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PRIMITIVE MULTIPLE SCHEMES

JEAN-MARC DREZET

RESUME. A primitive multiple scheme is a Cohen-Macaulay scheme Y such that the associ-
ated reduced scheme X = Y,..4 is smooth, irreducible, and that Y can be locally embedded
in a smooth variety of dimension dim(X) + 1. If n is the multiplicity of Y, there is a canon-
ical filtration X = X; C Xo C --- C X,, =Y, such that X; is a primitive multiple scheme of
multiplicity . The simplest example is the trivial primitive multiple scheme of multiplicity n
associated to a line bundle L on X: it is the n-th infinitesimal neighborhood of X, embedded
in the line bundle L* by the zero section.

Let Z,, = spec(C[t]/(t"™)). The primitive multiple schemes of multiplicity n are obtained by
taking an open cover (U;) of a smooth variety X and by gluing the schemes U; x Z,, using
automorphisms of U;; x Z,, that leave U;; invariant. This leads to the study of the sheaf of
nonabelian groups G,, of automorphisms of X x Z,, that leave the X invariant, and to the study
of its first cohomology set. If n > 2 there is an obstruction to the extension of X,, to a primitive
multiple scheme of multiplicity n + 1, which lies in the second cohomology group H?(X, E) of
a suitable vector bundle E on X.

In this paper we study these obstructions and the parametrization of primitive multiple
schemes. As an example we show that if X =P,, with m >= 3 all the primitive multiple
schemes are trivial. If X = Py, there are only two non trivial primitive multiple schemes, of mul-
tiplicities 2 and 4, which are not quasi-projective. On the other hand, if X is a projective bundle
over a curve, we show that there are infinite sequences X = X; C Xo C - C X, C X;,41 C -+
of non trivial primitive multiple schemes.
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1. INTRODUCTION

A multiple scheme is a Cohen-Macaulay scheme Y over C such that Y,.q = X is a smooth
connected variety. We call X the support of Y. If Y is quasi-projective we say that it is a
multiple variety with support X. In this case Y is projective if X is.

Let Jx be the ideal sheaf of X in Y. Let n be the smallest integer such that Y = X®~1),
X*=1) being the k-th infinitesimal neighborhood of X, i.e. Jyu-1 = J% . We have a filtration
X=X,CXyoC---CX,=Y where X; is the biggest Cohen-Macaulay subscheme contained
in Y N X0Y. We call n the multiplicity of Y.

Let d = dim(X). We say that Y is primitive if, for every closed point = of X, there exists a
smooth variety S of dimension d + 1, containing a neighborhood of x in Y as a locally closed
subvariety. In this case, L = Jx/Jx, is a line bundle on X, X; is a primitive multiple scheme of
multiplicity j and we have Jx, = JJ)‘(, I%, /9%, = L7 for 1 < j <n. We call L the line bundle
on X associated to Y. The ideal sheaf Jx can be viewed as a line bundle on X,,_;. If n =2, Y
is called a primitive double scheme.

The simplest case is when Y is contained in a smooth variety S of dimension d 4+ 1. Suppose
that Y has multiplicity n. Let P € X and f € Ogp a local equation of X. Then we have
Ix,p=(f") for1<j<mnin S, in particular Jy p = (), and L = Ox(—X) .

For any L € Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L*, seen as a smooth variety.

The case dim(X) =1 is well known. The primitive multiple curves have been defined and
studied in [3]. Double curves had previously been used in [I7]. The primitive double schemes
have then been constructed and parametrized in [4]. Further work on primitive multiple curves
has been done in [5], [6], [7], [8], [9], [10], [I1], [12], [13] and [14], where higher multiplicity is
treated, as well as coherent sheaves on primitive curves and their deformations. See also [23],
[19], [27], |28] and [29]. Primitive double schemes of greater dimension are also studied in[l],
[2], [20] and [21].

If dim(X) > 2, the main difference with the case of curves is the presence of obstructions :
given X, they are

— Obstruction to the extension of a vector bundle on X,,_; to a vector bundle on X,,.
— Obstruction to the extension of X, to a primitive multiple scheme of multiplicity n + 1.

We will see that these obstructions depend on the vanishing of elements in cohomology groups
H?*(X,E), where F is a suitable vector bundle on X. Hence if dim(X) = 1 the obstructions
disappear, and it is always possible to extend vector bundles or primitive multiple schemes.
This is why one can obtain many primitive multiple curves.

On the other hand in some cases, when dim(X) > 2, it may happen that non trivial primitive
multiple schemes are very rare. For example, we will see that if X =P,,, m > 2, then there
are exactly two non trivial primitive multiple schemes (for m = 2, in multiplicities 2 and 4),
and these two schemes are not quasi-projective (the scheme of multiplicity 2 appears already
in [2], see also [21], 2-). But in some other cases (for example if X is of dimension 2 and is a
projective bundle over a curve) there are big families and infinite sequences

X=X, CXoC - CXyC Xpp1 C -
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of non trivial primitive multiple schemes.

If dim(X) > 2, it may also happen that primitive multiple schemes are not quasi-projective
(this has also been observed in [2], [2I]). In fact, X, is quasi-projective (and even projective)
if and only if it is possible to extend an ample line bundle on X to a line bundle on X,,. For
example the two non trivial primitive multiple schemes for X = Py are not quasi-projective.

I am grateful to the anonymous referee for giving some useful remarks.

Notations: — In this paper, an algebraic variety is a quasi-projective scheme over C. A wvector
bundle on a scheme is an algebraic vector bundle.

—If X is a scheme and P € X is a closed point, we denote by mx p (or mp) the maximal ideal
of P in OXJD.

— If X is an scheme and Z C X is a closed subscheme, J7 (or Jz x) denotes the ideal sheaf of
Z in X.

— If V is a finite dimensional complex vector space, P(V') denotes the projective space of lines
in V, and we use a similar notation for projective bundles.

Let X,, be a primitive multiple scheme of multiplicity n, X = (X,,);eq, and L € Pic(X) the
associated line bundle.

1.1. CONSTRUCTION AND PARAMETRIZATION OF PRIMITIVE MULTIPLE SCHEMES

1.1.1. The sheaves of groups associated to primitive multiple schemes — For every open subset
U C X, let U™ denote the corresponding open subset of X,,. Let Z, = spec(C[t]/(t")). It is
proved in [§], th. 5.2.1, that X, is locally trivial, i.e. there exists an open cover (U;);e; of X
such that for evey ¢ € I there is an isomorphism

5 U™ — U, x Z,

inducing the identity on U;. For every open subset U of X, we have Oxxz, (U) = Ox(U)[t]/(t™).
It is then natural to introduce the sheaf of (non abehan) groups G, on X, where G,,(U) is the
group of automorphisms 6 of the C-algebra O x (U)[t] /(") such that for every a € Ox(U)[t]/(t"),
9(a)jy = . We have §; = 0%.

Let

5ij = 6]6[1 . Uij X Zn — Uij X Zn,

f;?d 65 = 06,7167 € Ox(Uy)[t]/(t"). Then (4;;) is a cocycle of G, which describes completely

In this way we see that there is a canonical bijection between the cohomology set H'(X,G,)
ans the set of isomorphism classes of primitive multiple schemes X,, such that X = (X,,)eq.
Most results of this paper come from computations in Cech cohomology.

There is an obvious morphism p,11 : §p41 — Gy, such that
H'(pni1) : HY(X, Gps1) — H'(X, )
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sends X, .1 to X,, if n > 2, whereas

H'(py) : HY(X,Gy) — H'(X, %) = Pic(X)
sends X5 to L.
We prove that ker(ps) ~ T'x (proposition(4.3.2]) and ker(p,11) ~ Tx @ Ox if n > 2 (proposition
4.4.1]), where T'x is the tangent bundle of X. The fact that they are sheaves of abelian groups
allows to compute obstructions. Let g, € H'(X,S,), corresponding to the primitive multiple

scheme X,,, and for 1 <i < n, g; the image of g, in H'(X,S;). Let ker(p,+1)" be the associated
sheaf of groups (cf. . We prove that

ker(py)?' ~ Tx ® L
(proposition [4.3.1)). By cohomology theory, we find that there is a canonical surjective map
HY(X,Tx ® L) — H'(p2) (L)

sending 0 to the trivial primitive scheme, and whose fibers are the orbits of the action of C*
on H'(X,Tx ® L) by multiplication. Hence there is a bijection between the set of non trivial
double schemes with associated line bundle L, and P(H'(X,Tx ® L)). For a non trivial double
scheme X5, we have an exact sequence

0— L —Qx,x — Qx — 0,

corresponding to o € Exty, (Qx,L) = H'(Tx ® L), and Co is the element of P(H'(Tx ® L))
corresponding to X5,. This result has already been proved in [4] using another method, and in
[8] when X is a curve, in the same way as here.

If n > 2 we have
ker(pn1)™ > (Qxyx)" @ L7
(proposition [£.3.2). We have then (by the theory of cohomology of sheaves of groups) an
obstruction map
A, HY(X,G,) — H*(Qxyx)" ® L")
such that ¢, € im(H'(p,41)) if and only A, (g,) = 0.

Suppose that n > 2 and A, (g,) =0, and let g,41 € H' (X, G,11) be such that
HY(p111)(gns1) = gn. Then H'(p,11) "' (gn) is the set of extensions of X, to a primitive multiple
scheme of multiplicity n + 1. Let Aut(X,) be the set of automorphisms of X,, inducing the
identity on X. There is a canonical surjective map

)‘gnﬂ : HI(X7 (QX2|X)* ® Ln) — Hl(/)nﬂ)fl(gn)

which sends 0 to g,, and whose fibers are the orbits of an action of Aut(X,,) on
HY(X, (Qxx)* @ L").

1.1.2. Extensions of the ideal sheaf of X — The ideal sheaf Jx x, is a line bundle on X,,_;.
A necessary condition to extend X, to a primitive multiple scheme X, of multiplicity n + 1
is that Jx x, can be extended to a line bundle on X,, (namely Jx x,,,). This is why we can
consider pairs (X,,LL), where LL is a line bundle on X,, such that L;x, , ~Jx x,.

The corresponding sheaf of groups on X is defined as follows: for every open subset U C X,
H,(U) is the set of pairs (¢, u), where ¢ € G,,(U), and u € Ox(U)[t]/(t") is such that ¢(t) = ut
(with an adequate definition of the group law, cf. . The set of isomorphism classes of the
above pairs (X, L) can then be identified with the cohomology set H'(X, H,).
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There is an obvious morphism 7, : §,,41 — J{(,, such that
H'(7,) : HY(X,Gp1) — H'(X,H,)

sends X, 11 to (X,,Ixx,.,). Let g€ HY(X,H,). We prove in proposition m that
ker(r,) ~ Tx and

ker(r,)! ~ Tx ®L" .
Consequently there is again, by cohomology theory, an obstruction map

A" HY X, H,) — H*(Tx @ L™)

such that, if (X,,, L) corresponds to g, there is an extension of X, to a primitive multiple scheme
Xy41 of multiplicity n 4+ 1 with Jx x,., ~ L if and only if Al/(g) = 0.
Suppose A”(g) =0, and let g,.1 € H(X,G,+1) be such that H'Y(7,)(gns1) =¢g. Then
H'(1,,)7(g) is the set of extensions of X,, to a primitive multiple scheme X,,,; of multiplicity
n+ 1, such that Jxx, ., ~L. Let Aut“(X,) be the set of automorphisms o of X, inducing
the identity on X, and such that o*(IL) ~ IL. There is a canonical surjective map

N HNX, Tx @ L) — HY(poy1)  (gn)

gn+1

which sends 0 to g,;1, and whose fibers are the orbits of an action of Aut™(X,,) on
HY X, Tx ® L").

1.2. AUTOMORPHISMS OF PRIMITIVE MULTIPLE SCHEMES

The group Aut(X,) appears in the parametrization of the extensions of X, to multiplicity
n+ 1. Let Autg(X,,) be group of automorphisms of X,, such that the induced automorphism
of L is the identity. Let

T, = (Qx,)" .

We prove that there is a natural bijection
Auto(X,) — H°(X,,IxT,)

(theorem [6.3.2] unless n = 2 this is not a morphism of groups). Locally this corresponds to the
following result: let U C X be an open subset such that €y is trivial. For every derivation D
of Ox(U)[t]/(t"), if D = tDy, then

Xp = 32D Ox(U)/(") — Ox(O)/(t7)

k>0
is an element of G,(U) such that xp(t) is of the form xp(t) = (14 St)t (for some
B € Ox(U)[t]/(t")). Moreover for every x € G,(U) with this property, there exists a unique
derivation D multiple of ¢ such that x = xp (theorem [6.1.5)).
We show that if X, is not trivial, and Auto(X,,) is trivial, then Aut(X,,) is finite (theorem [6.3.6]
and corollary [6.3.7)).
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1.3. EXTENSIONS AND OBSTRUCTIONS

1.3.1. Eaxtension of vector bundles — Let r be a positive integer. If Y is a primitive multiple
scheme, let GL(r, Oy) denote the sheaf of groups on Y of invertible r x r-matrices with coeffi-
cients in Y (the group law being the multiplication of matrices). If € is a coherent sheaf on Y,
let M(r,€&) denote the sheaf of groups on Y of matrices with coefficients in € (the group law
being the addition of matrices). There is a canonical bijection between H*(Y,GL(r, Oy)) and
the set of isomorphism classes of rank r vector bundles on Y.

Suppose that X, can be extended to a primitive multiple scheme X, ;1 of multiplicity n 4+ 1. The
kernel of the canonical morphism p, : GL(r,Ox,,,) = GL(r, Ox,) is isomorphic to M (r, L™).
Let g € H'(X,,GL(r,Ox,)), corresponding to the vector bundle E on X,,. Let E = E/x. We
prove that the associated sheaf M(r, L™)? is isomorphic to E* ® E® L". It follows that we
have a canonical obstruction map
A: HY(X,,GL(r,0x,)) — H*(X,E*® E® L")

such that g € im(H'(p,)) if and only A(g) = 0. Hence A(g) is the obstruction to the extension
of E to X,,;1. If E is a line bundle, this obstruction lies in H?(X, L").

We have a canonical exact sequence of sheaves on X,

0— L" — Qx — Qx, — 0,

n+1‘Xn
corresponding to o, € Exttlgxn (Qx,,,L™), inducing &, € Ext(lgxn (E®Qx,,E® L"). Let
Vo(E) € Ext'(E,E® Qx,) be the canonical class of E (cf. . We have a canonical prod-
uct

Exty, (E®Qx,,E®L") xExty, (B, E®Qx,) — Exti (E,E®L")=H*(X,E*QE®L").

We prove that A(g) =7, Vo(E) (theorem [7.1.2]).

1.3.2. Extension of primitive multiple schemes — Suppose that n = 2, and that Jx x, can be
extended to a line bundle L on X,. Let go € H'(X,H,) be associated to X,. We give in
theorem a description of the obstruction map

Ay HY (X, Hy) — H*(X, Tx ® L?)
corresponding to (X, L), used to decide if X5 can be extended to multiplicity 3. This description
is made with Cech cohomology.

