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Abstract

This document of supplementary material contains a detailed discussion of the technical condi-
tions, further numerical details and results, and all proofs. References below of the form (-*) refer
to an element (condition, theorem, equation, etc.) in the main paper.



A Discussion of technical conditions

On Condition B*  Condition B(ii)* provides a way to quantify the extremal dependence between the
observations at different time points, through the so-called tail copula function (Schmidt & Stadtmiiller
2006). Condition B(iii)* is a slightly more precise version of condition (C3) in Drees (2003), who used the
latter to obtain bounds on cluster sizes of exceedances. In particular it holds if the p-mixing coefficients
of (Y;) (in the sense of Bradley 2005) are summable, and then the coefficients p(t) can indeed be taken

as the p-mixing coefficients of the time series (Y;), because

P(AN B) < corr(1{A}, 1{B})/P(A)P(B) + P(A)P(B)

for any pair of events (A, B). Although at first sight this assumption seems to restrict our S-mixing setup,
Drees (2003) shows that it holds in general ARMA, ARCH and GARCH models that are of interest in

financial applications.
On the assumptions of Theorem 3.1%. The condition Zl21[6(l)]5/(2+5) < oo implies, and can be
replaced by, Elzl[a(l)](s/ (249) < 00, where the a-mixing coefficients of the sequence (V;) are defined by

Vi>1, a():=sup sup sup |P(ANB)—-PAP(B)|.
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The time series (Y;) is said to be a-mixing (or strongly mixing) if a(l) — 0 as | — 0o. As Section 1.1
in Doukhan (1994) points out, a-mixing is weaker than S-mixing because «(l) < (1) for any . In fact,
the condition 2121[04(5)]6/ (249) < 00 is a standard assumption for central limit theorems in strong mixing
frameworks; see Ibragimov (1962) and Rio (2017). It is also the right framework for the general theory
of tail array sums provided by Rootzén et al. (1998), which is key to our analysis of the LAWS estimator
in Theorem 3.1*. [For clarity, throughout the paper we adopted a formulation in terms of [-mixing
coefficients for consistency with our S-mixing framework.|

The condition r, (1 —7,) — 0 as n — oo plays a key role in the calculation of the asymptotic variance
of the estimator Em, and also appears in Drees (2002, 2003), Rootzén (2009) and Drees & Rootzén
(2010). Finally, condition 7, (r,/+/n(1 — 7,,))? — 0 as n — oo is used to check the Lindeberg condition of
Theorem 4.1 in Rootzén et al. (1998), which is a central limit theorem tailored to our expectile estimation
problem under the strong mixing setting. This last assumption on r,, could seem strong, due to its impact

*

on the assumed mixing rate via condition nf(l,,)/r, — 0 as n — oo in Condition B(i)*. For § small

it is indeed stronger than analogous conditions used in extreme quantile estimation: in that context,



Rootzén (2009) uses the assumption 7, /[n(1—7,)]"/2% — 0, while Drees (2003) assumes the even weaker
condition 7, log*(n(1 — 7,))/+/n(1 —7,) — 0 as n — co. As we point out in the main article, the
assumption 7, (r,,/v/n(1 —7,))° — 0 as n — oo and all the other assumptions of Theorem 3.1* are very
mild when §(l) converges to 0 geometrically fast as | — oo. In that case, our conditions are satisfied
with, for instance, I, = |C'logn|, r, = [log?(n)| and 7, = 1 —n~", for any 7 € (0,1) and sufficiently
large C.

B Additional finite-sample results

B.1 Confidence interval for intermediate expectiles

Here we use the asymptotic distribution of the direct LAWS estimator given in Theorem 3.1* to derive
a two-sided confidence interval for the expectile at the intermediate level, with (1 — «)100% nominal

coverage probability. We first propose an estimator for the asymptotic variance

Vi B) = 15 (14 (1 ) (B.1)

of Theorem 3.1*, where the expression of 0?(7y, R) is given in Theorem 3.1* and R = (R, t = 1,2,...).
Lemma C.2 implies that

lim Var< Z )Y > €} — B((Vi — £,)1{%; > smm) -8 By

t=1

We then estimate the limiting quantity in (B.2) by computing the empirical counterpart of the left-hand
side in (B.2). Specifically, we split the data into big blocks of size r,, separated by small blocks of size

l,, leading us to define the random variables

R = Tn+Jjln 1 n _ ~ )
S; = ng ]1{3/25 > ng} [(}/z - ng)ﬂ{Y; > 57'71}]

for j=0,1,...,m, —1, where m,, = |n/{,| and ¢,, = r, +1,,. We then approximate the variance in (B.2)
by computing the sample variance 2,, of (§0, ceey §mn_1). Then an estimator of the asymptotic variance
V (v, R) is given by 72 Q,,, where 7, is an estimator of the tail index .

Numerical experiments suggest that the normal distribution in Theorem 3.1* may not be a very good
approximation to the sample distribution of the rescaled expectile estimator, especially when the marginal

distribution tail is quite heavy and there is strong serial dependence, so we consider two improvements.
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First, to compensate for the poor precision offered by the Gaussian approximation in Theorem 3.1*, the
estimator of the asymptotic variance is inflated according to the serial dependence and the heaviness
of the marginal distribution tail. We then propose an alternative, possibly inflated, estimator of the

asymptotic variance,

~

V(1 R) =340, 1/2<p<2. (B.3)

When p = 2 the original estimator 32 €2, is recovered. This should be the natural option when the serial
dependence is weak /moderate and the marginal distribution tail is not too heavy. Otherwise, with strong
serial dependence and a heavier marginal distribution tail, a value ;1 < 2 can be selected and an amplified
estimate of the asymptotic variance obtained. Choosing p is delicate: in Section B.2 below we discuss a
sensible criterion for selecting p. Secondly, we note that the asymptotic result in Theorem 3.1* can be

equivalently rephrased as

vn(l—1,) 1og§ﬁ BN N(0,V(v,R)), n— oo.

We construct our confidence intervals based on this result, as simulation results suggest that the Gaussian
approximation is more accurate on the log scale. We therefore propose the confidence interval

(B.4)

ng exp | zaso Vn( R) - Vn (77 R)
n( n(

RALNEELA , &r, €XP Z1—a/2 )
1—1,) 1—7,)
where ng is the direct LAWS estimator, \A/n(% R) is the sample estimator in (B.3) and 2,2 and z1_q/2
are the (a/2) and (1 — «/2) standard normal quantiles, with o € (0,1). We call the estimator in (B.4)
the LAWS-D-H estimator, where D stands for dependent, when 7, = 37, and the LAWS-D-E estimator
when 7, = 72 in Equation (B.3).
Finally, we recall that for i.i.d. data (Daouia et al. 2018) the asymptotic variance of the direct LAWS

estimator is V (v, R) = 2v3/(1 — 2v). In this case, an asymptotic (1 — a)—confidence interval is

We call this the LAWS-IID-H(E) confidence interval, depending on whether ¥4 or 7% is used.




B.2 Finite-sample performance of point and interval expectile estimation

at intermediate levels

Here we analyse the finite-sample performance of the direct LAWS estimator proposed in Section 3.1* and
the confidence interval discussed in Section B.1 by considering a selection of models that include those
of Section 7.1*. We consider AR, ARMA, ARCH and GARCH models. Specifically, we first consider the
AR(1) family Y, 11 = ¢Y; +e4.1, where the innovations ¢; are i.i.d. and have a Student-¢ distribution with

v > 0 degrees of freedom. We choose
(i) $=0.8, v =3;
(ii) ¢ =0.8, v =4.

These models exhibit fairly strong linear dependence. We then consider the ARMA(1,1) family Y, =
@Y, + €141 + ¢4, where the innovations ¢, are i.i.d. and have a symmetric Pareto distribution with shape

parameter ¢ > 0. We consider
(i) ¢ =0.95,60=0.9, ¢ =3;
(iv) ¢ =0.95, 0 =—-0.6, ( = 3;
(v) ¢=0.95 60=—-0.9, (= 3;
(vi) =0.3,0=0.9,(=3.

Strong linear dependence is present in the first two models and weaker linear dependence appears in the
second two models. We recall that for standard linear time series with a heavy-tailed innovation satisfying
the so-called tail balance condition, which is the case for models (7)-(vi), the tail index of the time series
is equal to the tail index of its innovations. Thus the tail index in models (7)-(vi) is always 1/3 except
in model (#7), where it is 1/4. Finally, we consider the nonlinear GARCH(1,1) family Y; 11 = 04116441,
where 07, = ag + oy Y2 + o7, and (g) is a sequence of i.i.d. Gaussian innovations. We work on two

ARCH models and two proper GARCH models:
(vii) ap =0.0001, oy = 0.9, 8 = 0;
(viii) ap = 0.4, aq = 0.6, B =0;

(i) ap = 0.0001, oy = 0.4, 5 =0.5;



() ap=0.1, a1 =04, f=0.4.

The marginal distribution Fy is heavy-tailed in such ARCH/GARCH models, under suitable conditions,
see e.g., Chapter 8 of Embrechts et al. (1997). The actual value of the tail index, however, can only
be calculated numerically, for instance using Theorem 2.1 in Mikosch & Starica (2000). The tail index
in models (vii)-(z) is respectively approximately 0.434, 0.262, 0.302 and 0.239. In addition, these four
models feature quadratic serial dependence. The time series models (7ii)-(viz) and (iz) have also been
investigated by Drees (2003).

Our goal is to investigate the behaviour of our estimators with respect to changes in the sample size n
and the intermediate level 7,,. Specifically, for each of the models (i)-(z) we simulate 10* samples of size
n = 250 x m, where 250 represents the number of trading days in a financial year, and m is the number of
years. To obtain realistic sample sizes, we take m = 10, 20, 30, 40. Then, we consider the intermediate
levels 7, = 1 —1/+/n ~ 0.980, 0.986, 0.988, 0.990. For each simulated sample we compute an estimate of
&, and a confidence interval for it using the direct LAWS estimator Em and direct LAWS-D-E confidence
interval in (B.4). Then, we compute a Monte Carlo approximation of the (actual) coverage probability
and of the bias and relative variance of ng /&, — 1. The true value of £, is not explicit, but can be
estimated to a high degree of accuracy by direct Monte-Carlo averaging, via the use of Equation (1*),
using 1000 samples of size 5 x 107 from each time series model.

Details of the construction of our confidence intervals are as follows. The asymptotic variance V (v, R)
in (B.1) is estimated with the estimator V,(y, R) in (B.3) obtained using big and small blocks of sizes
rn = |log*(n)| and I, = |Clogn], respectively, for suitable values of the constant C' > 0 (these are
inspired by the conditions of Theorem 3.1*). The constant C' is chosen such that [, is greater than or
equal to a lag after which the value of the sample autocorrelation is small, e.g., smaller than 0.1. To select
1, we recall that from simulations it appears that with small and moderate sample sizes the tail index
can be severely underestimated when the data show strong serial dependence. We therefore compute the
sample autocorrelation, and if it is smaller than 0.1 before the 25th lag we decide that the data show
mild or weak serial dependence and set u = 2 if 7, < 1/5 (light heavy tail), p = 1if 1/5 <7, < 1/3
(moderate heavy tail) and finally p = 1/2 if 5,, > 1/3 (very heavy tail). Otherwise, if the lag 25 sample
autocorrelation exceeds 0.1 we decide that the data show strong serial dependence and set p = 2 if
T <1/8, n=1if1/8 <7, <1/5and p=1/2if 7, > 1/5. This may yield an inconsistent estimator of
the asymptotic variance, but for our sample sizes this procedure seems to work reasonably well.

Tables B.2 (for 7, = 7¥) and B.3 (for 5, = F) present the simulation results. According to
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Model T, = 0.980 Tn = 0.986 Tn = 0.988 Tn = 0.990

) 2.666 [2.661, 2.671
(i) 2.160 [2.158, 2.163
(i) 4.821 [4.811, 4.832
1.190 [1.187, 1.192

[ 2.974 [2.968, 2.980
[
[

) [

(v)  0.726 [0.725, 0.727

[
[
[
[
[

2.373 [2.370, 2.376
5.247 [5.235, 5.259] 5.496 [5.483, 5.509
1.297 [1.294, 1.299] 1.360 |1.358, 1.363

[ ] 3.165 [3.157, 3.172
[ ] [
[ ] [
[ ] [
0.816 [0.815, 0.817] 0.873 [0.872, 0.874
[ ] [
[ ] [
[ ] [
[ ] [
[ ] [

2.500 |2.497, 2.503

3.305 [3.297,3.312
2.591 [2.588, 2.594
5.675 [5.660, 5.688
1.406 [1.403, 1.409
0.916 [0.914, 0.917
4.516 [4.510, 4.523
[
[
[
[

—

(vi)  3.737 [3.734, 3.741
(vii)  0.043 [0.043, 0.044

) 1.566 [1.565, 1.568
(iz)  0.050 [0.050, 0.050
(z)  1.103 [1.102, 1.105

4.108 [4.103, 4.112] 4.342 [4.336, 4.347
0.051 |0.050, 0.051] 0.056 [0.055, 0.056
1.752 [1.750, 1.754] 1.867 |1.864, 1.869
0.057 [0.057, 0.057] 0.061 |[0.061, 0.061
1.227 {1.226, 1.229] 1.303 [1.301, 1.305

0.060 [0.059, 0.060
1.951 [1.949, 1.954
0.064 {0.064, 0.064
1.359 |1.357, 1.361

., = = S L S = 2 ==
- O = == S = S

Table B.1: Approximate values for the expectile &, obtained with the models (7)-(z ), with 95% confidence

intervals in brackets.

the asymptotic theory of Theorem 3.1*, the variance and bias terms globally decrease as the sample
size increases, with variations due to the dependence structure and the heavy-tail framework. When
estimating v using 7, = 7%, the coverage probabilities of our confidence intervals are satisfactory, with
coverage around 85% in the worst case. The LAWS-D-E confidence interval also tends to perform better
than its LAWS-D-H counterpart, as a comparison of Tables B.2 and B.3 shows. However, the results
obtained with the AR(1) and ARMA(1,1) models (7)-(v) indicate that the confidence intervals have a
coverage probability that is too low in the presence of strong linear dependence. Similarly, the results
for the ARCH(1) model (vii) and GARCH(1,1) model (iz) suggest that the intervals can also have a
low coverage probability when the tail of the marginal distribution is quite heavy; recall that v ~ 0.432
and 0.302 with these models. Although not perfect, our intervals take into account the serial dependence
in the data and improve considerably on those rooted in i.i.d. theory, whose coverage probabilities are
reported between brackets in Tables B.2 and B.3.

