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ON THE EXPONENTIAL DECAY FOR COMPRESSIBLE

NAVIER-STOKES-KORTEWEG EQUATIONS

WITH A DRAG TERM

D. BRESCH, M. GISCLON, I. LACROIX-VIOLET, AND A. VASSEUR

Abstract. In this paper, we consider global weak solutions to com-
pressible Navier-Stokes-Korteweg equations with density dependent vis-
cosities, in a periodic domain Ω = T

3, with a linear drag term with
respect to the velocity. The main result concerns the exponential decay
to equilibrium of such solutions using log-sobolev type inequalities. In
order to show such a result, the starting point is a global weak-entropy
solutions definition, introduced in D. Bresch, A. Vasseur and C. Yu

[12]. Assuming extra assumptions on the shear viscosity when the den-
sity is close to vacuum and when the density tends to infinity, we con-
clude the exponential decay to equilibrium. Note that our result covers
the quantum Navier-Stokes system with a drag term.

AMS Classification. 35B40, 35B45, 35K35, 76Y05.

Keywords. Navier-Stokes-Korteweg model, long-time behaviour, exponen-
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1. Introduction

The goal of this paper is to study the long-time behaviour of solutions of
Navier-Stokes-Korteweg models with a drag term of type r2 ρ u (for r2 > 0 a
constant) in a periodic domain Ω = T

3 using a κ relative entropy generalizing
the one by [11]. Without loss of generality we fix |Ω| = 1. More precisely
the system under consideration reads

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u) +∇p(ρ)

−2 div(µ(ρ)D(u)) −∇(λ(ρ)div u)

−2 ε ρ∇
(√

K(ρ)∆

∫ ρ

0

√
K(s) ds

)
+ r2 ρ u = 0

where ε > 0 is the Planck constant and D(u) =
(
∇u+ t∇u

)
/2 stands for

the symmetric part of the velocity gradient. The pressure state law reads
p(ρ) = a ργ where a > 0 and γ ≥ 1 are constants. The shear and bulk
viscosities are assumed to satisfy the BD relation

(1) λ(ρ) = 2(µ′(ρ)ρ− µ(ρ)).
1
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The shear viscosity and the capillarity coefficient are linked through the
relation K(ρ) = (µ′(ρ))2/ρ.

Readers interested by Korteweg type systems are referred to the following
articles and books: [22, 28, 14, 15, 27, 26, 19, 2, 3, 5] and references cited
therein. Note that the Korteweg type models contain the class of quantum
models which corresponds to K(ρ) = 1/ρ which gives µ(ρ) = ρ and, with
the BD relation (1), λ(ρ) = 0.

Quantum fluid models have attracted a lot of attention in the last decades
due to the variety of applications. Indeed, such models can be used to
describe superfluids [25], quantum semiconductors [16], weakly interacting
Bose gases [18] and quantum trajectories of Bohmian mechanics [31]. Re-
cently some dissipative quantum fluid models have been derived. In par-
ticular, under some assumptions and using a Chapman-Enskog expansion
in Wigner equation, the authors have obtained in [13] the so-called quan-
tum Navier-Stokes model. Roughly speaking, it corresponds to the classical
Navier-Stokes equations with a quantum correction term. The main diffi-
culties of such models lie in the highly nonlinear structure of the third order
quantum term and the proof of positivity (or non-negativity) of the particle
density.

In [29], A. Vasseur and C. Yu have proven the global-in-time existence of
weak solutions of the quantum Navier-Stokes equations with two drag terms
of type r0 u and r1 ρ|u|2 u. Their result is still valuable in the case r1 = 0
and their proof is based on a Faedo-Galerkin approximation (following the
ideas of [20]) and the BD entropy (see [8, 9]). Note that the result is also
still valuable with the add of a third drag force term of type r2 ρ u because
the term does not perturb the uniform estimates and stable in limit process.
In the same time, M. Gisclon and I. Lacroix-Violet [17] also obtained the
existence of global-in-time weak solutions for the same model using a cold
pressure instead of drag terms with the same method of Faedo-Galerkin
approximation. In [30], the authors use the result obtained in [29] and
pass to the limits ε, r0, r1 tend to zero to prove the existence of global-
in-time weak solutions to degenerate compressible Navier-Stokes Equations
with µ(ρ) = µ ρ and λ(ρ) = 0. Such existence of global existence of weak
solutions has also been obtained at the same time and independently in
[24]. Note that to prove the result in [30], they need uniform (with respect
to r0, r1) estimates to pass to the limit r0, r1 tend to 0. To this end they
have to firstly pass to the limit ε tends to 0.

Recently in [23], global existence of weak solutions for the quantum Navier-
Stokes Equations has been proved without drag terms. The method is based
on the construction of weak solutions that are renormalized in the velocity
variable for the system with drag terms r0u and r1ρ|u|2u and uses the sta-
bility part of the result to pass to the limit r0, r1 tend to zero to obtain
weak renormalized solutions of the system without drag terms. All weak
renormalized solution being a weak solution, the existence of global weak so-
lutions for the quantum Navier-Stokes system without drag terms is shown.
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Adding an extra drag term r2 ρ u to the system does not change the result:
it does not perturb the estimates and is stable in limit passage. Note that
the construction being uniform with respect to the Planck constant ε, the
authors also perform the semi-classical limit ε → 0 to the associated com-
pressible Navier-Stokes equations. It is important to remark that a global
weak solution of the quantum Navier-Stokes equations in the sense of [23] is
also weak solution of the corresponding augmented system as introduced in
[10]. Note also the paper [4] concerning the global existence for the quantum
Navier-Stokes system using the approximate procedure introduced by J. Li
and Z.P. Xin (see[24]).

