N

N

Stability of a class of semilinear waves in 2 4+ 1
dimension under null condition
Shijie Dong

» To cite this version:

Shijie Dong. Stability of a class of semilinear waves in 2 + 1 dimension under null condition. 2020.
hal-02542054

HAL Id: hal-02542054
https://hal.science/hal-02542054

Preprint submitted on 14 Apr 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02542054
https://hal.archives-ouvertes.fr

Stability of a class of semilinear waves in 2 + 1
dimension under null condition

Shijie Dong*
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Abstract

We will show that in R**! semilinear wave equations of the form —Ou =
u@Q(Ju; Ou) possess global-in-time solutions if the null condition on Q(Ju; du) is
assumed. As a consequence, we also provide a new proof, after [24], on the small
data global solutions to the wave map equation in R**! and no compactness
assumptions on the initial data are needed.
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1 Introduction

Brief history The study of nonlinear wave equations has been an active research
field since decades ago, and tremendous results have been obtained in R3*!. It is
well-known, for example see the examples by John [7, 8], that wave equations with
quadratic nonlinearities might not have global-in-time solutions. Later on, the cele-
brated breakthrough by Klainerman [0} 3], T1] relying on the vector field method
and Christodoulou [4] relying on the conformal method, showed that global-in-time
solutions exist for wave equations with null nonlinearities. We also recall other work
on the three dimensional wave equations [I5, [16] and [21], which generalise the notion
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of null forms. As an application, many physical models, like Dirac equations, Maxwell
equations, Einstein equations, are proved to be stable under small perturbations.

Due to the fact that waves in R?™! do not decay fast enough, the classical null
condition cannot guarantee that semilinear wave equations in R?*! with null quadratic
nonlinearities have global-in-time solutions. The existence results of global-in-time
solutions to quadratic nonlinear wave equations in R?>*! was first obtained by Godin
[6] in the semi linear case and by Alinhac [I}, 2] in the quasilinear case, where the author
showed that a class of quasilinear wave equations of the form —[u + go‘m(%u@aﬁ»u =0
satisfying the null condition are stable under the assumption that the initial data are
small and compactly supported. Later on Zha [25] had a thorough study on a large
class of wave equations in R**!. We also remind one the study of the system of coupled
quasilinear wave and Klein-Gordon equations in R*™! by Ma [19, 20, 18], using the
hyperboloidal foliation method [14] which dates back to [12]. But the compactness
assumption on the initial data is needed in all of the above results.

Without the compactness restriction on the initial data, Katayama [9] obtained
the global solutions to a class of semilinear wave equations in R?*!. Later on, Cai,
Lei, and Masmoudi [3] removed the compactness assumption on the initial data after
[1], and obtained the global well-posedness result for the scalar wave equation which
is fully nonlinear.

There is a large literature on the study of wave maps, we are not going to be
exhaustive. We only mention the work [23, 24] on wave maps in R?*1.

Model of interest and the main difficulties We will consider the following sys-
tem of semilinear wave equations

ikl
—Ou; = R u;Qo(ug, w),

(1.1)
ui(to, -) =i, Ovui(to, +) = us,

in which O = 0,0% = —0;0; + 0,0%, and Qo(v,w) := —0,0%W 0or DyvIzw — JuwIsV
is the null form. In the above, ty is the initial time taken to be 0, and 4,7, k,l €
{1,2,--+ ,ng} with ng > 1 the number of unknowns (equations). Greek indices
a,f,--- run in {0, 1,2}, Latin letters a,b,--- run in {1,2}, and the Einstein sum-
mation convention is adopted unless specified. Besides, we use A < B to denote
A < CB with C' a generic constant.

Compared to the existing results in [I} 2, [3, 19, 20], the main difference is that the
nonlinearities in the model problem include the potential v (with no derivatives),
instead of only Ouy and 90u,;. Recall the standard energy of wave equation is of the

form
3 / Ous]? de,
(e R?

which does not include the L? norm of the potential

Z/R ual? dz.