Finally, we repeated the first simulation experiment of this section but kept the sample size fixed in
order to verify the robustness of our inferential procedure with respect to the violation of the condition
n(l — 7,) — oo. For each of the time series models (i)-(z) we simulated 10* samples of size n = 2500

and considered the intermediate levels 7 = 0.980, 0.986, 0.988, 0.990. The rest of the simulation settings



m Model Bias Std dev Cov prob Model Bias Std dev  Cov prob

10 (i) 098 1487 86.7(64.1) (vi) 1.282 0810 95.8(77.5)
20 1.966  1.322  90.1(62.7) 0.384  0.653  96.6(78.3)
30 0.393  1.157 91.0(63.8) 1373 0.652  96.5(77.6)
40 4172 1556 92.4(63.0) 0.569  0.576  97.5(78.3)
10 (i) 0237 0844 88.8(66.4) (vii) 61.458 56.798 87.6(65.9)
20 0.180  0.629  92.7(67.2) 18.135 2911  89.9(68.0)
30 0.041 0.539  93.6(67.4) 9.866  2.399  91.3(69.0)
40 0.001  0.454  94.9(66.6) 16.809 3.234  91.5(69.7)
10 (i) 9.235 1.766 86.2(33.6) (viii) 0.611 0974  95.0(87.3)
20 1.611 1553  87.2(35.2) 0.110  0.640  95.3(87.1)
30 0.003 1.2290  88.8(34.5) 0.120  0.603  95.9(86.6)
40 0.178 1.176  88.4(35.6) 0.021 0502  96.4(85.7)
10 (i) 2172 1440 87.2(43.7) (i) 4932 2243  84.9(70.0)
20 0.111  1.395  90.5(44.2) 1.314 1334 87.0(69.9)
30 0.441  0.930  90.6(44.7) 0.841  1.309  88.7(68.7)
40 0.113  0.845 91.2(45.2) 1.372 1374 89.6(68.0)
10 (v) 0.633 0878 95.0(88.5) (z) 0494 1.074 92.6(83L1)
20 0.106  0.624  95.4(91.4) 0.086  0.683 93.8(79.2)
30 0.016 0.590  96.9(92.7) 0.001  0.576 94.9(77.8)
40 0.076  0.546  97.0(91.8) 0.046 0514 95.4(78.2)

Table B.2: Monte-Carlo simulations: bias x10° and standard deviation x10 of the relative estimator
(&, /& — 1) and coverage probability (in %) for the estimator in (B.4), with 95% nominal level, obtained
with sample size n = 250 x m, and estimating the tail index with ¥%. The brackets contain the empirical

coverage of the corresponding LAWS-IID-E interval.

remained unchanged.
Table B.4 collects the results, which remain satisfactory overall, leading to conclusions similar to those

of the first experiment: the results deteriorate when the tail of the marginal distribution is heavier or



m  Model Coverage Model Coverage

10 (i) 83.0(58.9) (vi) 91.9(79.5)
20 87.3(61.2) 95.1 (80.8)
30 89.9 (61.6) 96.1 (80.3)
40 90.9 (61.9) 96.9 (80.6)
10 (i) 75.2(52.9) (vii) 86.4(57.7)
20 77.0 (55.0) 89.4 (61.8)
30 78.7 (56.7) 90.4 (63.8)
40 79.3 (57.8) 91.9 (65.4)
10 (i) 62.7(20.9) (viii) 93.8(82.8)
20 69.6 (22.4) 94.6 (82.8)
30 73.3(24.5) 95.8(83.1)
40 75.4(25.3) 95.7 (82.4)
10 (i) 745(32.0) (iz) 83.6(65.6)
20 81.0 (36.6) 86.7 (66.9)
30 85.0 (39.7) 87.7(67.7)
40 86.6 (40.7) 88.6 (67.2)
10 (v) 94.7(88.9) (z) 89.7(73.6)
20 96.4 (90.7) 91.9(73.6)
30 97.1(91.9) 92.8 (73.6)
40 97.4(92.5) 94.2 (72.6)

Table B.3: Empirical coverages (%) of the interval (B.4) with o = 0.05 when n = 250 x m and the tail
index is estimated by 7. The brackets contain the empirical coverages of the corresponding LAWS-IID-

H interval.

the serial dependence is stronger. In contrast to the previous simulation results, here they also slightly
deteriorate with increasing intermediate levels because expectile estimation is increasingly challenging as

the intermediate level grows. Similar conclusions hold for the coverage probabilities.



T Model Bias Std dev Cov Prob Model Bias Std dev Cov Prob

0980 () 2992 1965 87.1(64.0) (vi) 0886 0.759  95.4(77.5)
0.986 2296  1.933  85.6(65.3) 3.580 1.067 93.4(78.3)
0.988 4017 1.927  83.6(65.6) 4465 1.145  92.3(78.5)
0.990 11.161  2.623  82.3(64.9) 3.568 1.214  90.5(78.8)
0.980 (i) 0.753  0.840 89.1(66.1) (vii) 0.036 3.483  87.9(65.9)
0.986 0.304 0973 88.9(67.4) 0.091  4.247  84.0(64.4)
0.988 0.007  0.998  88.1(67.4) 0.013 4.871 82.1(63.8)
0.990 0.007  1.008  84.2(67.5) 0.146  7.865  79.4(62.0)
0.980 (i) 6.096 1.908 85.3(34.4) (viii) 0.221 0.838  94.5(87.6)
0.986 3230  2.073  80.4(35.3) 0222 1.143  93.8(86.7)
0.988 3.786 2107 77.4(36.1) 0.137  1.000  93.6(86.6)
0.990 13.853  1.978  74.5(35.2) 0259 1.148  92.7(85.7)

0.980 (i) 1.942 1448 86.5(42.9) (i) 0.010 1.694  84.6(69.5)
0.986 1.353 1728  83.3(44.2) 0.010 2.075  82.2(69.0)
0.988 2.166  1.597  81.6(46.5) 0.010 2.933  80.4(67.8)
0.990 0.727  1.685  79.9(49.4) 0.020 2.362 79.7(67.8)
0980 (v) 0.071 0768 94.7(88.9) (z) 0.002 0.852 92.8(80.3)
0.986 0.338  0.931 94.8(89.7) 0.726  1.035  91.0(79.8)
0.988 0.299  0.967  94.7(90.1) 2.351  1.051  90.6(79.9)
0.990 2.672  1.188  94.3(89.6) 1.044  1.103  90.4(80.0)

Table B.4: Monte-Carlo simulations: bias x10° and standard deviation x10 of the relative estimator
(&, /& — 1) and coverage probability (in %) for the estimator in (B.4), with 95% nominal level, obtained
with sample size n = 2500, and estimating the tail index with 3. Next to the coverage probability, we

report (between brackets) the coverage probability obtained using the LAWS-IID-E interval.
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B.3 Further results

We provide approximate values of the true expectiles at level 7, and QMESy (the latter used in
Section 7.2*) in Table B.5 and graphs of non-coverage probabilities of our confidence intervals in models
(7)-(z) at the extreme levels 0.9995 and 0.9999 in Figures B.1, B.2 and B.3. The models (a), (b), (¢)
and (d) considered in the main paper respectively correspond to models (%), (i), (viii) and (z) of this
document. We also report graphs of tail index estimates for our real data illustrations in Figures B.4

and B.5.
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Model 7/ = 0.9995 7/ = 0.9999

(i) 8120 [ 8.032, 8.219] 13.612 [13.253,14.017]
(i) 5.002[ 4.978, 5.027] 7.152 [ 7.068, 7.238]
(i) 10.290 [10.130,10.461] 15.836 [15.140, 16.778]
(iv) 2.882 [ 2.845, 2.927]  4.722 [ 4.588, 4.911]
(v)  2.482 ] 2468, 2.496]  4.240 [ 4.186, 4.303]
(vi)  10.955 [10.866,11.044] 18.388 [18.057, 18.767]
(vii) 0.222 [ 0.217, 0.229]  0.447 [ 0.428, 0.473]
(viid) 4546 [ 4.521, 4.571]  6.984 [ 6.903, 7.064]
(iz)  0.164 ] 0.163, 0.166] 0.269 [ 0.262, 0.276]
(z) 2978 2.963, 2.994] 4.419 [ 4.372, 4.469]
Model 7/ (cv,) = 0.9995 7! (ay,) = 0.9999
(e) 9.674 [ 9.553, 9.823]  16.479 [15.988,17.078|
(f)  13.137 [12.967,13.346]  21.188 [20.262, 22.418]
(@) 6.101] 5991, 6.226]  8.543 [ 8.166, 8.925]
(h)  6.887[ 6.772, 7.022]  10.628 [10.217,11.153]

Table B.5: Top: Approximate values for the expectile &, obtained with the time series models (7)-(z),
with 95% confidence intervals between brackets. Results obtained from Equation (1*) by Monte-Carlo
averaging, using 1000 samples of size 5 x 107 from each model. Models (a), (b), (c) and (d) considered in
Section 7.1* of the main paper respectively correspond to models (%), (#ii), (viii) and (z) here. Bottom:
Approximate values for the marginal expected shortfall QMESy , for the models (e), (f), (g) and (h)
considered in Section 7.2*. Results obtained from Equation (4*) by Monte-Carlo averaging, using 1000

samples of size 5 x 107 from each model.
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Figure B.4: Tail index estimation for the financial data in Section 8.1* and the two banks in Section 8.2%,
showing point estimates of v obtained with the Hill (blue dashed line), ML (green dotted line) and
MB (black solid line) estimators. Top row: S&P 500 and Dow Jones Industrial Average, bottom row:
Goldman Sachs and Morgan Stanley.
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Figure B.5: Complement to the financial data analysis in Section 8.2*. Left panel: Daily log-returns of
the aggregated market index. Right panel: Point estimates of the tail index vy of these daily log-returns
obtained with the Hill (blue dashed line), ML (green dotted line) and MB (black solid line) estimators.
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C Proofs

We first state a couple of facts that will be used multiple times in our proofs. If Z, a random variable
having survival function F and tail quantile function U, is heavy-tailed with tail index «, and if 7,, T 1

and z, — 0o as n — oo, then the convergences

Zn

— 2z € (0,00) and ETNED)

— 2z 7 asn — 00,

are equivalent. This local inversion property is a consequence of Definition B.1.8 and Proposition B.1.9.10
(pp. 366-367) in de Haan & Ferreira (2006). In particular, if E|Z_| < co and v < 1, then high expectiles
&, of Z are well-defined and satisfy

F(é.Tn) —1 ng -1 _
1_—7_n—>’)/ —1 and W%(’Y —1)7asn%oo.

See for instance Proposition 1 in Daouia et al. (2019) in the case p = 2 (with the notation therein). In

what follows, this will be referred to as the asymptotic proportionality of expectiles and quantiles.

Lemma C.1 establishes the convergence of a rescaled multivariate exceedance probability (above high

thresholds) to the tail copula. It is a stronger version of Lemma 5 in Stupfler (2019).

Lemma C.1. Assume that X1,..., Xy are heavy-tailed random wvariables with continuous distribution
functions Fi, ..., Fy, tail quantile functions Uy, ..., Uy and tail indices vy, . ..,7vq. Suppose that there is a

function R on [0,00]?\ {(o0,...,00)} such that

Y(z1, ... 2q) € [0,00]9\ {(00,...,00)}, lim sP (Fj(xj) <%1<j< d) = R(z1, ..., 4).

S—+00 S -
Let 7, 7 1 and a;,, 1 < j < d be sequences such that a;,/U;((1—7,)"") = a; € (0,00) as n — oco. Then
for any x1,..., x4 > 0,

1

1—m7,

P(X; >aj,zj, 1<j<d)— R (al_l/“xl_l/“, o ,a;“”x;l”d> as n — oo.
Proof of Lemma C.1. Pick z,...,z4 > 0. By continuity of the Fj,

lim S]P(Xj > Uj(S/.ij), 1 S] < d) = R(.ﬁlﬁl, R ,l‘d).

S§—00
Now pick an arbitrary € € (0, 1). The regular variation of U, yields

@jnlj

Ui((1 = )(aza;) 5 (1 — 7))

S (1—g)% > 1.
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We therefore find, for n large enough, that
]P)(XJ > ajm:cj, 1 S j S d) S P (XJ > UJ<(1 — 8)(CLjSL’j)1/’Yj<1 — Tn)il), 1 S j S d) .

