses of fundamental matter and
Coulomb moduli parameter by the following quantization condition:

ml =al + Lle mg +e=ag — (Lg)e, (4.9)

where L and L,g are non-negative integers. The quantization condition limits the number

of rows in X} and X;. Under the quantization condition, y= () can be rewritten as

+x—7Q+(x) (z); _$:7Q*(a:—e) “(x
Vo) = gD @ (o) = Lot D @), (1.10)
with finite products Q*(z) given by:
ny LY n_ Lg
Q (@) =[[1I«-=t); @ @ =]]][«—=2z) (4.11)
a=1i=1 B=1i=1

The transfer function 7'(x) under quantization becomes

Dt (z+e) QM (z+¢)Q (v +¢) qA+(ﬂc+e) Qt(x—e)Q (v —¢) (4.12)
D=(x+¢) QH(z)Q (x) A= (z+¢) QF(x)Q (z) '
)-

such that T'(z) may have poles coming from D~ (z +¢) and A~ (x + ¢

T(z) =

These poles can be
eliminated by taking

Q*(m+e> Q (z+¢)
QT (x)Q~(x)
Qt(z —)Q~ (:c—e)
Qt(x)Q(x)

A (x+e) D (x+e)T(z) = DT (x 4+ €)A (. + ¢€)

+qAT(z +€)D™ (2 + ¢)

(4.13)
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Defining the Bethe roots ug; = xf; + sloro==%v=1,...,ns, i =1,..., L7, and sim-
plify the inhomogeneities (i.e. the mass parameters for fundamental and antl—fundamental
matter) by setting mf =m} +e=m" forall a =1,...,n; and mg =mg +€e=m" for
all 3=1,...,n_ such that (4.6) now becomes the BAE with inhomogeneities:!

(5 (g~
(

E)n7 ul. —u //+€
D | (i (LR
2

Uu
{“//} e ’y@

ug; —mt —5)" (ug; —m~ +

Yi
The spin chain system that (4.14) represents is a coupling system of length n, positive
magnon and another spin chain of length n_ negative magnon [5]. We can compare this
with the Bethe ansatz equation of s[(2) spin-s XXX spin chain of length L given by [41]:

L n
uj —m+ sh uj —ugp+h
-] = - — 4.15
(u]—m—sh> Hu-—uk—h’ (4.15)

k()
where {Uj}?zl are Bethe roots and m is inhomogeneity. The energy of this system for
arbitrary spin-s has been found to be:

p_ N~ d m+sh  hJ & 1 1
B — \uj —m m—sh

Ip g —mwsh g
2]7 duj uj —m — sh 23_ uj —m + sh

(4.16)

J Z 25h2
(uj —m)? — s2h%

When ny = 0, (4.14) coincides with BAE of s[(2) spin “s = —%” system, which may be
interpreted as the “negative magnon” excitation. However, we should remember that the
BAE always comes with the product of spin and Planck constant, we can not distinguish
%, or we have assigned a negative Planck
constant. As discussed in section 2.2, the positive and negative sectors in supergroup gauge

whether the negative magnon is indeed spin —

theory are charged oppositely in the Q-background (2.22), given that €; = € is identified as
the Planck constant here, it would be interesting to show whether we can use this property
of the gauge theory to assign opposite valued Planck constants to different sub-sectors in
a quantum integrable system.