Thus it requires us to bound ||ul|z2(ge).



The Hardy inequality

r

is only true for n > 3, and the L? norm of the potential can be bounded by the
conformal energy only when n > 3, see the remark in [24]. The L? estimates (possibly
with weight) for waves in R?>™! were obtained in [24] [17], [18], but the compact support
assumption on the initial data is required.

In order to conquer that difficulty and bound Y, [p. [us]* dz, we write the wave
equations in the Fourier space, and derive the formulation for u; by solving the ordinary
differential equation (see for example [9]), then a careful treatment on each terms in
the formulation gives us the desired result, see Lemma [3.1] However, there is a "loss
of derivative” problem occurring when we estimate the highest order energy, see the
proof of Proposition for example. We find that this ”loss of derivative” problem
can be overcome by an observation on the estimates of the null forms and by the aid
of the ghost weight energy estimates [1].

<C|V "
s < IVl

Main theorem Our goal is to obtain global-in-time solutions to the system ({1.1)),
which is stated now.

Theorem 1.1. Consider the system of coupled wave equations (1.1)), and let N > 1
be a sufficiently large integer. The parameters R{kl are taken to be constants. Then
there exists a small € > 0, such that the Cauchy problem admits a global-in-time
solution (u;) as long as the initial data (w0, u;1) satisfy the smallness condition

Z ||AIUiQ||L2(R2) + Z ||AJU1'1||L2(R2)QL1(R2) <€, fOT' any € € (0, E()),
[I|<N+1 [J1<N

with A = 04, 70,, Qyp. Moreover, the solution decays almost sharply with
u(t, )| S (L4t )72 (0 4 [t = J2]]) 2 log (1 +1). (1.2)

In general the smallness condition on |[A”u; |11 g2) is not assumed, but it will be
used in the proof of Lemma [3.1]

Organisation In Section [2| we revisit some preliminaries of the wave equations and
the vector field method. Next in Section , we prove the L? norm of the potential
solving the linear wave equation. Then we give the proof to Theorem in Section [
2 Preliminaries

We work in the (2 4+ 1) dimensional spacetime with signature (—,+,+). A point
in R?**! is denoted by (xg,x1,72) = (t,71,72), and its spacial radius is denoted by

r=+/x? + 2. We will use
- 2 2
E(w,t) := /R2 (]&w[ + Ea |0qw| )dw (2.1)
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to denote the energy of a sufficiently nice function w = w(t, z) on the constant time
slice.
The vector fields we will use in the following analysis include:

e Translations: d,, a=0,1,2.
e Rotations: Qu = 2,0, — 130,, a,b=1,2.
e Lorentz boosts: L, = x,0; +t9,, a=1,2.
e Scaling vector field: Ly = t0; + r0,.
We will use I' to denote the vector fields in
V= {04 Qab, La, Lo }-
The following well-known results of commutators will be also frequently used.

Lemma 2.1. For any I, T” € V we have

O.r=co — [II= Y G, (2.2)
I'eV,Cr

with C, Cr some constants.

In order to estimate null forms and to overcome the problem of ”loss of derivative”,
we need the following lemma which gives very detailed estimates on the null forms
and can be found in [22] for example.

Lemma 2.2. It holds that

(L+8)Qo(v,w)| Y Mol Y (|Law| + |9aw]). (2:3)

[I]=1 a,x

Besides, if we act the vector field T on the null form Qo(v,w), a similar result holds

L+OIMQov.w) S Y (Pl + [Lal 0] +[8uI0]) Y [Pl

[ <] .0 1<| 12| <|T]/2+1
TR SRR (| xR 28 SR S0 ) B O | ]
L |<|T]a,0 1< | |<|1] /2+1

(2.4)
We next recall the Klainerman-Sobolev inequality (see [22] for example) in R**1.

Proposition 2.3. [t holds that

()2 =) Pl S ) I ull e, (2.5)

[11<2

with (a) = /1 + |a|?.

