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GREENBERG’S CONJECTURE FOR TOTALLY REAL FIELDS
IN TERMS OF ALGORITHMIC COMPLEXITY

GEORGES GRAS

ABSTRACT. Let k be a totally real number field and let ko be its cyclotomic
Z,-extension, p > 2. Generalizing some viewpoints of Taya and others, we show
that Greenberg’s conjecture (A = p = 0) depends on images, of ideal norms along
the stages k,/k of the tower, in the torsion group 7j of the Galois group of the
maximal abelian p-ramified pro-p-extension of k; these images (obtained inductively
via a classical algorithm in each k,) take place both in the p-class group (¥ and
in the normalized p-adic regulator Ry of k& (Theorem [6.2]). A property of uniform
distribution of these images (Conjecture[6.4]) would lead to density results needed for
a proof of Greenberg’s conjecture, which remains hopeless within the sole framework
of Iwasawa’s theory. Indeed, many “algebraic/class field theory” criteria exist, which
hide a broad p-adic arithmetic and algorithmic complexity governed by 7. No
assumption is made on the degree [k : Q], nor on the decomposition of p in k/Q.
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1. INTRODUCTION

Let k be a totally real number field of degree d and let p > 2 be a prime number.
Let Q be the cyclotomic Z,-extension of Q and let ko, := k Q4 be that of k. We
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2 GEORGES GRAS

denote by k, the degree p" extension of k in k., and put G, := Gal(k,/k). Let C/
and (fy, be the ordinary p-class groups of k£ and k,, respectively. We denote by Tx
the torsion group of Ay, := Gal(H}" /k), where H}" is the maximal abelian p-ramified
(i.e., unramified outside p and co) pro-p-extension of k.

In the case p = 2, all the forthcoming 2-invariants: “(/ (class groups), T (torsion
in p-ramification), R (regulators), W (local torsion), G (genus groups),...” may be
also considered in the restricted sense “res” instead of the ordinary sense “ord’. But,
to avoid complicated notations, we do not emphasize about this distinction, so that
all writings will be identical for all p; indeed, there is a kind of “miracle” since, under
Leopoldt’s conjecture, we have:

#Tres = 24T |7, Theorem I11.4.1.5],
knowing that, for totally real number fields k& of global unit group Fj:

res __ 2d ord res __ ord res _ ord
(1) #Cgk = m . #Cgk s #Rk = . #Rk s #Wk =2 #Wk s

(Ej:EP*)
2

which makes coherent the formulas #7 = #C/-#R-#)V in the two senses (see the
definitions of Ry, W, in the ordinary sense, in §B3.1]).

We call Greenberg’s conjecture for totally real number fields k, the nullity of the
Iwasawa invariants A, p of the cyclotomic p-tower k., of k (for all p) (see the origin
of the conjecture in [I5] Theorems 1 and 2| with the study of two particular cases
of decomposition of p in k£/Q). This conjecture is, in some sense, a generalization of
Vandiver’s conjecture for Q(u,)" (see [14] for a new approach on Vandiver’s conjecture
that can be generalized for annihilation aspects in p-ramification theory [37]).

Main recent studies of this conjecture, after the pioneering works of Fukuda—Komatsu,
Hiroshi, Ichimura—Sumida, Nishino, Ozaki, Ozaki-Taya, Taya [2, 3] 4], 5] 18], 19, 20 38,
39, 41, 42, 43, are [10, 12, 24, 26, 27, B30, 33, 34, 35, 36]. In [10, 12] we have given the
bases of our method with many numerical experiments and a survey of known results
and criteria. In [20, Théoréme A| a new criterion is given (capitulation in k., of the

logarithmic class group Cly of k), in [27] the Greenberg conjecture is stated in terms
of “universal norms”. In [35] a synthetic view of the criteria of Greenberg, Jaulent,
Nguyen Quang Do and others, is given by means of Iwasawa’s theory. Then we shall
explain in what sense these algebraic criteria hide a tricky arithmetic complexity,
materialized by the algorithm given Section [B.11

Remark 1.1. Subject to replace k by a stage K := k,,, in k, one may assume with-
out any limitation of the generality (under Leopoldt’s conjecture in K., = k) that
p is totally ramified in K /K; if necessary, K may be such that the corresponding
Iwasawa formula for K is fulfilled for all n > 0. Indeed, K is totally real and the
Iwasawa invariants of K (N, ') are trivial if and only if that of k& (A, u) are trivial
(in fact, N = A, ¢/ = pup™). So we shall remember that the number s, of p-places
of k, ramified in any k,/k, n > 1, is at least 1. We only assume that k.. /k is totally
ramified at p.

In many papers, the decomposition of p in k£/Q plays an important role and needs
different techniques; for instance, two cases are examined after [15]:

(i) The case s, = 1 of a single place over p in k.; in this case, the correspond-
ing papers assume that p is totally ramified in k. /k, which constitutes a
restriction when p | d (e.g., p =2 and k = Q(y/m), m =2 (mod 8)).

(ii) The case s, = d (p totally split in k/Q, thus totaly ramified in k. /k).

On the contrary, we shall not put any assumption on the degree d nor on the de-
composition of p in k/Q; to analyze Greenberg’s conjecture, we will show how this
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decomposition of p intervenes, especially regarding the inertia groups of the p-places
in H}" /ks and regarding the “normalized regulator” Ry.

2. MAIN RESULTS.

The results of the paper may be described as follows in two parts.

(2)

(3)

(4)

The algorithm, determining #C/y, in k, (whence giving the Iwasawa invari-
ants for n > 0), computes inductively the classical filtration (Cf}, )i>o, where
cortyee, = (Cly, /C ), with ¢, =1 and G,, = Gal(k,/k). We have the
decreasing sequence, where s, > 1 is the number of p-places of k:

| . o pn-(sp—l)
C€Z+1 cez — # k - . - -
#( b/ kn) #Ni, e () (AL AL N N,/ (K))

where:
A i={z e k™, (x) = Ny, (), i, (A) € 1,

giving the increasing sequence (from A% = E}):

Then C(H!/Cl, in (2) becomes trivial for some ¢ = b, (thus Cfy,, = Cﬁﬁz) if
and only if the two factors vanish. The length b,, of the algorithm depends on
k

#
———— dividing #(¥¢, and
#Ni, /1 (Cl) &

the decreasing evolution of the “class factors”

pn-(sp—l)

(A}, AL N N, i (K))
tient R}" of the normalized p-adic regulator Ry, related to the decomposition
of pin H} /ko (Theorems B.8 (.3 §6.1)).

We prove (Theorem [(5.4) that C/y = R =1 <= A =pu = v =0 and
obtain, when C/y, - R} # 1, the following bound for b, (where v, is the p-adic
valuation):

the “norm factors” dividing the order of a suitable quo-

1
bp > ————s

U (#Cl#RYT)

These results are in relation with the property (Theorem B.9) A = p =
0 < lim lim #(C0M/c, ) = 1.

1— 00 N—00

From Theorem one may replace in (3) the ideal norms a = Ny, /() by
representatives t whose Artin symbols are in T, hence finite in number; but
under Greenberg’s conjecture, replacing & by k,, one gets b,,(k,) = 1 for
all m > n > 0 (Theorem [A.TI(ii)), which constitutes a spectacular algorith-
mic discontinuity compared to the other case where, from () applied to k,,
b (ky) — oo with m if A or u is nonzero. So the main question is the algo-
rithmic complexity, analyzed in Section [0, suggesting possible analytic proof
in the framework of the powerful techniques used in [29] in the case of degree
p cyclic extensions.

Indeed, as we have seen, each step of the algorithm only depends on finite
number of possibilities (at most #7) by taking the class of the random ideal t
and by computing, when t = (7) is principal, Hasse’s symbols at the p-places of
the random element 7, in other words a classical situation involving random
Z/p"Z-matrices. Then the algorithm is based on the of evolution relation
(I4), only depending on basic arithmetic. So, under the natural Conjecture
of independence and randomness of the data obtained at each step of

A n4p-pt+v).
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the algorithm, one may obtain that Greenberg’s conjecture holds true with
probability 1.

