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Reaction-diffusion equation on thin porous media

Maria ANGUIANO!

Abstract

We consider a reaction-diffusion equation on a 3D thin porous media of thickness ¢ which is perforated
by periodically distributed cylinders of size €. On the boundary of the cylinders we prescribe a dynamical
boundary condition of pure-reactive type. As ¢ — 0, in the 2D limit the resulting reaction-diffusion equation
has a source term coming from the dynamical-type boundary conditions imposed on boundaries of the original
3D domain.

AMS classification numbers: 35K57; 35B27

Keywords: Homogenization, energy method, dynamical boundary-value problems, porous media, thin films

1 Introduction and setting of the problem

We consider a parabolic problem in a thin porous media ). of thickness € which is perforated by periodically
distributed cylinders (obstacles) of size €. On the boundary of the cylinders, we prescribe a dynamical boundary
condition of pure-reactive type. The aim of this work is to prove the convergence of the homogenization process
when € goes to zero.

The asymptotic behavior of the solution of linear parabolic problems with dynamical boundary conditions
of pure-reactive type in periodically perforated domains was analyzed by Timofte in [14]. The author obtained
a new parabolic limiting problem defined on a unified domain with extra terms coming from the influence of
the dynamical boundary conditions. More recently, in [1, 2], we study the nonlinear case where the nonlinearity
appears reflected in the limit equation. However, to our knowledge, there does not seem to be in the literature
any study of the asymptotic behavior of the solution of parabolic models associated with dynamical boundary
conditions of pure-reactive type in a thin porous media. Let us introduce the model we will be involved with in
this paper.

The geometrical setting. The periodic porous media is defined by a domain w and an associated mi-
crostructure, or periodic cell Y’ = [—1/2,1/2]?, which is made of two complementary parts: the obstacle part
F’, and YJZ =Y’ \F/. More precisely, we assume that w is a smooth, bounded, connected set in R?, and that F’

is an open connected subset of Y’ with a smooth boundary dF’, such that T s strictly included in Y”.

The microscale of a porous media is a small positive number €. The domain w is covered by a regular mesh
of square of size e: for k' € Z?, each cell Yy . = ek’ +¢eY’ is divided in an obstacle part I, _ and Yfk/,sv ie. is
similar to the unit cell Y’ rescaled to size e. We define Y = Y’ x (0,1) C R?, which is divided in an obstacle
part F'=F' x (0,1) and Yy = Yj’ x (0,1), and consequently Y/ . = k’,ﬁ % (0,1) C R3, which is also divided in
an obstacle part Fys . and Yy, ..

We denote by T(F;C/,E) the set of all translated images of F;,@. The set T(F;%E) represents the obstacles in
R2.
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We define we = w\ Uk, F;c',a C R?, where K. = {k' € Z* : Y/, . Nw # 0}, and we define the thin porous
media Q. C R? by
Qe = {(z1,72,73) Ewe x R: 0 <73 <¢}. (1)

We make the following assumption:

The obstacles T(F;/ﬁs) do not intersect the boundary dw.

We define }7}37E = F,é,ﬁ x (0,¢). Denote by S. the set of the obstacles contained in .. Then, S, is a finite
union of obstacles, i.e.
SE - U FZ/,E'

k' ek,

We define B
Q. =w: x(0,1), Q=wx(0,1), A.=wx(0,¢). (2)

We observe that (NZE = Q\ Uk-’eICE Fys o, and we define F. = Uk’e)cs Fjs . as the set of obstacles contained in
Q..

Position of the problem. We consider the following problem for a reaction-diffusion equation with dy-
namical boundary conditions of pure-reactive type on the surface of the obstacles and zero Dirichlet condition
on the exterior boundary,

a;;—AuE—F/ﬁuE:f(x’,t) in Q. x(0,7),
Oue
Vue v +e ; —eg(a’,t)  on 0S. x (0,7), )
ue(x,0) = ul(z), for z € Q,
ue(z,0) = 92(z), for z € 05,
ue =0, on O0A. x (0,7,

where u. = uc(z,t), v = (2/,23) € Q., t € (0,T) and T > 0. The first equation states the law of standard
diffusion in €., A = A, denotes the Laplacian operator with respect to the space variable and x > 0 is a given
constant. The boundary equation (3), is multiplied by € to compensate the growth of the surface by shrinking
€, where the value of u. is assumed to be the trace of the function u. defined for z € €., v, is the outer normal
to 9S.. The term Vu, - v, represents the heat flux across the boundary (see Goldstein [11] for more details). We
assume that

uwd e L?(Q), o2 e L?(9S.), (4)

are given, and that there exists a positive constant C' such that
—1(,,02 02
€ ‘ue e + ‘wa 0Se < Cv (5)

where | - |, and | - |95, denote the norm in L?(€2.) and L?(9S.), respectively.
Moreover, we assume that
fFeLl?(0,T;L% (W), g€ L*(0,T;H; (w)), (6)
are given. This choice of f and g is usual when dealing with thin domains. Since the thickness of the domain,
€, is small then the exterior force can be considered independent of the vertical variable.