We could not find a simpler expression for AJ(gy), except in the case L = Ox. The parametriza-
tion of extensions of Ox to a line bundle on X, exhibits an element 6, € H'(Ox) associated to
L. On the other hand, we have ¢ € H'(Tx) associated to X, (from the construction of double
primitive schemes, or by the exact sequence 0 — L — Qx,x — 2x — 0). We find that
1
Al(ga) = Oro+ 5[0, o] .
(where [—, —] is the Poisson bracket).

Suppose that X, is trivial. We give in a complete description of the action of Aut(Xs) on

HY (X, (Qx,x)* ® L?) (cf [L1)).
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For any n > 2, if X, is trivial, we describe in the action of C* C Aut(X,,) on
H(X, (Qx,x)* ® L"). Tt follows that if h°(X,,,IxT,) = 0, then Aut(X,) ~ C*, and the exten-
sions of X, to multiplicity n + 1 are parametrized by a weighted projective space (cf. [7.2.3)).

1.4. EXAMPLES

1.4.1. The case of surfaces and canonical associated line bundle — Suppose that X is a surface
and L =wy. Let X5 be a non trivial primitive double scheme with associated line bundle
wx. As indicated in [L.1] such schemes are parametrized by P(H*(2x)). Let o € H*(2x) such
that Co corresponds to X,. We prove in proposition that if HY(Tx) = {0}, then X, can
be extended to a primitive multiple scheme of multiplicity 3 if and only if ¢.Vy(wx) =0 in
H2 (WX) .

1.4.2. The case of projective spaces — We suppose that X =P,,, m > 2. We prove that if
m > 2, then there are only trivial primitive multiple schemes, and if m = 2, there are exactly
two non trivial primitive multiple schemes (theorem . The first, X5, is of multiplicity 2,
with L = Op,(—3). The second, Xy, is of multiplicity 4, with L = Op,(—1).

We prove that the only line bundles on X5 and X, are the trivial line bundles. Consequently,
Xy and X4 are not quasi-projective (theorems and . Since a primitive multiple
scheme is a locally complete intersection, it has a dualizing sheaf which is a line bundle. We
must have wx, ~ Ox, and wx, ~ Ox,, i.e. Xy X, are K3 carpets according to definition 1.2
of [21].

1.4.3. The case of projective bundles over curves — Let C' be a smooth irreducible projective
curve and F a rank 2 vector bundle on C. Let X = P(FE) be the associated projective bundle
and 7 :P(F)— C the canonical projection. We suppose that

L = 7(D) ® Op(m)(—k) ,
with D € Pic(C') and k > 3. We prove in @ that if deg(D) is sufficiently big, then there exist
infinite sequences
Xi=PE)CXoC---CX,,CXp11C---
of projective non trivial primitive multiple schemes (X, of multiplicity n).
For example, if C =P, E=0p, @ C?, we have X =P; xP;. Let L= 0(d,—k), with
d >0, k>3. Then such infinite sequences exist, and for every n > 1, the extensions

of X, to primitive multiple schemes of multiplicity n+ 1 form a family of dimension
d(3kn* —5n —2kn+k + 1) +5kn — 7 — k.

1.5. OUTLINE OF THE PAPER

In chapter 2, we give several ways to use Cech cohomology, and some basic results on cohomol-
ogy of sheaves of groups are recalled. We give also some technical results about polynomials
that are used later.
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In chapter 3 the definition and some properties of the canonical class of a vector bundle are
given.

In chapter 4 we give the definition and the properties of the sheaves of groups that are used to
define primitive multiple schemes, as described in (1.1}

The chapter 5 contains a detailed study of the groups G, (U) of , and of the canonical
sheaves of primitive multiple schemes. These results are used is to perform computations in
Cech cohomology.

In chapter 6 we give some descriptions and properties of the automorphism group of a primi-
tive multiple scheme. Some demonstrations are omitted when they are similar to the case of
primitive multiple curves, treated in [§].

In chapter 7 we study the two extensions problems: extension of vector bundles and extension
of primitive multiple schemes to higher multiplicity. It contains also a comparison of the present
work and of the other possible construction of primitive multiple schemes given in [4].

In Chapter 8 we apply the previous results to the case X =P,,, m > 2.

In chapter 9 we apply the previous results to the case X = P(F), where E is a rank 2 vector
bundle on a smooth projective curve.

2. PRELIMINARIES

2.1. CECH COHOMOLOGY AND TRIVIALIZATIONS

Let X be a scheme over C and E, F vector bundles on X of ranks r, s respectively. Let (U;);es
be an open cover of X such that we have trivializations:

(673 E|UZ —:> OUZ. (059 Cr.

2.1.1. Let
Qij = ;0 oz;l 1 Oy, @ C” — Oy, ® Cr,
so that we have the relation «;ja;, = ag,. Let n be a positive integer, and for every sequence
(ig, - -, 1n) of distinct elements of I, o;,..;, € H*(Uiy...i,, Ox @ C"). Let
eiO"'in = Cki_ola'io...in € HO(UZ'O...,'”, E) .

The family (6;,...,) represents an element of H"(X, E) if the cocycle relations are satisfied: for

every sequence (i, ..., 4,4+1) of distinct elements of I,
n
k
Z(_l) ezoz;zmq =0,
k=0

which is equivalent to
n+1

k _
Qigiy iy w1 T § (=D%0iipip, = 0.
k=1
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For n = 1, this gives that elements of H'(X, E) are represented by families (o;;),
05 € HO(UZ‘J‘, Ox ® (CT), such that

OéijO'jk—i—O'ij — Ok — 0 .

In Cech cohomology, it is generally assumed that 6;; = —6;;. This implies that o, = —a;;04;.

2.1.2. Similarly, an element of H"(X,E ® F') is represented by a family (u;,..;, ), with
iy, € HY(Us,..i,,, C" @ F), satisfying the relations
n+1

(aioil ® IF)(MZ1ln+1) + Z(_l)k:uzo{,;z,ﬂ_l =0
k=1

The corresponding element of H*(Uy,..;., E Q@ F)is 0;,..;, = (g @ Ip) ™ (tig.i,,)-

Suppose that n=1. Let v € H'(E® F) be the element defined by (;;). For every i € I,
let 8; be an automorphism of Oy, ® C", and §; € H°(U;, E® F). The cocycle (6;; 4+ 6; — 6;)
represents also v. Let p; = (Bia; ® Ir)(6;) € H(U;, C" ® F). If we replace a; with B, we
see that v is represented by the family (u;), pj; € H(Uy;, C" ® F), with

iy = (8 @ Ir)(ui) + pi — (Bicis B @ Ir)(p;) -

2.1.3. Representation of morphisms — Suppose that we have also local trivializations of F"
Bi : Fy, —= Oy, ® C*.
We have then local trivializations of Hom(E, F)
A; : Hom(E, F)jy, — Oy, ® L(C",C*)
¢ Biogpoa;!
such that, for every X € H°(Oy,, ® L(C",C*)), we have
Ai;(N) = AiAj_l()\) = ﬁij)\o{jl :

2.1.4. Construction of vector bundles via local isomorphisms — Le Z be a scheme over C, (Z;);er
an open cover of Z, and for every i € I, a scheme U;, with an isomorphism 9; : Z; — U;. Let
bij = 0;0; " 1 0;(Zij) — §;(Zy;), which is an isomorphism. Then a vector bundle of X can be
constructed (in an obvious way) using vector bundles F; on U; and isomorphisms

©yj 1 05(Ejis;(z:5)) — Eigsuzy)

such that ©;; 0 65(0;) = Oy, on §;(Zu).

2.1.5. Representation of extensions — Let E, F' be vector bundles on X, and
o € Ext!(F, E) ~ H'(Hom(F, E)). Let

0—F—E&—F —0
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be the corresponding exact sequence. Suppose that o is represented by a cocycle (o),
0y : Flu,; — Eju,;- Then & can be constructed by gluing the vector bundles (E' @ F)y, us-

ing the automorphisms of (£ @ F')|y,; defined by the matrices (I(‘)E C;;J)

2.2. COHOMOLOGY OF SHEAVES OF NON ABELIAN GROUPS

(cf. [I8])

Let X be a paracompact topological space and G a sheaf of groups on X. We denote by
H'(X,G) the first Cech cohomology group of G. If G is not a sheaf of commutative groups
there is no natural structure of group on H'(X, G). Let e € H' (X, G) be defined by the trivial
section of G (on the trivial open cover (X) of X)), we call e the identity element of H'(X,G).

Given an open cover (U;);er of X, a 1-cocycle of G is a family (g;;): jer such that g;; € G(U;;)
and that the relations g¢;;g,r = g, are satisfied.

2.2.1. Actions of sheaves of groups — Let H be another sheaf of group on X, acting on GG
(the action is compatible with the group actions). Let z € H'(X, H), represented by a cocycle
(zi;) with respect to an open cover (U;);e; of X. Recall that the associated sheaf of groups
G* is defined as follows: we glue the sheaves G|y, using the automorphisms (z;;) of G|,;. The
sections of G* are represented by families (7;)ier, 7 € G(U;), such that v; = z;;v; on U;;. The
elements of H'(X, G*) are represented by families (p;;), pi; € G(U;;), such that pl-_jlpik = ZijiPjk
on Ujj,. If G is a sheaf of commutative groups, the elements of the higher cohomology groups
H*(X,G?), k > 2 can be represented in the same way by appropriate families.

2.2.2. FExact cohomology sequence — Let I' C G be a subsheaf of normal subgroups of GG, and
G /T the quotient sheaf of groups. Hence we have an exact sequence of sheaves of groups

0 r—-ag-2-ag/r 0.

Let Ay, ..., A, be sets, having a particular element e; € A; for 1 <7 < m. A sequence of maps

e T

A

is called exact if for 1 < ¢ < m we have fi_l(ei) = fi—1(A;—1) . Then we have: the canonical
sequence
0 i 0
0—— mx, 1) 2% gox, ¢) % go(x, qyT) -

H'(i) H(p)

HY(X,T)—= H'(X,G) —= HY(X,G/TI)
15 exact. The subsequence

0 i 0
0— HO(x,T) 2 mo(x, ¢) 2 HO(X, G)T)

is an ezact sequence of groups. Moreover, if ¢,d € H(X,G/T), we have §(c)=4(c') if and
only if c~" € im(H(p)).
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The group H°(X,G/T') acts on H'(X,T) as follows: let a € H'(X,T), represented by a cocycle
(7i;) (with respect to an open cover (U;) of X), and ¢ € H*(X,G/TI"). Suppose also that the
cover (U;) is such that ¢y, is the image of an element ¢; of G(U;). Then (ci%jcj_l) is a cocycle
of elements of T, and the corresponding element of H'(X,T') depends only on ¢ and a; we
denote it by c.a. We have then 6(c) = c t.e . Moreover, let v,v" € H'(X,T'). Then we have:
H'(i)(v) = H'(:)(7/) if and only if v, are in the same H°(X, G/T)-orbit.

2.2.3. The fibers of H(p) — The sheaf of groups G acts (by conjugation) on itself and I", G/T .
Let we HY(X,G/T), g € H'(X,G) be such that H'(p)(g) = w. Suppose that g is represented
by a cocycle (g;;). Let ¢’ € H*(p)~*(w). Then ¢’ is represented by a cocycle of the form (7;;9;;),
with v;; € I'(U;j). Conversely, a cochain (v;;¢:;) is a cocycle if and only if, for every i, j, k we
have %Elm-k = giﬂjkgi;l, i.e. if and only if (7;;) induces a cocycle in I'Y (cf. . In this way
we define a surjective map
Ay HY(X,T9) — HY(p) \(w)
sending the identity element of H*(X,TY) to g.

Note that we have an exact sequence 0 — 'Y — G9 — GY9/I'Y — 0.
The group H°(X,G9/T9) acts on H*(X,IY) and the fibers of \, are the fibers of this action.

2.2.4. The case where T' is commutative — The sheaf of groups G//T" acts then by conjugation
onI'. Let we HY(X,G/T). We define A(w) € H*(X,T%) as follows: we can represent w
by a cocycle (wj;) (for a suitable open cover (U;) of X)), such that for every i, there exists
gi; € G(Uy;j) over w;j, and that gj;; = g;;'. For every indices 4,7,k let 7ijx = gijgjxgri- Then
(745k) is a family representing A(w) (cf. . We have then: A(w) = 0 if and only if w belongs
to the image of H'(p).

The commutativity of I' brings also a supplementary property of the map A, of The sheaf
of groups I'Y can be seen naturally as a subsheaf of commutative groups of of G9, and we have
a canonical isomorphism (G/T)Y ~ GY9/TY9. Hence there is a natural action of H°(X,GY/TY)
on H'(X,TY), and we have: the fibers of N\, are the orbits of the action of H*(X,G9/T'9). This
action is as follows: let h € HY(G9/TY), v € H'(X,TY), represented by (7;;). For a suitable
open cover (U;), each hyy, can be lifted to h; € G(U;), and we have higijhjgigl € I'(U;;). Then
h.v is represented by (hi.fyij.gijhglgigl).

2.3. EXTENSION OF POLYNOMIALS

The following results are used in 3. Let R be a commutative unitary ring and n a positive
integer. Let R, = RJ[t]/(t"), which can be seen as the set of polynomials of degree < n in
the variable ¢ with coefficients in R. In this way we have an inclusion R, C R, ;. For every
a € R, and every integer p such that 0 < p < n, let o, denote the coefficient of ¢ in «a.

Let r be a positive integer, M,,, = M(r, R,) the R-algebra of r x r-matrices with coefficients if
R,, and GL,, = GL(r,R,) C M, the group of invertible  x r matrices. We have inclusions
Mn,r C Mn+1,r7 GLn,r C GLTH—I,T'



12 JEAN-MARC DREZET

Let A€ M,1,, and p an integer such that 0 < p <n. We will denote by A, € M(r, R) the
coefficient of the term of degree p of A, so that A = Z AptP. Let

0<p<n
[A], = Z Apt”
0<p<n
so that A = [A], + A,t".
Let A € GL,,,. An element B of GL,, 1, is called an extension of A if [B],, = A. Here we will
define canonical extensions compatible with some actions of automorphisms of R, .

Let A be an automorphism of R, ;1 such that A(«)y = « for every a € R. We have A(t) = uat,
with s, € R, invertible, and py-1 = p,'. We will also denote by A the automorphism of R,
and the bijection M, 41, — M4, induced by A.

Let A € GLyy1, (or GL,,). Let Invy(A4) =A"'(A™!). In this way we define a bijection
GLy+1, — GLy 41, whose inverse is A — Invy-1(A). Let

1
F)\<A) = 5(/1/7;140111\7)\(14)”140 _An) s

so that we have also

Dy-1(Invy(A4)) = = (pha A" 4, Ay — Invy(A),) .

N[ —

Let
Aemt,)\ = A + F)\<A)tn )
which is an extension of A if A € GL,,,.

2.3.1. Lemma: We have Invy(Aeper) = Inva(A)epin—1 -

Proof. We have
vy (Aeptn) = A7 ([A + FA(A)tn]fl)
ATH[AW + AF'TA ()]
ATH(I = AG'TA(A)E) AT
= (I —p"Ay ' TA(A)t")Invy(A)
= Invy(A) — " Ay 'Ta(A) Ayt .