3. ABELIAN p-RAMIFICATION AND GENUS THEORIES

3.1. Abelian p-ramification — The torsion group 7;. Let s, > 1 be the number
of primes p | p in k (hence totally ramified in k., /k with the convention of Remark
[L1). Under Leopoldt’s conjecture for p in k., recall the main data needed for the
study of the Galois group Ay, of the maximal abelian p-ramified pro-p-extension H;"'
of k and its torsion group 7 (see for instance |13, Appendix 1] for a wide story of
abelian p-ramification theory in its various aspects):
(a) Let Ej be the group of p-principal global units ¢ = 1 (mod [[,,p) of k.
Let Uy := @mpUkm be the Z,-module of p-principal local units, where Uy, is
the group of p-principal units of the p-completion k, of k. Denote by p,(x)
the group of pth roots of unity of any field x and put W, := torg, (Uy) =
D, o(ky) and Wy := Wi/ (k). Since p(k) = {£1}, Wy := Wy, for p # 2
and W, := W, /{£1} for p = 2.
(b) Let v: {x € k* ®Z,, x prime to p} — U}, be the diagonal embedding. Let E
be the closure of tE}, in U, and let Hj, be the p-Hilbert class field of k; then we
have Gal(H}"/H},) ~ Uy/E). One checks that under Leopoldt’s conjecture,

torz, (Us/Ey) = U; /E), where U} := {u € Uy, Nyjg(u) € {£1}}.
(¢) Let () be the p-class group of k and let:
(5) Ry := torz, (log(Uy) /log(Ey)) = log(Uy) /log(E},)
be the normalized p-adic regulator [I1], § 5]; recall that for p # 2, #Ry =

Ry
pa-T

and #R; = 22%1 2551 for p = 2, where R}, is the classical regulator.

(d) The sub-group of 7 fixing the Bertrandias—Payan field H ,E’p is isomorphic
to Wk
For a given base field k, the invariants C/; and W, are trivial for almost all primes p;
this is only conjectured for Ry (see [8] for conjectural p-adic properties of regulators)
and constitutes an out of reach question.

Recall some classical results in our context (under the Leopoldt conjecture):

Proposition 3.1. [I1], §4, §5|. We have the exact sequences:
1— tOl"ZP(Uk/Fk) = U]:/Ek — 7; — Gal(koon/koo) ~ C@k — 1,
(6) 1 = Wy, — torg, (Uy/E)) — torg,(log(Uy)/log(E})) ~ Ry — 0.

3.2. Genus theory in k,/k. We denote by Hj, the p-Hilbert class field of k,,. Since
p is totally ramified in k,,/k, the inertia groups I,(k,/k) in k,, /k, p | p, are isomorphic
to G,, = Gal(k, /k).

Let w, be the map which associates with ¢ € Ej the family of Hasse’s symbols
(M) € Gp, p | p- This yields the genus exact sequence interpreting the product

P
formula of the Hasse symbols of a unit (see, e.g., [7, Corollary IV.4.4.1]):

1— Ek/Ek ﬂNkn/k(k?::) Lﬁ(k‘n/k‘) L)Gal(Hkn/k/k‘nHk) — 1,

where Q(k,/k) = {(0p)pp € G, [T, 00 = 1} ~ Gir~", then where Hy, /i is the
p-genus field of k, /k defined as the maximal sub-extension of Hy, , abelian over k.

The image of w,, is contained in Q(k,/k) and the map 7, is defined as follows: with
(0p)pp € G, ™, associates the product of the extensions o}, of the o, in the inertia
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groups I,(Hy, i/ Hy) generating Gal(Hy, ./ Hy.); from the product formula, if (o )y, €
Q(k,/k), then lep o, fixes both Hj and k,,, whence k,, H.

The genus exact sequence shows that the kernel of 7, is w, (Ey). We have as expected,
using Chevalley’s ambiguous class number formula [I],

g G I(H /k ) #Cgkn C€G C€ p"‘(sp—l)
# = #a n) = —on # nn =7 ' .
kn/k kn/k #Cein n k k (Ek . Ek m Nk‘n/k)(k;lf))
Diagram 3.2. Tk

koo

Ky ——————————

¥—

Gn

In the above Diagram, Hj, . is the fixed field[ of the image of C€,1€:””, where o, is a
generator of G, and Gy, /v = Gal(Hy, /x/ky) is the genus group in k,/k.

The genus group Gy, / has, in our context, the following main property that we will
analyze in more details in §B8.3] to obtain Theorem B.§ when n is large enough:

Proposition 3.3. (i) Foralln >0, kooHy, /i € H}jp and #(jkn/k} #Cly, - Ry, which
pn~(5p—1)

(Ex = Ex 0 N, (k)

(ii) The n-sequence #Gy, i, is increasing and stabilizes at a divisor of #Cly-#Ry,.

(iii) Let Ji, /i be the transfer map Cl, — Cly,, let Sy, be the set of p-places of ky,.
Then the orders of Ji, i (Cly)-clr,, (Sk,) are bounded by #Cli-#Ry, for alln > 0.

#Rk .

15 equivalent to

Proof. Using the idelic global reciprocity map (under Leopoldt’s conjecture), we have
the fundamental diagram [7, §111.4.4.1] of the Galois group of the maximal abelian
pro-p-extension k** of k, with our present notations:

Diagram 3.4. y
st oy Py,
Hi’r v
k —Hj, H

where F, is the residue field of the tame place v (finite or infinite). We know that the
fixed field of U, = @p‘p Uy is the maximal tame sub-extension H;?, since each Uy, is
the inertia group of p in k*" /k. Thus its torsion part, u,(k,), restricted to Gal(HY" /k),
fixes koo and since koo Hy, i/ koo is unramified, it fixes ko Hy,, /i for all n > 0. From the
diagram, the restriction of Uy, to Gal(H}"/k) is Gal(HY'/Hy) ~ Uy /E) as usual, and
the restriction of Wy = B, py(ky) to Gal(Hy" /Hy) is isomorphic to Wi/, (k) = Wi

rr /K is a Galois extension of Galois group G, we say that K is the fixed field of G but we say
that G fixes k when k is only a subfield of K.
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whose fixed field is H.®; whence the first claim (i). Point (ii) is obvious since non-
ramification propagates so that Hy, jx knin € Hy,,,/x forallh > 1 (use Diagram [3.2).
Point (iii) results of the inclusion Jy,/k(Clk) - cli,(Sk,) C Cﬁan" with the relation
#Cﬁan” = #Gp, i and (i). O

Remark 3.5. (i) Since Gy, /i is “constant” for all n > 0, which only depends on
k, we put G, ~ Gy, /i for n large enough. This group will be called, by abuse,
the genus group of k., /k; then the field (called the genus field of k. /k):

H]fen = Um Hkm/k

is unramified over k., of Galois group Gy (cf. Proposition and Diagram
B.1).

(ii) Let ko be a totally real number field in which p totally splits (thus totally
ramifies in ko o /ko, i.e., s, = d). We have Wy, = 1 for p # 2 since ko, = Q,
for all p | p; then we shall have #Gy, = #Cl, -#Ry, (see Corollary B.9). This
classical case is due to Taya [42] Theorem 1.1]; see analogous recent approaches
in [10, Théoréeme 4.8|, [26, §2.1, §2.2, Corollaire 11|, [35, Théoréme C|. For
p=2 Wy, ~F§ "

(iii) The case of a single place in ko, with p totally ramified in k. /k (i.e., s, =1

.. n-(sp—1)
sIVing (Ek3EiﬁNkn/k(k;L<))
norm factors that we shall define later as divisors of #Ry (see () will be
trivial.