We also mention the recent paper [5] where they consider the global ex-
istence of weak solutions to Navier-Stokes-Korteweg model extending the
method of truncation, regularization and renormalization introduced by A.
Vasseur and C. Yu in [30] and generalized by I. Lacroix-Violet and A. Vasseur
in [23].

Finally, let us cite [12] where the existence of global weak solutions for
some Navier-Stokes-Korteweg system in Ω = T

3 is obtained. The proof
is performed around four main ideas. The first one is to introduce the
equation satisfied by µ(ρ) in the definition of weak solutions assuming µ(ρ0)
in L1(Ω) to relax the constraints on the pressure exponent. The second one
consists in extending the two-velocities framework, introduced by D. Bresch,
B. Desjardins and E. Zatorska in [10], with capillarity and more general drag
terms using a generalization of the quantum Böhm identity developed in [6].
The third one is the proof of a generalized high-order log-Sobolev dissipation
inequality similar to the one used in [20] and established by A. Jüngel and
D. Matthes in [21]. Finally the last one is the extend of the renormalized
framework, introduced by I. Lacroix-Violet and A. Vasseur in [23] for the
quantum case, to viscosities satisfying the BD relation. Note that in this
paper we use their definition of weak solution that we recall, for reader
convenience, in the next section (see Definition 2).

Denoting by r the mean value of ρ on Ω i.e.

r =

∫

Ω
ρ

the goal of the paper is to show that a global weak solution (ρ, u) in the
sense of [12] is exponentially decaying in time to (r, 0). To obtain such a
result we use the augmented formulation of the system firstly introduced in
[10] and we use a relative entropy version of the κ entropy similar to the one
introduced in [11].

The paper is organized as follows. In Section 2 we give the definition of
weak solution used in the paper, all the assumptions and we state the main
result of exponential decay (see Theorem 5). Section 3 is devoted to the
proof of this exponential time decay. Finally we give in Appendix the proof
of a technical lemma (Lemma 13) used in Section 3. Note that in all the



4 D. BRESCH, M. GISCLON, I. VIOLET, AND A. VASSEUR

paper the notation C is used for constants independent of time t but which
can be different from line to line.

2. Assumptions and main result

In this section, we first recall the definition of weak solution used in [12].
We complete this definition with some assumptions on the shear and bulk
viscosities and finally we state the main result of the paper.

2.1. Definition of weak solutions. Let us first recall the definition of
weak solution used in [12]. The authors consider shear and bulk viscosities
such that:

• denoting by R+ = [0,∞) and R
∗
+ = (0,∞).

(2) µ ∈ C0(R+;R+) ∩ C2(R∗
+,R),

• there exists two positive numbers α1, α2 satifying 2/3 < α1 < α2 < 4
such that for any ρ > 0

(3) 0 <
1

α2
ρµ′(ρ) ≤ µ(ρ) ≤ 1

α1
ρµ′(ρ),

• there exists a constant C > 0 such that

(4)
∣∣∣
ρµ′′(ρ)

µ′(ρ)

∣∣∣ ≤ C < +∞.

Note that, thanks to (3) and (4), there exists ν̃ > 0 such that

(5) λ(ρ) +
2

3
µ(ρ) ≥ ν̃µ(ρ)

and
µ(0) = λ(0) = 0.

The method, used in [12], to prove global existence of weak solution to
the Navier-Stokes-Korteweg is linked to the two-hydrodynamic system in-
troduced in [10], the extension of the Böhm identity proved in [6], the
generalization of the dissipation inequality used in [20] for the quantum
Navier-Stokes system and established in [21] and the renormalized solutions
introduced in [23].

Here, the addition of a drag term r2 ρ u does not change the result be-
cause the κ-entropy remains uniform and the term ρ u is already in the time
derivative for compactness.

Remark 1. Note the recent paper [1] where the authors have proved a
Sobolev inequality which could help to enlarge the range of viscosities namely

µ(ρ) = ρα, λ(ρ) = 2(α − 1)ρα

with
2

3
< α < +∞.

Let us now recall the definition of the global weak solutions for the Navier-
Stokes-Korteweg system similar to what has been developped in [12]
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Definition 2. We say that (ρ, u) is a global weak solution to the compressible
Navier-Stokes-Korteweg equations as constructed in [12] if

• The density satisfies ρ ∈ C0([0,+∞);Lγ
weak(Ω)) with ρ ≥ 0 in (0,+∞)×

Ω, ρ|t=0 = ρ0 a.e. in Ω with the viscosity µ(ρ) ∈ C0([0,+∞);L
3/2
weak(Ω)).