The result follows from the equality T'-1(Invy(A)) = —u, " Ay ' Ta(A) Ay ", which is easily ver-
ified. UJ

2.3.2. Lemma: Let A € GL(n,r), viewed as an element of GL(n + 1,r). Then we have
Invy(Aezrn) = (Inva(A)]n)exta—1 -
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Proof. We have from lemma [2.3.1

IHV/\ (Aext,)\) = IHV)\ (A)ert,)\—l

= Invy(A) — %Inv,\(A)nt"

= [Invpy(A4)], + %Inv,\(A)nt” .

Let B = Invy-1([Invy(A)],), so that [Invy(A)], = Bx. We have
1
(v (A)]n)eatpr = [Iva(A) + 53" Ay Badg 11"

hence we have to show that Inv,(A), = u;\"A 'B,A;". We have

B = )\(([Inv)\ )
A((Invy(A) — Inv,\(A) )
A([Invy (A 1 — AoInvy(A),t™)] )
= MO+ AOInv)\ (A)pt™)Invy(A) ™)
= A+ uYAolnvy(A),Aot" ,
and the result follows immediately since A, = 0. 0

2.3.3. Ezample ~If n =2, A\ =1 and A € GL,,, we have

1
Acwts = Ag+tA + §t2A1A51A1 :

1
(Ail)ext,l = Aal - tAalAlAal + §t2A61A1A61A1A61 .

3. CANONICAL CLASS ASSOCIATED TO A VECTOR BUNDLE

3.1. DEFINITION

Let X be a scheme over C and E a vector bundle on X of rank r. Let (U;);c; be an open cover
of X such that we have trivializations:

91- : EI|Uz == OUi & Cr.
then
Gz-j = 829;1 . OUiJ' ® (CT $ OUZ.J. ® (Cr

can be viewed as a r x r matrix with coefficients in O(U;;). We can then define df;;, which is
a r x r matrix with coefficients in Qx(U;;). Let
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We have
= (QUdOJk ‘|‘ dQUQJk)QJ_;@;
QiijkGi_jl -+ Bij .
From [2.1] it follows that (B;;) represents an element of H'(E ® E* ® Qx). It is easy to see
that it does not depend on the family (6;;) defining £. We denote by V(E) this element, and
call it the canonical class of E.

If L is a line bundle on X, then we have V(L) € H'(Qx).

3.2. FUNCTORIAL PROPERTIES
Let f: X — Y be a morphism of schemes over C, and F' a vector bundle on Y. We have a
canonical morphism of sheaves 7 : f*(£y) — Qx, hence
nel: f(FoF @ 0y) — F(F)e f(F) Ox.
Let ¢ be the canonical map HY(Y,F ® F* @ Qy) — H (X, f*(F @ F* @ Qy)).

3.2.1. Lemma: We have Vo(f*(F)) = H'(n& I)((Vo(F))).

Proof. Let (V;);e; be an open cover of Y such that for every ¢ € I there is a trivialization
0; : Fy, ~ Oy, ® C", so that, if §,; = (91-9;1 : Oy, ® C" — Oy, ® C7, then (6;) is a cocycle rep-
resenting F. We have then f*(0;) : Op-1(1;,) ® C" — Op-1¢y;,) @ C", and (f*(0;5)) is a co-
cycle representing f*(F), with respect to the open cover (f~'(V;)ie;) of X. The result fol-

lows immediately from the fact that, for every open subset V C Y, and a € Oy (V') we have
n(da) = d(f o a). O

Let Ey, E5 be vector bundles on X. For ¢ =1,2, let V¥,:0x — E; ® Ef be the canonical
morphism. If 1 <7 # j <2, we have then

IQU,:E;QFE ®@Qx — (E1Q E) @ (F1 ® Fy)* ®Qx .

3.2.2. Lemma: We have Vo(E) ® E) = (I @ ¥1)(Vo(E2)) + (I @ ¥9)(Vo(EL)).

Proof. For k = 1,2, let r, = rk(E})). Suppose that Fj is represented by a cocycle (ij), where
0} is an automorphism of Op,; ® C™. Then E; ® E; is represented by the cocycle (6); ® 67),
0; ® 6; being an automorphism of Oy, ® C™ ® C™. We have then
1yl \-1 2\ (p2 -1
(dO;)(0;;) @ 1 +1® (do;;)(0;;) .

The result follows immediately. O
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3.2.3. Corollary: Let Ly, Ly be line bundles on X. Then we have
Vo(L1 ® Ls) = Vo(L1) + Vo(La).

3.3. THE CANONICAL CLASS OF THE DETERMINANT OF A VECTOR BUNDLE
Let U be a scheme over C. Let
n. : GL(r, H*(Oy)) — M (r, H°(Qy))
M i M~tdM
We have, for any M, N € GL(r, H*(Oy)),
n(MN) = n:(N) +N""n(M)N .

Let
T, : GL(r, H*(Op)) —— H°(Qy)
M ————tr(n,(M))

(where tr is the trace morphism). We have
1) T.(MN) = T,(M)+T,(N) |

3.3.1. Proposition: For every M € GL(r, H*(Oy)) we have T,.(M) = Ty(det(M)) .

Proof. 1t is true if M € GL(r,C), because in this case T,.(M) = Ti(det(M))) = 0.

Let’s show that it is also true if M is a triangular matrix (upper or lower). Let
AL, ..., A\ € O*(U) be the diagonal elements of M. Then M~*dM is also triangular, and its

)

, 1 <11 < r. Hence we have

T.(M) = ) i

VR
=1 'k

diagonal elements are

)

We have det(M) = [],_; Ax. Hence

d(det(M)) = (J]M) D~

and T,(M) = T1(det(M))). -

Note that for any A, B € O*(U), we have T1(AB) =Ti(A)+ T1(B). Hence it follows from
that it suffices to show that M is a product of matrices that are triangular or in GL(r, C).
We can also replace M by the product of M with a triangular matrix, or by the product of M
with an element of GL(r, C). 1l particular, we can multiply rows or columns of M by elements
of O*(U), add a column (or row) to another one, or switch columns or rows.

We now prove proposition |3.3.1}, more precisely the fact that M is a product of matrices that
are triangular or in GL(r,C), by induction on r. The case r = 1 is obvious. Suppose that the
theorem is true for r — 1.
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In the first column of M there is at least one invertible element M;;. By permuting rows of
M we can assume that ¢ = 1. For 2 < i < r, by subtracting MilMﬁl times the first row to the
i-th we can assume that M;; = 0. Similarly we can assume that M;; = 0. We have then

~(My 0
= ()

where M’ € GL(r — 1, H°(Op)). From the induction hypothesis we can write
M/ — M{ e MII) ,
where, for 1 < i <p, M/ is triangular or in GL(r — 1,C). We have

M = My 0 1 0Y (1 0
= 0 [7“—1 0 M{ 0 M;; )
My 0 1 0 1 0 ' ‘
and ( 0 [rl), (() M{) e (0 Mz/?) are triangular or in GL(r, C). ]

Let trp: H(End(E) ® Qx) — H'(Qx) be the trace morphism.

3.3.2. Corollary: We have trg(Vo(E)) = Vo(det(E)) .

We have a canonical isomorphism End(E) ~ Ad(E) ® Ox , where Ad(F) is the sheaf of en-
domorphisms of trace 0. Let V(F) be the component of Vy(F) in H(Ad(E) ® Qx). So we
have

4. PRIMITIVE MULTIPLE SCHEMES

4.1. DEFINITIONS

Let X be a smooth connected variety, and d = dim(X). A multiple scheme with support X is
a Cohen-Macaulay scheme Y such that Y., = X. If Y is quasi-projective we say that it is a
multiple variety with support X. In this case Y is projective if X is.

Let n be the smallest integer such that Y = X1 X*=1 being the k-th infinitesimal neigh-
borhood of X, ie. Jyx-1 = J’}’( . We have a filtration X =X, C Xs C---C X,, =Y where
X is the biggest Cohen-Macaulay subscheme contained in Y N X =Y. We call n the multiplicity
of Y.

We say that Y is primative if, for every closed point x of X, there exists a smooth variety S
of dimension d + 1, containing a neighborhood of x in Y as a locally closed subvariety. In this
case, L = Jx/Jx, is a line bundle on X, X; is a primitive multiple scheme of multiplicity j and
we have Ix; = J&, i]Xj/f]Xj+1 =I7 for 1 <j<n. We call L the line bundle on X associated
to Y. The ideal sheaf Jxy can be viewed as a line bundle on X,,_;.
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Let P € X. Then there exist elements y,...,yq4, t of mgp whose images in m57p/mk2gvp form a
basis, and such that for 1 <7 <n we have Jx, p = (t"). In this case the images of ¥y, ..., ¥yq in
mx,p/m% p form a basis of this vector space.

A multiple scheme with support X is primitive if and only if Jx /J% is zero or a line bundle on
X (cf. [12], proposition 2.3.1).

Even if X is projective, we do not assume that Y is projective. In fact we will give examples
of non quasi-projective Y.

The simplest case is when Y is contained in a smooth variety S of dimension d 4+ 1. Suppose
that Y has multiplicity n. Let P € X and f € Ogp a local equation of X. Then we have
Ix,.p=(f") for1<j<ninS, in particular Jyp = (f"), and L = O0x(—X) .

For any L € Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety

X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L*, seen as a smooth variety.

4.2. CONSTRUCTION AND PARAMETRIZATION OF PRIMITIVE MULTIPLE SCHEMES

Let Y be a primitive multiple scheme of multiplicity n, X = Y,.q. Let Z, = spec(CJt]/(t")).
Then for every closed point P € X, there exists an open neighborhood U of P in X, such that
if U™ is the corresponding neighborhood of P in Y, there exists a commutative diagram

~

U = UxZ,

i.e. Y is locally trivial ([§], théoréeme 5.2.1, corollaire 5.2.2).

It follows that we can construct a primitive multiple scheme of multiplicity n by taking an
open cover (U;);er of X and gluing the varieties U; x Z,, (with automorphisms of the U;; x Z,
leaving U;; invariant).

Let A, = Oxxz,. So we have, for any open subset U of X
An,(U) = O0x(U) @c C[t]/(t") .

We have a canonical morphism A, — Ox of sheaves on X coming from the inclusion
X C X xZ,. Let G, be the sheaf of groups of automorphisms of A, leaving X invariant,
i.e. G,(U) is the group of automorphisms of C-algebras 6 : A, (U) — A,(U) such that the
following diagram is commutative

An(U) An(U)
\ /
Ox(U)

Then the set of primitive multiple schemes Y of multiplicity n, such that X = Y,.4, can be
identified with the cohomology set H*(X,G,,).
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4.2.1. Primitive multiple schemes and the associated cohomology classes — For every open
subset U of X, let U™ be the corresponding open subset of Y. Let (U;);c; be an affine open
cover of X such that we have trivializations

5 U™ == U, x Zy,

and 9; : Oy, xz, — OU@ the corresponding isomorphism. Let
5ij = 6]'5;1 . Uij X Zn — Uij X Zn7

and 07, = 6;7'67 € G, (Uj;). Then (6};) is a cocycle which represents the element g, of H*(X, G,,)
corresponding to Y.

4.2.2. The ideal sheaf of X — There exists a;; € Ox(Uy;) ®c C[t]/(t"~") such that §5(t) = ayt.
Let ay; = a;jx € Ox(U;). For every i € I, 6;(t) is a generator of Jyy ym. So we have local
trivializations

)\i )

X,Y‘Ui(nil) > OUl(nfl)

oty ———1
Hence \;; = )\Z-)\j_l : OUi(jn_l) — OUi(;L_l) is the multiplication by d7(a;;). It follows that (67 (ai;))
(resp. (yj)) is a cocycle representing the line bundle Jyy (resp. L) on X,,_; (resp. X).
We have a canonical morphism of sheaves of groups
&n G — O%
defined as follows: if U is an open subset of X and ¢ € G, (U), then there exists v € O%(U)
such that ¢(t) = vt. Then &,(¢) = v. The map
Hl(fn) : H1<X7 Gn) — H1<X7 O%)

associates to the primitive scheme Y the associated line bundle L on X. This map is surjective:
for every line bundle L on X, there exists a primitive variety of multiplicity n and associated
line bundle L (the trivial primitive variety).

4.2.3. Descriptions using the open cover (U;)

(i) Construction of sheaves — Let € be a coherent sheaf on X,,. We can define it in the usual

way, starting with sheaves J; on the open sets Ui(n) and gluing them. We take these sheaves of
the form F; = 67 (&;), where &; is a sheaf on U; x Z,,. To glue the sheaves F; on the intersection
) — 3;.

(n) : - . : : _
Ul-j we use isomorphisms p;; : g:j|UZ.]." e with the relations p;r = pijp;r. Let

0i; = (6;) " (pi) : 655(Ejvs, xz) — Eifuy <2 -
We have then the relations 6;;, = 0;; o (52}(9]- ). Conversely, starting with sheaves &; and iso-
morphisms 0;; satisfying the preceding relations, one obtains a coherent sheaf on X,.
This applies to trivializations, i.e when &; = O ) ® C". We have then

97‘] : oUinZn ® CT % OU”XZn ® C’F.

Ul
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(ii) Morphisms — Suppose that we have another sheaf & on X,,, defined by sheaves & on
Ui X Z,, and isomorphisms 6;;. One can see easily that a morphism W : & — &' is defined by
morphisms W, : & — & such that 0;; 0 6;;(V;) = ¥; 0 0;;.

(iii) Inverse images — Let ¢ be an automorphism of X,, inducing the identity on X. Let

w; =0;0po (5;1 Ui x 2y, = U; X Zy,. We have then ¢ 0 d;; = 0;; 0 ¢;. And conversely, given
automorphisms ¢; : U; X Z,, — U; X Z,, inducing the identity on U; and satisfying the preced-
ing relations we can build a corresponding automorphism ¢ of X,,.

Suppose that € is defined by trivializations as in (i), and described with the morphisms 6;;. In
the same way ¢*(€) is described by the morphisms ¢ (6;;).

4.3. THE CASE OF DOUBLE SCHEMES

We suppose that n = 2. Then there exists a map D;;: Ox(U;;) = Ox(U;;) such that, for
every f € Ox(U;;) we have

0;;(f) = f+tDy(f),
and it is easy to see that D;; is a derivation of Ox(U;;), i.e. a section of Tx,;- 1t follows

. 1 o
that 47, can be represented as the matrix D aO . The formula 0;;07, =47, implies

ij  Qij
that D;; + o;;Djx, = Dy, It follows from that the family (D;;) represents an element
of H(Tx ® L). This element does not depend on the choice of the automorphisms d§; and
the trivializations A;x of L : suppose that 7; is an automorphism of U; x Z,, represented by

the matrix ( é g), and that we replace §; with §; = 7;6;. Then §}; is replaced with 5*

R

represented by the matrix

(1 0 )_(1 0)‘1(1 O)(l 0)

D oy B 57 D; B Di; i) \D; Bj) '

with D}, = =8 'D; + ;' Dyj + B a3 D;. Tt follows from that (Dj;) represents the same
element of H(Tx @ L) as (D;;).