= 1) is also considered; we have #G, = #(/; and the

We shall, now, emphasize on the influence, for the arithmetic of Hy'/ks, of the
decomposition of p in k£/Q in the following subsection in which we characterize a
subgroup Ri>™ and the quotient R}F = Ri/Ri*™, of Ry, such that #G, = #Cly, - #R}".

3.3. Ramification in H}"/k.. Recall, once for all, that the tame places totally split
in HY /keo |7, Remark II1.4.8.2]. From Remark B.5l(i), we can state:

Proposition 3.6. Let ng > 0 be such that #Gy,, ;i stabilizes for all n > ng, defin-
ing the genus field HF™ such that Gal(H{™ /koo) = Gx. Then HF™ is the maximal
unramified extension of ko in Hy' and Gal(HE'/HE™) =~ (torg, (UypEr/Ek) >p‘p.
Proof. To simplify, put Lo, := H;™". Let L’ be a degree p unramified extension of
L in H,E’p; put L = Hj, /i, n > ng, and consider L’ such that L' N Lo, = L and
L'Ly = L ; thus Gal(L/ /L") ~ Gal(Lw/L) ~ Z,. Replacing n by a larger value,
one may assume that L._ /L’ is totally ramified at p (the case of L /L is obvious).

Let M # L’ be a degree p extension of L in L and v a p-place of L; if v was
unramified in M/L, the non-ramification would propagate over L' in L. (absurd).
Thus, I,(L /L) = Gal(L._ /L) or Gal(L, /L'); but this last case, for all v, would
give L'/L/k, unramified and L'/k abelian (absurd by definition of the genus field
L = Hy, i); so there exists vy totally ramified in L. /L, hence in L /Ly (absurd).

For p | pin k, I,(HE' [kso) = torg, (UrpyEx/Ek), since I,(HE'/k) is the image of Uy
in Gal(H}"/Hy) ~ U, /E), (see Diagram [3.4)). O

Let R = Gal(HE™ koo Hy) (“non-ramification”) and RE™ := Gal(H®/HE™) (“ram-
ification”). So, the top of Diagram may be precized as follows:
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Diagram 3.7. Tk

From Proposition and the above study, we can state:

Theorem 3.8. Let ng be such that Gy, = Gal(Hy, /i /kn) ~ Gy for alln > ng. Then
n-(sp—1)
p nr
= #R;".
(Ek : Ex NNy, (kX)) .

Corollary 3.9. (i) If s, = d, then Ri?™ =1 and R} = Ry.
(ii) If s, = 1 with p totally ramified in ks /k, then R?™ = Ry and Ry = 1.

Proof. (i) If s, = d, one obtains Uy, ,Ey/Ey = Uyp/Er N Uyp; since Uy, = 1+ pZ,
for all p | p, torg, (Uyy/E) N Uyy,) = torg, (Uky)/torz, (Ex) = 1 whatever p. Thus the
inertia field is H}jp = H', giving Rj>™ = 1.

(ii) If s, = 1, R = 1 and torg, (UyyEx/E}) = torg, (Us/Ey). O

#Gy, = #(U, - #R}T, which is equivalent to

Otherwise, these inertia groups are only accessible by means of numerical compu-
tations (this is done in [I3]| in the context of incomplete p-ramification); they fix
HE™ =, H,,/r independently of the knowledge of Gj.

Theorem 3.10. Let S, be the set of p-places of k.
(i) We have the exact sequence:
1= T (Cle) el (Sk,) — CEm = By 0 Ny i (k) /N (B, ) = 1.
(11) #Jkn/k(C&) c@kn(Skn) X #(Ek M Nkn/k(k:@()/Nkn/k(Ekn)) S #gk = #C@k . #Rzr.ﬁ

Proof. (i) We have the exact sequence:
_GTL
1= el (14" = I n(Cli) el (Sk,) = CL = By 0Ny, (k) /Ni, i (B, ) — 1

where Ty, is the Z[G,,]-module of ideals of k,, (not necessarily prime to p) and where
associates with c/y,, (), such that A" = (a), @ € k¢, the class of the unit Ny, ()
of k, modulo Ny, /i (E}),). The surjectivity and the kernel are immediate.

(ii) Whence the claim from the equalities #Gy, /,, = #Cﬁan” = #Gy, = #Cly, - #R}", for all
n > 0 (Theorem B.8).

(iii) Since the norm maps Ny, /i, : i, (Sk,) — clk,(Sk,) are surjective, for all
m > n > 0, the n-sequence #cly, (S, ) is increasing and bounded, then stabilizes for
n large enough.

The n-sequence Jy,, /,(Cl)) is decreasing and stabilizes for n large enough. Whence
the stabilization of the the n-sequence Ej N Ny, /x(k))/Ng, /x(Ek, ) O

4. GREENBERG’S CONJECTURE AND p-TORSION GROUPS.

Let k be a totally real number field, assuming p totally ramified in k.. /k (cf. Remark
[LI). Let’s give first some obvious properties of H}" /k under the assumption A = y =
0.

2This result, giving a bound equal to a computable constant of k (with equality for n > 0), is
the key for the proofs of the main Theorems 1 and 2 of [I5]. See also the following Theorem [T for
a direction in the criteria.
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4.1. Consequences of Greenberg’s conjecture. If A\ =y = 0, there exists v > 0
such that #Cl, = p” for all n > 0; thus, any base field K = k,, for n large enough,
fulfills the same formula and properties in its tower under the convention of Remark
1

Let Ry, be the normalized p-adic regulator of k,, then Rj*™, R)I ~ Ry, /Ri*™
and Gy, = Gal(H;™" /ky), where HF™ = U, ., Hi,./k, is the maximal unramified
extension of k., in H (cf. §B.3, Diagram B2 applied to k).

Theorem 4.1. Under Greenberg’s conjecture, we have the following properties where
n > 0 is fived such that #Cly,, = p¥, for allm > n:

(i) The norm maps Ny, jk, = Cli,, — Cli, are isomorphisms.
(ii) CﬁkG:/" = Cly,, = G, of order p”, where Gy = Gal(ky/kpn) =: (Tjn) -
(iil) Ry = 1; then RP™ = Ry,,, which means that Hy'" = koo Hy,,, and that this
field is fived by (torz,(Uk, . Exm/Ek.) >p p (use Diagram [37 for the field

(iv) For all h >0, Cly, capitulates in keo.

Proof. (i) Due to the total ramification of p in k., /k, the norm maps (i.e., the restric-
tions) Gal(Hy,,/km) — Gal(Hy, /k,) are surjective; since #Cly, = #Cl, = p” these
maps are injective.

n

(ii) From Chevalley’s formula, #C€kG7:l/ is a multiple of #(f;, = p”; then we obtain

Cff;/ " =Uy,,, Cﬁi:m/ " =1, and Gy, /k, =~ Uy, of order p”, for all m > n; this implies
Gk Jkn, = Gk, » of order p”. A fortiori, all the Gy, ,, m > n, are isomorphic of order p”.
(iii) From Theorem 3.8 and (ii), we get #R} =1 for all m > n.