• The momentum satisfies ρ u ∈ C([0,+∞);L
2γ/(γ+1)
weak (Ω)) with ρu|t=0 =

m0.
• The following energy estimate holds a.e t ∈ [0,+∞)

∫

Ω
ρ
( |w|2

2
+ [(1− κ)κ+ ε]

|v|2
2

)
+H(ρ) + 2 r2 κh(ρ)

+ν̃

∫ t

0

∫

Ω
|Tµ|2 + r2

∫ t

0

∫

Ω
ρ|u|2(6)

+εCα1,ν̃

∫ t

0

∫

Ω

[
|∇2Z(ρ)|2 + |∇Z1(ρ)|4 + |Tε|2

]

+2κ

∫ t

0

∫

Ω

µ′(ρ)p′(ρ)

ρ
|∇ρ|2

≤
∫

Ω

[
ρ0
( |w0|2

2
+ [(1− κ)κ+ ε]

|v0|2
2

)
+H(ρ0) + 2 r2 κh(ρ

0)
]

for some Cα1,ν̃ > 0 depending on α1 and ν̃ and some κ ∈ (0, 1) with

w = u+ κ v and v = 2∇s(ρ) where s′(ρ) =
µ′(ρ)

ρ
(7)

H(ρ) = ρ

∫ ρ

1

p(s)

s2
and h(ρ) = ρ

∫ ρ

1

µ(s)

s2
(8)

Z(ρ) =

∫ ρ

1

√
µ(s)µ′(s)

s
and Z1(ρ) =

∫ ρ

1

µ′(s)

(µ(s))1/4s1/2
(9)

and where Tµ is defined through

√
µ(ρ)Tµ = ∇

(√
ρu

µ(ρ)√
ρ

)
−√

ρu⊗√
ρ∇s(ρ)(10)

λ(ρ)

2µ(ρ)
Tr(
√

µ(ρ)Tµ)Id(11)

=

[
div

(
λ(ρ)

µ(ρ)

√
ρu

µ(ρ)√
ρ

)
−√

ρu · √ρ∇s(ρ)
ρµ′′(ρ)

µ′(ρ)

]
Id.

The same definitions and compatibility condition are satisfied for Tε,
replacing u by v = 2∇s(ρ) respectively in (10) and (11).

• The following extra estimates hold

‖µ(ρ)‖L∞(0,+∞;W 1,1(Ω)) + ‖µ(ρ)u‖L∞(0,∞;L3/2(Ω))∩L2(0,+∞;W 1,1(Ω)) < +∞
‖∂tµ(ρ)‖L∞(0,+∞;W−1,1(Ω)) + ‖Z(ρ)‖L1+(0,+∞;L1(Ω)) < +∞.
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• The density ρ satisfies the mass equation in D′((0,+∞) × Ω):

(12) ∂tρ+ div(ρu) = 0.

• The velocity satisfies the momentum in D′((0,+∞) × Ω) :

∂t(ρu) + div(ρu⊗ u) +∇p(ρ) + r2 ρ u

−2div(
√

µ(ρ)Sµ +
λ(ρ)

2µ(ρ)
Tr(
√

µ(ρ)Sµ)Id)(13)

−2εdiv(
√

µ(ρ)Sε +
λ(ρ)

2µ(ρ)
Tr(
√

µ(ρ)Sε)Id)

= 0

with

Sµ =
(Tµ + T

t
µ)

2
, Sε =

(Tε + T
t
ε)

2
.

• The viscosity satisfies in D′((0,+∞)× Ω):

∂tµ(ρ) + div(µ(ρ)u) +
λ(ρ)

2µ(ρ)
Tr(
√

µ(ρ)Tµ) = 0.(14)

• The global weak solution is obtained through regularized solutions
(ρζ , wζ , vζ) (letting ζ tend to zero) satisfying

dEζ
dt

(t) + εCν̃,α1

∫

Ω
|∇2Z(ρζ)|2

+κ

∫

Ω
µ′(ρζ)H

′′(ρζ)|∇ρζ |2 +
∫

Ω
r2ρζ |uζ |2 ≤ 0(15)

where

(16) Eζ(t) =
∫

Ω

[
ρζ(|wζ |2 + (κ(1− κ) + ε)|vζ |2) +H(ρζ |r) + 2 r2 κh(ρζ |r)

]

where H(ρζ |r) and h(ρζ |r) are defined by:

H(ρζ |r) = H(ρζ)−H(r)−H ′(r)(ρζ − r),

h(ρζ |r) = h(ρζ)− h(r)− h′(r)(ρζ − r).

Remark 3. The presence of the drag term r2 ρ u with r2 > 0 implies (using

the κ-entropy estimate) the control of supt∈(0,+∞)

∫

Ω
h(ρ)(t, x) if

∫

Ω
h(ρ0)

initially. This reads

sup
t∈(0,+∞)

∫

Ω
ρ

∫ ρ

1

µ(s)

s2
≤ C < +∞.