We have ker(§;) ~ Ty, so we have an exact sequence of sheaves of groups on X

&2

0 Tx 9o 0% 0.
Recall that g, € H'(X,Gs) is associated to Y. Let g; = H'(&)(g2).

4.3.1. Lemma: 1 — We have T{ ~Tx ® L.
2 — The action of HY(X,0%) = C* on H'(X,Tx ® L) is the multiplication.

Proof. Let U C X be an open subset, D, Dy € H*(U,Tx), o € H°(U,0%). The result follows

easily from the formula
1 0\/1 o\/1 o\ (1 0
D a)\Dy 1)\D «  \aDy 1

and 21,11 O
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4.3.2. Proposition: The element of H'(X,Tx ® L) = Exty _(Qx,L) corresponding to the
canonical exact sequence
0—L—Qyx — Qx —0

18 go.
Proof. The vector bundle Qy|x can be constructed, by the method of using the lo-
cal isomorphisms Ui(2) ~ U; x Zy, the bundles 0, «z,|v,, and the canonical automorphisms of
QUUXZ2|UM defined by 523 Let
,ulj . 5;‘kj<QUij><Z2> = QUZ‘]‘XZQ — QUinZQ
be the canonical morphism. Then for every o € Ox(U;;) we have
pij(da) = d(d; 0 a)
d(a + DZ](Oé)t)
= do + d(DU (Oé))t + Dij (Oé)dt,
pij(dt) = d(dij0t)
= d(a;t)
= d(OéZJ)t + Oéijdt.

It follows that g, @ Qui;jxzav,;, — QUi xzuy,; 18 defined, with respect to the isomorphism
Quyxzo\vy; = Q,; @ (O, ® Cdt), by the matrix (DI ao,.)' The result follows then easily
iJ ]

from 2.1 O

4.3.3. Parametrization of primitive double schemes — From lemma [4.3.1]it follows that the non
trivial primitive double schemes Y such that Y,.; = X and with associated line bundle L are
parametrized by P(H'(X,Tx ® L)). This result has been proved by another method in [4] (cf.

7).

4.4. THE CASE OF PRIMITIVE SCHEMES OF MULTIPLICITY 7 > 2

There is a canonical obvious morphism p, : G, — G,_1.

4.4.1. Proposition: We have ker(p,) ~Tx & Ox.

Proof. Let U C X be an open subset. Let ¢ be an automorphism of U x Z, leaving U
invariant, and ¢* the associated automorphism of Ox(U)[t]/(t"). It belongs to ker(p,)(U) if
and only if there is a derivation D of Ox(U) and a € O%(U) such that ¢*(\) = X\ + D(A\)t"!
for every A € Ox(U), and ¢*(t) = (1 + at'=2)t. The result follows easily. O

Let g, € H'(X,G,), and for 2 <k <mn, gy = pps1° -0 pn(gn). We denote by Y the double
primitive scheme defined by go, and use the notations of 1.2 and [£.3] Suppose that g, is
represented by the cocycle (6;;) with respect to (U;).

4.4.2. Proposition: We have ker(p,) ~ (Qy|x)* @ L™
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Proof. The sheaf ker(p, )%t = (Tx @ Ox)9 ' is constructed as follows: we glue the sheaves
(Tx ® Ox)jy, using the automorphisms of ker(py)juv,;: ¢ = 05¢(655)~". We can write
(o) = a+ D(a)t" ™, o(t) = (1+et" )t

for every a € Ox(U;;) (for some derivation D of Ox(U;;) and € € Ox(U;;)); D and € are the
components of ¢ if H(U;;, Tx) and Ox(U;;) respectively. An easy computation shows then
that

(5%1#((52‘]-)’1(04) = a+ (D(a) + Dij(a)e)a{;-_ltnfl,

5;jw((5:j)_1(t) = (1_{_@[%—22@—2)757
i.e. we obtain the automorphism of (Tx @ Ox)y,, defined by the matrix

n—1 n—1m .
(a% O‘gng ”). The result follows then from . O
ij

4.5. PRIMITIVE MULTIPLE SCHEMES WITH EXTENSIONS OF THE CANONICAL IDEAL SHEAF

We use the notations of [1.1]to[£.4] Suppose that n > 2, and let Y = X, be a primitive multiple
scheme of multiplicity n such that Y,.q = X, with associated line bundle L € Pic(X). The ideal
sheaf Jx y is a line bundle on X,,_;. A necessary condition for the possibility to extend Y to
a primitive multiple scheme X, ; of multiplicity n + 1 is that Jxy can be extended to a line
bundle on Y, because in this case Jx x,,, is a line bundle on Y and we have Jx x, v = Jxy.
This is why we will consider pairs (Y, L), where LL is a line bundle on Y such that Lx, , ~ Jy x.

4.5.1. The corresponding sheaf of groups — The sheaf of groups H,, on X (as G, for primitive
multiple schemes of multiplicity n) is defined as follows: for every open subset U C X, H,(U)
consists of pairs (¢, u), where ¢ € G, (U), and v € Ox(U)[t]/(t") is such that ¢(t) = ut. Note
that u is then defined up to a multiple of t"~!. The multiplication is defined by:

(@', u)(d,u) = (¢'¢,u'¢' ()
(cf. the formulas in [5.1). Associativity is easily verified. The identity element is (,1) and
the inverse of (¢, u) is (¢!, ¢ ' (=)). The set of isomorphism classes of the above pairs (Y, L)
u

can then be identified with the cohomology set H'(X,H,). More precisely, given a cocycle
((¢ij, wij)) of F, associated to (Y,L), (¢;) is a cocycle of G, defining ¥ and (u;;) a family
defining IL (according to 4.2.2{ and [4.2.3)).

We have canonical obvious morphisms

€n:H, — G, , Tn t Gpy1 — H,y .

4.5.2. Proposition: 1 — We have ker(r,) ~ Tx.
2 — Let g€ HY(X,H,). Then we have T} ~Tx @ L".

The proof is similar to those of propositions and [1.4.2

Finally we obtain commutative diagrams with exact rows
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Tn

0 Tf\( 9n+l :H:n 0
0—=Tx®Ox —>Gppy — 1~ G, 0

0

Tx ® L"

; |

It is easy to see that ¢ is the injective morphism deduced from the exact sequence of proposition
4.4.2)

4.5.3. The associated sheaf of groups — Let g € H'(X,
Suppose that g is defined by the cocycle ((d};,uij)), (

cocycle defining YV (cf. [4.2.1]).
A global section of HY is defined by a family ((x;,v;))ier, (Xi,v:i) € H,(U;), such that

(075, i) (X, 03) (05, wig) ™ = (xi, i)
which is equivalent to the two relations
61]XJ6* b=,
wijoi;(vy) = vixi(ug) -
The first one says that (y;) defines an automorphism y of Y inducing the identity on X. The
second that (v;) defines an isomorphism L — x*(LL). It follows that we can identify H°(X, H?)

with the set of pairs (x,n), where x is an automorphism of Y and n:L — x*(L) is an
1somorphism.

H,,), corresponding to the pair (Y,L).
i uig) € Hu(Usj), so that (67;) is the

5

4.6. AMPLE LINE BUNDLES AND PROJECTIVITY

We use the notations of [{.1]to[4.4] Suppose that n > 2, and let Y = X, be a primitive multiple
scheme of multiplicity n such that Y,.q = X, with associated line bundle L € Pic(X). The
following result follows from prop. 4.2 of [25]:

4.6.1. Proposition: Let D be a line bundle on X,,, and D = D|x. Then D is ample if and
only D s ample.

4.6.2. Corollary: The scheme X,, is quasi-projective if and only if there exists an ample line
bundle on X that can be extended to a line bundle on X,,.

In this case X, is even projective.
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5. STRUCTURE OF G,

We use the notations of [4.1] and (.21

5.1. DESCRIPTION OF LOCAL AUTOMORPHISMS

Let U C X be a non empty open subset. Let ¢ be an automorphism of U x Z, leaving
U invariant, that we can view ¢ as an automorphism of Ox(U)[t]/(t") such that for every
a € Ox(U) we have ¢(a) = a+tn(a), for some map n:Ox(U) — Ox(U)/(t"'). We have
also @(t) = ut, for some pu € Ox(U)/(t"1), invertible, and ¢ is completely defined by 1 and
. The map 7 is C-linear and has the following property: for every a, f € Ox(U) we have

n(aB) = n(a)B +an(B) +nla)n(B).t .

In particular, if n = 2 then 7 is a derivation of Ox(U). Conversely, given an invertible element
e Ox(U)/(t" 1) and a C-linear map 7 satisfying the preceding property, there is a unique
automorphism ¢ of Ox(U)[t]/(t") such that for every a € Ox(U) we have ¢(«a) = o+ tn(a),
and ¢(t) = pt. We will write

¢ - ¢n,u .
Let d =dim(X). Suppose that there exist xi,...,z4 € Ox(U) such that for every P € U,
xy — x1(P),..., x4 — 24(P) generate mx p/m% p. Then 7 is completely determined by p and

n(z;), 1 <i<d. Conversely, any sequence (\i,...,\g, 1) of elements of u € Ox(U)/(t" 1)
uniquely defines such a map 7 with the required properties. For every a € Ox(U), ¢, () can
be computed with the Taylor formula. For example, for n = 3

d
Oa t? IRt
Gyu(@) = a+tz>\i%+5 > Mg
i=1 ¢ 0<i,j<d Lt

For every 3 € Ox(U)[t]/(t") and 0 < k < n, let S} be the coefficient of t* in 3, and if k > 0
k1
[ﬁ]k = Z/Bptp .
p=0

Let ¢, , and ¢,/ be automorphisms, and
gbn//,Mn = ¢n/7ul (] gbmu .
Then we have, for every o € Ox (U)
n'(a) = n'(a) + V[dy . (n(a))]n-1

and V" = (¢ (V)]n-1? .
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5.2. THE CASEn =2

Let ¢p, be an automorphism of Ox(U)[t]/(t?), where D is a derivation of Ox(U) and
€ Ox(U) is invertible.

5.2.1. Composition and inverse — Let ®p ,,, ®p s, be automorphisms, and
Ppryr = Cpwo®py ., Ppg = (Ppu)
Using the formulas of or directly, it is easy to prove that
D" = D+uD, p' = pu,

~ 1 R
D= —D, pnp=—.
Ho H

5.3. THE CASE n =3

The following computations will be used in to describe the obstruction to extend primitive
double schemes to multiplicity 3.

5.3.1. We can write the automorphism @ of Ox(U)[t]/(t?) as follows: for every a € Ox(U)
(3) ®(a) = a+ D(a)t+ E(a)t?,
where D is a derivation of Ox(U) and E is a D-operator, i.e. a C-linear map Ox(U) — Ox(U)
such that

E(aB) = aB(B)+ BE(a)+ D(a)D(B)
for every «, € Ox(U). We have also

o(t) = pt,

where p = pg + pit € Ox(U)[t]/(t?), with po, g1 € Ox(U), po invertible.

5.3.2. Properties of D-operators - We have

(i) If £, E' are D-operators, then F — E’ is a derivation.
(ii) If £ is a D-operator and Dy a derivation, then E + Dy is a D-operator.

1 1
(iii) §D2 = §D o D is a D-operator.

It follows that the D-operators are the maps of the form

B = ip2ipw
2 Y

where DO is a derivation.

5.3.3. Notations — We will denote the automorphism ® defined as in , with
1
E = §D2 +DW | as
q) = ©D,,U,,D(1) .
The automorphism of Ox (U)[t]/(t*) induced by ®p, , pa) is Ppp-
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5.3.4. Composition and inverse — Let ®p, , pa), Pp ), be automorphisms, and

-1
®piyrprr = Pprypw o ®ppo s g = (Pppm)
Using the formulas of [5.1] or directly, it is easy to prove the

5.3.5. Lemma: We have
D= DD

2
Ho = pomo Y = HpD (ko) + g pu + popdh
1 1
p'W = pW 4 2pW 4y p - §(D’ + uh D) (1) D + iﬂg(D/D - DD'),
~ 1
D =-—D,
Ho
~ 1 D) —m
Ho = —, H1 = 3 >
Ho Ho
b0 = —2p0 L~ Ipgw)p.
T i 2

5.3.6. Canonical extensions — Let D be a derivation of Ox(U) and u = pg + it € Ox|[t]/(t?),

with pg invertible. Let

1 = D(po)
240

U(D,p) = Pppo -
Let D and it be defined as in lemma An easy computation using lemma shows that

pW = D

and

5.3.7. Lemma: We have U(D,u)™' = W(D,7) .

So we have defined an extension of ®p ,, to an automorphism of Oy (U)[t]/(¢?) in such a way
that the extension of the inverse is the inverse of the extension.

Let U(D, u), ¥(D', 1'), be automorphisms, and
CI)D"7M”,D”(1> = \Ij(Dlv lu,) © \IJ(D7 l’[’)

with D", 4 as in lemma [5.3.5)). In general we don’t have &, , .0 =¥ (D" u”). The
D" .u'" D
following result can be computed using lemma [5.3.5] and will be used in [7.2]

5.3.8. Proposition: We have
\I/(D’,;/) oW(D,pu)o \I’(DH»N”)_I = (Do,1,f)<1) )
with

R 1 / /
DW = §(M/1D + (D(p)) + %D(Mo) - %MI)D/ + p1o(D'D — DD/)) :
0 0
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5.4. THE CANONICAL SHEAF OF PRIMITIVE MULTIPLE SCHEMES AND EXTENSION IN HIGHER MUL-
TIPLICITY

This section contains technical results that are used in[§ We use the notations of [4.1] to [4.4]

5.4.1. Canonical sheaves and isomorphisms — Let Y, Z be schemes and ¢ :Y — Z an iso-
morphism. Then ¢ induces a canonical isomorphism

0: Qb*(Qz) — Qy .
Let U C Z be an open subset and f,g € Oz(U). Then f.dg € Qz(U) = ¢*(Qz)(¢~1(U)), and
0(f.dg) = foodlged) = ¢"(f).d(¢"(g)) -
We will also note 6 = ¢*.

5.4.2. Description of canonical sheaves using open covers — Let X,, be a primitive multiple
curve of multiplicity n > 2, such that (X,,),.q = X, with associated line bundle L on X. Let
(U;) be an open cover of X such that we have trivializations

s U™ U x Z,
as in

Let (7;;) be a cocycle representing 7 € H'(,) (15 € HO(Ui(f), Qx,)). Let

0 ((0) ) () — iz,
be the canonical morphism (cf. [5.4.1). Let
pi = H(O!")(r;) € H(U; x Z,,0,;xz,) -
We have
pij + 05 (o) = pur
where
b5 (65)71)" (i wz.) — Qwyxa,
is the morphism described in [5.4.1} corresponding to 52-(;1). Conversely, every family (p;;) satis-
fying the preceding relation defines an element of H'(Qx, ).

5.4.3. Extension to multiplicity n + 1 — Suppose that X,, can be extended to X,1, of multi-
plicity n + 1, and let
d(n-i_l) : U-(n+1) — U; x Zn+1

be trivializations extending 61(").