(iv) Let Cly,=: D; ( lk,,(2;) ) be a decomposition of C/y,, into a product of cyclic
components. From (i), (ly, = P, { Nty /i (i, (2A5)) ); for such a ol (2A;), using
Chebotarev density theorem in Hjy,, /k,, we may assume that 2(; is a prime ideal £
of kp,, totally split in k,,/k,. Consider [ := Ny, /i, (£); thus (s, is generated by
such classes cl, (I). Then Ji,, /i, (I) = £%n/*n where Vi, i, = 3 cqal(h, k) © 15 the
algebraic norm. We have Vi /i, = 0™ " 4+ A(omm) - (1 = Omm), A(Omm) € Zip|Tpsnl-
From (ii) and m — n large enough, we get Ji,, /i, (cl,(I)) = 1. Whence also the
capitulation of (/y, in ky for all h > 0. O

4.2. The logarithmic class group. Another approach for Greenberg’s conjecture is
the criterion of Jaulent [26, Théorémes A, B| proving that the conjecture is equivalent
to the capitulation in k., of the logarithmic class group @k of k. This group is
related to Ty, as follows with the following diagram (from that of [26], § 2.3], under the
Leopoldt and Gross—Kuz'min conjectures), where H} C H 2 is the maximal abelian
locally cyclotomic pro-p-extension of k (i.e., such that the p-places totally split in

HY ko), P = (clu(p) )

plp’
logarithmic divisors of zero degree built on the p-places, HI* is the maximal subfield

of Hj, in which the p-places totally split; whence:

56,[5} is the subgrup of @k generated by the classes of

Hi N koo Hy, = koo HY & Gal(koo HE ko) ~ Cl, = Cli JCIP.
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Diagram 4.2. _HP

The field H™ is fixed by the group generated by the inertia groups:

Ip(HISr/]{JOO) ~ toer(Uk,pEk/Ek>7 p ‘ p (Pl"OpOSitiOIl [ED,

and HJ is fixed by the group generated by the decomposition groups D,(HY" /ks),
which may be computed numerically from [7, Exercice I11.7.1].

If we consider the Frobenius of the p-places in Hf™ /ks, (whence in Hf™/HJ°), their
projections in Gal(HcH,/H)®) (as well as in Gal(kooHy/koo HI®)) generate these
Galois groups; but the Frobenius of the p-places in Hf™/H,¢H}, fix an intermediate
field M and p totally splits in M /k. Hy (see more information in |26, Lemme 15]).
In [28, Appendice, Définition 17], Jaulent defines the logarithmic regulator as Ry :=
Gal(pr/ HY) (use [26] Diagram, §2.3[). This implies immediately a definition of

groups RI™ ~ RIm and R = R, /Riam = Gal(H™/H)¥).

4.3. Iwasawa’s invariants for the torsion groups. Put I' := Gal(ky/k). Give
now some properties about the transfers Ji, /&, the norm maps Ny ., m > n >0,
and fixed points formulas by G, := Gal(ky,/ky,):

n?

Diagram 4.3. Ti, = torz, (Ax,)
T = torz, (Ak)
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4.3.1. Groups T. We know that the transfer maps Ji,,/k, : Tk, — Tk,, are injective
and, in our totally real context, the norm maps Ny, /, : Tk,, — T, are surjective,
m > n > 0. It is easy to see that these properties are fulfilled for the modules R,
R and G (see Diagrams 3.7 [4.2] [.3]). Since the extensions k,,/k, are trivially
“p-primitively ramified”, we have the fixed point formula 775”’"/” ~ Tr. (7, Theorem
IV.3.3] or [13, App. A.4.2], [22 Section 2 (¢)], [31, App.]).

However, @Wkn is not always finite and this occurs if and only if some completions

ky, contain fi9,; indeed, in that case, kyp, (Pn | p in k) contains pig,m+1 for all n > 0
(in other words, its A-invariant is s,; cf. Example @5)). Otherwise, Wy, = 1 for p # 2
and W, ~ F;p_l for p = 2.

More precisely, we have the following about the 7, with inverse properties with
respect to those of @kn for which the invariants X, [t are conjecturally trivial:

Proposition 4.4. Let \, Ti, U, be the the Twasawa invariants for the Z,[[[]]-module
@ﬁn in the totally real case. Then \+T = 0 if and only if k is p-rational (equivalent
to Tr = 1 under Leopoldt’s conjecture)ﬁ.

Proof. It Ty, = 1, since K, /k is p-primitively ramified, T, = 1 for all n; thus A = 17 =
v=0.If \+7 =0, #T, = p” for all n > 0. The norm maps Ny, : Tg,. = T, are
surjective (see Diagram B.3)), whence injective, and the transfer maps Jy, /i, : Tr,, —
T, are injective, for all m > n > 0; so Ny, sk, 0 I, sk (Ti) = 7;5:”7" = 1form > n;

hence 7 = 0 giving the p-rationality in the tower. U

Example 4.5. The following table, using [12] Program §4.3] (p = 2, k = Q(v/m),
n € [0,3]), gives the group invariants of T, for the non-2-rational fields; it suggests

some A > 1 (recall that for m* = —1 (mod 8) the A-invariant of im Wj,, is s, = 1):

m

mx=7: [4] [8] [16] [32] m = 62: [4][16,2][32,2,2,2][64,4,2,2,2,2,2]

m = 14: [2] [8] [16] [32] m = 65: [8] [16] [32] [64]

m+= 15: [4] [8] [16] [32] m = 66: [8] [16] [32] [64]

m=17: [2] [2,2] [4,2,2] [8,4,4] m = 69: [4] [4,4] [8,8] [16,16]

m = 21: [2] [2,2] [8,4] [16,8] m = 70: [2] [2,2] [8,8] [16,16]

mx= 23: [4] [8] [16] [32] mx= 71: [4] [8] [16] [32]

m = 30: [2] [8] [16] [32] m = 73: [2] [8] [16] [32]

mx= 31: [8] [16,2] [32,2,2,2] m = 77: [4] [4,4] [8,8] [16,16]
[64,4,2,2,2,2,2] m = 78: [2] [8] [16] [32]

m = 33: [2] [16] [32] [64] m+= 79: [8] [16,2] [32,8,4] [64,16,8]

m = 34: [2] [2,2] [4,2,2] [8,4,4] m = 82: [2] [32] [64] [128]

m = 35: [2] [2,2] [8,8] [16,16] m = 85: [2] [2,2] [2,2,2,2] [8,4,4,4]

m+= 39: [4] [8] [16] [32] m+x= 87: [4] [8] [16] [32]

m = 41: [16] [32] [64] [128] m = 89: [2] [16] [32] [64]

m = 42: [2] [2,2] [8,4] [16,8] m = 91: [2] [2,2] [16,8] [32,16]

m = 46: [2] [8] [16] [32] m = 93: [2][2,2][2,2,2,2][2,2,2,2,2,2,2,2]

mk= 47: [8] [16,2] [32,4,4] [64,8,8] m = 94: [4] [16,2] [32,4,4] [64,8,8]

m = 51: [2] [2,2] [2,2,2,2] [8,4,4,4] m*= 95: [4] [8] [16] [32]

m*= 55: [4] [8] [16] [32] m = 97: [2][2,2][2,2,2,2][4,2,2,2,2,2,2]

m = 57: [2] [64] [128] [256] m = 102:[2] [2,2] [2,2,2,2] [8,4,4,4]

4.3.2. Groups Cl. For the properties of the logarithmic class groups 56, see the fun-
damental works of Jaulent ([2I], [24, Théoréme 4.5, Remarque (i)]). In particular,
it is shown that Greenberg’s conjecture is equivalent to the same conjecture for the

3See |13, Appendix] for the long story of p-rationality then |7, IV (b)] for the technical use and
[31] for cohomological presentation. This proposition is known for instance from [25] [40] among
others.



GREENBERG’S CONJECTURE AND ALGORITHMIC COMPLEXITY 11

groups (¥’ and for the groups /. On the contrary (see Proposition [£.4]), the Iwasawa
invariants of the Zy[[I'}]-modules Jim 7, and @72?}’ are in general nontrivial (this

may also be seen via reflection theorem, |23, Téoréme 2.12| and generalizations in
[40]).

4.4. Criteria of Iwasawa’s theory type. We summarize, without proofs, some
well-known characterizations of Greenberg’s conjecture. If one replaces k by a stage
K C koo, all the forthcoming statements hold true for K and its tower J, <, Kn,
[K, : K] = p" (cf. conventions of Remark [[.T)); we assume the Leopoldt and Gross—
Kuz’min conjectures for totally real number fields. We use the classical objects A, :=
liﬂC&Cn, Xoo = @C&Cn, AL, XL, from the Sy, -class groups (¥}, , where S, is the

set of p-places of k, (recall that Cfj, ~ (Xoo)r).
Let Cﬁgﬂ = Ker(Cly, — (), ) and (A}@Zj = Ker(Cly, — ., ) (cf. Diagram [4.2).