Using Hypothesis (3), this implies that

µ(ρ) ∈ L∞(0,+∞;L1(Ω)).
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This is an important information compared to previous papers such as [24]
or [12]. Indeed, to control µ(ρ) in L∞(0,+∞;L1(Ω)) without using drag
terms information, we would need as in [24] to consider a pressure law as

p(ρ) = a ργ with γ ≥ max(2α2 − 1, 1)

but this condition is restrictive. Note that ργ ∈ L∞(0,+∞;L1(Ω)) implies
µ(ρ) ∈ L∞(0,+∞;L1(Ω)) because

√
ρ ∈ L∞(0,+∞;L2(Ω)) deduced from

the mass conservation. Note that the hypothesis γ ≥ 2α2 − 1 is not present
in [12]. It suffices to assume µ(ρ0) ∈ L1(Ω) and use the equation satisfied
by µ(ρ) to get the result µ(ρ) ∈ L∞(0, T ;L1(Ω)) for all T < +∞ but this
result is not valid for T = +∞.

2.2. Main result: exponential decay. In order to be able to get expo-
nential decay, we add the following assumptions on the shear viscosity:

• Behaviour of µ(ρ) for ρ small enough:

(17) lim
ρ→0

ρµ′(ρ)

µ(ρ)
= α, with

2

3
< α ≤ 4,

assuming
– If α < 1 or if there exists ρ0 > 0 such that µ(ρ) ≥ Cρ for ρ < ρ0

that the pressure exponent satisfies γ ≥ 1,
– If α ≥ 1 that the pressure exponent satisfies γ < α.

• Behaviour of µ(ρ) for ρ big enough:

(18) lim
ρ→∞

ρµ′(ρ)

µ(ρ)
= β, with 1 < β < 4

or letting M > 0 a given constant

(19) µ(ρ) = ρ for any ρ ≥ M.

Remark 4. The quantum case satisfies (17)–(19) without any restriction
on the pressure law namely p(ρ) = aργ with γ ≥ 1 is elligible.

As mention before, denoting by r the mean value of ρ on Ω, the goal is
to show that a global weak solution (ρ, u) in the sense of Definition 2 with
p(ρ) = a ργ with γ ≥ 1 and the shear and bulk viscosities satisfying (1)–(2)
and (17)–(19) is exponentially decaying in time to (r, 0). More precisely, the
goal is to prove the following result:

Theorem 5. Let (ρ, u) be a global weak solution of the compressible Navier-
Stokes-Korteweg System in the sense of Definition 2 with p(ρ) = a ργ with
γ ≥ 1 and the shear and bulk viscosities satisfying (1)–(2) and (17)–(19).
We define the relative entropy

E(ρ, u, v|r, 0, 0) = E(t) =
∫

Ω
[ρ(|w|2+(κ(1−κ)+ε)|v|2)+H(ρ|r)+2κ r2 h(ρ|r)],

where v,w are given by (7) and H(ρ|r) and h(ρ|r) are defined by

H(ρ|r) = H(ρ)−H(r)−H ′(r)(ρ− r), h(ρ|r) = h(ρ)−h(r)−h′(r)(ρ− r),
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with h, H given by (8).
Then, for some constant C > 0,

E(t) ≤ E(0) exp(−Ct).

3. Proof of Theorem 5

The goal of this section is to prove Theorem 5. As global weak solutions
are constructed using regular enough solutions, the formal calculations we
will do may be justified using these approximate solutions and their initial
conditions. We will then write first the exponential decay for Eζ and then
pass to the limit with respect to ζ to obtain Theorem 5 assuming strong
convergence initially. The goal of this section is then to prove the following
Theorem.

Theorem 6. Let the hypothesis on the viscosities and on the pressure law
be satisfied namely p(s) = a sγ with γ ≥ 1 and the shear and bulk viscosi-
ties satisfying (2)–(1) and (17)–(19). Then there exists a constant C > 0,
uniform in ζ, such that for any t > 0, the quantity Eζ(t) defined in (16)
verifies

Eζ(t) ≤ Eζ(0) exp(−Ct).

Note that thanks to (15) of Definition 2, the regular approximation sat-
isfies the following inequality

dEζ
dt

(t) ≤ −εCν̃,α1

∫

Ω
|∇2Z(ρζ)|2 − κ

∫

Ω
µ′(ρζ)H

′′(ρζ)|∇ρζ |2 −
∫

Ω
r2 ρζ |uζ |2

(20)

It remains then to prove the following proposition to obtain theorem 6 for
the regular approximation.

Proposition 7. There exists a constant C > 0 such that for every t > 0

−εCν̃,α1

∫

Ω
|∇2Z(ρζ)|2−κ

∫

Ω
µ′(ρζ)H

′′(ρζ)|∇ρζ |2−
∫

Ω
r2 ρζ |uζ |2 ≤ −CEζ(t).

The proof of this proposition is divided in three steps corresponding to
the three following subsections. To simplify the presentation, we omit the
subscript ζ but all the calculations have to be thinking for the approximate
solutions.

3.1. First step of proof of proposition 7. First of all, let us prove this
following lemma.

Lemma 8. There exists a constant C > 0 such that for every t > 0

−
∫

Ω
|∇2Z(ρ)|2 −

∫

Ω
µ′(ρ)H ′′(ρ)|∇ρ|2 −

∫

Ω
ρ |u|2(21)

≤ −C

∫

Ω

ρ

2

(
|w|2 + (κ(1 − κ) + ε)|v|2

)
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Proof. From Poincaré’s inequality, we find
∫

Ω
|∇2Z(ρ)|2 ≥ C

∫

Ω
|∇Z(ρ)|2 ≥ C

∫

Ω

µ(ρ)

ρ
ρ|v|2.