The following energy estimates of the ghost weight method by Alinhac [I] will play
a vital role in compensating the ”loss of derivative” issue.
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Proposition 2.4. Let w be the solution to
—Ow = fa

then it holds
t
Egs1(w,t) < / e (10w + Z |0aw|?) dz(0) + 2/ fOywe? dxdt, (2.6)
R? - 0 JRr2

in which q¢ = arctan(r —t), and

Ejsn1(w,t) :/ e (|0pw| +Z|8 w|?) dz(t —1—2/ / Y p— 2‘ xa8t+r8a)w‘2dxdt.

(2.7)

Since —7/2 < g < 1/2, we equivalently have

t
Eys2(w, 1) 5/ (|8tw|2+2|6aw|2) dx(0)+/ foyw dxdt, (2.8)
R2 a 0 JR2

with

Egst2(w7t) = / |atw’2+z |a w| dZE "‘Z/ /2 7’2 T —t xa8t+7”8a)w‘2 dxdt.

(2.9)

3 L? estimates on wave equation

We have the following lemmas which help bound the L? norm of the solution (with
no derivatives in front) to wave equations.

Lemma 3.1. Let w be the solution to the linear wave equation

_Dw:f7

3.1
w(l, ) =wy, Juw(l,-)=w;. (3.1)

We assume that
HU)OHLQ(R?) + Hw1HL2(R2)mL1(R2) < 400, (3.2)

as well as either
||f(t7 ')||L2(R2)QL1(R2) < Cf(]- + t)_H_Ba ﬁ € (_007 1)7 (33)

or

/ 1 M z@eynn@e dt S Cr(1+1)°,  Be[0,1). (3.4)

Then the following L? norm bound is valid

||w0HL2(]R2) + 10g1/2<2 + t) “leL?(R?)ﬁLl(R?) + 10g1/2(2 + t)Cf,
HuHLQ(Rz) 5 ||’LU0||L2(R2) + log1/2(2 + t) ||w1||L2(R2)mL1(R2) + log3/2(2 + t)Cf,
||w0HL2(R2) + 10g1/2<2 + t) “leL?(R?)ﬂLl(R?) + (1 + t)ﬁ 10g1/2<2 + t)Cf,

5

6<07
p=0,

0<pB<1.

(3.5)



Proof. Step 1. Expressing the solution in Fourier space.
We write the equation (3.1]) in the Fourier space to get

Dud(t,€) + [ELPDB(1,€) = (¢, €),
117(1, ) — 1/170, (9t@(1, ) 11)\1

We solve the ordinary differential equation in ¢ to arrive at the expression of the
solution w in Fourier space

sin(t[g]) " sin (0= )] &0
+ |§| w1+/0 |€| f(t) .

Thus the L? norm of w can be bounded by the following three terms

w(t, &) = cos(t|¢])wo

sin(¢[¢]) /t sin (¢ —t)[¢]) » , ,
w||r2mey S ||wo|r2r2 —l—‘ w‘ + flt dt
JwllL2e) S llwoll L2 (ee) el e T, €] (*) 2(R2)

= HU}()HLZ(RZ) + Al + AQ'
(3.6)

The last two terms A;, A; needs a more careful treatment.
Step 2. Estimating the term A;.
We first bound the term A?

. 2t R . 2t R
A% — / S ( |§|) |w1|2 d§ +/ S ( |€|) |U)1|2 dé-
{&:1€1<1} {&:1¢1>1}

e e
_ s’
A, / S g6 4 0 2
(ele<iy 1€l

Next we proceed by estimating

sin (t|5|) 1 sin? t|§|
d ds d
/{£:|s|<1} e “7 L / T €]
< sm p d
~ /0 p 7

1 t+2 |
5/ 1dp—|—/ —dp,
0 1 p

where we used the simple fact that sin |p| < |p| and sinp < 1. By gathering the above
results, we obtain

AT S1og(2 + t)]Jwr |72 @2yn s 2y

which gives us
A1 5 10g1/2(2 + t) ||'w1||L2(]R2)mL1(]R2)- (37)

Step 3. Estimating the term A,.
By the analysis in Step 2, we have

sin ((t —t)€]) ~,
=g

< 1/2 Y /
L2R2) ~ log (2 +t — )| f ()] L2r2)nLr m2)

< Crlog'?(2 4t —t") (1 1) 15,

6



in which we used the decay assumption on || f(#')|| r2r2)nz1 w2 in the last step. Hence
we have

t
A2510g1/2(2+t)/ (1+t) " Par.
0

By calculating the integral in terms of the values of 3, and gathering the results in
the previous steps, we thus complete the proof.