Proposition 4.6. Greenberg’s conjecture is equivalent to each of the following:
(i) Xoo is finite; (i) X1 is finite; (ii) Ao = 0; (i7") AL, = 0;
(iii) Cly, capitulates in koo; (114') Clj ~ capitulates in ko (for alln >0);
(iv) Ni /o (Uiy) = s (") Ny, (GO, ) = Cl - (for allm >n > 0);
)
)

(v) Cly, capitulates in koo for allm >0; (vi) C@kG:;/” = Cly,, for allm > n > 0;
(vii) s, = 1: Cly capitulates in koo; (viii) s, = d: for all n >0, cef: = oy, (Sk,)-

Most characterizations are due to many authors after Iwasawa; see [16], [21], [26]
Théorémesd4, 5, 7|, [27], [32, Théoréme 4.2, [35, Proposition 1.1, Théoréme 2.1]. Point
(v) is Jaulent’s criterion [24]; point (vi) follows from Theorem [A.I(ii) and expresses
that Greenberg’s conjecture is equivalent to the triviality of the algorithm in k,,/k,
for all m > n > 0 (to be detailed in Section [B.1]). Points (vii) and (viii) are the two
Greenberg theorems |15, Theorems 1, 2]

Remark 4.7. In our opinion, these aesthetic statements are translations, into alge-
braic Iwasawa’s theory, of standard formalism of class field theory and classical p-adic
analytic objects of L-function type (as in the important achievement [17] for the to-
tally real case, among many other articles). In other words, the diophantine aspects
of construction, computation or annihilation (in a “numerical” setting), of the class
groups in ks, are not taken into account. As for the well-known abelian case, one is
able to give (nontrivial) equivalences between several theories (essentially Iwasawa’s
theory and p-adic L-functions), giving famous “main conjectures” and “main theo-
rems”’, but without information on the orders of magnitude, nor on density results.
We will show how this construction works and study its arithmetic complexity which
becomes oversized in the tower as soon as A + u # 0 (Corollary in Section [B.1).
These observations are strengthened by the results of [29] which show (using deep
techniques in the case of degree p cyclic extensions) that it is quite possible to obtain
density results and some proofs “with probability 1”.

5. FILTRATION OF (4,

5.1. General algorithm — Class and Norm factors. Let I}, , n > 0, be the group
of ideals of k,, prime to p. In the framework of the general algorithm of computation
of the p-class group (Y%, of k,, by means of “unscrewing” in a cyclic p-extension, one
uses the filtration of M,, := ¥y, :

M = cly, (M), M. C I,, i >0,
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the .#" being finitely generated subgroups of I, , defined inductively as follows (from
[9, Corollary 3.7]):

Definition 5.1. For n fized, (M?);>o is the i-sequence of sub-G,-modules of M,
defined by M? := 1 and MY/M! = (M, /M) for 0 < i < b,, where G, :=
Gal(k,/k) =: {0, ) and where b, is the least integer i such that M: = M, (i.e., such
that Mt = M? ).
Proposition 5.2. This filtration has the following properties:
(i) Fori =0, one obtains M} = MS (group of ambiguous classes in k,/k).
(i1) One has M = {c € M,, c1=o)" =1}, for all i > 0.
(iit) Forn fived, the i-sequence #(M:iT1/M?), 0 < i < b,, is decreasing to 1 and has
the upper bound #M} since M /M — M /M'™! from the action of 1 — o,.

(iv) #Mpr =TT #(Mi /M)
Recall that for n fixed, a generalization of the Chevalley ambiguous class number
formula [9, Formula (29), §3.2]H, leads, by means of the norm groups Ny, /x(M?!) =
k, (Ni,x(#))) and the groups of numbers Al := {z € k¥, (z) € Ny, x(A4})}, to

n

the ¢-sequence: #(M”l/Mi) = " : ey where:
S Nk (M) (A AL N Nk (R)) '
() L e
#Ni, /i (M) (A%, = A% 0 N, gk (R))

are integers called the class factor and the norm factor, respectively, at the step ¢
of the algorithm in the stage k,. These factors are independent of the choice of the
ideals in .#" up to principal ideals of k, and the groups A, may be defined up to
Nk, /k(kX). The groups ., are built inductively from .#, = 1, hence AY = Ej [10]
§6.2]; then . is generated by ideals 2 of k,, prime to p, such that A~ = (a),
a € kY, which is equivalent to solve ¢ = Ny, /x(a), with ¢ € Ej local norm at the
p-places.

From the above, we can state, for any fixed integer n:

#C@k
#Ni, /e (M)

fine a decreasing i-sequence of integers from #Cly.

n-(sp—1)
(A AZ; AN 5] divide the order of Ry = Ry /Ri™

(see Diagram [37, §[3.3) and define a decreasing i-sequence of integers from
i=0 where A = B, C--- C AL CAUFL...
Proof. For the norm factors, this comes from the injective maps:

By BNy, (k) - o= AL AL ON (k) = AL AT AN (k) - -

Theorem 5.3. (i) The class factors divide the order of Cli, and de-

(ii) The norm factors

n-(sp—1)
Then A A]ZZ AN ) divides #R}", with equality for n > 0 (§B.3). O
Therefore, for i = b,, using the above expressions (7), we obtain M = (/. ,

Ni, e (ME) = Clx and (Al 2 AV NNy, (kX)) = p™ >, which explains that #Cly,
essentially depends on the number of steps b, of the algorithm, which will be ex-
pressed in terms of Iwasawa invariants as follows under the convention of Remark

LI

4 The generalization to arbitrary cyclic extensions was given in [6], then translated into english
in [9] with improvements. So it applies in the k, /k.
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Theorem 5.4. Let R} = Gal(H;™" /ko Hy) (Diagram[377, §[3.3), where HF™ is the
union of the genus class fields Hy,, /. (Proposition[3.8). Let ng > 0 be such that, for
all n > ng, the Iwasawa formula #Cly,, = p " TP "tV s fulfilled. Let b, be the length
of the algorithm. Then (where v, denotes the p-adic valuation):

(i) One has by, < X-n+p-p* +v < v, (#ll - #RY) - by, for all n > ny.

(17) If Ul =R =1, then A\ =pu=v=0.

Proof. Consider M,, := (/. As #(Mffl/Mfl) > pfor 0 <7 < b, —1, the Proposition
5.2(iv) implies #Cfy, = #MP"" > pP; whence b, < X\-n+ p-p" +v; then, from the fact
that # (M1 /M}) | #Cly, - #R}¥, (Theorem [B.3) this yields #(ME™ /M) < #Cly, - # Ry
for 0 < i < b, — 1; whence #Cl;,, < (#Cl), - #Ry)> from Proposition [5.2(iv), which
completes the proof of (i). Point (ii) implies Gy, /x = 1, whence (/y,, = 1. O

Corollary 5.5. If #Cl) - # R} # 1, the number of steps b, of the algorithm fulfills the
following inequality linking Iwasawa’s theory and algorithmic complexity:

)
vy (#Cly; - #RYT)

We know also that taking, as base field, a stage K C k., large enough, one may
expect (from Theorem [L.11(ii)) that the algorithm in K,,/K ([K,, : K] = p™ and
G, = Gal(K,,/K), m > 0) gives b,, = 1, i.e., 66%*; = (lk,,, of order p”, for all
m > 0. This means that the class and norm factors trivialize at the first step of
the algorithm: NKm/K(CE%Z) = Uy and (AL 0 AL N Ng, k(K%)= pm =Y for all
m > 0.

bn >

)\~n+u-p"+1/), for all n > ny.