The energy of the total system (4.14) is now a combination of positive and negative
magnons, which can be found by turning off the inhomogeneities m™ = m~ = 0. For the
positive magnons, we have

nye LY € ny LY 2

+ 5 J €
E5 3) DRLETE K D 3) ppt (e
a=1i=1 Uai — 2 oot (W)* =7

while the negative magnons contribute

_ Lg

n_ ﬂ € 2
d uﬁl 2 J €
2;2 ui+§:_§ 2 2 _ & (4.18)
1=

1 du& oo (ug)? =

'In general, it is allowed to assign generic inhomogeneities for both XXX spin chain and gauge theory.
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The overall minus sign in front of the energy is how negative magnons get their name. The
total energy of the system is simply combination of the two contributions

n4 LJr n— 5
E=E,—E_= ZZ - —Z P (4.19)
a=1 i=1 on B=11i=1 Bz> 71

Notice that unlike Toda lattice, surface defect is introduce by quantization condition in (4.9)
instead of orbifolding. In particular in the case of SQCD, if the surface defects are intro-
duced via orbifolding instead of quantization condition (4.9), the same procedure gives
rise not to XXX spin chain, but Gaudin model [16], which are spectral dual to each
other [42, 43].

5 Elliptic double Calogero-Moser system from N = 2* supergroup gauge
theory

It is well known that four dimensional A" = 2* U(n) gauge group theory is associated with
elliptic Calogero-Moser (eCM) system [15-17] whose Hamiltonian is defined on the root
system R of given algebra [44]:

H=A+ > kalka —1)(o,a)p(e - 1) (5.1)

aeRT

where A is the Laplacian associated with the algebra, R™ denotes the positive root system,
and p(z) is the Weierstrass p-function with the definition (A.8). The super Lax formalism
generalization of Calogero-Moser system was studied in [13, 14], which is called the double
Calogero-Moser (dCM) system by considering the root system associated with the superal-
gebra. Let {e], e e; } be the orthonormal basis of C+I"= such that (e?, e 9'") = §;j045r. The
root system R of superalgebra U(n|n_) can be described by R =], ,,_. Rso with

Ryp={ef —efli,j=1,...,ny4}, R_={e; —¢;li,j=1,...,n_}, (5.2a)
_ :{ej—e;\izl,...,n+;j:1,...,n_}, R_, :{ei_—ej]izl,...,n_;j: 1,...,n_}.
(5.2b)

If one simply extends (5.1) to the root system of superalgebra, any interactions labeled by
the root v = e;r —e; € Ry for some i =1,...,n4, 7 = 1,...,n_ must naturally vanish
by inner product (v,7) = (e, ef) — (e; e;.e;)=1-1=0. To resolve such a problem hence

facilitate the non-trivial interactions, the author of [14] introduced an deformation on the
inner product of root system. Let v and w be vector in Cn+ln— | define

(vw)e = S v(eHywlel) — 03 vle yuler), (5.3)
i=1 j=1

this deformation of the inner product parameterized by 6 explicitly breaks the supergroup
U(ng|n-) = U(ny) x U(n_). The Hamiltonian of edCM consists of two sets of identical
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particles, given by:

len 92 &k 92
H=—- += -
2;8(@5)2 252_:13(x5)2
1 -
+k(k_1) ;l (X _X as T 1 k Z@X _X +<1_k)g;/p(xﬁ_x’8/;7)'

(5.4)

The Hamiltonian in (5.4) is characterized by a single coupling constant k and is identified
with the inner product parameter § = k. The integrability of trigonometric dCM system
was proved in [13], and the integrability of elliptic potential was proven in [15]. The
gauge theory associated to edCM was constructed in [15, 16] using so-called gauge origami
construction for the ordinary gauge group. However based on the original proposal made
in [14] for the supersymmetric analogue of edCM, one should also be able to find the
similar correspondence with supergroup gauge theory in four dimensions. In particular, we
would like to reproduce conserved Hamiltonians of edCM from the g-function of N' = 2*
U(ny|n_) super gauge group theory in this section.