Moreover,

µ′(ρ)H ′′(ρ)|∇ρ|2 =
1

4

ρ

µ′(ρ)
H ′′(ρ)ρ|v|2,

hence there exists C > 0 such that

−
∫

Ω
|∇2Z(ρ)|2 −

∫

Ω
µ′(ρ)H ′′(ρ)|∇ρ|2 ≤ −C

∫

Ω

(
µ(ρ)

ρ
+

ρH ′′(ρ)

µ′(ρ)

)
ρ|v|2.

If now we prove that there exists a constant C > 0 such that for any ρ ≥ 0

(22)
µ(ρ)

ρ
+

ρH ′′(ρ)

µ′(ρ)
≥ C,

then

(23) −
∫

Ω
|∇2Z(ρ)|2 −

∫

Ω
µ′(ρ)H ′′(ρ)|∇ρ|2 ≤ −C

∫

Ω
ρ|v|2.

Proof of (22). To do so let us consider large and small density values, the
inequality being true for intermediate values. Note that for large density
values or small density values with α < 1, we only use the term µ(ρ)/ρ to
obtain the inequality (22). But for small density values with α ≥ 1, we have
to use the term ρH ′′(ρ)/µ′(ρ) to obtain (22).

First part (large density values). From (18) or (19), for M > 0 big
enough and ρ > M , we have ρµ′(ρ) ≥ µ(ρ). Integrating the ODE gives
µ(ρ) ≥ Cρ for ρ > M .

Second part (small density values). We have to consider two cases to
control the small values of ρ. If α < 1 in (17), then, for ρ0 > 0 small enough
and ρ < ρ0, we have ρµ′(ρ) ≥ µ(ρ). Integrating the ODE gives µ(ρ) ≥ Cρ
for all values of ρ ≥ 0.

Now, we consider the case α ≥ 1 in (17). For any η > 0 there exists
ρη > 0 such that for any ρ < ρη we have

ρµ′(ρ) ≥ (α− η)µ(ρ).

Integrating backward in ρ the ODE gives that for ρ < ρη:

µ(ρ) ≤ Cρα−η.

Using (17) again gives that for ρ < ρη:

ρH ′′(ρ)

µ′(ρ)
≥ Cργ−α+η.

If γ < α, taking η > 0 small enough we have:

ρH ′′(ρ)

µ′(ρ)
≥ C, for ρ < ρη.

This gives estimate (22) and then (23). �
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Note now that we have

|w|2 = |u+ κv|2 ≤ 2(|u|2 + κ2|v|2).
So

−|u|2 ≤ κ2|v|2 − |w|2
2

.

Hence, using (23),

−
∫

Ω
|∇2Z(ρ)|2 −

∫

Ω
µ′(ρ)H ′′(ρ)|∇ρ|2 −

∫

Ω
ρ|u|2

≤ −C (

∫

Ω
ρ|v|2 +

∫

Ω
ρ|u|2)

≤ −C

∫

Ω
ρ
(
|w|2 + (κ(1 − κ) + ε)|v|2

)
,

which concludes the proof of Lemma 8. �

Remark 9. Note that we can obtain the result of Lemma 8 without the cap-
illarity term and then the exponential time decay but we then need conditions
on the exponent γ of the pressure. In other terms, the use of the capillarity
term allow to obtain the exponential decay for all exponent γ of the pressure
law.

3.2. Second step of proof of proposition 7. The goal now is to prove
the following lemma.

Lemma 10. There exists a constant C > 0 such that

(24) −
∫

Ω
|∇2Z(ρ)|2−

∫

Ω
H ′′(ρ)µ′(ρ)|∇ρ|2 ≤ −C

(∫

Ω
h(ρ|r) +

∫

Ω
H(ρ|r)

)
.

To prove this lemma, we use two results: lemmas 11 and 12. Note that
lemma 11 will be used to prove lemma 12 which gives lemma 10.

Lemma 11. For any constant η > 0 small enough, there exist 0 < ρ0 < r <
M and C > 0 such that

∫

Ω
|∇2Z|2 ≥ C

∫

Ω
|ρ− r|21{ρ0≤ρ≤M}(25)

+C

∫

Ω
1{ρ<ρ0} + C

∫

Ω
ρ3(β−η)−21{ρ≥M}.

Moreover, if β ≥ 1 then

(26)

∫

Ω
H ′′(ρ)µ′(ρ)|∇ρ|2 ≥ C

∫

Ω
H(ρ)1{ρ≥M}.

Proof. The proof is divided into three parts: The first deals with the large
values of ρ, the second one with the small values of ρ, and finally the third
with the intermediate values of ρ.
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First part (large density values). In this part we consider the large val-
ues of ρ. We first focus on the proof of (25) and then, using a generalization
of the classical log-Sobolev inequality we prove (26).

Proof of (25): Since the function ρ 7→ Z(ρ) is an increasing function, we

have |{Z(ρ) ≥ Z(2r)}| = |{ρ ≥ 2r}|. By the Tchebychev’s inequality, we
get

(27) |{Z(ρ) ≥ Z(2r)}| = |{ρ ≥ 2r}| ≤ 1

2r

∫

Ω
ρ =

1

2
.