Example 5.6. This stage K is not effective; so we have computed the structure of
Cly,, n € [0,4], for real quadratic fields &k = Q(y/m) and p = 2. If m = 2 (mod 8),
the first stage ky is contained in Hj, which gives an exception to the surjectivity
Cly, — Cly, of the norm map and explains that in this case one must take k; as base
field (e.g., m = 10). We give some excerpts which only suggest a rapid stabilization:

m=10 [2]1[10101[] m=226  [8][4][4][4]

m=15 [2] [2] [2] [2] [2] m=267  [2][2,2][4,2][4,2]

m=41 [1[2]1[4][8][8] m=291  [4][4,2][4,2][4,2]

m=51 [2][2,2][2,2][2,2][2,2] m=323 [4][8,2][8,2][8,2]

m=65 [2] [4] [4] [4] [4] m=357 [2][2,2]1[4,2,2]1[4,2,2]

m=82 [4][2][4][8][8] m=399  [4,2][4,2][4,2][4,2]

m=113 [][4][4][4]1[4] m=435 [2,2][4,2][4,2][4,2]

m=119 [2][2,2][2,2,2][2,2,2] m=442  [4,2][4] [4][4]

m=130 [2,2] [4] [4] [4] [4] m=483 [2,2][2,2,2][2,2,2][2,2,2]
m=137 [1[2][4][4][4] m=1011 [4][4,2][4,2,2,2][4,2,2,2]
m=145 [4][4][4][4][4] m=1023 [4,2][8,2][16,2][32,2][64,2]
m=219 [4][4,2]1[4,2][4,2] m=30030 [2,2,2,2][4,4,2,2]1[8,4,2,2][8,4,2,2]

The case of m = 1023 = 3-11-31 does not show a stabilization at the stage ky4
(unfortunately it took three days of computer to get Cly, = [64,2]); we have #Cl), = 8,
#Ry = #Rp™ = 16 and Ty, = [64,2], but Ti, = [512,32,8,2,2,2,2,2,2] which may
explain the difficulties. Since R}’ = 1, we have Cl, ~ (). ~ Z/AZ which is here such
that /), = O/, ® 7,/27 (we compute that Cly,, ~ Z/8Z, Cly, ~ 7./16Z, Cly, ~ 7./327).

Remark 5.7. At this step of the study, we make the following observations: Green-
berg’s conjecture reduces to an estimation of the number b,, of steps of the algorithm.
But b, (n fixed) depends of the i-progression of the class and norm factors () and
under natural probabilities on their evolution (Theorem [(5.3)), each of them is, a priori,
rapidly trivial since the computations only use the complexity of the base field & (i.e.,
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Cl, and R}'). We observe the huge discontinuity between the cases #Cly - #R}* =
(b, =0, A\=p=v=0)and #C, - #R}* # 1 with A+ p # 0 (giving b, — oo with n).
But the most spectacular argument is that, for K large enough in k., one must find,
in practice, b,, = 1 from Theorem [£.1](ii) giving, for m > 0, Cﬁ%’; = (U, of order p”
as the numerical experiments show. '

We do not know any analogous algorithm computing the filtration M; of M,, :== T,
(or for the 722}’ or the Ry, ); it seems that either such algorithm does not exist or is of
a very different nature, so that there is no contradiction with the fact that X is often
non-zero. In particular, one sees that the analogue of Chevalley’s formula is rather
trivial since 77€GLL = J i (Te) = T (ie., M; ~ T), without any “class factor” since

#Tk

Ny /i (Jren 7 (Ti))
“normic factor”. - »
On the contrary, such an algorithm very probably exists for the filtration M? := C@Zn

= #7; as soon as p" is larger than the exponent p® of 7, nor any

of the logarithmic class groups ¥y, and implies the same comments and conclusions
as those given in this paper.

5.2. The n-sequences C/;"'/C/i,  for i fixed. Now, contrary to the previous stud-
ies, we fix the step ¢ of the algorithms and consider the n-sequence of integers

#(METY /M) = #(Mn/MfL)G" from their class and norm factors (), knowing that
M} = Cl, if © > b,. One has, for all n > 0, the following diagram where the norm
maps Ny . /k,, on M, and (MnH)(l_""“)i, are surjective since Hy, N kyy1 = kn,
but not necessarily on M}, (they are, a priori, not injective nor surjective):

Diagram 5.8.
I — M:L—l—l —_— Mn+1 M) (Mn_i_l)(l_o'nﬂ)i —1
(1—0op)? (Mn)(l_o_n)i 1.

We have Ny, (M ;) € M¢; thus, for all 2,41 € .4, we obtain a relation of
the form Ny, /k, (11) = () Ay, where oy, € kX and A, € 4, in what case,
modifying .#,, modulo suitable principal ideals, one gets Ny, /., (A1, ) C A,
whence Ny, ., k(A1) C Ny, i (4)); this reduces to modify A% = {x € k*,(z) €
Ni,k(#2)} modulo Ny, /4 (kX) leaving invariant (A% : AL NNy . (kX)). So, one may
suppose that, for all given m > n:

(8) A Co S C AL
Theorem 5.9. For all v > 0 fized, #(Mffl/Mf@) define an increasing stationary
n-sequence of dwisors of #Cly, - #RyY, and #M' define an increasing stationary n-

sequence. Thus lim #(Mle/MfL) = pp”, p¢ | #Cly, ppi#R};r. The i-sequences p°
n—oo

1— M, — M,

and ppi are decreasing, stationary at a divisor of #Cly, and R}, respectively.
; - #Q ~
Proof. As Ny, /(M) €Ny, i(M}), the class factors P (VD) define an increas-

ing n-sequence p°r, stationary at a maximal value p® | #C/,. The norm factors
pr(sp—1) i p;H_p; _ psp—1 H#wn (AL) .

are Loy =i P (see §B.2) and p =p Fompi(Ab ) Since by (&) one

may assume A!_; C A’ this yields #wny1(AL,,) < #wpy1(AL), then we obtain

-1 _Fenla) i the restriction Q(kpg1/k) —> Q(ka/k) of Hasse’s

Piﬂ_me > pop .
P = P B
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symbols (with kernel isomorphic to F; "), the image of w1 (A?) is wy(AL), whence
an increasing n-sequence p”r | #RE*. Thus limy,_o #( M /ML) = p©-p? | #Cl-#R}Y.
If one assumes, by induction, that the n-sequence #M? is increasing stationary, the

property follows for the n-sequence #M ™. Whence the first part of the claim.
#Np,, /1 (ML)

For n large enough (to get ¢!, =: ¢* and pi, =: p'), we have T QT < 1 and
kn/k n
ot < Lsinee Al - Nig, (k) © AS- Ny (k). O

Corollary 5.10. There exists iy > 0 and some constants ¢ > 0, p > 0 such that

¢ =cetp =pforali> in, Whence lim (pcz ~ppz) = pP | #Cl, - ¥Ry and
1—>00

Greenberg’s conjecture holds true if and only if c = p =0 (from Theorem[5.7).

Remark 5.11. From Theorem AJI(ii), under Greenberg’s conjecture, the previous
results should be, for a base field K large enough in k. (cf. Remark [[LT]), that
M! = M} ¢ =pt =0, for all i > 1; thus iy, < 1, b, < 1, c = p = 0. Unfortunately,
numerical examples need to take K large enough, which is not effective. We refer to
[10] 12] for complements, conjectures and numerical experiments

For x € Al we have (v) = Ny, (2), 2 € 4, and when z is local norm at p,
hence x = Ny, /1 (yn), yn € k), the random aspects occur in the mysterious “evolution
relation” from the equality Ny, /x(yn) = N, /k(21), giving the existence of B (having,
a priori, no obvious algebraic link with the previous data), such that:

(9) (yn) = AB7 = B € M, = Ny 1o (B) = AL

6. (), AND Rj; AS GOVERNING INVARIANTS OF THE ALGORITHMS
We have seen the significance of the ideals of k of the form Ny, /(). This concerns
#C@k i .
————— where N M ted by the cli(Ng, k(2
' N e (V) where Ny, k(M) is genel'"a ed by the cli(Ng, /k(21)),
A € A, C I, (prime to p ideals of k,), where the .Z (n fixed) are given by the

n-(sp—1)
P i _
7 g N ) e A = A SR ) =

the class factors

algorithm, and the norm factors

Np k() }, A € A, as above.