5.1 Saddle point equation from instanton partition function

The instanton partition function of four dimensional ' = 2* U(n|n_) gauge theory can
be written as:

MR S {_(l_em)SS—NN ]

P*
(3+,5) 12
N=|x— —_—
D N - An A - (5.5)
(X+.X7)

where m now denotes the mass of adjoint hypermultiplet. The universal bundle S =
S — S_ is defined in (3.5a) and (3.5b) and N = Ny — N_, Ny = Zgile . Following
the similar calculation to pure SYM case, one finds:

Nyl 00 00 —1 1
oo’ )\—i— )\ HHHH F(62 (xaz SUB] 61))‘ F(GQ (xom, :L‘BJ m)) |

1 —1
a=18=1i=1j= 1 (o) £(8)) F(fg (%i_%j)) F(EQ (l’ai—%j— €1—m))

LA NG 85) Tl @i, —m)
Bj 2 \Pai— il
X H HHH F(Egl(i‘a o0 ) —l(c0 Nl ’

1
a=15=1i=17=1| \ 4 (5;) ai*%j*fl)) ['(e; (%i*x,ﬁj*m))
(5.6)

~ 99 —



where 0,0’ = +. As before, we consider NS-limit eo — 0 with €; := € fixed. By using
Stirling approximation of I'-function, the instanton partition function can be written as

- 1 o o’
adj[)‘+)‘]%exp ? Z f ”76)7f(x7i7x'y’i’+€)
(v)#('i")
+ f(25; — 23y —m) — f(25; — 23y +m)
— f@3, =2 —m—e) + f(af; — 25y + m+e)
1 . . oo’
_i Z f(xgz — .'L'g/ i 6) f(l‘gz - ﬂjg/i/ + 6)

—f(#5 — #5 —m — ) + (i — T +m+ e)] .
(5.7)

where f(x) = z(logz — 1). The discrete sum in the instanton partition function above
becomes an integration over set of infinite integration variables {z ., 5} defined in (3.4):

N /demndxﬁ exp[ Mot ([ +],[x_])}
/ HdzaZde exp Z HIT ([ )+ — Z%mt

0'0" +
(5.8)
where
oot ([27), [27 ) = U7 ([2°), [« ]) = U7 (27, [ ));
7 ([27]) = V7 ([2]) = V7 ([@)): V() = ologa S ag.  (5:9)
The function 4?7 is of the following form
/ / 1 /
Uuee ([mff]v[gjff}) — 3 Z f i— T //—6) f(l'gi—.f?y/i/—i—E)
(v)#(y'i') (5.10)

+ f(25; — 23y —m) — f(25; — 23, +m)
— f@3, — a2y —m—e) + f(zf; — 25y +m+e).

To calculate the integration in (5.8), we introduce the instanton density p(z) which equals

to unity along J = JTUJ ", I7 = Uylidi, 20], 37 = Ugilis;, 25, and vanishes otherwise.

ar? o
The contributions in (5.8) can be expressed as

H"",:—;/ da;/ dyG(x—y)—i—/ dzlog(R) (5.11)
3o 37! v

_ d o (x+m+e)(z—m)(z—e¢) / _PU,(x—m)PU,(m—i—m—ke)
P (x)P7(z+€)
(5.12)
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The integration in Hins is dominated by the saddle point configuration, which can be
obtained from varying Hinst with respect to $Il or Tg;:

Hinst  OHTH  OHY SHt oMY
= = + + +

0 )
5x;“i 5$Ii 6x;ri 61:; 593(;
—— [ dyGlati )+ | dyGlag—y)+los(R () ~log(R" () +loga
at 3
OHinst OHT™ H™T 6H— OH™
0= - n

53751. (5in (5in 52751. 53;51.