We can view every element of H(Oyp, xz,) as an element of H(Oy,,xz,.,) (with coefficient 0
in degree n with respect to t).

n—1

For every f € H°(Ou,,xz,..): B = Zﬁktk, Br € Ox(Uy;), let [B], = Zﬂktk € H(Ou,;xz,)-

p=0 p=0
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Similarly, we can view every element of H°(Qu, «xz,) as an element of H°(Qy, xz,,,). Let
w e H(Qu,,xz,,,)- We can write

n n—1
(4) w =Y "+ (D ept?)dt
k=0 p=0

with b, € HO(UZ‘j,Qx), Cp € Ox(UZ]) Let

n—1 n—2
= ) o+ (D opt?)dt
k=0 p=0

Then we have w € H°(Qu,,xz,) if and only if w = [w],, i.e. if and only if b, = 0 and ¢,_; = 0.

Let . L
o L (5t ))_1)*(QU¢("+1>> — Qi Znsy

)

0§;L+1) . ((5§?+1))—1)*(QU¢ijn+1) — QUinan

be the canonical morphisms. We have
05 (w) = 05 (W) + 1" To(w) + Ta(w)t"dt |
with T§ (w) € HO(Uyy, Qx) and TV (w) € Ox(Uy). If R0 (w)) is the restriction of 61" (w)
to Ui; x Z,,, we have
ROV () = 05 ([w]n) + T (w)e"dt .

Suppose that there exist z1,...,24 € OX(U ) d = dim(X), such that
QX(Uij) = (Cd.’Ul b---D Cdﬂfd

5.4.4. The case of a trivial X,, — We suppose that X, is the trivial primitive multiple scheme

associated to L and that n > 2. We have then (52-(?))*(04) =a for every a € Ox(U;;), and

((55}”)*(15) = ayj;t, where «;; € Ox(U;)* (and (o) is a cocycle which defines L). We have then,

for every oo € Ox (Uy;),
(05 ) (@) = a+mga)”

where 7;; is a derivation of Ox(U;;) and (5§;L+1))*(t) = (14 €;t" Nt with €; € Ox(Uy;).

Now let w € H°(Qu,, xz,), written as in {4} with b, = 0 and ¢,_; = 0. We have then

6 (w Z ok thby + Z cpolitP (tdov; + aydt)

Q’E;l-f'l)(w) _ 0§f+1)(b0)+aw(1+e,]t” 1 t@ n+1) +Z ktke n+1)
k_

n—2

+[co + mij(co)t” + craj (1 + €™ ") Z 5(n+1)) (1),
=2
hence
n—2
R( (n+1) Z Oézjtk Z]TH_I —|— ( CpOéfjtp) (tdOéZ‘j -+ (Oéz'j + nocijeijt”_l)dt) .

i~
Il
o



28 JEAN-MARC DREZET

d
Suppose that by = Zvék)dxq. Then
q=1
d
O (k) = 5D (0 4 iy (V) (drg + mgaig ()87t + dpa ()" -
q=1
Restricting to U;; X Z, we have
d

O (bo) vy wze = Do+ (D A0 pis(xg)) "t
g=1
and tkegﬂ)(bk)wiszn = t*b,, if kK > 1. Finally
R(OU (W) = +n< 2%(10)”” +60awew>t” gt

whence .
T (w) = n((ZﬁO)ma‘(%)) +Co%‘€ij) = n(<pij, bo> +cotij€i;) -
q=1
In particular, if n = 1 we have w = by and T% (w) =<p;j, w>.

Let 0: H'Y(Qx,) — H?*(L") be the map deduced from the exact sequence

0—L"— Qx, ., x, — Qx, — 0.

5.4.5. Description of 6 — Let 7€ H°(Qx,) asin[5.4.2l Let p;; be p;; viewed as an element
og HO(QUZ.sznH), and

= HY(0i(n+1)")(5,) € HWUT, an+1>.

ij
Let 75 =1/ U e HO(UT Qx,). Then

i 7QXn+1|Xn)a which is over 7;; € HOU™

ij

wijk = Tij + T — Tk € H (U, L")
and wy;) is a cocycle which represents o0(7). It is also represented (as in [2.1.1)) by
(9(n+1)( l]k)IUzgkXZn) where wwk =7} +7}/‘k — 7/.. We have

n+1 — n- —

= Tzi (ij)t”_ldt :
It follows that () is represented (in the sense of 2.1.1) by (Y¥(pj1)).-

5.4.6. Description of 6 in the case of a trivial X,, — We suppose also that:

— (i) 7 is the canonical class of the line bundle Jx x,,, on X,,: 7= Vo(Ix x,,,)-
— (i) Ix x,,,, is the same as the ideal sheaf of X in the trivial extension of X, in multiplicity
n+ 1.
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For example, condition (ii) will be satisfied if h'(L""') = 0. With the notations of [5.4.4, we
Mz‘j(%‘k)>

Oéjk

Oéz'j
Oéij

have by = and ¢y = 0. Hence §(7) is represented by the cocycle (

6. AUTOMORPHISMS OF PRIMITIVE MULTIPLE SCHEMES

6.1. DERIVATIONS AND AUTOMORPHISMS

Let U be a smooth affine variety, U = spec(A), of dimension d > 0, such that the vector bundle
Qu is trivial, generated by dx1, ..., dzs, with zq, ..., x4 € A. Then for every closed point P € U,
the images of x; — x;(P), 1 < i < d, form a basis of mp/m3.

Let n > 2 be an integer, and R, = A[t]/(t").

6.1.1. Derivations of R, — They are of the form

d
0 0

5 D = i— +bt—
(5) ;“ oz, ot

n—1
with ay,...,aq4,0 € R,. If a:Zaptp, with ag,...,q,_1 € A, then

p=0

d n—1 da n—1
D(a) = a; —24P) + b at? .
(@ = 2 a(Q g ) b2 by

Let Dero(R,,) be the vector space of derivations D of R, such that
D(R,) C (t) and  D((t)) C (),
i.e. derivations with aq,...,aq,b multiple of ¢. In other words, a derivation D belongs to

Dery(R,,) if and only if there exists another derivation Dy of R, such that D = tDy.

For every D € Dery(R,), and every integer k > 1, we have DF(R,) C (t*) (where D* denotes
the k times composition of D).

6.1.2. Automorphisms from derivations — Let D € Derg(R,). Then we have D* = 0 if k > n,
so we can define the map

1
(6) XD = Zka:RnHRna
E>0

such that for every a € R,,, the terms of degree 0 of o and xp(«), with respect to ¢, are the
same.

Let Dy be a derivation of R, and D € Dery(R,). Then D + t""'D, € Dery(R,,), and we have
XD+in-1py = Xp + "1 D.
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6.1.3. Proposition: 1 — The map xp is an automorphism of C-algebras.
2 — If D,D' € Dery(R,) commute, then Xpip = XD © XD

Proof. The fact that yp is a morphism of C-algebras and 2- are immediate. From 2- we see
that x_p is the inverse of xp, so xp is an automorphism. 0

6.1.4. Examples: If n =2 and D, D’ € Derg(Ry), then DD’ = D'D = 0 (multiple of ¢?).
If n =3 and D, D’ € Dery(Rj3), then we have

1
XD O Xp' = XDp+p' + §(D’ oD—-DoD') = XD+D'+1(D'oD~DoD’)
(D'o D — Do D is a multiple of ¢?).

For every D € Derg(R,) have xp € G,(U) (cf. [£.2). Let G§%(U) denote the subgroup of G,,(U)
of automorphisms v such that ~(t) = (1 + te)t for some € € R,,. It is also the set of v € G,,(U)
which can be written as v = I + t1, for some map ¢ : R, — R,_1.

We have an obvious “division by ¢” map (t) — R,_1, that we can denote by multiplication by

1
T With the notations of we have xp = ¢, ,, with

= I,

E>1 k>1

6.1.5. Theorem: The map
Dery(R,) — G%(U)

D+——xp

s a bijection.

Proof. It similar to the proof of theorem 4.2.5 of [8]. One can also define the inverse using the
logarithm

(ty)".

wIH

I+t¢F_>§:

k=1
UJ

6.1.6. Remark: If we allow in @ derivations D which are not multiple of ¢ we could still get
a convergent series but not in R, (in the ring of holomorphic functions on U instead), or the
terms of degree 0 of € R,, and xp(«) can be distinct. For example in this way, with A = C[z],

if we take D = e then for every a € Clz] we have xp(a) = a(z +1).
x
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6.2. SHEAVES OF DIFFERENTIALS

Let X be a smooth connected variety of dimension d > 0 and n an integer such that n > 2.
Let X,, be a primitive multiple scheme, of multiplicity n, such that (X, ). = X. We give here
some properties of the sheaf of differentials 2y, and of its dual T,, = (2, )*, that will be used
in 8 and 9 . Recall that we have a canonical filtration by primitive multiple schemes

X1:XCX2C"'CXn_1CXn
(cf. A1)

The sheaves Qx, and T, are quasi locally free (cf. [7], [9], i.e. they are locally isomorphic to
a direct sum of sheaves Ox,, 1 <1i <n). They are locally isomorphic to d.Ox, & Oy, ,: if
Pec X and z4,...,24 € my,, generate mx,p/mg(,P, and z € Oy, , is a generator of the ideal
of X, then

QXnP ~ Oand% DD Oandxd D OandZ s
and we have 2" 'dz = 2d(z") =0 (Ox,,dz ~ Ox, , ).
Let € be a coherent sheaf on X,,. For 0 <7 <mn,let & = JZ'XE C &, and €Y C & the subsheaf
of elements annihilated by J%. The filtration

0=¢,C&1C---CECE=E
is called the first canonical filtration of €, and
0=0 ce®c...ceD) el _¢

the second canonical filtration of €.
For 0 <17 < n, let . . .

Gi(&) = &/&ipr,  GUY(E) =¢glirD/e®
If 1 <i<nwehave (%)@ = (€/&;)*, and it follows easily that if € is quasi locally free, then

GiHEn = G(&) oLt .

In the simplest case, i.e. if € is locally free, the two filtrations are the same, and we have, if
E=8x,G(&) ~E®L" for0<i<n.

6.2.1. The case of Q2x, and T, — We have Qx, x ~ Qx,|x, and an exact sequence
0— L —Qx,x — Qx — 0,

associated to o € Exty (Qx,L) = H'(Tx ® L). We have seen in 4.3 that ¢ = 0 if and only
X, is trivial, and that if o # 0, then Co € P(H'(Tx ® L)) defines completely X,. We have

Gi(Qx,) ~ QXQ‘X®Li for1<i<n-—1,
and Gn—l(QXn) ~ QxR L.
For every V € H'(Qx) = ExtéX(OX,QX), let 0— Qx — Ey — Ox — 0 be the ex-

act sequence associated to V, where Fy is a rank d + 1 vector bundle on X. Recall that

Vo(L) € H'(Qx) denotes the canonical class of L (cf. [3).

6.2.2. Theorem: We have an ~ By, ® L™
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Proof. Suppose that X, is constructed as in [£.2] using the open cover (U;);e; of X. We sup-
pose also that for every i € I, there are zy,...,24 € Ox(U;) such that Qxy, is generated by
dey,...,dz,. We will first construct Qx, by the method and notations of £.2.3] We take
€; = Qu,xz,. We have canonical isomorphisms induced by ¢;;

Suppose that d0;; = @i i, cf. , and let A\ = n¥(z;) for 1 <k < d. We have then
= day + ANt + N at
Uy(dt) = d(ut)
d(p )t + pHdt .
Let )
\I}z(j) : 6;lkj(QUij><Zn>(1) - (QUinZn)(l) — (QUinZn)(l)

be the isomorphism induced by ¥;;. We have (QUinzn)(l) ~ Qxy,, ® Op,;, and the sheaf
(Q,,xz, ) is generated by t"'dzy, ..., t" 'dzy and t""dt. We have

\I,S) (tn_ld.’lfk-) _ (Méj)n—ltn—ldmk 7

g dul?
1 n— 1J\n— n— n—
W2t = ()" (e )
0

In other words, \IIZ(JI) : Qxw,; © Oy, — Qxjuy; © Oy, is defined by the matrix
3 dyig]

()"t (I ng ) Proposition [6.2.2| follows then from [2.1.5/ and [4.2.2| O
0 1

It follows easily that we have GO (Qy,) ~ Ey,z) ® L™ for 1 <i<nand G™(Qy,) ~ Qy.

6.2.3. Corollary: 1 — We have Gi(T,) =~ (Ey,1))* ® L' for 0<i<n—1 and
Gn—l(Tn) ~Ty ® L1

2 — We have GO(T,) ~ (Qxyx)* @ L™ for 1<i<n—1and G"™(T,)~Tx.

6.3. AUTOMORPHISMS OF PRIMITIVE MULTIPLE SCHEMES

We use the notations of [6.2] Suppose that X,, corresponds to v € H*(X,S,). Let Aut(X,,) be
the sheaf of groups of automorphisms of X,, leaving X invariant, which can be identified with
Sy (cf. 2.2). Suppose that n > 3. From lemma we have an exact sequence of sheaves of
groups on X

0 — (Qxyx)" @ L™ — Aut(X,) — Aut(Xn_1) — 0 .
Let Aut(X,) = H°(Aut(X,)) be the group of global automorphisms of X, leaving X invariant.
From we have a canonical morphism &, : G, — 0%, inducing &) : §7 — (0%)” = 0% and

HO(€)) : Aut(X,,) — C*
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sending to an automorphism of X,, the induced automorphism of L. Let
Autg(X,,) = ker(H(£))).

6.3.1. Automorphisms from derivations 2 — We have IxT, ~ T,_1 ® IJx: this follows easily
from the fact that Jy is a line bundle on X,, ;. Let D € H%(X,_1,Ix7T,). Then for every
affine open subset U of X,, such that Jxjy ~ Ox, ,ju, Dy is a derivation of Ox, (U) such
that im(Dy) C Ixy and Dpy(Iew) C 3§(|U, and we obtain from an automorphism xp,,
of U. These automorphisms glue to define an automorphism yp of X,,. From theorem [6.1.5 we
deduce

6.3.2. Theorem: For every ¢ € Auto(X,,), there is an unique D € H(X, 1,IxT,) such
that ¢ = xp.

Of course, if n > 2 the map D — xp is not a morphism of groups, so we have
Autg(X,) ~ H°(X,,_1,9xT,) as sets only. But if n = 2, it is actually a morphism of groups,
and Ix7T,=Tx ® L.

6.3.3. Automorphisms of double primitive schemes — Suppose first that X5 is not trivial. Then
the automorphisms of X, leaving X invariant are of the form ©p = Iy, + D, where D is a
sheaf of derivations with value in Jx. With the notations of [6.2] at P € X, we have

0 0 0
T ~ O —@®---p0 — 30 Z— .
2,P X2 P g b D X2 P g D Ux,,p %3,

It follows that we must have D € HO(X,GW(Ty)) = HY(X, (Qx,x)* @ L). From the
exact sequence of lemma and the fact that X5 is not trivial, we see that
H(X, (Qx,x)*® L) ~ H'(X,Tx ® L). It follows that

6.3.4. Corollary: If X, is not trivial, then Aut(X,y) = Auty(Xy) = H*(Tx ® L).

If X5 is trivial, see [6.3.8].