Since |Ω| = 1, using (27) we have

|{Z(ρ) < Z(2r)}| ≥ 1

2
.

Using Lemma 13 given in Appendix on (Z(ρ)− Z(2r))+ we get

(28)

∫

Ω
(Z(ρ)− Z(2r))2+ ≤ C

∫

Ω
|∇Z|2.

Thanks to assumptions (18) or (19), the function ρ 7→ Z(ρ) converges to
infinity when ρ goes to infinity. So there exists M > 0 such that for any
ρ ≥ M

(29) Z(ρ)2 ≤ 2(Z(ρ) − Z(2r))2+.

Moreover for any η > 0, there exists a possibly bigger M > 0 such that we
have for any ρ > M :

Z(ρ)2 ≥ Cρ3(β−η)−2.

Therefore with (28) and (29), we have:
∫

Ω
ρ3(β−η)−21{ρ≥M} ≤ C

∫

Ω
|Z(ρ)|21{ρ≥M} ≤ C

∫

Ω
|∇Z|2.

Proof of (26): If γ > 1, working with the function J(ρ) instead of Z(ρ)

where J(ρ) is defined such that

J ′(ρ) =
√

H ′′(ρ)µ′(ρ),

with similar arguments, we obtain (26).
If γ = 1, then H(ρ) = ρ ln ρ, and we need a generalization of the classical

log-Sobolev inequality. Let us denote f =
√
ρ. As in (27), we have

(30) |{f ≤
√
2r}| ≥ |{ρ ≤ 2r}| ≥ 1

2
.

So, from Sobolev’s injections and Lemma 13, we obtain

‖1 + (f −
√
2r)2+‖L3 ≤ 1 + ‖(f −

√
2r)2+‖L3 ≤ 1 + ‖(f −

√
2r)+‖2L6

≤ 1 + C
(
‖∇(f −

√
2r)+‖2L2 + ‖(f −

√
2r)+‖2L2

)

≤ 1 + C‖∇(f −
√
2r)+‖2L2 .
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Denoting by

m =

∫

Ω
1 + (f −

√
2r)2+ ds =

1 + (f −
√
2r)2+

m
,

(note that s is a positive measure of mass 1), the logarithmic function being
increasing and concave, using Jensen’s inequality, we have

C‖∇(f −
√
2r)+‖2L2 ≥ ln(1 + C‖∇(f −

√
2r)+‖2L2)

≥ 1

3
ln

[∫

Ω

(
1 + (f −

√
2r)2+

)3
dx

]
=

1

3
ln

[∫

Ω
m
(
1 + (f −

√
2r)2+

)2
ds

]

≥
∫

Ω

1

3
ln

(
m
(
1 + (f −

√
2r)2+

)2)
ds(31)

=
2

3

∫

Ω
ln
(√

m(1 + (f −
√
2r)2+)

) 1 + (f −
√
2r)2+

m
dx

≥ 2

3(1 + r)

∫

Ω
ln
(
(1 + (f −

√
2r)2+)

)
(1 + (f −

√
2r)2+) dx,

where we have used that 1 ≤ m ≤ 1 + r.
Defining M = sup(8r, 16), for f =

√
ρ ≥

√
M , we have both

1 + (f −
√
2r)2+ ≥ ρ

4
and ln(1 + (f −

√
2r)2+) ≥

1

2
ln ρ.

Therefore, (31) gives the following control

C

∫

Ω
H(ρ)1{ρ>M} = C

∫

Ω
ρ ln ρ1{ρ>M} ≤ C‖∇(f −

√
2r)+‖2L2 .

From Properties (18) and (19)

sup
ρ≥2r

1/ρ

H ′′(ρ)µ′(ρ)
≤ C,

and so

C

∫

Ω
H(ρ)1{ρ>M} ≤ C‖∇(f−

√
2r)+‖2L2 ≤ C‖∇√

ρ1{ρ≥2r}‖2L2 ≤ C

∫

Ω
H ′′(ρ)µ′(ρ)|∇ρ|2

which gives (26).

Second part (small density values). In this part we consider the small
values of ρ. From (17), there exists σ > 0 such that

Z ′(ρ) ≥ Cρσ−1,

and so

(32)

∫

Ω
|∇ρσ|2 ≤ C

∫

Ω
|∇Z|2.

Let us fix ρ0 =
r

4
and δ = inf

(
r

16
,
1

2

)
. Note that, if C

∫

Ω
|∇2Z|2 ≥ δ,

∫

Ω
1{ρ≤ρ0} ≤ 1 ≤ C

δ

∫

Ω
|∇2Z|2,
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which immediately gives (25) for ρ < ρ0. Then, without loss of generality,
we can assume that

C

∫

Ω
|∇2Z|2 ≤ δ,

such that the result of the first part of the proof implies
∫

Ω
1{ρ≥M}(ρ− r)+ ≤ M−3(β−η)+3

∫

Ω
ρ3(β−η)−21{ρ≥M} ≤ C

∫

Ω
|∇2Z|2 ≤ δ.

We claim that

(33) |{ρ > r/2}| ≥ δ

M + 1
.