]

This lemma is of vital importance in the proof of Theorem Recall that the
L? norm estimates on solutions to wave equations in R**! have been obtained before
[24, (17, 18], but the compactness assumption on the initial data is needed (although
the compactness assumption can be removed in the theorem in [24]). To the best of our
knowledge, the estimates in Lemma |3.1]is the first such result where no compactness
assumptions are imposed on the initial data.

In Lemma there is a log or polynomial growth in the bounds of the L? norms.
As far as we understand, such growth also exists in [24], 17, [18].

Remark 3.2. Recall that by using the conformal energy estimates in R with d > 3,
the energy

Z ||FIU)HL2(R¢)

[7]<1

can be bounded by the conformal energy. However we note that in Lemma|2.4, we only
have the upper bound for

Hme(R?),

which means we “lose” one order of deriwative, and that is what we interpret as the
1ssue of "loss of derivative”.

4 Proof of the main theorem

Relying on a standard bootstrap argument, we are going to give the proof of Theorem
L1

According to the smallness of the initial data, we can assume the following bounds
hold in the time interval [t, T') with T' > ¢,

Z EQStQ(FIui)t)1/2 < 0167 ‘]| < N,

> [T ]| o gy < Crelog(1+1), | <N -1, (4.1)

Z HrluiHLz(Rz) < Che(l+ 1)V, [I] = N.

In the above, 6 > 0 is some small constant, C; is some large constant (to ensure
T > ty) which is to be determined, and 7 is defined by

T :={t >ty: (4.1 holds}. (4.2)

7



Our goal is to show the following refined estimates
£)1/2 1
Z Egst2 ul? S 50167 ’I| S N?

1
2wl oy < 3CrelogU ), I <N =1, 43)

1
DT ] ooy < 5Cell F ) I =

The time bound T has two kinds of possible values: +o0o or some finite number. If
T = +o0o, then Theorem is proved. If T" < +o00 is some finite number and the
refined estimates in (4.3)) are also established, then this contradicts the definition of
T in , which means T" must be +00. In either case, we are led to T' = 400, which
implies Theorem [I.1]

A direct result of the Sobolev-Klainerman inequality in Proposition gives us
the following pointwise decay results.

Lemma 4.1. Let the bootstrap assumptions in (4.1) be true, then we have

(t+ )2t — V?Z\@P’umqe |J| < N -3,

(4.4)
(t+7‘>1/2<t -7 1/22 |FJul-| < Chrelog(1 + 1), |J] < N -3.

Proposition 4.2 (Improved estimates on the energy norm E). Under the bootstrap

assumptions in (4.1), we have

> Bpall', ) S e (G [TV (4.5)

Proof. Recall the system of equations (1.1)), and we act the vector filed I'! with I <
N —1 to get

~Olfwi= Y RFTuTRQo(ur, ).

[T1|+[I2|<N-1

By using the ghost weight energy estimate ({2.8]), we have
> BpaC'us) S [ (07w S0P (o)
2

= L L

‘Il|+|]—2|<N 1

]klfhu FIQQO(uk,ul)ﬁtF w; | dzdt’ .