:Jr/~+ dyG(scm—y)—/~ dy Gz g —y)—log(R" (z5,)) +log(R™ (x5;))+logg.
3 3-

(5.13)
Since G(z) is a total derivative, we can rewrite the defining equation for the saddle point
configuration into

= qQ+($:§i+m+€)Q+(l’:&_m)Q+(xZi_6) Q™ (2 +m+e)Q (xy,—m)Q (z4;,—¢)
Qt(zl,—m—e)QT (L, +m)QT (z},+€) Q~ (2, —m—e)Q (z},+m)Q~ (z},+¢)’

g Q*(xgz+m+e)Q+(wgi—m)Q*(sz—e) Q (x5 +m+e)Q (x5 —m)Q™ (z5,—¢) .
Q’L(x_rm—ﬁ)Q*(wEi+m)Q+($§i+6) Q_(wgi_m_f)Q_(xEﬂ‘m)Q_ (2g;+¢€)

(5.14)
with QF () defined in (3.21). The two saddle point equations in (5.14) can be further
packaged into a single equation using Y (x) defined in (3.34) as:

Y (23, +m+ €)Y (27, —m)

Y(x?y-l)y(x?y-l +¢)

1+q =0. (5.15)

5.2 X-function and conserved charges

One major difference between A/ = 2* theory and the other cases we have considered earlier
in this work is that the T-function of N = 2* system X(z), is an infinite series [16, 20,
45, 46]. It is called the gg-character for generic €9 [33, 47, 48] or the g-character in the
NS limit, e — 0. This is because N' = 2* theory is classified as an affine quiver theory of
the type Ay, whereas the others are of A; quiver. The function X(z) for U(n|n_) group
gauge theory (with generic € 2 and without #-deformation) can be written as [5]:

Y(ZE + sij — m)Y(l‘ + s +m + €+)

X(@) = V(o +e) S a8 [] L (516)
o (titen Y (x4 si5)Y (v + si5 + €4)
where €, = €1 + e5. Here 1 is a single auxiliary partition denoted by
H= (Mlu“?w"uué(u))’ (517)

Notice that p has no relation to (Xi) which label the equivariant fix points on the instanton
moduli space.? Since u denotes only one Young diagram, we will not use a vector notation.

20ne could interpret the partition u as describing the instanton configuration on the transverse subspace
in C? x C? = C*, called the gauge origami [15, 33].
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Each box in u is labeled by
s = (= m— (G- )(m+ey) (5.18)
wherei=1,...,¢(p) and j = 1,..., u; with given i. We also define

€1€
Blu] = [[ Bia(mhy+es); Buia(x) =1+ - 2 (5.19)

(Li)en (z+e4)

from p. Here aj; = pj — j denotes the “arm” of associated box (i,j) in Young diagram p,
and lj; = ujT — i is the “leg” associated to the same box. We have also defined the hook
length hi; = as5+(;;+1. Under NS limit e — 0 which most of our works consider, B[u] = 1
for all p by (5.19).

To find the conserved Hamiltonians arising from our A/ = 2* theory with super gauge
group, a Zy +n_ orbifolding is further introduced in the same way we had done for super
Toda lattice. We will use the same coloring function as in (3.46). Under the orbifolding,
X(z) function in (5.16) split into n4 + n_ copies:

ny+n_—1

X@)= [] Xuol), (5.20)
w=0

with each

Yir1-j(z + sij — m)Yoq1-j41(2 + sy + m+€y)
Yor1-5(@ + 8i5) Yop1-j+1(z + sij + €4)

(5.21)

Xo(x) = Yop1(z +eq) Z]:Béf)(;? 7) H

{u} (Li)ep

Here we would like to address the B. It is the orbifolded g/*!B[u] defined in (5.19), each
given by

BY = [I dwr1oiBro((—=1)P@ ! Vmhy) (5.22)
(ivj)eu‘ aij:O
with
€
Bio(z) =14 (—1)P&) = (5.23)
x
where p(w) is parity function defined in (3.48)
One way to think about this configuration is that the orbifolding now splits the instan-
ton partition into ny + n_ copies of U(1) sub-partitions. Each element in K, is counted
by orbifolded coupling g, instead of the original q. To evaluate the summation over all

possible Young diagrams, we will introduce a new representation for a Young diagram pu:
p= (12l (N —1)lv-2(N)h. (5.24)