To prove this claim let us show that if it is not the case we obtain a contra-
diction. Assuming

|{ρ > r/2}| < δ

M + 1
,

we have

M |{ρ ≥ r}| ≤ M |{ρ > r/2}| ≤ δ,

and so ∫

Ω
(ρ− r)+ ≤

∫

Ω
1{ρ≥M}(ρ− r)+ +M |{ρ ≥ r}| ≤ 2δ.

Since r =

∫

Ω
ρ, we have

∫

Ω
(ρ − r)+ =

∫

Ω
(r − ρ)+. Using Tchebychev’s

inequality, we get

|{ρ ≤ r/2}| = |{(r − ρ)+ ≥ r/2}| ≤ 2

r

∫

Ω
(r − ρ)+ ≤ 4δ

r
≤ 1

4
.

Therefore

|{ρ > r/2}| ≥ 1− 1/4 =
3

4
,

which is a contradiction, since
δ

M + 1
≤ δ ≤ 1

2
. Therefore the claim (33) is

proved.

Let us now rewrite the claim (33) (since σ > 0)

|{(r/2)σ − ρσ < 0}| ≥ δ

M + 1
.

Since, |{((r/2)σ − ρσ)+ = 0}| = |{(r/2)σ − ρσ < 0}| 6= 0, using Lemma 13
with the function ((r/2)σ − ρσ)+, (32) and Poincaré’s inequality, we get
∫

Ω
((r/2)σ − ρσ)2+ ≤ C

∫

Ω
|∇((r/2)σ − ρσ)+|2 ≤ C

∫

Ω
|∇ρσ|2 ≤ C

∫

Ω
|∇Z|2 ≤ C

∫

Ω
|∇2Z|2.

Using the Tchebychev’s inequality and the previous one we get

|{ρ ≤ r/4}| ≤ C

(2σ − 1)2

(
4

r

)2σ ∫

Ω
|∇2Z|2.

This gives (25) for ρ < ρ0.
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Third part (Intermediate density values). In this part we deal with
the intermediate values of ρ i.e. ρ0 ≤ ρ ≤ M . Let us introduce

ρT (t, x) = sup(ρ0, inf(M,ρ(t, x))).

Note that |Z ′(ρ)| is bounded by below on [ρ0,M ], hence

|∇ρT | = |∇ρ|1{ρ0≤ρ≤M} =

∣∣∣∣
∇Z(ρ)

Z ′(ρ)

∣∣∣∣ 1{ρ0≤ρ≤M} ≤ C|∇Z|.

Therefore, using Poincaré’s inequality, since |Ω| = 1 and ρ0 = r/4,
∫

Ω
|ρ− r|21{ρ0≤ρ≤M} ≤

∫

Ω
|ρT − r|2

≤ 2

[∫

Ω

∣∣∣∣ρT −
∫

Ω
ρT

∣∣∣∣
2

+

∫

Ω

∣∣∣∣
∫

Ω
ρT − r

∣∣∣∣
2
]

≤ C

[∫

Ω
|∇Z|2 +

(∫

Ω
ρT −

∫

Ω
ρ

)2
]

= C



∫

Ω
|∇Z|2 +

(∫

{ρ>M}
(M − ρ) +

∫

{ρ<ρ0}
(ρ0 − ρ)

)2



≤ C

[∫

Ω
|∇Z|2 + r

(∫

{ρ>M}
ρ

)
+

r

4

(∫

{ρ<ρ0}
ρ0

)]

≤ C

[∫

Ω
|∇Z|2 + r

(
M−3(β−η)+3

∫

Ω
1{ρ>M}ρ

3(β−η)−2

)
+

ρ0r

4

∫

Ω
1{ρ<ρ0}

]
.

We get the desired result using the first and second parts of the proof. �

As mention before to complete the proof of lemma 10, we need also this
following lemma:

Lemma 12. Assume that G is a function of ρ verifying G is C2 on [ρ0,M ],
and that there exists a constant C > 0 such that

G(ρ) ≤ C sup(ρ3(β−η)−2,H(ρ)), for ρ ≥ M,(34)

G(ρ) ≤ C, for ρ ≤ ρ0.(35)

Then, there exists an other constant C > 0 such that
∫

Ω
G(ρ|r) ≤ C

∫

Ω
|∇2Z|2 + C

∫

Ω
H ′′(ρ)µ′(ρ)|∇ρ|2,

where G(ρ|r) is given by

G(ρ|r) = G(ρ)−G(r)−G′(r)(ρ− r).
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Proof. We have
∫

Ω
G(ρ|r) =

∫

Ω
G(ρ|r)1{ρ0≤ρ≤M} +

∫

Ω
G(ρ|r)1{ρ<ρ0} +

∫

Ω
G(ρ|r)1{ρ>M}

≤ C

(
sup

[ρ0,M ]
|G′′|

)∫

Ω
|ρ− r|21{ρ0≤ρ≤M}

+C

∫

Ω
1{ρ<ρ0} + C

∫

Ω
sup(ρ3(β−η)−2,H(ρ))1{ρ>M}.

Lemma 11 finishes the proof. �

To finish the proof of lemma 10, the idea is now to apply Lemma 12
with G equals h and H. Note that (35) is valid for both quantities in all
configurations. We want to show that (34) is also true for both quantities
in all configurations. To this end, we consider two cases.