We have seen that the ideals 2 € .#" may be arbitrarily modified modulo principal
ideals of k,, whence Ny, /x(2) defined up to Ny, x(k,) and prime to p. This non-
unicity hides some structural aspects of Greenberg’s conjecture that we intend to
analyze in relation with the invariant 7, more precisely its “sub-invariants” (/; and
Ry, to obtain canonical representatives of these ideals and finite in number.

6.1. Decomposition of N;, /x(2) — The fundamental ideals t. Let H." and H}
be the maximal abelian p-ramified pro-p-extensions of k£ and k,, respectively. Let
F be an extension of Hj, such that Hy' be the direct compositum of F' and ko Hy
over Hy (which is possible because ko N Hy = k); we put I' = Gal(H}'/F) ~ Z,

(see Diagram [4.3). We consider the Artin symbols <M) and <M>, defined on

Iy ® Z,, and I, ® Z,, respectively.

Their images are the Galois groups Ay and Ay, ; their kernels are the groups of
infinitesimal principal ideals Py o and Py, oo, Where Py o is the set of ideals (z),
Too € k* ® Z,, prime to p, such that txo, = 1 in Uy (idem for k,) (see, e.g., |7,
Theorem I11.2.4, Proposition 111.2.4.1| and [22, Chap. 1, §(d)]).
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The action of the arithmetic norm in &, /k (or restriction) is given by:
(10) Nkn/k(Akn) = Gal(H};’r/kn) and Nkn/k(ﬁn) = 7;

Let t € Iy ®Z, of finite order modulo Py (i.e., whose Artin symbol is in 7). Then t
is principal if and only if its Artin symbol is in Gal(H}" /k«Hp); in that case, t = (1),
T € kX ® Z, such that 77" = ¢ - z,, for some e > 0, € € E}, ® Z,, tT0oo = 1.

In the sequel, 4, Yoo - - -, always denote “infinitesimal” elements, taking into account
the following lemma:

Lemma 6.1. If () € Proc N Ny, x(Ir, ® Zy), then () € Ny, /i (Phy,oo)-

Proof. The assumption implies o = N, /k(y), y € k) ®Z,; we check, using the total
ramification of p in k,/k, that y is prime to p. Thus we get «Ny, /x(y) = Ny, /e(ty) = 1
and 1y = u'"", u € Uy,; write u = 1z, 2z € k) ® Z,, then 1y = (z'7") giving

Y= Zi=on Yoo, Whence ., = Nkn/k(yoo)' -

The link between ideal norms in k, /k and the torsion group 7 (more precisely C/y
and Ry) is given, for n large enough, by the following main result:

Theorem 6.2. Let Ay, = T, @1, Ay, = Ti, B, be any decompositions as illustrated
by Diagram[{.3. Let A € Iy, ® Z, (prime to p ideal of k).
(i) There ezist (modulo Py, ~) unique ideals T, € € Iy, @ Z,, such that:

pr pr
A=T-C-(yoo), With (Yoo) € Pr, .00, (H’f%/k"> € Trs (H’“’& k”) el,.

(i) There exists ¢ € k* @ Z, and (Tos) € Proo such that Ny, /(€)= (") (20).

(iii) There exists o, € k)Y ® Zy such that Ny, n(A(ar)) = Ni,x(T) =: t, with

(w) € Ti and (Ny, /p(an,) arbitrarily close to 1 in Uy regarding n.

() The representative t, associated to the class Ny, /u(2) - Ny, i(ky @ Zy), is unique

(modulo Py ) and does not depend on the choices of F' and F,, (n>0).

Proof. (i) Since I' and I';, are free components, 2 is of the required form, with unicity
of T and € modulo Py, .
(ii) By restriction, the image of T, in I' is I'P"; thus Ny /(€) = " (z4) for an

ideal ¢ € I; ® Z, such that (w) € I' and (2o0) € Proo; but since Hy C F,
(M) o= (Ze/%) = 1, hence oy (c) = 1 and ¢ = (¢), ¢ € kX @ Z,.

C C
(iil) We have Ny, /x (%) = Nig, /e (T) (") (Zoo) Ny s (Yoo) =2 £(?") (2, where (H’“T/k) €
T From Lemma G, 2., = Ny, /k(yl.), whence Ny /i ((c)™' (y4)™") =: t. Let
o, = ¢t ylot then (Ny, () = ¢(c?") is arbitrarily close to 1 regarding n.
(iv) Let F’/k be another solution; we get, with obvious notations for F', F’, with u :=
Ni,/e(0m), v == Ny, /p(ay,), wu, o’ arbitrary close to 1 regarding n, Ny, /x(2)-(u) = t,
N, /e (20) - (u') = ¢
Whence t't7! = (a) with ta close to 1. So, if p° is the exponent of Ty, we get
(a)P" = (@00) € Pr.oo, Which gives a?* = € ay, € € Fj, ® Z, with e close to 1, hence
of the form ¢ = n**, n € Ej, ® Z,, with ) close to 1 assuming n > 0 (Leopoldt’s
conjecture). From (an™!)?" = ay, we get t(an™t) = £ € Wy,; but, both wa and ) are
close to 1 in Uy, thus £ =1 and an™! = d/_ giving ¥ t~! = (a.). O

oo

The non-unique extension F'/k provides, in a numerical context, the repartition of

the Artin symbols (NkF//;f(Ql)) or (FT/k) (see an example in [12, §8.1]). The field F

(more precisely F'PP) is, in some sense, a “governing field” for Greenberg’s conjecture.
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6.2. Images of the fundamental ideals t in (/; and Rj. The ideals Ny, /z(2)
play two different roles in the evolution of the class and norm factors, which will
be stated in terms of fundamental ideals t as follows since one may replace, modulo
k) ® Z,, A by the representative A - (o) whose norm is t:

6.2.1. Class factors and ideals t. The Ny, /(#.), representing Ny, /x(M?) and defin-
ing the class factors, are generated, modulo Ny, /x(k) ® Z,), by fundamental ideals
t € I; ® Z,, of finite order modulo Py, o, with /i (t) € Ny, /i (M}). Thus, a priori,
i (t) runs throughout /.

6.2.2. Norm factors and ideals t. The Al ={x € k*, (z) € Ny, x(#)}, defining the
norm factors, are generated, modulo Ny, /x(k) ® Z,), via principal ideals (1) = ¢,
of finite order modulo Py . The question is to examine the domain of variation of
principal t; this is done taking the logarithm, as follows, showing that, a priori, log(t)
runs throughout Ry.

6.2.3. Definition of log(t) € Ry for t principal. Let t = (1), 7 € k* ® Z, (thus

(w) € Gal(H} /keoHy) =~ torg, (Uy/E))). There exists a power p°® such that
™ = £ X0y, € € Fy, ® Zy; thus tNi/g(7) = 1 or +£1 and the image of ¢7 is defined in
torz, (Us/E)) = U;/Ey. Then we consider the image of log(:7) in log(Uy) /log(E},) =

Ry (see (@), which defines the element:
log(t) :=log(:7) (mod log(Ey)).
Lemma 6.3. We have Wy, := @, 11p(ky) C Ni,/x(Us, )

Proof. Let p | p in k and let p,, | p above p in k,. Let k, and k,,,, be the respective
completions and let’s show that p,(ky) € Ny, , s, (K, ).