By 1-homogeneity of R (a direct consequence of its definition), this yields

lim sup
n—00 — Tn

P(X; >ajnxj, 1<j<d)<(l—¢)” 1R( “1/m, 1/717 . ’agl/ﬁ/dx;/yd)

with an analogous lower bound for the limit inferior with € replaced by —e. Letting ¢ | 0 completes the

proof. [
Lemma C.2 is important for the calculation of the asymptotic variance in Theorem 3.1*.

Lemma C.2. Assume that Conditions A*, B(ii)* and B(iii)* are satisfied. Let r, — oo and 7, T 1 be
such that r,(1 —7,) = 0 and n(1 —7,) — 00 as n — oo. Then, if s, — 00 is a sequence of integers such

that s, = O(ry,), we have, as n — oo,

(\/772 {Y;, > &, } —P(Y; > &,J]) — (v =1) (1 +2) R, 1)) < 00

If moreover 0 < v < 1/2, then we also have, as n — oo,

(\/7 Z ng §Tn H{Yt > ng} E(( 1= é.Tn):ﬂ‘{Yi > ng})]>

2y -1 -1 -1
— + 2(y —1)// Ri(z=Y7, y Y da dy < .
o ( [LW; i )

Proof of Lemma C.2. We only prove the second convergence result; the proof of the first uses the same

ideas but is much simpler. By stationarity of (V}),

Var (\/77—” Z ng 57-” IL{Y;S > Sm} E(( 1= ng)]l{Yi > gm})]>

1 L= 1
= mvar((}/l - 5’7%)1{}/1 > an}) - (IS—T% [E((Yi — &_n>]1{§/1 > an})]Q
Sn—1
+ i 52 Z =& )Yip = 6,)1{ > & Y > 60 )). (C.5)
n) T ¢=1

Equation (B.11) in the proof of Lemma 4 in Daouia et al. (2018), applied for both @ = 1 and 2, yields

1 Sp — 1 2
mvaf((yl - &)Y > &) — T—me E((Y1 = &,) {1 > &, 1))

2y
1 27y Fo(l). (C.6)
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We now concentrate on the sum in (C.5). An integration by parts and a change of variables provide

Spn—1
2 n
m tzl(sn —HE((Y1 = &,) (Y — &) 1H{Y1 > &, Y > &0, })
=2 n P (Y; _z,Y, T Ry .
; Sn, //[1700)21_7_71 (Y1 > &, Y > &y)dedy 1{E < s, } (C.7)

From the asymptotic proportionality of expectiles and quantiles, Condition B(ii)* and Lemma C.1,

s,—t 1
S, 1—m1,

P(Y,>&,2,Y >Ey)I{t<s, ) — (' —1DR; (x’l/v,y’l/w) (C.8)

as n — 00, pointwise in x,y > 1 for any positive integer . We then swap limit and sum of integrals
in (C.7), noting that, by continuity of F', Potter bounds (see Proposition B.1.9.5 in de Haan & Ferreira
2006), Condition B(iii)* and the asymptotic proportionality of expectiles and quantiles, we have, for any
e >0,

s,—t 1
S, 1—m,

P(Y1 > &2, Vi > &,y) 1{t < s}

<

P (F(Y1) < Ca V7 F (&), F(Yin) < Cy VM F(E,) Lt < su)

J— T’I’L

_ Tl

- 1-7,

(p(t)at2rtey=2%e L F(g, a2yt 1t < s}

IN

C (p(t)x_1/27+5y_1/27+5 +(1- Tn)x_1/7+25y_1/7+25) 1{t < s,} (C.9)

for n large enough, irrespective of the values of the positive integer t and x, y > 1; here C'is an unimportant
positive constant whose value may change from one line to the next. Now choose ¢ such that (14¢)2y < 1

(which is possible since 7 < 1/2). The upper bound satisfies
(p(t)x—l/?y—i-sy—l/?y—f—a + (1 - Tn>x—1/7+25y—1/y+25> ﬂ{t < Sn} N p(t):L,—1/27—‘,-5y—1/27—‘,—57 (ClO)

as n — 0o, pointwise in ¢, x, y. The functions u — u~/?*¢ and u — u~/7*% are both integrable on

[1,00)?, s0

Z // (p(t):v_l/gway_l/zwa +(1- Tn)a:_l/w%y_l/””a) dz dyl{t < s,}
t=1 [1,00)2

— Z //[ . p(t)xV2rey =12t qa dy < oo, (C.11)
t=1 1,00
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as n — oo, by splitting the sum and using the convergence s, (1 —7,,) — 0. A combination of Theorem 1

in Pratt (1960) with (C.7), (C.8), (C.9), (C.10), (C.11) and the Tonelli theorem yields, as n — oo,

Sp—1

2
sl =) ;(Sn —HE((Y1 — &) (Vi — &)1{Y1 > & Y > &0, )
Z // (277, y™) dzdy. (C.12)
1,00)2
Combining (C.5), (C.6) and (C.12) completes the proof. O

Proof of Theorem 3.1*. Define a convex function 1, by
1 < wé;
n\U) ‘= S5~ n Y_Tn_—n _TnY_Tn
() 2%1;[77 (t 3 n(l_Tn)> M (Vi 5)]
and define ¢, (y) = |7 — 1{y < 0}|y. Use (B.12) in the proof of Theorem 2 in Daouia et al. (2018) (a

purely analytical step that is not impacted by the time series context) to find

n(l—m,) gﬁ — 1| = argmin,(u) = argmin{—uT , + T, (u)} (C.13)
ng u€R u€R
With Ty, 1= — e &)

/—Tn Z ‘. — ., (Y,

1™ ugm/m
and Ty, (u) == ——- /

2
Tn t=1 0

(@Tn(Y;ﬁ - ng - Z) - @Tn(Y;f - ng)) dz

We concentrate on T}, first. Use the identities E(p,, (Y1 — &) = 0 and ¢, () = (1 — 7))z + (27, —
Da1{z > 0} to write

Tl,n

W Z g, I —E)
\/725 — &)Y > &) - BV = &)1 > &, )]
=: Tl(n) + (27, — 1)T1(72T2. (C.14)

We analyse the convergences of T ) and T separately. Note that Tl(lrz is centred and satisfies, by
stationarity of (V;),

Var(Tl(;z) = g _2 ™) (Var(Yl + 22 n-l Cov(Y1, Y1) I{l < n})

Tn =1
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2+% < 00, Using Lemma 1.3 in Ibragimov (1962), we can find a finite

Our assumptions ensure that E|Y]
constant C' such that | Cov (Y1, Yi1)| < Cla(1)]%/3+9. Therefore, by the dominated convergence theorem,

one obtains, as n — oo,

o0 o l o0
Z nT Cov(Y, Y1) I{l <n} — ZCOV(Yl,YHl) < 0
=1 =1

and in particular Var(T( Y =0((1 - Ta)/&2 ) — 0 as n — co. From this we conclude that
) L0, (C.15)

We now focus on the term Tl(Qn)

. To analyse its convergence, we use Theorem 4.1 in Rootzén et al. (1998),
which is a central limit theorem for tail array sums. We first check the assumptions of this theorem.

Recall, for i < j, the notation F; ; = o(Y;, Yit1,...,Y;) and note that for any n > 2 and | < n,
ay(l) :==sup{|P(AN B) —P(A)P(B)|, A€ Fix, B € Frpin, L <k <n—1} <afl).

Consequently, in the terminology of Rootzén et al. (1998), the time series (Y, ¢ > 1) is strongly mixing
(an(l),1,). Let further, for any positive sequence of integers (s,) converging to infinity and such that

Sp < Ty,

oy, = Var <\/7 Z &n — &)Y > & - E(( - &) 1{Y > &J)])

and set
I

ol mfm

U, (z) = [z1{z > 0} —E((Y1 — &) 1{Y1 > &, })]

With this notation,

2 n 2
TS W ) = [T

1,n>
n

where T 1(3;3 is, in the terminology of Rootzén et al. (1998), a tail array sum satisfying the so-called basic

assumptions of Section 2 therein. Furthermore

E(V, (Y1 —¢&.,)) =0 and Var (i v, (Y; — ng)> — %"

by definition of ¥,, and afn. Besides, by Lemma C.2 and for any sequence (s,) converging to infinity

such that s, < r,,

2 (0.9}

no 2
. oy | 727 +2(y 1 =1) // ZRt (277, ™) dady < 0o as n — oo. (C.16)
n - [1,00)2 55
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Consequently, as n — oo,

Sn _ MO2 /Sn s
v U, ( )] == =0(—).
e (Gpmei-n) =iz -o (2)
Recalling that l,,/r, — 0 and r,/n — 0 as n — oo, we find that assumption (2.3) of Rootzén et al. (1998)
is satisfied. Note finally that, letting Z,,; := > ;" U, (Y; — &), we have, for any £ > 0,

n _ n
P22 1| Znal > €}) £ 670 x CEIZuaP = O (nrb B (Y - €, )1P)

by Hoélder’s inequality. Combining Equation (B.11) in the proof of Lemma 4 in Daouia et al. (2018) with
our Equation (C.16) and Hoélder’s inequality again, we find

n
—E(Z%,1{|Z,,1| > ¢}) = Ty | — — 0 as n — oo.
N ( n,1 {| 71| }) [\/Tﬂl]
Theorem 4.1 in Rootzén et al. (1998) then entails T() — N(0,1), or equivalently, by (C.16) and
Slutsky’s lemma,
2
(21, — 1)T1(,272 LN . 72 // Y7y~ dedy x Z, (C.17)
- [1,00)2

where Z has a standard Gaussian distribution. We now turn to the control of T3 ,(u), which we rewrite

as

T27n(u) = T37n(u) — T

Tn Y0

[E(@Tn(}/l - ng - Z)) - E(SOT”(Yi - Sm))] dz

The second term on the right-hand side is purely deterministic, so it can be controlled just as in the

n /u&—n/\/n(l—'rn)

i.i.d. case. By Equation (B.19) in the proof of Theorem 2 in Daouia et al. (2018),

u—2(1 +0o(1)) + 15, (u), (C.18)

12 n

with Ty, (u) == —— Z

Tn t=1 0

[Snt(&r +2) = Snal&r)l dz,

where S, :(v) = ¢, (Y; —v) — E(p,, (Y1 —v)). We finally control T3, (u). By Lemma 3 in Daouia et al.
(2018), one has

= [Sne(&rs +2) = Sapl&r)] = lIm — Y < &} = Bl — KV < & M1 2
+ 2 = DY =&, — 2)({Y, <& + 2} — Y <& })
- (27—n - I)E[(Y;f - ng - Z)(]I{Y;f < ng + Z} - H{Yt < ng})]
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Noting that 1{Y; < &, +2} —W{V; <&, t=1{z > Y, —¢,, Vi > &, tif 2 >0and —1{z < YV, - &, ,Y; <
&, } otherwise, straightforward calculations entail
u? 1 u
Tyn(u) = (21 — 1) X P oY > &, - P(Yi > &)

2 n(l-m) =

n

B 272,1 - 1 Z (Yt e - %) [1{Y; <&, +ué. //n(l—1)} —1{Y; <&

;. — (1—m,

—nkE <Y1 =& %) [I{Y1 <& +u /vl —m)} — 1H{Y1 <&, 3| oo (C.19)

n(l—m,

The sum

> Y > &} —P(Yy > &,)]

t=1

bt
n(l—m,)

is again a centred tail array sum in the terminology of Rootzén et al. (1998) and satisfies the basic
assumptions of Section 2 therein. Lemma C.2 entails that, for any sequence (s,) of integers tending to

infinity with s,, = O(r,,), we have

n 1 w“ 1

t=1
as n — 0o. This tail array sum thus satisfies the assumptions of Corollary 2.2 of Rootzén et al. (1998),

and by choosing s,, = r,, we find that this result implies

n

1 P
- ;[H{Yt > 6.} —P(Yi > &,)] 0. (C.20)
Finally
2
xS (m e - %) L < 6, +ue /T =7}~ 105 <6,

< [P > &, — Julgr, VAL = 7)) = POV > &, + fulg,, /(L= )]

n

o (Pm > &L= |ul/ VAT =7))) BV > &, [L+ Jul//n(T=7) m]))

P(Yl > an) P<YI > ng)

by asymptotic proportionality of expectiles and quantiles. Proposition B.1.10 in de Haan & Ferreira

(2006) implies that for all u,, — oo and &, — 0, P(Y] > u,[1 +&,])/P(Y1 > u,) — 1 as n — oo, giving

%E (3/1 - ng - L)) []l{Yl < éTn + uan/ V n(l - T’fL)} - ]1{}/1 < 57%}] = 0(1) <C21>

= n(l -7,
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Consequently

A n(l -7,

Combining (C.19), (C.20), (C.21) and (C.22) entails
Ty (1) — 0. (C.23)

We finally combine (C.13), (C.14), (C.15), (C.17), (C.18) and (C.23) with Theorem 5 in Knight (1999)

to get
&
n(l—m) | —=-1
<€7—n
N ' 27 +2(y! 1)// iR( Uy y=1/7) dzd xz+u2
argmin ¢ —u 1 — Uy~ xdy —
u€eR 1 - 2’7 [1,00)2 1 ' 2’}/
273 -
= T4 29(1 — ) // ZRt (x=1/7, y=1/7)dedy x Z.
1-— 2’)/ [1,00)2 —1
The proof is complete. O

Under Condition C* we now provide a high-level result that makes it possible to quantify the bias incurred

by using convergence (2*). This and Theorem 3.3*, are the key ingredients in the proof of Corollary 3.4*.