Case 1 γ > 1. Since β > 1, for η small enough,

(36) 1 < β + η < 3(β − η)− 2.

Solving the ODE (18) for ρ > r, we find that there exists a constant C > 0
such that for any ρ > r:

µ(ρ) ≤ Cρβ+η,

and using again (18) to get a bound by above on µ′ from the bound on µ,
we get

µ′(ρ) ≤ Cρβ+η−1.

Since h′′(ρ) =
µ′(ρ)

ρ
, using the bound above on µ′ and integrating in ρ twice,

we find that there exists a constant C > 0 such that for every ρ > M , we
have

h(ρ) ≤ Cρβ+η,

which, thanks to (36), leads to

h(ρ) ≤ C sup(ρ3(β−η)−2, ργ).

This proves (34) for h.
Since γ > 1, then obviously, for ρ big enough, we have

H(ρ) =
ργ

γ − 1
≤ Cργ .

Case 2 γ = 1. Then we have h(ρ) = H(ρ) = ρ ln ρ. Since 3(β − η)− 2 > 1,
for ρ big enough

h(ρ) = H(ρ) = ρ ln ρ ≤ ρ3(β−η)−2

and H satisfies (34).

Then in all cases, we can apply Lemma 12 to find
∫

Ω
2κ r2 h(ρ|r) +

∫

Ω
H(ρ|r) ≤ C

(∫

Ω
|∇2Z(ρ)|2 +

∫

Ω
H ′′(ρ)µ′(ρ)|∇ρ|2

)
,
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which ends the proof of lemma 10.

3.3. Ends of proof of proposition 7 and theorem 5. We can now state
and prove the proposition which is the goal of this section since it allows us
to obtain the exponential time decay given in Theorem 5 letting ζ tends to
zero if we obtain the exponential decay for Eζ with constant independent on
ζ. Here we adopt again the indice ζ for reader’s convenience.

Let us recall inequality (15) of Definition 2:

dEζ
dt

(t) ≤ −εCν̃,α1

∫

Ω
|∇2Z(ρζ)|2 − κ

∫

Ω
µ′(ρζ)H

′′(ρζ)|∇ρζ |2 −
∫

Ω
r2 ρζ |uζ |2.

Applying Lemmas 8 and 10, we obtain:

dEζ
dt

(t) ≤ −C

∫

Ω

[
ρζ
(
|wζ |2 + (κ(1 − κ) + ε)|vζ |2

)
+H(ρζ |r) + 2κr2h(ρζ |r)

]
,

with C a constant which only depends on ε, ν̃, α1, α2, κ and r2, but which
is independent of ζ. Now using the definition of Eζ given in (16) we finally
obtain:

dEζ
dt

(t) ≤ −CEζ(t).(37)

Then using the Gronwall Lemma, we obtain

Eζ(t) ≤ Eζ(0) exp (−Ct) ,(38)

which directly gives the result of Theorem 6. Then, since Eζ is lower semi-
continuous and since we assume the strong convergence initially, passing to
the limit ζ tends to zero leads to

E(t) ≤ E(0) exp (−Ct) ,

which proves Theorem 5.

4. Appendix

Let us prove the following classical technical Lemma.

Lemma 13. For any function f ≥ 0 such that |{f = 0}| ≥ δ > 0, there
exists a constant C depending on δ and Ω, such that

∫

Ω
f2 dx ≤ C

∫

Ω
|∇f |2 dx.

Proof. From the fundamental theorem of calculus, for any x, y ∈ Ω

f(x)− f(y) =

∫ 1

0
∇f(tx+ (1− t)y) · (x− y) dt.
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Therefore
∫

Ω
|f(x)|2 dx ≤ 1

δ

∫

{f=0}

(∫

Ω
|f(x)|2 dx

)
dy =

1

δ

∫

{f=0}

∫

Ω
|f(x)− f(y)|2 dx dy

≤ 1

δ

∫

Ω

∫

Ω
|f(x)− f(y)|2 dx dy ≤ 1

δ

∫

Ω

∫

Ω

∫ 1

0
|∇f(tx+ (1− t)y)|2|x− y|2 dx dy dt

≤ C

∫

Ω

∫

Ω

(∫ 1/2

0
|∇f(tx+ (1− t)y)|2 dt+

∫ 1

1/2
|∇f(tx+ (1− t)y)|2 dt

)
dx dy

≤ 2C

∫

Ω

∫

Ω

∫ 1/2

0
|∇f(tx+ (1− t)y)|2 dt dx dy

≤ 2C

∫

Ω

∫ 1/2

0

(∫

Ω
|∇f(tx+ (1− t)y)|2 dy

)
dt dx

≤ 2C

∫

Ω

∫ 1/2

0

(∫

(1−t)Ω
|∇f(tx+ z)|2 dz

(1− t)3

)
dt dx

≤ 2C

∫

Ω

∫ 1/2

0

(∫

Ω
|∇f(tx+ z)|2 dz

(1− t)3

)
dt dx

≤ 16C

∫

Ω

∫ 1/2

0

(∫

Ω
|∇f(z)|2 dz

)
dt dx

≤ 8C

∫

Ω
|∇f(z)|2 dz.

�
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