6.3.5. The general case — We suppose now that n > 2, and that Autg(X,,) is trivial. This is the
case for example if h’(Tx @ LP) =0 for 1<p<n-—1and R°(LP)=0 for 1<p<n-—2

(using corollary )

6.3.6. Theorem: If im(H°(£))) contains a number \ such that \P # 1 for every integer p
such that 1 < p <n —1, then X,, is trivial.

Proof. By induction on n. The result is true for n = 2 by corollary [6.3.4]

Suppose that n > 3 and that it is true for n — 1. Suppose that im(H°(£))) contains a number \
such that A\* # 1 for every integer i such that 1 < ¢ < n — 1. Then, by the induction hypothesis,
X,,—1 is trivial, it is the (n — 1)th infinitesimal neighborhood of X in L*.
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We now use the notations of [4.2] and Let (vi;) (v;; € C*) be a cocycle which defines L.
Then X,,_; is defined by the cocycle (¢o,,;) of G,—1. According to proposition m, X, is
defined by the cocycle d7;, with 6;; € H°(Uy;, Tx ® Ox) C H(Uyj, Gn). We can write

177

5;]- = ¢D,-jtn—2,uij(1+pijtn—2) )
ie.

52} = ¢Dijtn72,1+p¢jtn72 Oﬁbo,uij )

where ((Dyj, pi;)) is a cocyle which represents o € H'(X, (Qx,x)* ® L") (cf. [7.2.2)), in the
way of 2.I}. To prove that X, is trivial, we must show that ¢ =0, i.e. that there exist
derivations F; of Ox(U;), fi € Ox(U;), such that
(7) Dy = F,— v 'F;, piy = fi—vi 2t
Let x be an automorphism of X,, such that, if AP # 1 for every integer p such that
1 <p<n-—1. From theorem and the hypothesis, x|x,_, is induced by the multiplication
by Min L*. If y; =0;0x00; " € Aut(U; x Z,), we can write

X: - ¢tn72Ei,)\(1+Eit"72) 9y
where E; is a derivation of Ox(U;) and ¢; € Ox(U;). On can then see easily that the equations
follow from the equality &;; o x5 = x; o d;;, with
1 1

1_>\n—1 f 1_)\n—2

€; .

O

6.3.7. Corollary: Suppose that h°(Tx @ LP) =0 for 1 <p<n-—1and h°(LP)=0 for
1<p<n-2 IfX, is non trivial, then Aut(X,) is finite.

6.3.8. Automorphisms of trivial primitive multiple schemes — Suppose that X,, is trivial.
then Auto(X,) is a normal subgroup of Aut(X,). In this case X, is the nth-infinitesimal
neighborhood of X C L* (via the zero section), and for every A € C* the multiplication
XA : L* — L* induces a corresponding automorphism of X,,. We can see in this way C*
as a subgroup of Aut(X,). We have Aut(X,) = Auto(X,).C* and Aute(X,)NC* = {Ix,}.
Hence Aut(X,,) is the semi-direct product of C* and Auty(X,,). For example, if n = 2, as a set,
Aut(X3) = Auto(Xy) x C*, with the group law

((0,A), (0", X)) = (0 + Ao/, AN) .

6.4. THE CASE OF PAIRS (X,,L)

With the notations of let g € H,, corresponding to a pair (X,,L), where X,, is a prim-
itive multiple scheme such that (X,);.s =X and L is a vector bundle on X, such that
Lx, , =Jxx,. Then it is easy to see, using , that H°(X,HY) is isomorphic to the group
of automorphisms x of X,, leaving X invariant and such that y*(L) ~ L.
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6.5. PARAMETRIZATIONS OF THE EXTENSIONS OF TRIVIAL DOUBLE SCHEMES TO MULTIPLICITY 3

We use the notations of to .4, Let X, be the trivial primitive double scheme such
that (Xs).e.q = X, with associated line bundle L € Pic(X). Then X, can be extended to
a primitive multiple scheme X3 of multiplicity 3 (for example the trivial one). Recall that
p3: 93 — Go is the canonical morphism. Let g; € H(X,G;), i = 2,3, correspond to X;. We
have H'(p3)(g3) = go. From [2.2.3| and |4.4.2| we have a canonical surjective map

Ags t H' (X, (Quxy1x)" @ L) — H'(p3) ™ (g2)

which sends 0 to gs. Note that we have (Qy,x)* ~ L' & Tx.

There is an action of the group Aut(X,) on H'(X,(Qx,x)*® L?) such that the fibers
of A, are the orbits of this action, so that there is a bijection between the set of iso-
morphism classes of primitive schemes of multiplicity 3 extending X, and the quotient
HY(X, (Qx,x)* ® L?)/ Aut(X,). The action is as follows: let (g;;) be a cocycle of Gz (with
respect to (U;);er) representing gs, v € H' (X, (Qx,x)* ® L?), represented by (;;) (seen as a
cocycle in Gs, cf. , and x € Aut(Xy). Let 9, : U,L»(3) — U; x Z3 be isomorphisms such that
Gij = (5;)_15;*. The induced isomorphisms Ui(Q) — U; X Zy will also be denoted by ;. Let
Xi = (5;-‘)’1)(*5;" € Aut(U; x Zs) = G2(U;). Suppose that x; can be extended to ¢; € G3(U;).
Then we have xv = (6;;), with

(8) 0i; = cvijgiic; g -
We use the notations of . Let (v;;) be a cocycle representing L, v;; € Ox(U;;)*. Then we
can take
Gij = (I)o,uij,o .
Let v = (n,¢), withn € H'(X,L) and e € H (X, Tx ® L?), represented by cocycles (1;;), (€;;),
ni; € Ox(Uy;), €i; € H°(Uy;, Ty ), with the cocycle relations
Nik = Mij + VijNjk €k = €5t ijt?jk
(cf. 2.1.1). Using[4.4.2] we see that
Yij = (1)071+ﬂijta€ij :
According to as a set we have Aut(X,) = H(Tx ® L) x C*.

6.5.1. The action of H*(Tx ® L) — We suppose that y € Autg(Xs) ~ H°(Tx ® L). In this
case we can take y; = ®p,; (with the notations of p.2), where (D;) represents x (with the
cocycle relation D; = v;;D;). We can take

¢ = Pp, 1k,
where K is a derivation of Ox(U;). A lengthy calculation of formula shows then that

X7 = (', €), where 1’ (resp. ¢) is represented by the cocycle (n;;) (resp. (€j;)), with

1
(9) My = M+ Di(v) ey = ey = vig (g + 5D;(v9)) Dy + Ki — v K
The duality 2x ~ T% induces a canonical bilinear map

H°(Tx ® L) x H'(Qx) —— H(L)

(X, T) ————— <x, 7>,
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and we have a canonical product H'(L) x H*(Tx ® L) — H'(Tx ® L?). Recall that V(L)
denotes the canonical class of L in H(Qx) (cf. [3).

6.5.2. Proposition: We have

1
n = n+ <x,Vo(l)>, € = e—nx— 3 <X, Vo(L)> x .

The proof follows easily from formulas @D, with the conventions of . See also the similar
more detailed proof of theorem [7.1.2]

Remarks: 1 — The term “K; — V%K ;7 in €; can be suppressed (as expected), since
(K; — v Kj;) is a boundary.
2 — Let x' € Autg(X3). The formulas of proposition do not show directly that
X'(x(n,€)) = (X'x) (0, €). We find that
1

X/(X(nae)) - (X/X)(n7€) - <07 §(<X,7 v0(L)> X— <X VO(L>> X,)) = (Ovﬁ) :
If v; = (5;-‘)*1)(*5;" = ¢pr1 , then 3 is represented by the cocycle
(%(Dg(%)pj — D;(v;)D}))). But we have

Vii
EJ(D;(VU)DJ — D;(vij) D) = K;—v;K;,

1
with K; = §(D;Di — D;D}), so actually 3 =0 in H'(Tx @ L?).

6.5.3. The action of C* — Let A € C*. For the corresponding element x of Aut(X3) we have
Xi = Po , and we can take ¢; = Pgro. Let (17, €) = xy. Then it follows easily that

6.5.4. Proposition: We have 7' = n and € = X% .

6.6. PARAMETRIZATIONS OF THE EXTENSIONS OF TRIVIAL SCHEMES OF MULTIPLICITY n > 2

Let X,, be the trivial primitive multiple scheme of multiplicity n such that (X,,)..q = X, with
associated line bundle L € Pic(X). Then X,, can be extended to a primitive multiple scheme
Xp41 of multiplicity n + 1 (for example the trivial one). Let ppi1: Gni1 — G, be the canonical
morphism. Let g; € H'(X,G;), i = n,n + 1, correspond to X;. We have H'(p,11)(gni1) = Gn-
From [2.2.3] and [£.4.2] we have a canonical surjective map

)‘9n+1 : Hl(Xa (QXng)* & Ln) — Hl(pn-l-l)_l(gn)

which sends 0 to g,41. We have (Qx,x)* =~ Tx @ L~'. There is an action of the group Aut(X,,)
on H' (X, (Qx,)x)* ® L™) such that the fibers of A, ,, are the orbits of this action, so that there

is a bijection between the set of isomorphism classes of primitive schemes of multiplicity n + 1
extending X,, and the quotient H'(X, (Qx,x)* ® L")/ Aut(X,).
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We will consider only the action of the subgroup C* C Aut(X,) on H'(X, (Qx,x)* ® L") (cf.
6.3.8). We have

HY (X, (Qxx) ®L") ~ HY(X,L" ") x H'(X,Tx ® L") .
Then the following result is an easy generalization of proposition [6.6.1}

6.6.1. Proposition:  For every (n,e¢) € HY(X, L") x H' (X, Tx ® L") and \ € C*, we
have A.(n,€) = (A\""In, \").

7. EXTENSION TO HIGHER MULTIPLICITY

Let n > 1 be an integer, X a smooth projective variety, and X, a primitive multiple scheme
of multiplicity n such that (X,,)..q = X. Let L be the associated line bundle on X. We will
see when it is possible to extend X,, in multiplicity n + 1, i.e. to construct a primitive multiple
scheme X, of multiplicity n + 1 whose canonical subscheme of multiplicity n is isomorphic
to X,,. If such a X, exists, we will also see when it is possible to extend a vector bundle on
X, to a vector bundle on X,,1;. The two problems are related: Jx x, is a line bundle on X,,_;,
and a necessary condition for the existence of X, is the extension of Jx x, to a line bundle
on X, (that will be Ix x

n+l)'

7.1. EXTENSION OF VECTOR BUNDLES

Let r be a positive integer. If Y is a primitive multiple scheme, let GL(r, Oy) denote the sheaf
of groups on Y of invertible r x r-matrices with coefficients in Oy (the group law being the
multiplication of matrices), and if £ is a coherent sheaf on Y, let M(r, &) denote the sheaf
of groups on Y of r X r-matrices with coefficients in € (the group law being the addition of
matrices). There is a canonical bijection between H'(Y, GL(r, Oy)) and the set of isomorphism
classes of rank r vector bundles on Y.

Suppose that X,,, of multiplicity n, can be extended to X, of multiplicity n 4+ 1. For every
integer p such that 1 < p < n + 1, we can view the sheaf of groups GL(r, Ox,) on X,, as a sheaf
of groups on X, 41, and we have a canonical surjective morphism GL(r,Ox,.,) — GL(r, Ox,,).
Its kernel is isomorphic to M(r, L™). So we have an exact sequence of sheaves of groups on
Xn+1

0 — M(r,L") — GL(r,0Ox,,,)

Let g € H'(X,,GL(r,0x,)), E the corresponding vector bundle on X,, and E = Ex.

s GL(r,0x,) — 0.

7.1.1. Proposition: We have M(r,L")? ~ E*®@ E ® L".

Proof. The action of GL(r, Oy, ) is the action by conjugation after restriction to X. The result
follows then easily from [2.1.3] ([l
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Recall that we have a canonical map
A: HY(X, GL(r,0y,)) — H*E*® E® L")

such that g € im(H'(p,)) if and only A(g) =0 (cf. 2.2.4). Hence A(g) is the obstruction to
the extension of E to a vector bundle on X, 1. In particular, if E is a line bundle then this

obstruction lies in H?(L").
We have a canonical exact sequence of sheaves on X,
0— L" — Qx, . 1x, — Qx, — 0,

corresponding to o, € Extéxn (Qx,, L"), inducing @, € Extéxn (E®Qx,,E® L"). In 3] we
have defined V,(E) € Ext'(E,E ® Qy, ), the canonical class of E. We have a canonical product
Exty, (E®Qx,,E® L") xExty, (E,E®Qx,) — Exty (E,E®L") = H*(X,E*QE®QL").

7.1.2. Theorem: We have A(g) =7,Vo(E)

Proof. For every subset U of X, let U™ (resp. U™V) denote the corresponding open subset
of X,, (resp. X,.1). Let (U;)ier be an open cover of X such that L is trivial on every U,

UZ-("H) ~ U; X Zy+1, and that E is represented by a cocycle (6;;), 0;; € Aut(Ogg ®C"). Let
t; : Oy, — Ly, be an isomorphism. For every 4, j € I such that ¢ # j, let gij be an extension of
¢;; to an automorphism of ogjj” ® C". Using the isomorphisms UZ-(”H) ~ U; X Zpy1 and ,
we can assume that 0; = 5;].1. Then by , A(g) is represented by the family (6;;0;405;). We
can write
00601 = [Ui;;jn@(cr + 1 pij
and A(g) is also represented by the family (t;‘pwk) More precisely, let 6; : IE|UZ_(”) — OUi(n) R Cr
be isomorphisms such that 0;; = 919;1. Then A(g) is represented by the true cocycle
(7.0, pijibs)-
On the other hand, consider the morphism
§:H'(E"®E®Qx,) — H*(E*®E® L")
coming from the exact sequence
0 —-EQE®L" —EQE®Qx, ., jx, —EQE®Qx, — 0.
Then we have
on-Vo(E) = 6(Vo(E)) .
The class V() is represented by the cocycle ((df;;)0;;') in the way of . In the ordinary
way (local sections of E* ® E ® Qy, ), it is represented by the cocycle (6;'(df;;)0;). To describe
3(Vo(E)) we first take 0;(d0;;)0; € HO(US, E* @ E® Qx, ,,|x,), which is over 0;'(df,;)0;.
Then we have
Tyr = 0;1(d0i;)0; — 0;1(d0)0x + 07 (d8;1)0, € HO(US) E*@E® L"),

ijk
and (7;;%) is a cocycle representing 0(Vo(E)). We have

0:;0; = (]UJ;l)@CT. + 1 piji) ik
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hence

gik = gijgjk} tr pw;ﬂ?ﬂ?k

(where the exponent 0 means restriction to X'). Restricting to X,, we have
dOy = 0;5.d0;1, + ;.05 — nt}™ lé’gé’?kpzjkdti .
An easy computation shows then that
Tijk = nt?‘ldti.(ﬁflpijk@) ,

i.e. it is the image in HO(U!,E* @ E ® Qx,,11x,) of tlpiji € HO(U.(J.T;),(CT* ® C" @ L™). This

ik i
proves theorem [7.1.2] O

7.1.3. Other construction of the obstruction — To get an extension of E to a vector bundle on
Xn11 we can try to build an extension

0 —FQL" — & —E-—0

on X, 1 such that € is locally free. We have an exact sequence
0 — HY(Hom(E,EF ® L")) — Extéx » (E,E® L") L HO(SxtéX » (E,E® L") v,
HYE® E*® L") End(E

H*(Hom(E,E® L") = H (E® E*® L") .
Suppose that the preceding extension corresponds to o € Extéx o (E, E ® L™"). Then one can

prove that & is locally free if and only ((¢) is an automorphism. So it can be possible to build
a locally free € if and only if V’'(Ig) = 0. One can then show that V'(Ig) = A(g).