We proceed by estimating the last term

> I

[I1]4+|I2|<KN-1

t
1 I I I I )
S /o/wm'F ul D2l |Mu] |9, u] dadt

[I1]|+|I2|+|I3| <N -1

t

1
S S A Lt e | T
|I1|<N,|I2|<N-3

RMTH T2 Qo (ug, wp) 0, ;| daedt!

t
,S(C’le)4/ (1) at" < (Cre).
0
Thus we easily get

ZEgstQ(Fluiat)l/Q S €+ (Cl€>27 |I‘ S N -1 (46)

Next, we look at the case of |I| = N, and we have

> BTy, t) S / (100"l + > 0. uf?) dz(0)
i R? a

e [

|I1|+|12|<N

RIMTH 4, T2 Qo (g, w0 g | daedt.

We first divide the last estimate into two parts

> L

[I1|+[12|<N

<y [

[I1|4[12| <N, |I2| <N -1

[

[I2|=N

R{klfhquIQQo(uk,ul)(?tflui dzdt’

RMTEu, T2 Qo (ug, wp) 0, uy | dadt!

nglUjFIQQO(Um w)O ;| dedt’ == Py 4 P,

We notice that the estimate of P, part follows from what we have done for the case
of |[I| < N — 1 with
Pl 5 <01€)4

so we only need to estimate J,. We split the space domain into two parts for each
fixed t
Sine i={z : |z] < (1 +1)8}, Seat = {x : x| > (14 )%},

and the term P, can be divided into two parts

P2 = PQ(Sint) + PZ(Sea:t>7

¢
Py(S) = Z /0 /S’R{kluﬂ‘b@o(uk,ul)atFIui dxdt’.

|[I2|=N



In the region S, it holds (1 + ¢)¥/® < (r —t), and we do not even need the null
structure to have the bound

CEID DI B [ R T
[11|<N,|I2|<N-3
< (Cre)! / (1+#)"%dt' < (Cre)*
0

Then we only need to estimate the term P,(S;,;). By recalling the estimates for
null forms in Lemma [2.2] it holds

Smt) S Y // 1+t/|u|‘L Il [Tul[9,0 u| dedt!

|~’1| N,a

+ Z / / 1+t,!u\|8 | [Tul[0,T | dxdt!
|I1|=N,«x Sint

' Z // 1+t’|uHF[1UHFIQuH8tFIU|d:vdt = Po1 + Py + Pos.
[I1|<N,|I2|<N
|I1|+|I2| <N+2

It is not hard to see that the terms Ps, Py3 can be estimated in the same fashion as
the term P; with

Py + Po3 S (016)47

so we only focus on the estimate of P,;. We decompose the Lorentz boosts L, as
L, = 2,0, +10, = (xaat + raa) + (t — 1) 0,

Hence we have

Py S Z // 1+t/|u\}xa8t+r8 FhuHFuH&I‘Iu}dxdt

|[I1]=N,a
+ 2 / / 1+t/|“” (t' — )8, I |Tul| 0,0 | dadt!
|11| N,a
xaa +70,) Iy
Z // 1Jtrt' —t) ’<T_t>|“|}FUH3tFIu\dxdt’
|I‘ N,a Sint
|I1|=N,a Sint
xaa +T8 F u
Z /H‘ 1+tt’ o8 (r | prcsun 1Ol 2y L+ Ol = Ol |Pr] | o gy
|I‘ int
r
O S N e R

|I1|=N,a

10



Successively, we deduce

P212N Z / 016 +t) B/Zdt < (016)

[|=N

In order to estimate the term Py;1, we note that in the region Sy, it holds 1/(14-)%/® <
1/]z|, and we thus have

x 8t + rd, )Ty B
P211 5 ‘ ‘ ‘ T _ t/ | ’ L2(R2)(Cle)3(1 + t,) 5/8 dt/
|I1|<N,a
< (Cre)?® / H‘ xaa“”a r dt’) 1/2< / t(l + )5/ dt’)w
~ ! (r—1t) L2(R2) 0
|Il\<Na
~ (Olﬁ) .