Each ,_1 = 23020 l,—1,7, where l,_1 ;5 = (uz;rNJ — /‘Z+1+NJ) is the difference between
number of boxes of two neighboring columns, » = 1,...,N — 1 and the last one 1 =
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> u% s counts for how many times a full combination of qo---qy-1 = q shows up.
Defining the summation over all possible partition configurations of each w as: summing
over all possible Young diagrams {u} gives:

) PP, 4 21 /5
ymE- Y IV et ()7

{u} loyeIlN—1,1>0 =0
(,1)p(W)+p(w ) mte (71)P(w)+p(u)')m7+€ (5'25)
- H H Bw . )
w'<w [(3 ’7q ] w'>w [(qﬁw”q)oo

with 3, = e, 1, was defined in (3.50). The g-Pochhammer function (z;q), is defined
n (A.3), the total product of B, is given by:

7rL+e -
HIB% 57) = (3:7). (5.26)

The function Q consists of three parts: Q = @++Q;_Q__, where each element is given by

011 (Zz(f ;T>
-1 _ o’ .
Q++ - n+>g¢x’>1 n T) , (527a)
ny n_ 911 <Z:’_r;7')
-1 _ ZB .
Q! = I (5.27b)
911 (:B ,T>
Q! = - , 5.27¢
ngﬁ’zl n(7) :27)

and Q! is the theta function of A\n+—1\n,—1- See [49, 50] for more details about the higher
rank theta function. Q is also thought of as the free fermionic correlation function on a
torus. See for example, [51, 52] for a determinant formula.

As mentioned earlier, in order to have non-vanishing interaction for the particles in
different sectors, one may deliberately modify the metric in (2.1) to:

+1, 0
(e 2 ) oo

The metric deformation in (5.28) breaks U(n4|n_) to U(n4) x U(n—) C U(n4|n_), which
leads to the deformation of commutation relation for canonical momenta:

XD pt] = —€0par; a0/ =1,...,n,, (5.29a)
[xg,pg,] =0ebpz; BB =1,...,n_, (5.29b)
[Xi‘,pg]:O:[xg,pg]; a=1,...,ny; B=1,...,n_, (5.29¢)

This is equivalent to modifying Q2-parameter in the negative sector by factor of 6.
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To extract the resultant Hamiltonians, we first identify following property of
Xw(z) (5.16) in the large x limit:

X, () = T[4+ £+%e 42 4] xB,, w € [al; (5:30)

w - _ .
L+ %+ 52 1 2+ By we ]

with [a] ={0,...,n4 —1} and [8] = {n4,...,n4 +n_ — 1} based on the coloring function

defined in (3.46). Such that the first and second Hamiltonians can be found by collecting
the coefficients:

hl = Z CLW — Z Cl,un (5.31&)

w€[a] w€e(f]
—h2 = Z CQw — Z C2w- (5.31b)
we[a] we(f]

We carefully set up the orbifolding such that X, is of degree plus one when w € [a], and
of degree minus one when w € [3] by property of Y, (x) defined in (3.56).

To extract {c1w,C2w,...}, we consider the expansion in large x limit. As stated,
we are also required to re-scale {2-parameter in the negative sector according to the new
metric (5.28). When w € [a], large  expansion of X, (x) can be obtained as

Xo() + 1]ée ,
B, :x—i—euw—ac,l(wﬂ)—i—ﬁ—i—g -V,

2 v, + €D,

_ ot
€1 (w+1)

—-m Z [ekVﬂ, + (eyw/ — a:_l(w,ﬂ)) Vi/} log B,

w'€la]

_ Z [Hek:VﬂJ + (Heyw/ + ac_—l(w'+1)) Vi/] logB,, | +--- . (5.32)

As for w € [f], we have the large = expansion of X, (z) as

Xy ()] o 1|62 _ _
[ B, ] =z — Oev, —ac_l(wﬂ)—i-ﬁe—k; T(l/w) +96ac_1(w+1)yw — OeD,+