7.2. EXTENSION OF MULTIPLE SCHEMES

We use the notations of 4l Let ¢, € H'(X,§,) and X,, be the corresponding multiple scheme
of multiplicity n. Recall that we have an exact sequence

0—Tx & 0x 1 — G, 0,
that (Tx @ Ox)% ~ (Qlx,x)" ® L™, and that we have a canonical map
A, HY(X,G,) — H*(Qx,x)" @ L")
such that g, € im(H'(p,11)) if and only A, (g,) = 0 (cf. 2.2.4)). Hence A, (g,) is the obstruc-

tion to the extension of X, to a primitive multiple scheme of multiplicity n + 1.

Suppose that A, (g,) = 0. By[2.2.3 given an extension of X,, in multiplicity n + 1, correspond-
ing to gni1 € H'(Gn41), there is a canonical surjective map

A+ B ( Q)" © L7) — H (ps1) " (90)
such that A, ., (0) = gn+1.
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By [7.1] we have also a canonical map
Al HY (X, 1, 0% ) = Pic(X,—q) — H*(L"")

such that a line bundle £ on X, _; can be extended to a line bundle on X, if and only if
Al(L) =0.

By [4.3| we have an exact sequence

O—>TX—L>(QX2|X)* L 0.

Let YT, : HY(X,S,) — Pic(X,_1) be the map defined as follows: if g, € H'(X,S,) and X,, is
the corresponding multiple scheme of multiplicity n, then Y, (g,) = Ix x,,-

The following result can be proved easily using the methods of 4.4}

7.2.1. Proposition: The following diagram

Ap
HY(X,SG,) H*((Qxy1x)* @ L")
j’rn jHQ(U(@IL")
Pic(X,_;) il (L)

15 commutative.

This result is not surprising: if g, € H'(X,G,) and X,, is the corresponding primitive multiple
scheme, then A, (g,) is the obstruction to its extension in multiplicity n + 1, and A/ (T,,(g»))
is the obstruction to the extension of Jy x, to a line bundle on X,,. It follows that A, (g,) =0
implies that A/ (Y,,(g,)) = 0.

Suppose that A/ (Y,(g,)) =0. It follows that there exists n € H*(Tx ® L") such that
An(gn) = H*(t ® Irn)(n). This can be seen more precisely using 4.5l From (2)) we have a
canonical map
A" HY(X, H,) — H(Tx ® L")

such that for any pair (X,,L) (where L is an extension of Jx x, to a line bundle on X,),
corresponding to h, € H'(X,H,), there exists an extension of X,, to a primitive multiple
scheme X, of multiplicity n + 1 such that Jx x,,, =L if and only if A (h,) = 0. We have
also a commutative diagram

n+1

HY(X,3,) —~ H*(Tx © L")

lHl(en) lH?(@Jm)
A
HY(X, Gn) —= H*((Qyx)* ® L")

Since Al (T,.(g,)) =0, Ix x, can be extended to a line bundle L on X,,, and (X,,, L) corresponds
to h, € HY(X,H,). It follows that we can take n = A’(h,).

Let X be the set of extensions of X, to a primitive multiple scheme X, 1 of multiplicity n + 1
such that Jy x,., >~ L. Then there exists a canonical surjective map

N H' (Tx @ L") — X

n+1
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such that the fibers of A are the orbits of the group of automorphisms y of X, leaving X
invariant and such that x*(IL) ~ L.

7.2.2. Parametrization of the extensions — We use the notations of [1.2] and [5.1] Suppose that
9n = H'(pp+1)(gnt1), and that gniy is defined by the cocycle (5};), ;5 = ¢én,; ;- Then the
elements of H'(pn41)”"(gn) are represented by the cocycles of the form (7;;0;;), with

Tij = ¢Dijtn71,1+eijtn*1 )
where Dj; is a derivation of Ox (Uy;) and €;; € Ox(Uj;). The cocyle relation satisfied by (7;0;;)

(to ensure that it defines an element of H*(X, G, 1)) is equivalent to a cocyle relation satisfied
by (D;;, €:5), so that it defines an element of H'(X, (Qx,x)* ® L") in the way described in

(of. 223).

7.2.3. Extensions of trivial primitive multiple schemes — Let X? be trivial primitive multiple
scheme of multiplicity n > 2, with associated smooth variety X and associated line bundle L.
We suppose that h%(X,,,Ix7T,) = 0. Since Auto(Xy) = {Ixo}, we have Aut(X?) = C*. It fol-
lows from proposition that the non trivial extensions of X? to a primitive multiple scheme
of multiplicity n + 1 can be identified with the quotient (H'(X, L") x HY(X,Tx ® L"))/C*
with the action

C* x (HY(X,L" ") x HY(X,Tx ® L")) —= H'(X, L") x H'(X,Tx ® L")

(A (n,€)) (A1, A™e)

i.e. it is a weighted projective space.

7.3. EXTENSION OF DOUBLE SCHEMES

We use the notations of and [£.3} X5 is a double scheme with underlying smooth variety X
and associated line bundle L on X, (U;) is an open affine cover of X and X is obtained by
gluing the varieties U; x Zj using the automorphisms 0;; : U;j X Zy — U;; X Zy. We can write
(using the notations of

o;; = ®p
where D;; is a derivation of Ox(U;;) and ay; € Ox(Uj;) is invertible. The cocycle (o) defines
the line bundle L, and we have D;, = D;; + ay;Djy.

ijsQig )

Suppose that L can be extended to a line bundle on X5, and let (ay; + 5;;t)
(cij + Bijt € Ox(Ui;)[t]/(t?)) be a family defining L (the cocycle defining L on X, is
(07 (cvij + Bt))). The pair (Xo,L) corresponds to 1€ H'(X,H,) (cf. [L.5). The cocycle
((®p,; a1+ vij + Bijt)) represents n. We have a canonical map

AL HY(X, Hy) — H*(Tx ® L?)

such that there exists an extension of X5 to a primitive multiple scheme X3 of multiplicity 3
such that Jy y, =L if and only if Af(n) = 0.
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7.3.1. Theorem: The cocycle (piji), with
O{.<

1 (675 i
pigk = <5iijk + (Djr(ev;) + =2 Dj(ejr) — =L Bk) Dij + ij (D Dy — DjkDij)>
(217 O

represents A5 (n).

Proof. The construction of Aj(n) follows [2.2.4] using the exact sequence of
0——=Tyx ® L? g7 an 0.

We take \Ijij = \D(Dija@ij + 6th> € 93(UZJ) as a pull—back of ((I)Dij,aija&ij + ﬁ”t) € }CQ(UZ])
The family (V;;) has the correct property, i.e. \I/Z-_jl = V,;;, by lemma , and (V;; U, Vy,)
represents Af(n). We have

ViiWirWei = Do, s
from proposition [5.3.8] and the result follows. 0

7.3.2. The case L = 0Ox - In this case we take o;; =1, and (D;;) is a cocycle representing
the element o € H'(Tx) which defines X3 (cf. [4.3.3). On the other hand, (f;;) is a cocycle
representing 6y, € H'(Ox) associated to L. We have a canonical bilinear map (Poisson bracket)

HI(TX) X HI(TX) —_— H2(TX)
(u,v) ——— [u, V]

and it follows easily from theorem that

1
Al(n) = Opo+ 5[0, ol .

7.4. THE CASE OF SURFACES — DOUBLE PRIMITIVES SCHEMES WITH CANONICAL ASSOCIATED SHEAF
We suppose that X is a surface and L = wyx. The non trivial primitive double schemes with
support X and associated line bundle wy are parametrized by P(H'(Tx ® wx)) = P(H'(Qx)).

Suppose that 0 € H'(Qx), 0 # 0, and let X, be the primitive double scheme corresponding to
Co. The first necessary condition to extend X5, to multiplicity 3 is that wx can be extended to
a line bundle on X,. This is equivalent to

O'.V()(W)() =0
in H?*(wx) ~ C. If this is true, a sufficient condition to extend X, to multiplicity 3 is that
hZ(TX ®W§() = ho(Tx) =0.

In other words

7.4.1. Proposition: If H°(Tx) = {0}, then Xy can be extended to a primitive multiple
scheme of multiplicity 3 if and only if 0.Vo(wx) = 0.
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7.5. RELATIONS WITH THE CONSTRUCTION OF D. BAYER AND D. EISENBUD

D. Bayer and D. Eisenbud gave in [4] the construction and parametrization of primitive double
schemes, also called ribbons. These constructions can be generalized to higher multiplicities, as
we will see (mostly without proofs).

Given X, if X, exists, then we have an exact sequence of sheaves on X,

P

(10) 0——L"— QXn+1\Xn Qx

0,

and Qx, . ,|x, is locally free. Let

dnioxn—>QXn , dn+1:oXn+1—>QXn+1

be the canonical derivations, and p:x,  , — Qx, . ,x, the restriction morphism. Then we
have a commutative diagram

inducing, for every x € X,,, a bijection between Oy, ,, . and the set of pairs
(o, B) € Ox,.2 X Qx, 1 |xe such that dy, () = padni1.(6). It follows that given
o€ Extéx (Qx,, L"), there exists at most one extension X, 1 such that o is associated to .

Conversely, given an exact sequence of sheaves on X,

(11) 0 L & 2> Ox

0,

n

where € is locally free, we can define a sheaf of abelian groups € to be the pullback

€—>OXn

|, s

8—p>QXn

and make C into a sheaf of C-algebras with an appropriate product law (cf. [4], proof of theorem
1.2). We can then define X, 1 as X, 1 = spec(C). It follows that X, can be extended to a
primitive multiple scheme of multiplicity n + 1 if and only if there exists an extension such
that € is locally free.

To study the extensions of X,, in multiplicity n + 1 we have to consider extensions . We
have from [22], 7.3, a canonical exact sequence

(12) 0 — H'(Hom(Qx,, L") — Exty, (Qux,, L") —

H°(Eaty, (Qx,, L") — H*(Hom(Qx,,, L)) .

7.5.1. Lemma: We have Sxtéxn (Qx,, L") ~ O¢
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Proof. We use the exact sequence

L —» QXn+1|Xn — QXn — 0.

For every x € X, there is an open neighborhood U of z in X, such that Jx x, i can be extended
to a line bundle I of U. We obtain a locally free resolution of Q2x, ¢

1
o — L L — Qx, v — Qxup — 0.

It follows that we have an isomorphism EZUI%U (Qx,. v L’fU) ~ Op. It is easy to see that all these
isomorphisms glue and thus define the isomorphism of lemma [7.5.1] O

7.5.2. Lemma: Let x € X and o € Exty_ (Qx, 2, L") ~ Ox,. Let
00— L, — M —Qx,, —0

be the corresponding extension of Ox, ,-modules. Then M s free if and only if o is invertible.

Proof. We use the free resolution

o T ntl B
x Ly —— L —Qx, ue Qx, o 0,

where 8 induces f : L7 — Qx, ., ue- Then, by the usual construction of extensions, M is
isomorphic to the cokernel of

a®B:L" — LT Ox, U -
Lemma follows easily. O

We have Hom(Qx,, L") ~ (Qx,x)* ® L". Hence we have an exact sequence

it follows that X,, can be extended to primitive multiple scheme of multiplicity n + 1 if and only
if (1) =0, and that the set of isomorphism classes of extensions of X, in multiplicity n + 1
can be identified with 771(1).

Let X,,41 be an extension of X, in multiplicity n + 1 and o € 77(1) the corresponding element.
We have a bijection

7 HY(Qxyx)* © L) (1)

Ut o+ v(u) .

With the notations of[7.2, 77(1) can be identified with H'(p,11)"(gn), and we have a canonical
map
)‘9n+1 : H1<<QX2\X)* ® Ln) — Hl(pn+1)_1(QN) .

The following result is proved in [11], 3.1, when X is a curve, but the proof is similar in any
dimension:

7.5.3. Theorem: We have, for every u € H'((Qx,x)* ® L"), g, (u) = T(nu).
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8. THE CASE OF PROJECTIVE SPACES

We use the notations of [4.1] to .4

Let V' be a complex vector space of dimension m + 1, m > 2. We suppose that X =P(V) =P,
(the set of lines in V). Let k be an integer, and L = Op,, (k). We will prove

8.0.1. Theorem: 1 — If m > 2, all primitive multiple schemes Y such that Y,.q = P, are
trivial.

2 — There are only two non trivial primitive multiple schemes Y such that Y,eq = Po, one in
multiplicity 2, with L = Op,(—3), and the other in multiplicity 4, with L = Op,(—1).

Proof. There exists a non trivial primitive double scheme X5 with underlying smooth variety
X and associated line bundle L if and only if h'(Tx ® L) # 0. This is true only if m = 2 and
k= —3.

Suppose that m > 2. According to there can be non trivial extensions of a trivial primi-
tive multiple scheme X,, to multiplicity n + 1 only if A'(P,,, (Qx,x)* ® L™) # 0. This never
happens if m > 2. So 1 is proved.

Suppose now that m = 2 and k = —3. In this case, according to [£.3] the non trivial primitive
double schemes are parametrized by P(H!(Tp,(—3))). Since h'(Tp,(—3)) = 1, there is just only
one non trivial primitive double scheme, that we will denote by Xs. We will prove

8.0.2. Theorem: The only line bundle on Xy is the trivial bundle Ox,.

It follows that X, is not quasi-projective and cannot be extended to a primitive scheme of
multiplicity 3. The scheme X, appears also in [2] (it is an example of non projective K3
carpet).