By gathering the estimates above, the proof is complete.
O

Proposition 4.3 (Improved estimates on the L? norm). Under the bootstrap assump-
tions in (4.1), the following estimates hold

ZHFfuiHLQ(RQ < elog(l+1) + (Che)?log(1 +1), [ <N -1,

I 1/4+26 2 1/4426 _ (4.7)
Zuwum_ (101 1 (AP0, =

Proof. According to Lemma in order to show the first improved estimate in (4.7))

it suffices to show for each ¢ that

HFI <R{kluon(uk, ul)) ’ < (Cre)*(1 + t)’9/8,

L2(R2)NLL(R2)

for all [I| < N — 1. It is easy to see that

1
S — Z HrIlquLQ(RQ Z HFIZUZ'HLOO(H@)

L2RHNLI(R2) 14+t TN Lol<—3

(C 6) 5/4+4<5 < (O 6) (1 +t)—9/8’

HFI (ngluon(“k’ w)) )

where we have used Lemma [2.2]
Next we consider the case of |I| = N, and the proof in Proposition indicates
that it is easy to have

Z H <nglfllqu12Qo(uk, ul)> ’

[I1|+|12|<N,|I2|[<N -1

S (Cre)’(L+6)",

~Y

L2(R2)NL (R?)
which is integrable. Then in order to estimate the rest term

/Ot H <R{klquIQ0(uk, ul)> ‘ dt’,

L2(R2)NLL(R?)

11



we split the space region into two parts
Sy={x: ({t—7r) < (1+1)?}, Sy = {x: (t—7r)> (1+1)/%}.

We easily have in the region S, that

dt’
LZ(SQ)QLl (Sz)

t
<y / 10T 22 g ] sy

[11]<N,a

t
/ HnglUjPIQo(Uk, Ul)‘
0

¢
§(Cle)3/ (143 *log(1 4+ 1) dt’ < (Cre)>(1+t)Y4log(1 + 1).
0
We next estimate
¢
|

t t
|ul |ul
SO e D TR Y e R

[1|<N 1|=N,a

t
+|11|:ZN7Q/0 H%(@pw)}ru\(

dt’
L? (5'1)0[/1 (51)

‘R{klquIQo(uk, ul)‘

dt
L1(S1)

dt’
LY(S1)

t
< (Che)® + Z /0 1|i|t/(|(t'8a—i—rat)FIluD‘Fu”L1(51)dt/
|I1|=N,a
t
’u| / I ‘ /
+ D /0 Ty p (= oI u) Dl [, o dt

[I1|=N,«

Since it holds (r —t) < (1+ %)% in the region S}, we obtain

YUl
9, Fu‘ dt' < (Cye)?,
|I1|:Na/0 1+t’< ) I L1(S) < (@)
We are left with the estimate
> 2 (von + raprtapre | ar
ovado T ¢ L'(s1)
EN(# 0, + ro,)Th
- 3 LI omirl],, o
=N 70 A e
t (t,aa + Tat)Fhu
< /0 (r—tHr ‘ LQ(RQ)(Cle) log(1 +t/)H<T B t,>uHL°°(Sl) dt
|[I1]|=N,a
t / I
(t'0, + ro)T 1u‘ Y
< Cre)(1+ 1)~ Y4o ar',
mzzva/ﬂ (r—t)r L+ )

12



where we have applied the fact that » < 2(1 + ¢) within the region S; in the second
step, and the simple relation log*(1 4 t) < (1 +¢)? for ¢,6 > 0 in the last step, and
then Cauchy-Schwarz inequality gives us

t
> [ o+ roprtapiea|

|I1|=N,a

dt < (Cre)3(1 + t)/4+9,
sy S (Cre)* (1 +1)

The proof is done.
m

With Proposition [4.2| and Proposition [4.3| prepared, we are now ready to give the
proof of Theorem [1.1

Proof of Theorem [1.1] Recall the refined estimates in proposition [4.2] and and if
we choose (' very large (say three times larger than the implicit constant in <), and
¢ small enough such that (C1€)*> < ¢, then we obtain the refined estimates in (4.3).
Then we know T' > ty cannot be finite, that is 7" must be +o0o, and Theorem is
thus verified.

O
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