+m Z {eszﬂ) + (eyw/ — a:,l(w,+1)) Vi,} log B,

w'€[a]
+% 3 [eewg+(eeuw/+a;1(w,+1)) vfu,} logBy| +---.  (533)
W'l

We can now take the total X(x) to be the following combination for normalizing the overall
coefficient:

X(z) = ][] [X%ix)} 11 [0%1@]. (5.34)

wE[a]
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The first Hamiltonian is found to be

h1:chw chw

w€[a] WE[B
1 —
S5 2 CORVPN B D o) R
wela] wel(p]
=S5 Y (5.35)
a B

We will rewrite conjugate momentum {p, pg} with respect to the commutation rela-
tion (5.29):
0 0
Jr —
=e——; = —fe——, 5.36
pa aXa pﬁ aX; ( )

such that the first momentum can be written as
TL+ n_—
0 0
hy = — + —, 5.37
1 {za ;%] (5.37)

which agrees with the conserved charges constructed using Dunkl operator [15]. The second
Hamiltonian can be found by

—hgy = Z Czw—é Z Co.w

we[a we[B]
~ (p3)? .
— % ek ;} [€kVE + pe-t () VL] (log Qv — 5 log @+>
— Ek Z Ekvq +pc—1(w+1)v ] <10g Q+7 — lOg @) (538)
we B]

Following [15], the equation (5.38) is equivalent to the following expression under canonical
transformation and (A.19)

By o~ (ph)? ok 2 k
wa) +§(V‘Z(a))2log(@++—?(Vi(a))zlogQJr — 57 (Vi) log Qs

e — 2€2 20

k — 1) &k _,
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+ﬁ<vc(ﬁ)) logQ-_++ (V( ) 10%@+—+%(Vc(ﬁ)) log Q4
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ko k2 L 1k k2 e —
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(5.39)
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Taking the undeformed limit = 1, which has vanishing interacting potential between the
two sectors as we expected for v € R, _ discussed earlier. And when 6§ = —1, the system
becomes ordinary eCM with n4 +n_ particles, which agrees with the definition of deformed
metric (5.28). The last special value for deformation parameter is when 6 = k, for which
deformed Hamiltonian (5.39) reads

h/2__§:182+§:+k82+k(k_1) Z (+_ +. )
¢ 20632 4o 20(x5)? e TR T

ny>a>a’>1
1 ny n_
) I S R FXCEC) 9) DI S X )
n_>p>p'>1 a=1p=1

We have recovered Hamiltonian of edCM in (5.4).

5.3 Toda limit

Finally we would like to consider the Toda limit m — oo, which is equivalent to have
k = mTH ~ = > 1. We first need to consider trigonometric limit ¢ — 0 such that
the combination qm?™+~2"- is kept finite. The Weierstrass p-unction has the following
trigonometric expansion

n

11 = ng
=—-——-2 h . A1
p(x) 1 sinh2(%) Z —q cosh(nz) (5.41)

n=1

Under the limit q — 0, all the higher terms are suppressed. Unlike the edCM system, the
interaction of Toda lattice does not depend on the norm of the root system. To reduce from
edCM to super Toda lattice, we also need to remove the contribution from the potential
which is proportional to the norm of root system. The Hamiltonian in (5.39) now becomes:

oy @ (v5)°

2 0 2
B
2 94 2 92
D R e D e e
a>a’ 4sinh? % B>p" 4 sinh? 7‘3' a3 4sinh? u

We will now turn off the deformation by setting § = 1.3 and redefine the coordinate

system by
efo—tw—1 _y AQG(sw—owl)’ (5.43)

such that A?"+~2"- = q. For n, > n_ We now further set A2 — 0 with m2A? fixed. For
ny < n_, we further set A2 — oo such that T ﬁxed In both ways the only surviving
terms are defined on fundamental root, as we have discussed in section 3.3.2.