Proposition C.3. Assume that E|Y_| < oo and Condition C* holds with 0 < v < 1. Assume further

that 7, 1T 1 and n(1 — 7,) = 00 as n — co. Suppose also that there is a nondegenerate limiting random

pair (I',©) such that

n(l— 1) <% — Z— - 1) 4 (T,0). (C.24)
If /n(1 = 1) A((1 = 7,)71) = M € R and \/n(1 —7,,)q;' = Ay € R as n — oo, then
& J
n(l—1,) 5——1 — m()+60 -

with m(7y) :== (1 —y)™' —log(y™* — 1) and

-1 _1)-r -1 1)y
A::((7 )P 07 =)
IL—y—p p

) A+ — 1R ).

This proposition makes no assumptions about the dependence within the time series (Y;) and, unlike the

related Theorem 1 in Daouia et al. (2018), does not require the distribution function F' to be increasing.
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Proof of Proposition C.3. An inspection of the proof of Theorem 1 in Daouia et al. (2018) reveals
that (C.24) ensures the desired convergence (in particular, the independence assumption is unnecessary).
To see why the assumption that F' be increasing can be dropped, apply Proposition 1(i) in Daouia et al.

(2020) rather than Corollary 1 in Daouia et al. (2018) to control the asymptotic bias of the estimator. [

Proof of Theorem 3.53°. We prove this result in two steps: we first consider the case so = 1 and we then

show the result for an arbitrary sy, > 0.

Step 1: the case sy = 1. Forany t > 1, let Z; = 1/F(Y}). Since F is continuous, (Z;) is clearly a strictly

stationary time series whose marginal distribution is standard Pareto, i.e. with distribution function

G:z+—1—2""on[1,00). One readily checks that (Y;) < (U(Zy)). Besides, (F(Y;)) = (1/Z,) = (G(Zy)),
and in particular the sequence (Z;) satisfies Conditions A* and B*.
Define k = k,, = n(1 — 7,) and apply Theorem 2.1 of Drees (2003) to the sequence (Z;): there are

versions of the process (Z,_|ks|n)sc(0,1] such that

i Co (1 ) o (L (C.25)
n n—|ks|;n = S \/%S S P \/% .

uniformly in s € (0,1], with W a centred Gaussian process having covariance function r as in the

statement of Theorem 3.3*, and an arbitrarily small € > 0. In particular, the increments W (t) — W (s)
are Gaussian centred with variance E[(W (t) — W (s))?| = r(t,t) — 2r(s,t) + r(s,s). Therefore, for any

integer p > 2, there is a constant C,, > 0 with
Vs, t € [0,1], E[(W(t) — W(s))*] = Cp(r(t,t) — 2r(s,t) + (s, s))".

It is then a straightforward consequence of Condition B(ii)* and B(iii)* that there is another constant
C, > 0 such that
Vs,t € [0,1], E[(W(t) — W(s))*] < Cpft — 5|

Deduce from the Kolmogorov continuity criterion (see e.g. Theorem 2.1 p.26 of Revuz & Yor 2005) that W
has a (Hoélder) continuous modification W that satisfies, for any £ > 0, s~/ 2+5W(s) — 0 with probability
1 as s — 0. This modification W is indistinguishable from W in the sense of Definition 1.7 of Revuz &
Yor (2005, p.19), because W is necessarily left-continuous as a uniform limit of left-continuous processes
from (C.25), and so with probability 1 we can write W = W. We do so in the sequel without further
mention. We remark also that (C.25) entails, uniformly in s € [1/(2k), 1], ksZ,_|ks)n/n = Op(k®), and

especially Z,, ,/n = Op(k®), for any arbitrarily small € > 0.
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For a small fixed § € (0,1/4), let s,(6) = k~'*2_ Then s,(6) — 0 and [s,,(6)] /270 /Vk = k2" — 0
as n — 0o, which allows the use of Taylor expansions combined with (C.25) for € = § to get, uniformly

in s € [s,(0),1],

k ’ b 5120
(EZHLI%‘J,H) =g? (1 + ﬁs_lVV(s) + op (T)) for any b # 0 (C.26)

k 1 . 871/275
and log EZR—U%M = —logs+ ﬁs W(s) + op T . (C.27)

Recall now that (Y |xsjn)sc01] = (U(Zn—|ks|;n))sc01] and qi_pm = U(n/k). Combining (C.26), the
uniform inequality on U stated in Theorem 2.3.9 of de Haan & Ferreira (2006, p.48) with (using the
notation therein) t = n/k and x = kZ,_|is| /1 (so that tx = Z,_|ks|n = Zn—kn — 00 in probability,

by (C.25)), and the convergence s~'/27°WW (s) — 0 as s — 0, we find, after straightforward calculations,

Yo ks)m . < 1, sP 1 (31/25>)
— = 1+ — Wis) + An/k)+o
Q1—k/n ’ \/EWS () P (n/k) + op 7

uniformly in s € [s,(9), 1]. (C.28)

After that, note that Condition C* yields

Vo > 0, Jim P20 bl TOE) 2L (C29)

Combining (C.27), the uniform inequality on s — log(s~7U(s)) resulting from Theorem B.2.18 in de Haan
& Ferreira (2006, p.383) with (using the notation therein) t = n/k and = kZ,_ || »/n and carrying

out the same kind of calculations, we get

Yo (ks)n IR sP—1 (5—1/2—6)
log ———— = —~logs + —=~vs "W(s) + An/k) +o
s qQ1—k/n 708 \/E7 (5) P (n/k) v VE

uniformly in s € [s,(5), 1]. (C.30)

To deal with the case s € (0, s,()), use the triangle inequality together with the convergence s~*/2+2 11/ (s) —

0 as s — 0 and the assumption vVkA(n/k) = O(1) to write

Ynf s, — —y— — -1
sup T2V [¢ —s 7] — s W (s) — s 72 VEA(n/k)
0<s<sn(0) q1—k/n 1Y
1/2426 Yo [ksn
< Vk [5,(6)] 1+ sup 750 ) 4 op(1). (C.31)
0<s<sn(0) qdi—k/n
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Write then

Yn— S|,n U Zn— S|,n
sup grnzlksln d sup 37—( Lks)n)

0<s<5n(5) q1—k/n 0<5<5n(5) U(n/k)

]{5 Y
:Op< sup (—SZn_LksLn) max
n

0<s<sn ()

k "k -
— L — L
(TL n \_ksj,n) ’ (nZn Lksj,n) ])

by Potter bounds on the regularly varying function U (see e.g. Proposition B.1.9.5 in de Haan & Ferreira
2006), for an arbitrarily small 6’ > 0. Now

k " [k - k "k - ,
(_Zn—tksj,n> ) <_Zn—Lksj,n> ] < (_Zn,n) + (_an,n) = OP(kZ(;)
n n n n

sup max
0<s<sn ()
and
ks 7 Zon \' ks K /
sup <_Zn—Lksj,n> S( ’> + sup (_Zn—Lksj,n) :OIP(kﬁ)
0<s<s,(6) \ T n 1/k<s<1 \ T
Thus

Ynf s|,n !
sup s7 Inzlksln _ Op (/{;35 )
0<s<5n(0) q1—k/n

for an arbitrarily small & > 0. Since vk [s,,(6)]"/?+20 = k=90-%) _ 0, choosing & = §(1 — 46)/4 > 0 and
using (C.31) yields

V+1/2+25

sup s
0<5<5,(9)

Vk {—Y”““J o s‘”] — s T IW (s) — 877 il \/EA(TL/@‘ =op(l).  (C32)
q1—k/n P

Combining (C.28) and (C.32) results in

Yo lksim ( 1 s —1 (5—1/2—25))
———— =51+ —=vys W(s)+ A(n/k)+o
Q1—k/n Vi (s) p (n/k) + oe VEk

uniformly in s € (0, 1]. (C.33)

A similar argument based on a Potter bound for the (slowly varying) logarithm function gives

—p
1/2426 s

sup  §
0<s<sn(0)

~ 1\/EA(n/k)’ Cop(1).  (C34)

Yn— S|,n —
Vk {log% —i—fylogs} — s W (s) —
1-k/n

Combining (C.30) and (C.34) results in

Yn_ lks|,n 1 1 sP—1 (8_1/2_25)
log ————=— = —~logs + —~vs "W (s) + An/k) +o
g s vlogs + = (s) ; (n/k) + op 7

uniformly in s € (0, 1]. (C.35)
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Equations (C.33) and (C.35) constitute the desired result since § > 0 is arbitrarily small.

Step 2: the case of an arbitrary s;. We need only deal with the case when sy > 2 is a positive

integer. Let kg = sok and apply the result obtained in Step 1 for k = ky to get, uniformly in s € [0, 1],

a\lfkos/n ( 1 -1 s7P—1 <31/2€>)
q1—ko/n vV ]{?0 ( ) P ( / 0) P A /ko
A— s/n 1 -1

and log N-kos/n _ —vylog s + ——=vys W (s) + i

5—1/2 €
A(n/ky) +o ( ) )
qlfko/n \/k—o P ( / 0) P \/k‘_o

. . d .
Besides, as Gaussian random processes, W (s) = Wy(s) := /so W(s/sp), because the covariance structure

of W is 1-homogeneous (since all the R; are 1-homogeneous functions). Since A(n/ko)/A(n/k) — s, as

n — oo by regular variation of |A|, we obtain

a\lfkos/n p— ( 1 1 (303)*9 — Sap ((808)1/25))
— =3 14+ —=~(sps)” Wy(sgs) + ——A(n/k) +op | ———
Qi—ko/n \/EV( 05)" Wo(s0s) P (n/k) + op T

o

and

Q- s/n 1 P — g P —1/2—¢
log Dhos/n _ —vlog s + —=7(s08) "' Wo(s0s) + (SOS)—SOA(n/k) + op <&) .

ql—k‘o/n \/E P \/_

Now, by Condition C* and its version (C.29) on log U,

—ko/n _ =1 1
M:SO’Y<1+SO (’)”L/k —I—O (_))
d1—k/n P k

o —1 1
and log ——— Bko/n _ —vlog so + % A(n/k) + —)

Qi—ke/n p Vk

N

Conclude that

e = <1 + r(s0s) Wolsos) + Lol 2= L +or (%»
and
log L% Tog(505) & =1 (505) Wi(s05) + =L k) + o (M) |
d1-k/n VE ; i’

The proof is then completed by noting that gi_kes/n = Gi—ks'/n With 8" = sgs € [0, 50], and all the identities

above, written in terms of s, are uniform in ' € [0, so. O

Proof of Corollary 3.4*. Remark first that
1 ~
/’)771’;{ _ / lOg (Ch [n(1—7n) s/n) ds — IOg (QI—\_n(l—Tn)J/n>
0 Q1—|n(1—m)|/n Q1—|n(1—m)|/n
AT Q- n(l—m n —|n(1—m n Q- n(l—m n 1
and Arn _ qi—|n(1—70)]/ % qi—|n(1—10)]/ _ di—|n(1—10)]/ 140 '
Qrn  Q—|n(1—mn)]/n Qr, Q1—|n(1—7)]/n n(l —1,)
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The latter holds by local uniformity of Condition C* and the regular variation property of |A|, see
Theorem 2.3.9 in de Haan & Ferreira (2006). It is thus enough to tackle the case when n(1 — 7,) is

a sequence of integers. In this case, one has, from Theorem 3.3* and for appropriate versions of the

~H o ! &\1_(1_7—71,)3 /q\Tn
n(l—1.)(7, —7) = / log <—q ) ds — log (q_)
0 Tn Tn

= [ W) = W) ds + 1+ oe()

and V=7 (2 1) = W) + o)

dr,

processes involved,

where W is a centred Gaussian process having covariance function r(z,y) = min(z,y) + >, Re(z,y) +

Ri(y,x). It follows immediately that the pair

Y
=) (%?—%q—— )

Tn

is asymptotically Gaussian, with expectation (A\;/(1 — p),0)" and covariance matrix

2 //[071]2 [r(z;t) B T(SS, 1) r(lt, t) + (1, 1)] dsdt /01 {@ — (1, 1)} ds
gl /01 {r(S, D r(l,l)} ds L)

S

Use the definition of the covariance function r and the identity

//[0,1]2 [r(z;t) B r(ss, 1) r(1t, t)} edt— 0

valid because of the 1-homogeneity of each R; (see the final stages of the proof of Theorem 4 in Stupfler

2019) to get the announced covariance matrix. The convergence of ETn is then a direct consequence of

Proposition C.3. 0

The following lemma gives a joint convergence result on the intermediate empirical (LAWS) expectile
and its intermediate empirical quantile counterpart, in our time series framework. It is the key ingredient
in the proof of Theorem C.5. To state this result, recall the notation F,(u) = n~tY "  1{Y; > u} for

the empirical survival function of the observations.