Hence any non trivial primitive multiple scheme with underlying smooth variety X = Py and
associated line bundle L, and of multiplicity n 4+ 1 > 2 is an extension of a trivial multiple
scheme of multiplicity n > 2. This can only happen if h'(Tx ® L") #0 (cf. [7.2.2). In this
case we have L™ = Op,(—3), hence n = 3 and L = Op,(—1). Starting with the trivial primitive
multiple scheme X3 of multiplicity 3 (with L = Op,(—1)), we get a non trivial primitive multiple
scheme X of multiplicity 4. Since h'(Ty @ L?) =1, proposition implies that X, is unique.
We will prove

8.0.3. Theorem: The only line bundle on X4 is the trivial bundle Ox,.

It follows that X4 is not quasi-projective and cannot be extended to a primitive scheme of
multiplicity 5. Hence 2 is proved. O

8.1. DESCRIPTION OF SOME SHEAVES ON THE PROJECTIVE PLANE

We assume that m = 2. Let zg, x1, 22 € V* be coordinates in Py, and for i=0,1,2, let
Ui = {C(ug,ur,us) € Po;u; #0} .
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We will take indices in Z/37Z, so that x3 = xg, x4 = 1, - -
We have Op,(U;) = C[ZxL, 2],

8.1.1. Line bundles — For every = € Py, we have Op,(—1), =x. For i =0,1,2 we have a
trivialization of Op,(—1) on U;, o : Op,(—1)jy, = Oy, ® C, such that for every x = C(ug, uy, uz)
in U;, we have «;,(uop, u1,u2) = u;. Hence Op,(—1) is defined by the cocycle («;;), where
a;j : Ujj = C*, and for every x = C(ug, u1,u2) in U;;, we have «;,(z) = -
U
Similarly, let k& € Z. Then Op,(k) is defined by the cocycle (04;)), where ag-c) : Ui = C*, and
for every x = C(uyg, u1, u2) in U;;, we have %(f)x@) = (&)_k
b u]

Let U C P, be a nonempty open subset. Then H®(U,Op,(k)) can be identified with the
P
set of rational functions 0’ P,Q € C[Xy, X1, X3], such that P, ) are homogeneous, @

does not vanish on U and deg(P) —deg(Q) = k. If k£ <0, then for every z € U, x = C.u,

P P(u)
Op,(k)y =27% € S7FV, and —(x) = R
P
For example, if k = —3, these rational functions — such that ) does not vanish on Uy
1 Xp o XIX¢

L, 0<i<j<2, 0<k<2 k#i,j

are the linear combinations of , ,
XoX1 X5 Xf’X]fr’ le

a,b,e,d,e,f>0,a—b—c=3,d+e— f=3. We have H?(Op,(—3)) ~ C, generated by the

lement dine to th 1 ( 1 )
element correspondin O € cocvycle _— .

8.1.2. Canonical bundle and tangent bundle — We have H'(Qp,) ~ C, and it is generated by
the canonical class of Op,(—1), which is represented by the cocycle (p;;), with

ZT; ZT;
Pij = —]d<—> .

ZT; X
0

Owis1/7:)" O(wiva/as)
We have Qp, ~ Tp, @ Op,(—3), and H'(Tp, @ Op,(—3)) =~ C is generated by the element p’
corresponding to the cocycle (p;;) with

The Op, (U;)-module H°(Tp, ® Op,(—3)) is generated by the derivations

Piit1 = Tip1 O(Tiqa/ ;) 3”?

1
(where — corresponds to a section of Op,(—3) on Uy, cf. [8.1.1)).
T

7
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8.2. THE PRIMITIVE SCHEME X9 — PROOF OF THEOREM

It is the primitive double scheme defined by p' € H'(Tp, ® Op,(—3)) (cf. [8.1.2). It is obtained

from the cocycle (4;;), with 0}, = ¢p,; ,,;, where

i+l = ) Viy = \—
T 2 0(xiga/7) ! ;

(with the notations of |5.4.2)).

Let p be an integer, # 0. The line bundle Op,(p) is defined by the cocycle <<£> 7p>.

Ly
Consider the exact sequence 0 — Op,(—3) = Qx,p, — Op, — 0, and the associated map
§: H'(Qp,) — H*(Op,(—3)). According to theorem [7.1.2) Op,(p) can be extended to a line
bundle on X, if and only if §(Vo(Op,(p))) # 0.

The class Vo(Op,(p)) is represented by the cocycle (( - pﬂd(xz/xj)>> From [5.4.6]
T;
d(Vo(Op,(p))) is represented by the cocycle (Ag12), with

0 Tl P
1 Zo 81‘2/330 x2 . p

Aoz = — — = )
TH T ((x_l) > ToT1X2
T2

It follows from that 0(Vo(Op,(p))) # 0. This proves theorem [3.0.2]

8.3. THE PRIMITIVE SCHEME X, — PROOF OF THEOREM [8.0.3]

The computations are exactly the same as in [3.2]

9. THE CASE OF PROJECTIVE BUNDLES OVER CURVES

Let C be a smooth irreducible projective curve of genus g and E a rank 2 vector bundle on
C. Let X =P(E) be the associated projective bundle and 7 :P(F) — C' the canonical
projection. For every closed point x € C', 771(z) is the projective line P(E,) of lines in E,.

9.1. PRELIMINARIES

The line bundles on X are of the form
L = 7°(D) ® Opp (k) ,
for some uniquely determined D € Pic(C') and integer k. We have then
(L) = (S*EN®D if k>0,
= 0 if k<0,
R'm (L) = (SP*E)®det(E)® D if k< -2,
= 0 if k>-2
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it follows that
H°(L) = H°(S*E*)® D) if k>0,
= {0} if k<0,
HY(L) = HY((S*E*)® D) if k>0,
= H((S*"E)®det(E)® D) if k< -2

= {0} if k=-—
H*(L) = H'(S*"E)®det(E)® D) if k< -2,
{0} if k> -2

We have canonical exact sequences
(13) O—)QP(E)/C—>7T*(E )®O[p> ( ) —>OIP —)O

0 — 7 (we) — Q) — Qpe /C—>0

9.1.1. Proposition: If E is simple and g > 2, we have H®(Tpx)) = {0}.

Proof. Since g > 2, we have H%(w}) = {0}, and H(Tp(g)) ~ H((Qp(r)/c)*) (by the second
exact sequence). Applying 7, to the dual of the first exact sequence we find

0— 0 —FEFQFE — 77'*((Q]P’(E)/C)*) ~ Ad(E) — 0,
hence H°((Qp(r)/c)*) = H°(AA(E)) = {0} because E is simple. O

Using proposition [7.4.1] we get

9.1.2. Corollary: Suppose that E is simple. Let X5 be a non trivial primitive double scheme
with support P(E) and associated line bundle wpgy. Let Co be the element of P(H'(Qp(r)))
associated do Xo. Then Xo can be extended to a primitive multiple scheme of multiplicity 3 if
and only if 0.Vo(wpr)) =0 in H*(wp))-

9.2. ANNULATION OF OBSTRUCTIONS

Let I', F € Pic(C), v = deg(I"), n, k, p integers, with n,k > 0. We will consider 3 cases:

(i) £ is semi-stable and deg(F) = 0,
(ii) E is semi-stable and deg(F) = —1,
(iii) £ is not semi-stable of degree ¢ = 0 or —1. Let L; C E be the Harder-Narasimhan
filtration of E, where L; is a line bundle of degree €¢; > .

deg(F
9.2.1. Lemma: We have h°((S**"PEY®@ F@T") =0 if v <, and = — ce(F)

k deg(F deg (1"
. eg;f )+% in case (i), o= — egn< )—%—k‘e in case (iii).

m

case (i), ~vo =
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Proof. In case (i), S**PE is semi-stable of degree 0, so h°((S*"PE) @ F @ I™) = 0 if

deg(F
deg(F ®I'™) < 0, which is equivalent to vy < —E. The proof in case (ii) is similar.
n
To prove case (iii) we use the fact that there is a filtration of S*™PE with graduates
L ® (Oc/Ly)mtP=2 0 <a < kn+p. O
deg(F)

9.2.2. Lemma: We have h°((S*""PE)@ EQ F®T") =0 if v <, and o= —

a 1 F 1
k _ deg(F) + PT 0 in case (ii), o = _deg(F) _ (p+ D
2 n 2n n n

mn case (1 = — ke; in case
) 0

Proof. Similar to that of lemma [9.2.1] O

Let n, k be positive integers, and L = (D) ® Opg)(—k) a line bundle on P(£). If we want
to study the primitive multiple schemes with associated smooth variety P(F) and associated
line bundle L, we need to consider the cohomology groups H2(L"), H*(Tx ® L"), n > 0.

9.2.3. Obstructions to the extension of line bundles in higher multiplicity — We have
HO(L") = {0}, H'(L") = H((S*2E) & det(E) © D"),
H?(L") ~ HY((S*?FE) @ det(E) @ D"), and by Serre duality

(S 2E)@det(E)®@D") = R((S*™2E*)@det(E*) @D "®we) = RY((S"™2E)@F®I™)

with F = det(F) @ we, [' = D* @ det(E) ™. Hence, by lemma , R*(L™) =0 if

deg(D) > o, with §y = 29— 29~

29 —2+deg(E) —2¢
n

in case (i), dp = = + in case (ii), and

2
+ ke — kdeg(F) in case (iii).

do

9.2.4. Obstructions to the extension of the schemes in higher multiplicity — We have exact
sequences

(14) 0— L" — 7(E) @ Opy(1) @ L" — Qpyjc @ L" — 0,
0 — Qpgyyc @ L" — Tppy @ L" — 7 (we) @ L — 0.

Hence we have H?*(Tp(py @ L™) = {0} whenever

R (m(E) @ Oppy (1) ® L") = h*(7*(wg) @ L") = 0.
We have

R (m(E) ® Oppy(1) @ L") = A'((S"*E) ® E @ det(E) ® D") ,
and by Serre duality
RY(S*"PE)® E®det(E)® D) = h°((S"™PE*) @ E* @ det(E*) ® D" ® we)
= (S PE)e E@ Folm"),

with F = det(E) ® we, I' = D* @ det(E)~*. Hence, by lemma [9.2.2

W (1*(E) ® Opgy(1) @ L™) = 0 if the same conditions as in |J.2.3| are satisfied.
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We have H?(m*(wg) @ L") ~ HY((S*2E) @ det(F) ® wg @ D™), and
R ((S*?F) @ det(E) @ wg ® D™) = h*((S"E)@ F®TI™),
with F = det(E) ® w, I = D* @ det(F)~*. Hence, by lemma [9.2.1] h?(7*(wg) ® L") =0 if
deg(D) > dg, with 6y = 19~ 49—
49— 4 +deg(E) —2¢
n

in case (i), dp = 5 +

+ ke — kdeg(F) in case (iii).

in case (ii), and

do

9.3. CONSTRUCTION OF PRIMITIVE MULTIPLE SCHEMES

Suppose that L = 7*(D) ® Opg)(—k), with k > 3. Let d = deg(D). The following is a conse-
quence of

9.3.1. Lemma: We have H?*(L") = {0} for everyn>1 and H?*(Tpp) @ L") = {0} for
every n > 2 if

In case (i):
Ifg=0, d>0.
- Ifg=1, d>0.

~Ifg>2, d>29—2.

In case (ii):

k
~Ifg=1, d>§.
k

~Ifg=>2, d>§+29—2.

In case (iii):

~Ifg=0o0rl, d> k(e —deg(F)).
~Ifg>2, d> k(e —deg(F))+ 29— 2.

Recall that to extend a primitive scheme X,, of multiplicity n > 2 to one of multiplicity n + 1,
we must first extend the ideal sheaf of P(E) in X, to a line bundle L. on X,, (with an obstruction
in H%(L"')), and then to extend X,, to X,,,; such that the ideal sheaf of P(F) in X, is L,
we have another obstruction in H?(Tppy ® L™). Hence if the conditions of lemma are
satisfied, the obstructions vanish, and it is possible to extend a primitive multiple scheme of
multiplicity n to one of multiplicity n + 1.

Similarly we have
9.3.2. Lemma: We have H?*(Tpp ® L) = {0} of
In case (i):

~Ifg=0, d>-2.



PRIMITIVE MULTIPLE SCHEMES 51

~Ifg=1, d>0.
~Ifg>2, d>4g9—4.

In case (ii):
~Ifg=0, d>—=-—-2

- Ifg=1, d>

TN T T

S Ifgz2, d> 54494
In case (iii):

~Ifg=0, d> k(e —deg(E))+ deg(E) — 2 — 2¢.
~Ifg=1, d> k(e — deg(F)) + deg(FE) — 2¢;.
“Ifg>2, d> k(e — deg(E)) + deg(E) — 26, +4g — 4.

9.3.3. Lemma: Suppose that n > 1. Then the map H'(L") — H'(7*(E) ® Op(g)(1) @ L")
nduced by 18 injective.

Proof. This map is the canonical one
H(D"® (S"72F) @ det(E)) — H(D" ® E ® (S*E) @ det(E)) ,

which is clearly injective. 0

Suppose that the conditions of lemmas [9.3.1] and [0.3.9] are satisfied and n > 1. We have
HO(Q* g)c @ L") = {0}, because for every z € C, Qo ® Li; 1,y = Op(p,)(2 — kn). Hence

W (g e ® L") = h'(7*(E) © Op (1) @ L") — hH (L") .

We have then
W (Tey @ L") = W' (Qpgy e ® L") + b (1" (we) © L")
= hY(7(E) ® Opr)(1) ® L") — BY (L") + W (7*(wi) ® L)
= W(D"® E® (S"3E)®det(E)) — h°(D" ® (S*"2F) @ det(E))
+h%(D" @ wi ® (S F) @ det(E))
= x(D"® E® (S"3FE)®det(E)) — x(D" ® (S ?E) ® det(E))
+Xx(D" ® wi @ (S 2F) @ det(E))
= n(kn —2)(2d + kdeg(E)) + 2(1 — g)(2kn — 3) .
It is easily verified that h'(Tpg) ® L™) > 0. It follows that there exist infinite sequences
Xi=PE)cXoC---CX,,CXpp1 C---

where X, is a non trivial projective primitive multiple scheme with associated smooth variety
P(E) and associated line bundle L.
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We have also
RY(LY) = x(D"® (S ?FE) ® det(F))

= (kn— 1)(]%”deg(E)+nd+ 1—yg).

The space P(H'(Tp() ® L)) parametrizes the primitive double schemes (cf. 4.3.3).

Let X, be a non trivial primitive multiple scheme of multiplicity n. Let X be the set of
extensions of X,, to a primitive multiple scheme X, of multiplicity n + 1. Then from [7.2]
there is a canonical surjective map

H' ((Ux,ype)" ® L") — X

whose fibers are the orbits of an action of Aut(X,). As a set, we have

Auto(X,) ~ H(T,—1 ® Ip(p),x,.) (cf. theorem . Using corollary and the exact se-
quence 0 — Tpp) — (Qx,pm)* — L1 — 0, it is easy to see that H(T,_1 ® Jp(g) x,.) = {0}
From Aut(X,) is finite. Hence X is parametrized, up to the action of a finite group, by
Hl((QX2|P(E))* X Ln> We have

M (Qxype) © L) = B (Tpgy ® L") + hH(L"Y)

k
= (3kn* —5n —2kn +k+ 1)(5 deg(E) 4+ d) +2(1 — g)(5kn — 7 — k) .

9.4. THE CASE OF Py x P4

We have here C' = Py, E = Op, ® C?, 7 is the projection P; x P; — P; on the first factor, and,
with the usual notations, Op(gy1) = 0(0,1), 7*(Op, (1)) = O(1,0).
Suppose that k£ > 3, and L = O(d, —k). The conditions of lemmas [9.3.1| and [9.3.2 are: d > 0.

There exist infinite sequences

Xi=PxPhCcXoC---CX,CX1 C---

where X, is a non trivial projective primitive multiple scheme with associated smooth variety
P; x P; and associated line bundle L.

The extensions of X,, to a primitive multiple scheme of multiplicity n 4+ 1 form a family of
dimension d(3kn* —5n —2kn +k +1) +5kn — 7 — k.
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