3 Although we have tuned 6 = 1 to reproduce the super Toda lattice system, it would be interesting to
keep the deformation parameter 6, and study the corresponding #-deformation of super Toda system.
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6 Discussions and future directions

Let us end with discussing about the few loose ends in this note and commenting on few

future directions.

It would be desirable to give an explicit realization of the deformation parameter 6
in (5.3) and (2.1) via gauge theoretical construction. In constructing the relevant
quantum integrable system, it is implemented at the level of superalgebra in order
to have non-vanishing interaction between two otherwise independent CM systems.
However the gauge theoretical interpretation of such a parameter remains rather
unclear, and we merely regarded it as the rescaling of ¢2-background parameter e.
We can consider realizing such a #-deformation through the intersecting D-brane
configuration at an angle [25, 53], in particular in the gauge origami setup for the
folded instanton configuration [15], §-deformation parameter naturally equals to k by
having more e-parameters.

The edCM system can also be constructed from gauge origami setup for gauge theories
with ordinary gauge group [15, 16]. By applying similar gauge origami construction
to the super gauge group, it will be interesting to construct a possible double version
of elliptic double Calogero-Moser (d2CM) system. The resultant quantum integrable
system should take value on Zy x Zg-graded superalgebra [54, 55].

For theories with ordinary gauge group, the wave functions of the associated quantum
integrable systems are identified with the orbifolded instanton partitions up to overall
abelian factors [16]. It is natural to ask if the same results also holds in general for
their super gauge group counterparts.

It would also be interesting to understand more about the various co-dimension two
surface defects within the supergroup gauge theories, their effective world volume
theories and its class-S interpretation [56].

Despite name resemblance, super spin chain system of (4.14) is different from so
called superalgebra spin system discussed in various papers [11, 12], which the spin
system is defined on, e.g., sl(n4|n_) algebra. Actually the spin symmetry depends
on the quiver structure under the Bethe/Gauge correspondence [20, 45], and such
quiver gauge theories corresponding to sl(ny|n_) superalgebra spin chains have been
constructed in [39, 40, 57].

In this paper, we have focused on 4d N = 2 supergroup gauge theory to study its
correspondence to the rational-type integrable system. We could generalize this setup
to 56d N'=1 and 6d N = (1,0) theories with supergroup gauge symmetry to explore
the correspondence to the trigonometric and elliptic integrable systems [58].
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A List of relevant mathematical functions

In this appendix, we provide some relevant details about the mathematical functions used
in the main text.

A.1 Random partition

A partition is defined as a way of expressing a non-negative integer n as a summation over
other non-negative integers. Each partition can be labeled by a Young diagram A\ = (A1 >
A2 2> 2> Mgy > 0) with A\; € N such that

o)

i=1

where ¢(\) denotes the number of rows in A\. We define the generating function of such a
partition as

o0

1
Al — ) _ oy
Q= , (@@ =[] (1—4a"); (A.2a)
ZA: (95 0)oo gl
1 oo
N g\l = : qt; @)oo = 1—tq"). A.2b
ZA: (9t; ) oo (at:9) nHl( ) (A.25)
Here we also define the g-shifted factorial (the g-Pochhammer symbol) as
n—1
(zig)n = J] (1 = 2¢™). (A.3)
m=0

A.2 The elliptic function

Here we fix our notation for the elliptic functions. The so-called Dedekind eta function is
denoted as

0(r) = e (4:9)ocs (A.4)

where q = exp (2mi7). The first Jacobi theta function is denoted as:

(959)00 (923 D)oo (2715 0) oo (A.5)

TiT

O11(z;7) =ie 1 z

SIS

whose series expansion

u(zir)=i Y (~1) 7227 = Y (~1) e (A.6)

reZ+3 reZ+i
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implies that it obeys the heat equation