Lemma C.4. Assume that Conditions A*, B* and C* are satisfied, and that there is 6 > 0 such that
E[Y_|?*° < 00, 0 <y < 1/(2+6) and 2121[6(l)]5/(2+5) < o0o0. Let 7, 11 be such that n(1 — 7,) — oo,
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Tn(1=70) = 0, rp(rn/y/n(l — Tn))5 — 0,y IOgZ(n(l_Tn))/\/ n(l—m,) =0, /n(l— ) A((1=7)7") =

M €R and \/n(1 —7,)¢;" = A € R as n — oo. Then

~

n(l—1,) (‘7&—1 5ﬁ—l () —(7—1—1)> 45 (0,9,2).

qr, 5 Tn 1—- Tn

Here (©,9,E) is a trivariate Gaussian random vector defined as

-1
O =W (1), ®=+*(y"' - 1)7/ s (s) ds
0
)

vI=7=p) da(y™ — DTTE(Y)

y7-1
and Z=W(y 1 —1)—y( ' - 1)“’“/ s (s)ds — A
0

where W is a centred Gaussian process with covariance function r(x,y) = min(z,y) + Y o Ri(z,y) +

Ri(y,x).

Proof of Lemma C.J. Assume to start with that &k = n(1 — 7,,) is a sequence of integers. The estimating
equation for an expectile, obtained by differentiating the right-hand side of (1*) and setting it to 0, can

also be written for its sample version: this results in

§1—k/n — E(Y) = % (1 - %) E((Y — fkk/n)ﬂ{y > fkk/n}) (C.36)

t=1
[Here YV,, = n~! 3" Y; denotes the sample mean.] We now notice that
B(Y ~ G LY > Gl = [ Flu)du

&1- k/n

n

1 S T
and - Z(Yt & kym) 1{Y: > & kjn} = / G dw — &1 g/ Fn(§1-kn)-

t=1 anl k/n)

Subtracting (C.36) from (C.37) and dividing through by &;_/, then produces
§1—k/n gl—k/n

n 2k 1 1 . ~ =~ o~ R
-2 (1 _ _) /  Gudw =&y Fa(Eiy) - / Flu)du | . (C.38)
n ) Eik/n \J1-Fu@_1/n) €1 k/m

Our goal will be to control or evaluate each term in Equation (C.38) except the first. As Y has a

heavy-tailed distribution with tail index v < 1,

2k 1 1
l1-—=1+4o0 =140l —=]. C.39
n <Q1kz/n) (\/E) ( )
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Note also that, for any n > 2,
nVar(YV, — E(Y)) = Var(Y) + 2 Z " IRy, — B[V — E(Y))).

By Theorem 0 in the Introduction of Bradley (1985) applied to the sequence (Y; — E(Y)), the sum
> i1 [E(Y1—E(Y)][Yj+1—E(Y)])| converges. The dominated convergence theorem then entails n Var(Y,,—
E(Y)) = O(1) and therefore, by the Chebyshev’s inequality,

A standard calculation based on Condition C* yields

1 © Ny = F 7 1 1+o0(1) '
§1-k/n /ﬁl_k/n Pl du = FlGisym) (1 - 4 (F(él—k/n)> (1=7)1-7- P)) ’

see also (B.4) in the proof of Proposition 1 of Daouia et al. (2018). In fact, using this result together

with the regular variation property of |A|, one finds

n 1 Ea— A2, 4 N . L
k& i /é/ Fu)du=1- ﬁ(v —1)7E(Y) + (\/E) . (C.41)

To control the other two terms appearing on the right-hand side of Equation (C.38), we first note that

for appropriate versions of the tail empirical quantile process s — Gi_js/n, Theorem 3.3* entails that

4 -1

Vk (—21_1%/” - 3_7) N vs T TIW (8) 4 ApsT7
1-k/n

(C.42)
uniformly on any compact interval [sg, s1] C (0, 00), where W is a continuous, centred Gaussian process
W on [0, 1] having covariance function r(x,y) = min(z,y) + >~ {Ri(x,y) + Ri(y,x)}. By Vervaat’s

lemma (see e.g. Lemma A.0.2 on p.357 of de Haan & Ferreira 2006), we get

VE (2F

=~ Pl — 1

P

uniformly on any compact interval [z, z1] C (0, 00). Now, by Theorem 3.1* and convergence (2*),

gl—k/n _ gl—k/n % é.1_k/” i> (,-)/*1 — 1)*7_
qQ1—k/n él—k‘/” 1—k/n

Taking x = El,k /n/@i—k/n in the above convergence then yields

~ -1/ — —
vk %E(é“l_k/n)‘[&_k/n] G EOWC | A (O
qi—k/n p
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In particular, by Theorem 3.1* and Proposition 1(i) in Daouia et al. (2020), we have the expansion
(n/k) x Fn(gl_k/n) = (v' = 1) + Op(1/Vk). By Theorem 3.1* again, this entails

glfk/n n= . _ _ glfk/n .
§1k/n - %Fn(&_k/n) AU AR <51_k/n 1)

+ (FFul@im) = (71 = 1) +op (%) . (C.44)

Lastly, by a change of variables,

—1_1 ~ n Qn ~7 ~
E 1 /1 Z]\ dw — q1—k/n /’Y ! q1—ks/n ds + /( /B En E1k/m) q1—ks/n ds | .
k&i—km J1-Fn@im) §1-k/n \Jo Q1—k/n y-1-1 Qi—k/n

By Theorem 3.3*, the expansion (n/k) x Fn(gl,k/n) = (y~' = 1) 4+ Op(1/Vk), a Taylor expansion and

the continuity of the process W,

(/K Fn(E k) 3, (/K Fn (& /) 1
/ Dho/n 4g = / s 7ds + op <—>
e | q1—k/n =11 \/E
n

= ~ 1
= (’771 —1)77 (EFn(&—k/n) — (771 — 1)) + op (_k) .
By Theorem 3.3*, moreover,

-1 -1

L IPN -1 _ 1) vl
/ Bks/n g0 _ u + l/ s (s) ds
0 qi—k/n v \/E 0

() e )

Another use of Proposition 1(i) in Daouia et al. (2020) and straightforward calculations give

n 1 ! . LRt ) LAY A
- pdw=—+ 20— W (s)d
k& k/m /1ﬁn(§1_k/n)q v v - VE /o ° (s)ds
=~ ~ A
+ (FFnEwm) = (7 =) = S2OT - 1Y)
+ op (%) | (C.45)
Combining (C.38), (C.39), (C.40), (C.41), (C.44) and (C.45) thus yields
- S
Vi (M — 1) = (vt =1) /V s W (s) ds + op(1). (C.46)
§1-k/n 0
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A combination of Equation (C.46) with Proposition 1(i) in Daouia et al. (2020) then gives

q1—k/n

~ -1/ y-1
VE [flk/n] _ (771 —1 | = —’}/(’}/71 _ 1)7+1/0 S*Vflw(s) ds

— Ay (=) ((Z_l ;i)pp 072 /1)),) - 1)

— Xyt = 1)HE(Y) + op(1).

Reporting this identity in (C.43) gives

Vk <E%n<gl—k/n) (' - 1)> =W =1 =906 -1 /0711 s (s) ds

k

(=D
(1= -p)
Combining Equations (C.46) and (C.47) with (C.42) for s = 1 completes the proof when k = n(1 —7,) is

— Xy = D)HE®Y) + op(1). (C.47)

a sequence of integers. The general case follows because, by the monotonicity of quantiles and expectiles,

Y

q1—k/n  Qi-|k|/n \ Q1—k/n G1—|k) /n
§1-k/n | < §1- k) /n (51_ij/n B 1) N SR L
§1—k/n Si-1k)/m \ S1—k/n §1- k) /n

with similar lower bounds applying with the ceiling function in place of the floor function. Condition C*

and Proposition 1(i) in Daouia et al. (2020) now yield

Qi—|k)/n 1 ) E1- k) /n ( 1 )
——— —1=o0|—=) and —1l=0ol—%=].
d1—k/n (\/E fkk/n \/E

Retracing the steps of the proof when k£ = n(1 — 7,) is a sequence of integers (in particular, applying

Theorem 3.3* with [k] in place of k to obtain analogues of (C.42) and (C.43)) and using the continuity

of the process W, shows that the quantities

Z.Z\lfUcJ/n Zl\lfﬂﬂ/n

—1 and -1
Q- |k|/n Q1K) /n
on the one hand, and N N
Si-lbl/n 1 o0 Sk
ISEP §1—[k)/n

on the other hand, have the same limit in probability, and one can conclude the proof using the sandwich

lemma. We omit the details. [
Our next main result derives the joint weak convergence of the estimator 32 with g, .
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Theorem C.5. Assume that Conditions A*, B* and C* are satisfied, and that there is 6 > 0 such that
E[Y_]?" < 00, 0 <y < 1/(2+40) and Y5, [B(1)]"CT) < co. Let 7, 1 1 be such that n(1 —7,) — oo,
ra(1=7,) = 0, 1 (rn//n(1 = 7)) = 0, rplog?(n(1—7,)) //n(1 = 7,) = 0, /n(l — 1) A((1—7,)"") —
M €R and \/n(l —7,)¢;' = A\ € R as n — oo. Then

= (3 -7 22 1) 4 (re).

Here (I',©) is a bivariate Gaussian random vector defined as

o (v =1t

§
= (- 1)”“/ sTTW(s)ds =W (T = 1) + My S + A (v = 1)HE(Y)
; —

and © = YW (1), where W is a centred Gaussian process with covariance function r(z,y) = min(z,y) +

2o B, y) + Ruly, o).

Following Proposition C.3, the asymptotic Gaussian distribution of the indirect QB estimator with 7,, =
FE can also be derived. The expression of the covariance structure of the limiting random pair in
Theorem C.5 is in general quite involved, however, so we do not pursue this here for the sake of simplicity.
Let us mention though that in the independent case, the Gaussian process W is just a standard Brownian
motion, and therefore the asymptotic variance of 32 can be exactly calculated as y3(1 — ) /(1 — 2).
As such, for v < (3 — +/5)/2 a2 0.38, this estimator will tend to be less variable than the Hill estimator,

making it a valuable device in the construction of approximate confidence intervals.

Proof of Theorem C.5. Start by writing

L (1 . mgm)) (E(@» . 1)> |

1—m7, 1—17,

It follows from Lemma C.4 that %n(gm)/(l — Tn) Ly 41— 1. Consequently

~

- Fol&r, .
3~y = = (%—w 1—1>> (1+0s(1)).
The result is now a straightforward consequence of Lemma C.4. O

Our next result gives high-level conditions for the convergence of E;,z It is the key to the proof of

Theorem 3.5*.
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Proposition C.6. Assume that E|Y_| < oo and Condition C* holds with 0 < v <1 and p < 0. Assume
further that 1,,, 7/ 1 1 withn(l—7,) — oo, n(1—7)) — ¢ € [0,00) and \/n(1 — 7,)/log[(1—7,)/(1—7})] —

00 as n — oo. Suppose also that there are nondegenerate limiting random variables I'; A such that

n(l —7,)(Yn — 'y)—>F and +/n(l—1,) (5 >i>A.

If moreover \/n(1 —7,)A((1 = 7,)7") = A\ € R and /n(1 —7,)¢." = Ay € R as n — oo, then

n(l — Tn) E:;L _ d
log[(1 — ) /(1 —73) (@,g 1) b

Proposition C.6 extends Theorem 3 in Daouia et al. (2018) by dropping the unnecessary assumption of

an increasing function F' and by being stated outside the i.i.d. case.

Proof of Proposition C.6. The key step is to write

ra . ra _ A7 ¢,
o () - s (15 ) e () e (i3] )

One may then follow the steps of the proof of Theorem 5 in Daouia et al. (2020) with the appropriate

straightforward changes, noting that the i.i.d. assumption is in fact never necessary. Il
Proof of Theorem 3.5°. This is a direct corollary of Proposition C.6. O

The following lemma, of independent interest, is the key to the proof of Theorem 4.1*. It provides a

general result on the convergence of array sums in a strong mixing framework.

Lemma C.7. Let (X,.;)1<i<n be a triangular, row-strictly stationary array of random variables. Let, for

1<i<j<n, Foij=0Xni, Xnit1,---,Xn,;) and define a strong mizing coefficient of this array by
Vn > 2, VI <n, a,(l) =sup{|P(AN B) —P(A)P(B)|, A € Fuix, B € Frptin, 1 <k<n-—1I}.

Suppose that there are sequences of integers (I,,) and (r,) such that

lTL n n l’l’L
l, = o0, 1, > 00, — — 0, T—%OandL()%O as n — oo.
Define also

[n/rn]

Sp=Y Xpi= Y Znj+ R, where Zy; =B, ;+ R,

Jrn—ln Irn n
with Bn,j = E Xn,ia Rn,j = E XnJ' and R,n = E Xn,i'
=(—-1)rn+1 1=jrn—ln+1 i=rn|n/rn]+1
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(i) Assume here that ZJLZ/J"J Ry, 50 and R, 250, where the R* ; are i.i.d. copies of R,1. Then S,

nhj

has the same limiting behaviour in distribution (if any) as ZL":/{”J Zy is

; where the Z} . are i.i.d. copies
of Zn1.
(i7) If one has E(X,,1) =0 and

n—rn|n/rn]

ln
" Var(Ry,1) = -~ Var <Z Xn> 0, Var(R,)=Var [ > X, | =0,
i=1 i=1

Tn TTL

— Var(Z,1) = " Var ( g Xm> —0? < oo and Ve >0, ﬂIE(Zgl]l{|Zn,1| >¢e}) =0,
Tn : Tn ’

i=1

then S, % N(0,0?%) (this should be read S, 550 if 0% = 0, in which case the final Lindeberg condition

above is unnecessary).