Let p”, v > 0, be the order of p,(k,) and consider the extension of global fields
Qn(1pr)/Q(ppv); then any ¢ € g, is local norm at the tame places, thus at the
unique p-place, in this extension (the real infinite place intervenes only for p = 2 and

v =1, but, in this case, Q, () = Q,, is real for all n). O

If t = (1), the norm properties of ¢7 in k,/k do not depend on the representative of
v modulo W, = Ker(log), and the map:

(11) [t=(1) € Ta, ¥ = (20)} —2 Ry = log(U}) /log(Ex)

HY' /k
t

is surjective of kernel the set of t = (7), such that (7 € W}, whence ( ) € W

6.2.4. The main conjecture. Assuming that the representatives t (finite in number)
are random, both o/, (t) and log(:7) (mod log(E})) (when t = (7)) are random in C/,
and Ry, respectively. This is likely to avoid unbounded algorithms and yields the
following conjecture which is apart from Iwasawa’s theory and whose proof would be
the key for Greenberg’s conjecture:

Conjecture 6.4. For n > 0 fixed, i € [1,b,], where b, is the number of steps of
the algorithm, let t (or 7, when t = (7) is principal), be the fundamental ideals or
numbers encountered at the step ¢ of the algorithm in k,,; then:

(i) The classes cfx(t) are random and uniformly distributed in (/.
(77) When t = (7), the images log(t) := log(:7) (mod log(E})) are random and
uniformly distributed in the normalized regulator Ry := log(U})/log(Ek).
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6.2.5. The algorithm in terms of fundamental ideals. In this subsection, we fix the
stage K = k,, (n large enough) and, to simplify, we delete indices n in most cases,
e.g., M — M', AL, - A", Ny, = N, G, = (0,,) = G = (0), b, = b (number of
steps in K); then uppercase (respectively lowercase) letters for ideals are reserved to
K (respectively k). We do not write infinitesimal ideals.
We can write, from Theorem [6.2](iii), for any prime to p ideals 2 of K and a suitable
a€ KX ®Zy:

Aa)=F-C-(a) & N () =N(T) =,
for ideals T and t of finite orders modulo Pk o, and Py, respectively.
Using a suitable finite set {21’ }; of representatives A"/ = A7 (a*7), of the ordinary
ideals A" = T4 €4 given by the algorithm at the step 7, one gets:

= (T, T = ({A"};) and N(T") = —<{t”}]>
where the group 7" replaces .#" and €+ = N(T*/), with Artin symbols in 7y; then:
(12) N(M) = d(t') and A= {r € k*®7Z,, (r) e t'}.

This does not modify the class and norm factors (7)) since c/x(N(2A)) = cli(t), and
N(2() is principal if and only if t = (7), 7 € k*® Z,,.
Choose, once for all, a set (ﬁnite under Leopoldt’s conjecture):

(13> { ty }z 1,..,

of representatives t, € I, ® Z, modulo Py, of ﬁ. Recall that 7 = N(Tx); thus any
T € k* ® Z,, is such that (1) € T(k) is norm of an ideal (using Lemma [6.1]), whence
7 is local norm outside the p-places.

We have N(F) = t'c T(k) (modulo Py ), the inclusion being in general strict,
otherwise, the equality implies the end of the algorithm (triviality, from ([I2]), of the
class and norm factors since c€k(t2) = (I}, and using the log map (II])).

Then, in A’, one must find the elements 7° such that (7°) € t (whence by definition

of the form N(T%), ¥ € .7"), such that 7 is local norm at the p-places in K/k, thus
of the form N(y'), y* € K* ® Z,; so the algorithm continues, from:

N(T') = N(y"),
with the following evolution relation (replacing ([@)):
(y) =% - B 7B B=0H 5T e T
(14) N(B - (8)) = N(T!) = ¢t e N(77H) =t
G :{Ti-i-l’ (rth) e ti+1} (771 = N(TH) = N(yi ) ..

The set T(k) being finite, the sets t' are finite in number whatever K and i € [1,0];
but if A or u do not vanish, there exist in (I4)) (when [K : k] — oo) arbitrary large

sequences of O(b) sets t', i € [0, ], such that the class and norm factors are constant,
which seems incredible because of the nature of the arithmetic relation (y') = T -
B9 when N(T) = N(y), the ideal (y’) being a priori random since its existence is
due to the Hasse norm theorem which is only based of local norm properties, without
known formula giving a solution y%; a question which would deserve further study:;
see some comments and numerical experiments in [12, Remarques 11, §6 and §7]).
A philosophy should be that it is (y*) (then B) which governs (numerically) the
G-structure of the class groups in K/k and not the inverse.
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Let’s give now a more precise description of the algorithm. In the following comments,
we assume that W, = 1 and that 1 — R, — T, — /;, — 1 is an exact sequence
of [F,-vector spaces (the general case is similar with more complex reasonings with
elementary abelian group theory):

Consider the following exact sequence at the step 7 of the algorithm, where we recall

that o/, (1) = N(Cl%) and that A" = {7 € kX ® Z,, (1) € ti}:

(15) 1 — A/B, 0z, — st 2 sy (1) — 1.

Let t7! := N(T*!) (obtained via (I4)); then various cases may arrive for the new
exact sequence:

1 — Ai+1/Ek ®Zp L) ti—H o Cgk(tH_l) —1:

(a) clp(t1) & g (tl) This strictly decreases the class factor but there is no new
relation between ideals and At = A’; so the norm factor is unchanged.
(b) () € c@k(tz). Thus c@k(tzﬂ) = c@k(tl), and the class factor is un-
changed, but there exists a new relation between the ideal classes giving
7 ¢ A'. Then two cases are to be considered:
(i) 7 modulo A’ is non-norm in K/k, which strictly decreases the norm factor.
(it) 7 modulo A’ is a norm in K/k. So the class and norm factors are un-
changed. This represents the “bad case” which must occur at least O(n)
times if A+ # 0 and give a contradiction if Conjecture 6.4 holds true and
if the evolution relation (I4)) gives independent random ideals t € T(k).

6.2.6. Conclusion. Thus, the algorithms in k. /k run classically giving, from C/,
increasing class groups: (g, ..., (U, , up to ky, such that Iwasawa’s formula holds
for all n > ng and gives #Cly, = p” in b, steps of the filtration M!, with #M! =
#Cl-#RY (Theorem B.])).
This is not to be confused with all the relative algorithms in k,,/k,, m > n > ng,
which reduce to one step with C@kG:/ " = (y,, (Theorem ETI(ii)); but this is not
effective.
Now, considering the algorithms in any k,/k and k,,/k, m > n > ng, we note that
the relative norms, N/, := Ny, /k,, are isomorphisms; then, in Diagram (5.8 the
maps N/, : M}, — M} are injective for all ¢ (but not necessarily surjective), so
that b, < b,,. The algorithm for k,, is longer than that of k, but there is some limit,
given by Theorem [5.4] which yields:

v

<b,
vy (#Cl, - #RYT)

Since the number of steps is increasing, there exist N, > 0 and B, > 0 such that

b, = By for all n > N (this is related to the reasonings giving Theorem and

Corollary 5101 when the limits are reached). The algorithm does not depend on
n > Ni in the meaning that in the evolution relation (I4]), from the main identity:

(Ym) = T By ™™,
the relative norm Ny, /, yields Ny, /n(y5,) = Ny (Z5,) - Ny (B) =™, whence:
Yp, 1= Nm/n(yin% T = Nm/n(gin% B, = Nm/n(%m)v and (y,) =%, - %’}L_O-n7

giving the identity at the level n, only using the finite set T(k) defined by (I3).
This process yields analogous inclusions as (8)), giving here:

< .

m =

<b

AL CoCNL with A = {7 €k ®Z,, (1) €ty}, n<h<m.
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If for instance A > 1, then 7, # 1 and classical probability laws will give, roughly
(for the length of the algorithm in k,), Pr(b, = O(n)) = O((#7;) ") giving, since n
is unbounded, the probability 1 for Greenberg’s conjecture.

Acknowledgments. We are grateful to Jean-Frangois Jaulent for checking some
claims about logarithmic class groups in the framework of Iwasawa’s theory.
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