10
f,f@n(z;T) = (202)2911(2;7'). (A7)
™ OT
The Weierstrass g-function
1 1 1
)= — —|— — 3 A8
= p;o{(z+p+q7)2 (p+q7)2} (A5)

is related to theta and eta functions by
1
p(2:7) = —(20:)*log 011 (23 7) + —Or log (7). (A.9)

A.3 Higher rank Theta function

Let us also define

0;, (1) =nnN]] W (A.10)
a>f

as the rank N — 1 theta function, which also satisfies the generalized heat equation

0

NE@KN_I(Z;T) =mid:0;  (F7), (A.11)
with the N-variable Laplacian:
N-1
Az=> (2,0s,)" (A.12)
w=0

A.4 The orbifolded partition

For the purpose in the main text, we consider the orbifolded coupling

N-1
a=]] awi duinv =a0, (A.13)
w=0
and
fw
Juw = 5 2N = (Zw- (A.14)
Zw—1

We also consider the orbifolded version of the generating function of partitions (q;q)z!
in (A.2). Given a finite partition A = (A1,..., Ayn)), we define

A1 \T £(N) 5
j=1 i=1 "W

where the transposed partition is denoted by AT. The summation over all possible parti-

< o ): 3 it (Z)laql. (A.16)

Zio— s
WA loyln—1,1>0 a=1

tions is given by

A A

o)

i=1
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The function Q(Z; 7) is the orbifolded version of the generating function of partitions (A.2),
N-1
=[] Qu(z:7)
w=0
N-1

1 1
= 1 (2:9)c (a2 9) H CH

N—1>a>p>0 X =0

1 q””()m [ql/z‘*}

X
911(204/2,87

N—1>a>B>0

n(r
N N2/24
77(7-) H 911 Za/zﬁv

N-1>a>3>0
1 N2/24
_ q . (A.17)

®2N71(5’; T) ZP

where §'is the Weyl vector of SU(N) Lie group, whose entries are given as

) N-1 | ) R
F=(po-pn-1)i po=w——0—; o= pr— 7; # =] =~
w=0
(A.18)
Using eq. (A.11), it is easy to prove that the Q-function satisfies
1 1
0= Vilox@ - 3Arlon @+ 5 (V2w (A19)
with
> VI =NVI+5-V7 (A.20)
w

B Superalgebra and supermatrix

In this short appendix we also specify our conventions of superalgebra and supermatrices
used in the main text. See also [36, 37] for details.

B.1 Superalgebra

A superalgebra is a Zo-graded algebra. It is an algebra over a commutative ring or field K
with decomposition into even and odd elements and a multiplication operator that respects
the grading. A superalgebra over K is defined by direct sum decomposition

A= AO &b Al (Bl)
with a bilinear multiplication A x A — A such that
Ai X Aj - Ai—i—j' (B.2)

A parity is assigned to every element x € A, denoted as |z|, is either 0 or 1 depending on
whether x is in Ag or A;. Define supercommutator by

[, y) = zy — (1) Wy, (B.3)
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A superalgebra A is said to be commutative if
[z,y] =0 Vz,y e A. (B.4)

B.2 Supermatrix

A supermatrix is a Zs-graded analog of ordinary matrix. Specially it is a 2 x 2 block
matrix with entries in superalgebra R. R can be either commutative superalgebra (e.g.
Grassmannian algebra) or ordinary field. A supermatrix of dimension (r|s) x (p|q) is a

y — (oo Xot (B.5)
X10 X11

with r + s rows and p + ¢ columns. The block matrices Xgg and X1 consist solely of even
graded element in R, while X1 and X consist solely of odd graded elements in R. If X
is a square matrix, its supertrace is defined as

matrix

StI‘(X) = tI’(Xoo) - tI‘(XH). (BG)

For an invertible supermatrix over commutative super algebra, its superdeterminant
(Berezinian) is defined as

sdet X = det(Xog — XQle_lleg) det(Xll)fl = det(Xoo) det(X11 — Xng&)lX()l)fl.
(B.7)
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