Proof of Lemma C.7. (i) By assumption on R/, we need only show that ZJLZ/{"J Z,; and Z]LZ/{"J A
have the same limiting behaviour in distribution. We then compare the Fourier transforms of ZJLZ/{"J Zn
and Z]U:L/lr”J 77 ; using the big-block/small-block structure of Z, ; = B,, j+ R, ; and the mixing assumption
to show that the original Z, ; can be considered to be asymptotically independent. This argument and

the result of the lemma are inspired by the proof of Lemma 2.1 of Leadbetter & Rootzén (1993).

First introduce the alternative strong mixing coefficient defined for any n > 2 and [ < n by

an(l) = sup{| Cov(U, V)|, U is complex-valued and F, ; p-measurable,

V' is complex-valued and F,, 4 ,-measurable, |U|,|V| <1, for 1 <k <n—1I}.

By Lemma 3 p.10 in Doukhan (1994) (see also Lemma 1.2 of Ibragimov 1962) there is a universal constant

C > 0 such that a,(l) < Cay,(l). Therefore, for any n, and using proof by induction,

B0y - Ul )) = B(UDEU) - - E(Upyen))| < (FJ - 1) an(ly) < C FJ an(l,)

Tn T'n

for all complex-valued random variables U, such that |Uy| < 1 and which are respectively F,, j,-

measurable, with 7, < j; < iy < jo < -+ < Upry] < Jin/re) and iy — Jr—1 > l,. Conclude, first,
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that for any ¢ € R,

[n/rn] [n/rn]
E | exp |t Z R, ; —E | exp |t Z Ry, ;
j=1 j=1
n/ra) ] [n/ra]
= |E | exp |it Z R.;| | — H E(exp[itR;, ;])| (by independence)
= | j=1
n/r) ] [n/rn]
=|E | exp |it Z R.;| | — H E(exp[itR,  ])| (by strict stationarity)
= | j=1
<C FJ an(l) = 0

for n large enough, since each of the R,, ; is F,, jr,—1,,+1,jr,-measurable and {,, /7, — 0. Thus Z]LZ/IT"J R, ; LI

0. It follows, by uniform integrability of the (bounded) sequence exp(it Z]Li/lrnj R, ;), that

Ln/rn] [n/rn] [n/rn]
E | exp |t Z L j —E | exp |it Z B, ; < E|l —exp |it Z R,;l|—0.
j=1 j=1 J=1

Thus Ejti/f” Z,; has the same asymptotic behaviour in distribution as Z]LZQT”J B, ;. Adapting the above

argument comparing the Fourier transforms of the R, ; and R}, ; shows that

ln/rn] [n/rn]
. . . n
E | exp it E 1 Byl | —E | exp |it E 1 B;, <C {EJ an(l,) — 0,
i= i=

where the B j are i.i.d. copies of By, 1, since each of the B,, ; is Fy, (j—1)r,+1,jr—1,~-Measurable, and therefore

—ln
Z]LZ/{"J Z,; has the same asymptotic behaviour in distribution as Z]LZ/{"J By ;. Let finally (X ;)i<i<n
be a triangular array such that the (X7 ;);-1)r,+1<i<jr, are independent copies of (X, 1,..., Xy,), for

1 <j<|[n/rn]. Then

/7] . [n/rn] Jrn

Do Zu= D Y Xi
j=1 5=1 i=(j—1)ra+1
[r/7n] [r/7n] Jrn—ln
PRRTED DEED DN et
j=1 =1 i=(—-1)rn+1
[n/rs] n/rn]  jrn

and Z; R;ji Z Z X
=

=1 i=jrn—ln+1

IES
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As a consequence,

ln/rn] Ln/rn]
E | exp |t Z Zn —E | exp |it Z B
j=1 J=1
ln/rn] g Ln/rn]
<E|l—exp itz Z Xkl | =E|l —exp itZRfL’j — 0
j=1 k=jrp—In+1 Jj=1

by uniform integrability again. Conclude that ZJLZ/{"J Z,, ; has the same asymptotic behaviour in distri-

bution as Z]U:L/lr”J By ;, and finally that Z]Li/lm Z,; has the same asymptotic behaviour in distribution
n/ry *

as Z]L:1 'z

njo a8 required.
(ii) This distributional convergence is obvious when 0% = 0. When ¢? > 0, it is a simple corollary of (i)
and the standard Lindeberg central limit theorem for i.i.d. sequences (see e.g. Theorem 27.2 on p.359 of

Billingsley 1995). O

The following lemma, a useful technical result on a marginal expected shortfall above a high level that

will be used several times in the proof of Theorem 4.1*, generalises Proposition 2 in Daouia et al. (2018).

Lemma C.8. Assume that (X,Y) is a random pair with heavy-tailed marginal distributions, having
respective tail indices yx,Vy, continuous survival functions Fx and Fy, and tail quantile functions Ux
and Uy . Suppose that there is a function Rixy) on [0,00]? \ {(c0,00)} such that

Y(x,y) € [0,00\ {(00,00)}, lim sP (Fx(X) < %, Fy(¥) <

S

RS

> = Rixvy(z,y).
Let z,, — o0 as n — 00.

(i) Then, for any a < 1/vx,

. E(X*1{X > 0}|Y > z,
n—00 [Ux(l/FY(Zn))]a

(7i) Suppose moreover that X satisfies Condition C* with parameters (vx, px,Ax), such that vx < 1 and

) —/ Rix.yy(z7 % 1) dz < oo,
0

px < 0, and that there exist § > ~vx and kK < 0 such that

sP(Fx(X) <uxz/s,Fy(Y) <y/s) — Rixy)(z,y)

o min(z?, 1)

z€(0,00)

=0(s") as s — o0

uniformly in y belonging to any compact subset of (0,00). Then, for any e > 0,

E<X(f("1 7??/}(’;; ) _ /0 R (a7, 1) dx = O (|Ax (1/Fy (z) ¥/ 0975) 4 0 ((Fy ()™ -

39



Proof of Lemma C.8. In this proof we make, without further reference, extensive use of the following

integration by parts calculation: for any a > 0 and any event B,
E(X*1{X > 0}1{B}) = E (/ 1{u < X“}1{X > 0} du]l{B})
0
_E / X > /) 1{X > O}dull{B}>

0

= P({X > u"*} N {B})du.

(i) By assumption and continuity of Fy and Fy,
Y(a,y) € 0,00\ {(00.00)}, lim sP(X > Ux(s/2).Y > Uy (s/s) = R (. ).
Remark now that
P(Y > z,) = Fy(z,) = (Fy o Uy)(1/Fy () = P(Y > Uy (1/Fy(zn))),

and use an integration by parts and the change of variables u = 2[Ux(1/Fy(z,))]* to find

E(X1{X > 0}|Y > 2,
[Ux(1/Fy(z))]°

By Lemma C.1 then with 1 — 7, = Fy(z,),

)_ [T e Fy(z Fy(z T
—A o PO T U P ), Y > Ur (1P dn (C49

1 — —
Va >0, o )]P’(X > 2 Ux(1/Fy(2,)),Y > Uy(1/Fy(2,))) = Rixy)(z /% 1) asn — oc.
Y (Zn

Besides, by continuity of Fx and Potter bounds (see Proposition B.1.9.5 in de Haan & Ferreira 2006),
we have, for any fixed € > 0 such that (1 + ¢)ayx < 1,
— — Fx(xV*Ux(1/Fy (2,
——P(X > Y Ux(1/Fy(2,)),Y > Uy (1/Fy(2,))) < H{z < 1} + x(@ 7 Ux(1/Fy(z)))
Fy(zn) Fx(Ux(1/Fy(zn)))
< MHx <1} + CaVoxtepis > 1}

I{z > 1}

for n large enough, where C' is an unimportant positive constant. The upper bound defines an integrable
function of x > 0, and therefore the dominated convergence theorem entails

E(X1{X > 0}]Y > z,
[Ux (1/Fy (2))]®

) — / Rixyy(z7 % 1) dz as n — oo,
0

as required.
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(ii) We recall (C.48) for a = 1 and note that

/000 Fytzn)P(X > 1 Ux(1/Fy(z,)),Y > Uy(1/Fy(2,))) dz — /000 Rixyy(z7 % 1) dw

- /°° [P(X > 2 Ux(1/Fy(z0)),Y > Uy(1/Fy(z))) = P(X > Ux (@' [Fy(20)),Y > Uy(1/Fy (z))] |
Jo Fy (zn)
. /Ow [P(X > Ux (2" /Fy(20)). Y - ;fé(;/?y( W) = Reey @ 1) (C.49)

We now control each of the two terms on the right-hand side of (C.49); to do so, recall the elementary

inequality
‘P(Zl > a, Lo > C) — P(Zl > b, Zo > C)’ < m1n(|IP’(Z1 > CL) — P(Zl > b)l,]P)(Z2 > C)) <C50>

Controlling the first component of the right-hand side of (C.49) requires some additional preparation.

Recall that, since X satisfies Condition C*, for any arbitrarily small n > 0, there is sq > 0 such that

S,8r > Sg = ‘ <FX(S$) — ml/VX) _ x*l/VXw < 2~ (=px)/7x max(z", 27")
Fx(s) TxPx

where By (s) is asymptotically equivalent, as s — 0o, to Ax(1/F x(s)). This is essentially a consequence
of Theorem B.2.18 in de Haan & Ferreira (2006), and is stated as Lemma 5 in Daouia et al. (2020).
Choose 71 so small that (14 7)yx < 1 and

Tx Yx
>
I—px+nyx 1-px

— &.

Split the integral defining the first term in (C.49) at u, = |[Ax(1/Fy(z,))x/A=px+mx) — 0, remark
that Ux|Ax|7x/0=rx+mx) ig regularly varying with index vyx(1 + vx1)/(1 — px + vxn) > 0 and thus
u,Ux(1/Fy(2,)) — oo, and use the continuity of Fy and inequality (C.50) to find that for n large

enough

/°° IP(X > 2Ux(1/Fy(2,)),Y > Uy(1/Fy(2,))) — P(X > Ux (2% JFy(2,)),Y > Uy (1/Fy(2,)))|
0 Fy(2n)
- /u P(Y > Uy (1/Fy(2,))) dz + /°° P(X > 2Ux(1/Fy(2,))) —P(X > Ux (2% /Fy(2,)))|

FY(Zn) FY<ZH>
Fx(@Ux(UFy () 1y
/ d‘”/m Fx(Ux(1/Fy(z) /

= O(u,) + O (|AX(1/FY(zn))| / n [ 4 o= 0mP)/ v max (27, 271)] dx)

dx

dx

dx

= O (un + |Ax(1/Fy () |u, 7P F1) = O (|Ax (1/Fy (2,)) ¥/ Pty
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Consequently, by definition of 7,

/°° P(X > 2Ux(1/Fy(2,)),Y > Uy(1/Fy(2,))) = P(X > Ux(2'/7% [Fy(2,)),Y > Uy (1/Fy(z,)))|
0 FY(Zn)

= O (JAx (1/Fy (z,))[x/0-p)=e) (C.51)

dx

Finally, note that by assumption the function z +— min(2~%/7% 1) is integrable on (0,00), so that the
second term in (C.49) is immediately controlled as

* |P(X > Ux (2% [Fy(z0)),Y > Uy (1/Fy(z,))) — Rxyy(@™ /=, 1) _ .
/0 o) dz = O ((Fy(z.))7") .

(C.52)
Combine (C.48), (C.49), (C.51), and (C.52) to complete the proof. O

Lemma C.9 contains a variance calculation which is crucial for the proof of Theorem 4.1*. It is an

analogous of Lemma C.2 for the bivariate time series context.

Lemma C.9. Assume that Condition D* is satisfied. Let r, — oo, 7, T 1 and z, — oo be such that
To(l —7,) = 0, n(1 —7,) = o0 and Fy(2,)/(1 —7,) = 2 € (0,00) as n — co. Then, if s, — 00 is a
sequence of integers such that s, = O(r,), we have, as n — oo,

{Y; > z,} —P(Y; > zn)]> — 2z (1 + 2iRy}t(l, 1)) < 00

t=1

(WZ

Assume moreover that Rixyy(1,1) > 0 and vx < 1/2. Then

XX, > 0,Y > 2} — B(XG1{X, > 0,Y; > zn})>

(m > E(X;1{X; > 0}|Y; > 2,)

Jo By $*1/27X,1)dx+2f0°° fo‘” SO (Y X 1 1) e dy
z
fo x=1/7x 1) dx]?

< OQ.

[Recall that, under Condition D*, we define Ryﬂf(yl, Yer1) = 1¢(00, 00, Y1, Y1) and Rixyy = ri(x, 00,y,00)./

Proof of Lemma C.9. The proof of the first convergence is exactly that of the first convergence in

1

Lemma C.2, replacing &, by 2, and y~* — 1 := 13" — 1 by 2, so there is nothing to be proven here.

To show the second convergence, we note that by stationarity of (X3, Y;),

X, 1{X, > 0,Y, > z,} — E(X;1{X; > 0,Y; > zn})>

<\/7 Z E(X,1{X; > 0}|Y; > z,)

—1 9
Var(X;1{X; > 0,Y; > z, E(X:1{X; >0,Y] > z,
[(Xlﬂ{X1>O}|Y1>zn)]2 {1—7,1 ar(X X 1> za) 1—Tn[ (XX 1> za})
Sp—1
PR D (s — E(X1 X1 1{X; > 0, Xt+1>OY1>zn,Yt+1>zn})] (C.53)
" t=1
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Apply Lemma C.8(i) with a = 1 and 2, and use the convergence Fy(z,)/(1 —7,) — z as n — 0o to get

1
[E(X 1{X; > 0}|Y] > 2,)]?
fooo R(ny)(l'fl/?yx, 1) dz
U R (@ 17x, 1) da?

1 a1
L Var(Xi1{X; > 0,Y; > z,}) — i

[E(X1{X; > 0,Y; > z,})]°

n

%

as n — 0. (C.54)

We now concentrate on the sum in (C.53). An integration by parts and a change of variables provide

Sp—1
2 n
ﬁ (Sn — t)E(XlXt+1]l{X1 > O,Xt+1 >0,Y) > z,, Y;H—l > Zn})
Sn — Tn
t=1
9 sp—1
= m Z(Sn — t)E (// Il{wl < Xl}]]_{wt+1 < Xt+1}dw1 dthrl ]]_{Yi > Zn,Y;ngl > Zn})
n — in —1 [()700)2
Sn—1
_ 2(]3(7 Z Sn — t // ]P(Xl > qX,‘rnuaXt+1 > QX,THU7Y1 > Zn,}/;+1 > Zn) dUdU (055)
v =1 Sn [0,00)2 1-— Tn

[Here gx ., is the quantile of X; at level 7,,.] By Lemma C.1 and Condition D(iii)* we have

S,—t 1

S, 1—m,

P(X) > qxrt, Xev1 > qxr0, Y1 > 2, Yepr > 2) {E < s,} = 14 (u’l/”{,v’l/w,z,z)
(C.56)

as n — 00, pointwise in u,v > 0 for any ¢. To swap limit and sum of integrals in (C.55), we note

that, by continuity of Fix and Fy, Potter bounds (see Proposition B.1.9.5 in de Haan & Ferreira 2006),

Condition D(iv)* and the convergence Fy(z,)/(1—7,) — z as n — 0o, we have, for any arbitrarily small

e >0,
S, — 1t 1
X 1 IP)(XI > QX,TnuaXt-‘rl > qX,TnU’Yi > Z’VL)}/?H—I > Zn) ﬂ{t < Sn}
Sn — Tn
1 — _
< P (Fx(X1) < Cu 425 (1 — 1), Fx(Xpp1) < Co 4251 — 7)),

1—17,

Fy(W1) < (14e)z(1 = 7,), Fy (Yi1) < (1 +8)2(1 — 7)) 1{t < s}

<C (P(t) \/Hlin(u_l/”""%, 1) min(v—1/7x+2 1)
(= m i i) <) (©57

for n large enough, irrespective of the values of the positive integer t and u, v > 0; here C' is an unimportant
positive constant whose value may change from one line to the next. Choose £ > 0 such that (1+¢)2yx <

1. We now remark that the upper bound, say C ¢,(t, u,v), satisfies

Gult, u.0) = p(t)/min (w742, 1) min(o-t/x 2, 1) (C.58)
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asn — oo, pointwiseint > 1, u,v > 0. The functions u + y/min(u=1/7x+22 1) and u + min(u=/7x+2 1)

are both integrable on [0, 00), from which it follows that

Z// Ot u,v) dudo 1{t < s,,}

t=1 [0700)2

S [ et it Dmine v 1 dude < o, (.50
t=1 [0700)2

as n — 00, by splitting the sum and since s,(1 — 7,,) — 0. A combination of Theorem 1 in Pratt (1960)
with (C.55), (C.56), (C.57), (C.58), (C.59), the Tonelli theorem and a change of variables now yields, as

n — 00,

Spn—1

2
o D (s B X 1{X > 0, X0 > 0,Y1 > 2, Vi > 20})
S ( T”)QXTn t=1

%22//[000 _1/7X,v_1/7X,z,z) dudv
Z1m2x // Z “1x gy 101) de dy. (C.60)
[0,00)2

Noting that Ux (1/Fy(2,)) = 2% qx.., (1 +0(1)) (using the convergence Fy(z,)/(1—T7,) — z as n — o0
and the regular variation property of Ux) and combining Lemma C.8(i) with (C.53), (C.54) and (C.60)
completes the proof. O

Proof of Theorem 4.1*. Consider MESY, _:= E(X1{X > 0}|Y > 2y,). Write

MESY,  MESy,, MES}T

= . C.61
MESx -/ MES}T MESX - ( )
Note that
NIESXJ—;L 1 E(Xﬂ{X < O}|Y > ZY»%)
MES, ., MES .,
14 E(XI{X < 0}Y > Uy(1/Fy(2v,1)))
MES}T’,I
=140 ([Fy(ZY%)]—n(l—vx)) (see Lemma C.8(i) and p.441 of Cai et al., 2015)
1
=1+0(1-7) ")) =1+0| ———xnos|. (C.62)
n(l—m,)
Now let

S X 1{X: >0, > Zy,, }
Z?Zl :H'{}/;t > EY,Tn}
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and write
MESy -, MES x MES, . /1 -7\ 17
1 — | =1 ——n 1 al “ YXn — 1 ") .
o (s ) = (st ) v (e (15) )+ e (123
Because of (C.61) and (C.62), the proof will be complete if we can show that

S =) log (MESX) — 0:(1) (C.63)

MESY,
and .
MESL /1 — 7/
11—, n) 1) = o) 64
n(l =) (MES},TA (1—Tn) ) o) (C.64)

We first focus on showing (C.63) and write
MESx - E(1{Y; - LS X X, >0, > 2y,
log # :1Og(1 (n{ 1>ZY7n}) >+10g(nzt_1 J{ X t an})
MESXJn n Zt:l IL{Y; > zY,Tn} E(Xlﬂ{Xl >0,Y; > ZY,rn})

_'_ lOg % Z?:l jﬂ‘{)/t > ZYﬂ—n} + lOg % Z?Zl Xt]]‘{Xt > 07 )/; > EYaTn}
IS Y >z, ) IS XX > 0,Y, > 2y )

Firstly, using the asymptotic proportionality relationship Fy (zy.,)/(1 — 7,) — 2 as n — oo,

%Z?:l H{Y;f > ZY,Tn} _ 1>
E(1{Y1 > 2v.5,. })

(C.65)

=z ' (140(1)

H{Y;g > Zy.rn} P(Yi > ZyTn)] } .

Ny

We check the assumptions of Corollary 4.2 of Rootzén et al. (1998) to control the quantity in curly

n(l—7,) (

brackets. By Lemma C.9, one has, as n — o0,

1Y > 2y} — B > 2,)] | =0 (—) S,

(|

n—ry|n/ry |

1 T
_— Y, > zv,. } —P(Y] > 2y, —-()(—n>—>0,

Var E [ {Ye > 2vr,} (Y1 ZY,n>] n

vn(l—m) =
1 = S
and 2VELI” ((1—2 [H{Y;t > 2y, — P(Y1 > Z)/ﬂ'n):| —Z (1 + QZRYJ(L 1)) < 00
n(l —

t=1

where we recall that Ry;(1,1) = (00, 00,1, 1). Setting

Ly = ﬂ{Yl > 2yt — P(YV1 > 2y,

we also have, for any n > 0,
n

4
( 1{|Zn 1| > 7]}) X —E|Zn1|2+6 O Tn [T—n] =0
r n( )

n
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by Hélder’s inequality and the asymptotic proportionality relationship Fy (2y.,)/(1—T,) — z as n — oc.
[We can in fact take ¢ arbitrarily large here, but the more restrictive bound above appears again later in
the proof.] Applying Corollary 4.2 in Rootzén et al. (1998) and the delta method, we find
5 2o HYe > 2vir, )
1—-1,) (| 2== S — 1) = Op(1). C.66
=) (it s ) =0 (€00
Secondly, using again the asymptotic proportionality relationship Fy(2y,,)/(1 —7,) — 2z as n — oo,

n(l —7,) w2 Xl Xe > 0¥ > 2y} 1
n E(Xlﬂ_{Xl > 0, Y > ZY‘rn})

=214 0o

Z Xel{X; >0,Y; > 2y, } —E(X11{X; >0,Y1 > 2y, })
\/n (Xlﬂ{Xl > 0}|Yi > Zyﬂ-n) '
This time, we check the assumptions of Lemma C.7 to control the quantity between curly brackets above.

By Lemma C.9, one has, as n — 00,

X 1{X, > 0,Y; > 2y, } —E(X11{X, > 0,Y; > zYTn})> o (l_n) 0

—Var (\/7 Z E(X;1{X; > 0}Y; > zy..,)

n—rp|n/ry|

1 Z Xi{X; >0, > 2y, ) —E(XiI{X1 >0,Y1 > 2y, }) | 0 (r_n> S0

A /n(l — Tn) P E(Xlﬂ_{Xl > O}’Yi > Zyﬂ-n)

X, 1{X Y, E(X1{X Y,
and lim 2\/'zaur t]l{ t >0, t>ZYT”} ( 11{ 1> 0N > 2y, }))<oo.

n—s00 T, (\/7 Z E(X11{X; > 0}|Y1 > 2v..,)

Var

Setting
X l{X;: > 0,Y: > 2y, } —E(X11{X; > 0,Y] > 2y, })

\/7 Z (Xlll{Xl > 0}|Yl > ZY,rn) 7

we also have, for any n > 0,

Zn,l

)
DE(Z2,1{1Z0] > 1)) <770 X “E|Z01 P = O [ 1y |——iee| | =0
n ’ Tn n(l —7,)

as n — 0o, by Holder’s inequality, Lemma C.8(i) with a = 2 + §, and the asymptotic proportionality
relationship Fy(2y.,)/(1 —7,) — 2. By Lemma C.7 then,

n(l —r ) %Z?Zl Xt]l{Xt > 07}/15 > ZY,Tn} 1) = O]P(l)
" ]E(Xl]l{Xl > 071/1 > ZY,Tn})

(C.67)

Thirdly, by assumption, Zy.,, is a y/n(l — 7,)-relatively consistent estimator of zy, , so that for any
n > 0, we may find K > 0 such that

K

’%_1' <
n(l—m,)

ZY7 Tn



with probability larger than 1 — n eventually. Therefore
Sl (|0 2l Ko=)}
Z?Zl ]]-{}/t > ZY)TTL} N Z?:l ]]-{}/:‘, > ZY,Tn}

|z::1 1Y > 2y, (1= K/ = 7))},
Do WY > 2vr, )

Y

)

S XX, > 0. > 5y (L KV = 7))}
Yo X I{ X > 0,Y; > 2y, }

Do Xe{Xy > 0,Y, > 2y, (1= K/y/n(1 = 7))} .
Z?:l Xtﬂ{Xt > 0, }/; > ZYﬂ'n}

Recall (C.66) and (C.67): thanks to Lemma C.9, direct analogues of these equations can be shown with

2yr, (1 £ K/y/n(l —7,)) instead of zy,, and they imply

T (zz;l 1Y, > 2y, (L4 K/ /0T = 7))} 1)

Z:LZ]_ :H'{}/t > ZYyTn}

PY1 > 2y, (1 £ K/y/n(l = 1)) .

P(Yi > Zyﬂ-n)

and likewise

Y

Zgzl Xtﬂ{Xt >0,Y; > gyﬂ—n} B 1’ < max
Zt:l Xt]l{Xt > O,}/;j > nyrn}

= Op (1 +v/n(l—m1,)

)

and

w7 Doy Xel{Xe > 0,Y, > 2y, (L £ K/y/n(1 — 7))} .
" S X {X > 0,Y; > 2y, )

E(Xi1{X, > 0,Y] > 2y, (L2 K/y/n(l— 7))

1
]E(Xlﬂ{Xl > O,Yi > Zyﬂ-n})

= Op (1 +v/n(l—1,)

) |

[Note the form of the Op terms, which correct those of the proof of Theorem 4 in Daouia et al. (2018, p.14
of the Supplementary Material).] By Lemma C.8(ii) with 2, = 2y, and 2, = 2y, (1 £ K/y/n(1 - 1,)),
local uniformity of second-order regular variation (see Theorem 2.3.9 in de Haan & Ferreira 2006), and
the convergences \/n(1 — 7,)Ax((1 — 7,,)~') — 0 (that follows from condition (iii) in the statement of
the Theorem, since yx < 1) and \/n(1 — 7,) Ay ((1 — 7,,)7!) = 0 as n — oo, we therefore obtain

() e e

and

Z?—l Xt]—{Xt > O,Y;ﬁ > EYT }
ST —5 — 1) =0e(1). C.69
n(l—7,) (thl X 1{X; > 0,Y; > 2y} (1) (C.69)
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Combining (C.65), (C.66), (C.67), (C.68) and (C.69) concludes the proof of (C.63).

Now, to prove (C.64), apply Lemma C.8(ii) and use the regular variation properties of |Ax| and Fy to
get
MEST
n(l—1,) T
Ux(1/Fy 2y,

MESY
and /n(l —m,) ( X

Ux (1/FY (ZY,T;L
Using the assumptions

n(l—m,) (—FY(ZY’T") — z) =o(1) and \/m (Fi/(_;):é) — z) =o(1)

1—Tn n

— h zH/x x| =o0 .
S | R J)d) 1) (C.70)

_ > /X x| = o(1). .
) /o Rixyy( ,1)d ) (1) (C.71)

we get, by local uniformity of Condition C* (see Theorem 2.3.9 in de Haan & Ferreira 2006), the assump-
tion px < 0 and convergence y/n(1 — 7,)Ax((1 — 7,)™') = 0 as n — oo that

Ux(1/F . 1—7\ %
n(l — Tn) X( /_Y(ZY, n)) ( Tn) —1)] = 0(1) (C72)
Ux(l/Fy(Zy,T;L)) 1—m,
Combining (C.70), (C.71) and (C.72) completes the proof of (C.64) and thus the proof of the result
itself. O]

Proof of Theorem 5.1°. We focus on the composite LAWS estimator, the proof being entirely similar for
the composite QB estimator. Suppose generally that \/n(1 —7,) (5, —7) 45 T where T is a nondegen-

erate distribution. Our first goal is to show that

1 —7)(an) 1
———=140p | ————| . C.73
1 —7/(a,) F ( n(l— Tn)) ( )
To this end, we write
g
A ~ 1 —a,)—
1-7 1— (1= an)7—
M—lzhx jx 1 T, (C.74)
1— 7 (an) v 1= 1—7(an)
The delta-method yields
i 1 -7,
1-— — —-1) = 1). .
n(l—m,) (% X T " ) Op(1) (C.75)

Writing E((Y —¢)1{Y > t}) = ftoo F(z)dx for any t and using the heavy-tailed assumption entails, after

straightforward calculations,

(1- an)L

T a— B 1 = O[A(1/Fi(g, )] = o(1//a(l = 7)), (.76)

E[——l’ﬂ{Y>qan}
Qo
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because of the continuity of F' and the regular variation property of |A|. Write further

Y

__1‘_12151[ E(Y1{Y < ga,})

Ao,

E

- F o,
. (9,

Qn

Y 1) Y > qan}] —

= O (max (1 — an,1/qa,)) =o(1//n(1 —7,)) (C.77)

where we successively used (C.75), the dominated convergence theorem, the relationship 1—a,, = 0(1/¢a,,)
valid because 0 < v < 1, and the regular variation property of ¢ — ¢;_4-1. Combining (C.74), (C.75),
(C.76) and (C.77) with the definition of 7),(ay,) results in (C.73).

Write now

= (=AM (1=Fe)\ T [ (1m e\ 2
N = B =) X{(?> f} e

By (C.73), the y/n(1 — 7,,)-convergence of 7,,, and a Taylor expansion,

L =7 (o) " 1
(—1 — T;L(Oén)) =1+0p <—n(1 = Tn)) . <C79>

11— T;L(Oén) o ~ *
(o) e g,

1—m7,

Furthermore

by definition of the class of estimators £*. From the convergence (1 — 7/ (o)) /(1 — o) — v/(1 — 7) as

n — 0o, we conclude that Proposition C.6 can be applied, and this gives

n(l—7,) <§7*—;L(an) _ 1) o p

log[(1 = 7) /(1 = T (an))] \ &rsam)
inall
[N S Y (S DO S Y S [

Together with the equality £ (a,) = ¢a, Which is true by definition of 7} (), this entails

n(l - Tn) g;f’ (an) d
-1 —T. (C.80
Togl(1 — 7)/(1 — )] ( o )
Combining (C.78), (C.79) and (C.80) completes the proof. O
Proof of Theorem 5.2°. This proof is similar to that of Theorem 5.1* and is thus omitted. ]
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Proof of Theorem 6.1*. Define

3

Xn(u) = 5 21 5 Nr (é") — & (e) — %) — B — &, (e ))] :

) = 5 5 2 [ ( ~0.(0) - %) ~ (o1 - ffn<e>>] .

The x, and v, define sequences of convex and everywhere finite functions on R. Moreover

n(l—1,) <£T”<€) — 1) = arg min y, (u)

ng (5) u€eR

and as n — 00,

> 2

2
Un(u) -5 —u il S +2(y 1 =1) // ZRt(x*I/V,yfl/W) dedy x Z + ;—7
[1,00

in the sense of finite-dimensional convergence (see the proof of Theorem 3.1*), so by Theorem 5 in Knight

(1999), it is enough to prove that x,(u) — ¥, (u) P40 for any u € R.

Define I,,(u) = [0, |ul&,, (¢)/+/n(1 — 7,)]. Follow the proof of Theorem 2.1 in Girard et al. (2021) to find

that it is sufficient to prove 17, 2,0 and Ty (w) LN 0, where

7_
Tl,n = ng = Z |5tn - t )

n

2 n n
T (u) = sup \éf ) ee|1{er — &, (e) — s > min(e; — & ),0)}.
Er(E)V/ (1 — 7) i—1 |SI€In(u)
Clearly, if E,, := max |€tn)—_| then y/n(1 —7,)E, = op(1l) by Condition F*, and
Y 1<t<n 14 |gy] ) R Y ’
n(l—7,) 1<
T < |2 E x =) (4]l
n(l—7,) 1= 1+ e
= 1 + E 9 - E’n, X —

( 1) & (€) n<=1+Ele|

The average on the right-hand side has unit expectation by stationarity of (¢;), so the Markov inequality

applies to give

B n(l —7,) .
Ty, = Op <—§Tn(€) En> = op(1).
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To show T ,,(u) L4 0, we again follow the proof of Theorem 2.1 in Girard et al. (2021) to find that it is

sufficient to prove that

2 ~ 1 p
T, = &M _ ¢ 1[{8 >—T£}—>O.
), £ @ n(l—Tn)tZ:;| t n ¢ 6§n( )

Bound 73, as

) n(l —T,) 1 - 1
Ty, <2 WEH X n(i—7) ;(1 + &)1 {& > gﬁm(g)}
E(el{e > &,,(€)/6}) 1 " g le > &, (2)/6}

a & (2)1 = 1) [ (1—Tn)E}

for n large enough. Using the Markov inequality again, we get

T}, = O (E(Ell{a > &, (e /6} [\/7E })

— E(el{e > &, (¢)/6})

€T7L< )(1 - Tn
Straightforward calculations yield, for any s, — oo, that
E(e1 E((e — sn)1 1 [*F 1
Lo )y Blemallez sy, LT, , 1
snF(sn) SnF'(sp) Sn Js, F(spn) 11—~

this follows from the heavy tail assumption on € with v < 1 and Proposition B.1.10 p.369 in de Haan &
Ferreira (2006). Apply this with s, = &, (¢)/6 and use the heavy tail assumption and the asymptotic
proportionality relationship F(&,, (€))/(1—17,) — v~ —1 (see for example Proposition 1 in Daouia et al.
(2019) with p = 2) to obtain

T3, = Op ( n(l— Tn)En> — op(1).

The proof is complete. [

Lemma C.10 is key to the asymptotic analysis of residual-based extreme value estimators under general

dependence conditions.

Lemma C.10. Let the time series (e, t = 1,2,...) be stationary and ergodic, with a continuous one-
dimensional marginal distribution function F' having an infinite right endpoint. Let k = k(n) — oo be a

sequence of integers with k/n — 0. Suppose further that the array of random variables éf"), 1<t <n,

satisfies
n) o
E,:=m —|€t 2l 0.
1<t<n 14 |g]
Then we have both
~(n) ~(n)
En lks],n En_ lks],n
sup | ——= — 1| =O0p(E,) and sup |log | ——= || = Op(E,).
0<s<1 | En—|ks|,n 0<s<1 En—|ks|,n
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Proof of Lemma C.10. Inspecting the proof of Lemma A.3 in Girard et al. (2021) shows that it will carry

over to the present case, and thus yield the desired result, provided €,,_,, LRSS

Suppose not. Then there exist 6, M > 0 and a subsequence of integers n = n, — oo such that

P(en,—k(ny)m, < M) > § for any p. Consequently,

k(np)

P

—1 asp — o

—Z]l{eZSM}>1

with probability at least . However, by ergodicity of the ¢;,

Tip
lim — He; < M}=Pe< M) <1
pggonpz {e: < M} =P(c < M)
with probability 1, since the right endpoint of F' is finite. This is an obvious contradiction. O

Proof of Theorem 6.2°. Adapt the proof of Theorem 2.2 in Girard et al. (2021) by applying Lemma C.10
and Theorem 3.3* rather than Lemma A.3 in Girard et al. (2021) and Theorem 2.4.8 in de Haan &
Ferreira (2006, p.52). N

Proof of Corollary 6.5°. Adapt the proof of Corollary 2.1 in Girard et al. (2021) by applying our Theo-
rem 6.2* rather than Theorem 2.2 in Girard et al. (2021). O

Proof of Theorem 6.4*. Theorem 6.1* gives the y/n(1 — 7,,)—asymptotic normality of ng (¢), and Corol-
lary 6.3* gives the \/n(1 — 7,)—asymptotic normality of &, (¢) and 9,(c) = 37 (¢). Apply Proposi-
tion C.6 to complete the proof of the asymptotic normality of E;/L(E) (note that the assumption that

V(1 —7,)g: (e) = O(1), rather than /n(1 —7,)¢. () — Ao, is sufficient because E(e) = 0). The

proof of the asymptotic normality of E;Q(YI | X; = x) follows immediately by a simple calculation. [

Proof of Theorem 6.5%. The estimator % (¢) is y/n(1 — 7,,)—asymptotically normal by Corollary 6.3*.

The proof of Theorem 5.1* then carries over to the present context without change. [

D Consistency of the estimator w,(v, R)

We here sketch the proof of the consistency of the estimator w, (v, R) of the asymptotic variance w(y, R) =
{14232, Ri(1,1)}, see Section 5*. Recall the notation

+

Z Fo(Y)) > 7}
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for j=0,1,...,m, — 1, where m,, = |n/¢,], l, = r, + l,, and ﬁn is the empirical distribution function

calculated on the whole sample. Define

Zin= Y, HF(Y,)>m)
t=1+jbn

which would be the “ideal” version of the Ejn that one would use instead if the distribution function F
were known. By stationarity, Z;, < Yot {F(Y;) > 7,}, whose variance is asymptotically equivalent
to {1+2> 7 R(L,1)}r,(1 —7,) by Proposition 2.1 in Drees (2003). Up to using a suitable law of
large numbers to handle the empirical variance of the Z;,, (see Lemma C.7), and since 3/ is a consistent
estimator of v as a consequence of Theorem 3.3%, the main task in proving consistency of w, (7, R) is to

show that

1
P — ‘—Z< ﬂn‘—ZZm>

1 1 < (5 1 <= 5 P
= - | Zn__ Zzn - n__ Zzn — 0 )
=) mZ( o 2 ) Z(ﬂ > )
that is, the empirical variances of the Z;,, and Ej,n are asymptotically equivalent. It is then sufficient to
show that
1 1 <= 5 P

—_ X — Z: 721 —0

Tn(l - Tn) mp ]Z:; ‘ Jm ],n|
and

2 2
1 1 &~ 1 P
— =N Z.,] -[=>Zz.|ll—0
(1 —7,) (mn; ]’> (mn; ]’>

Since, by Lemma C.7,

zo

ﬁ ZZjn—>].

straightforward algebra shows that it is in fact enough to prove that

Mn Mn

Z|Zjn—zjﬁn| 5 0and ———— x —Z|Z%n—zjny 0. (D.81)

rn(l — Ty) Tn(
The proof of the first of these two convergences gives the idea for the proof of the second one. The key
observation is that, for any distribution function G with associated quantile function (), the inequalities

Q(a) <z and a < G(z) (where a € (0,1) and = € R) are equivalent. Consequently,

rn+jln rn+iln
Zj,n = Z ]1{)/75 > Z]\Tn} and Zj,n = Z H{Y;f > an}
t=1+jbn t=1+jln
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Set e, = {n(1 — 7,)}~*/* and apply Theorem 3.3* to find that the event A, := {¢, (1 —¢,) < G, <

¢, (1 + €,)} has probability converging to 1 as n — oo, so that it suffices to work on A,, to prove the

required convergences in probability, which we do from now on. We get

Yo Wiz g, (l+e)} < Zn< Y Y=g, (-2} (D.82)
t=1+jln t=1+jln

It follows that

1
T e 2y o

j=1
< — Z (m Z WY: > qr,, (1 —20)} — H{Y: > g5, (1 +5n)}> :

t=143jln
Taking into account that £, — 0, and therefore that F(q,, (1£¢,)) = (1—7,)(1+0(1)) by local uniformity
of the regular variation property, the expectation of the above upper bound is immediately found to be

o(1), so that
1 P
e E 9 DL N E)
7=1
Then recall (D.82) to find

Tn“l‘jzn 2 Tn+]en 2

( > 1Y >¢.,0 +an)}> <Z,< ( > Y, >q.,(1 —an)}>
t=1+j¢p t=1+70n

and therefore
o ZZ o 22
(1 —Ty) 8 Mo, Z |
< s Z =7 ( Z 1{Y; > ¢r,, (1 - €n)}> - ( Z {Y; > ¢, (1 + %)}) . (D83)
j=1 t=1+j, t=1+jly,

Note finally that

E ( ”Z" 1{Y; > ¢, (1 £ en)}> = Var ( "Z" 1{Y; > ¢, (1 £ an)}> + O({rn(1 = 1)}%).

t=14jtn t=1+3tn
Recall that F(q,, (1 +£¢,)) = (1 — 7,)(1 + 0(1)), so, by a straightforward extension of the first half of

Lemma C.2,

E (THEJ:R 1{Y; > ¢, (1 j:sn)}) =ro(l —7,) {1 + ZiRt(l, 1) +0(1)} :

t=14jtn t=1
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Thus the expectation of the upper bound in (D.83) is o(1), from which we obtain

1 " 1
ro(l—7,)  my 4

Mn
= P
- - ZIZin—ZM — 0.
7=1

This completes the proof of (D.81) as required.
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