In this paper, our main motivation is to study the asymptotic behavior of the solution u. of (3) as ¢, the size
of the cylinders and the corresponding thickness of the thin film, tend to zero. We combine the homogenization
techniques used in porous media and in thin film in order to rigorously derive the homogenized model.
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For this purpose, we first perform a change of variables which consists in stretching in the x3-direction by a
factor 1/e. As in [3], we use the dilatation in the variable x3, i.e.
T3

Ys = (7)

in order to have the functions defined in the open set with fixed height Q. defined by (2). In this sense, we define
Ue by
e (2, ys,t) = u (2, ey, t), a.e. (2',ys,t) € Q. x (0,7), (8)
and our goal then is to describe the asymptotic behavior of this new sequence 4. when ¢ tends to zero.
Using the dilatation in the variable x5 given by (7), we have that Au, is transformed into

- 1 -
Ayt + gagsus.

The factor 1/¢? in front of the derivate in the y3 direction means a very fast diffusion in the vertical direction.
In some sense, we have substituted the thin porous media ). by a non-thin domain QE, but with a very strong
diffusion mechanism in the ys-direction. Because of the presence of this very strong diffusion mechanism, it is
expected that solutions of the problem which satisfies ., defined in (20), become homogeneous in the ys-direction
so that the limit solution will not have a dependence in this direction, and therefore, the limit problem will be
two dimensional.

The method we follow in this paper is the so-called energy method of Tartar [15], which has been considered
by many authors (see, for instance, Cioranescu and Donato [5], Conca and Donato [9], Conca et al. [10], Timofte

[14] and [1]) and the technique introduced by Vanninathan [16] for the Steklov problems which transforms surface
integrals into volume integrals. We get the following limit problem to (20), as e goes to zero.

Theorem 1.1 (Main Theorem). Under the assumptions (5)-(6), assume that (u?,v0) € H'(Q.) x H'/?(dS.)
and there exists a positive constant C such that

5*1/2\Vu2|95 <C. (9)

Let (uc,1:) be the unique solution of the problem (3), where 1. is the trace of the function u. defined for x € Q.

and a.e. t € (0,T]. Then, there exists an extension Il 4. of G-, where u. is the dilation of u. given by (8), into
all @ x (0,T), such that, as € — 0,

I.u.(t) — u(t) strongly in L*(Q), Vit e [0,T],

where u € L?(0,T; H} (w)) is the unique solution of the following problem

Y7l [0F]\ du |Y/] Y/l |oF|
— —di ’ ’ = ] T
(IY’I id ) g~ Ave (@QVaru) + mu = oS+ rg, in wx (0,1),
u(z’,0) = ug(z'), for 2’ € w, (10)

u=0, on Ow x (0,T).

The homogenized matriv Q@ = ((¢;;)), 1 < 4,7 < 2, which is symmetric and positive-definite, is given by

Gij = 7o | (ei+ Vyw) - (ej + Vyw;)dy, (11)
[Y”] Y}

where w; € Hyer \ R, @ = 1,2, is the unique solution of the cell problem
—divy (e; + Vyw;) =0, in Y},
(e; + Vyw;)-v' =0, on OF, (12)

w; 18 Y' — periodic.
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Here, e; is the i element of the canonical basis in R?, v/ is the outer normal to OF', and Hye is the space of
functions from Hl(Yf’) which are Y'-periodic.

The structure of the paper as follows. In Section 2, we introduce some notations which are used in the
paper. In Section 3, we give a weak formulation of the problem, and establish the existence and uniqueness of
solution. In Section 4, we establish the problem which satisfies @, given by (8). Some a priori estimates for .
are rigorously obtained in Section 5. A compactness result is addressed in Section 6. Finally, the main goal of
proving the asymptotic behavior of the solution . is achieved in Section 7.

2 Some notations

Along this paper, the points z € R? will be decomposed as z = (2/,z3) with 2’ € R2, 23 € R. We also use the
notation 2’ to denote a generic vector of R2. We denote by X, the characteristic function of the domain €..

€

We denote by (,)q. (respectively, (-,)ss.) the inner product in L?(Q.) (respectively, in L?(95.)), and by
||, (respectively, ||5g. ) the associated norm. We also denote (-, -)q, the inner product in (L*(2))*.

We denote by (-,-)g_ (respectively, (-,)or.) the inner product in L?(Q) (respectively, in L*(0F:)), and by

||g, (vespectively, |-[5r ) the associated norm. We also denote (-,-)g_the inner product in (L2(2))N, with
N=23.

We denote by (-, -)q the inner product in L?*(Q2), and by ||, the associated norm. We also denote (-, -)q the
inner product in (L?(€2))?. By |||l we denote the norm in H*(Q).

We denote by (-, ), the inner product in L?(w.) and by |-|,,. the associated norm. We also denote (-, ), the
inner product in (L?(w.))?. By || - ||w. we denote the norm in H'(w.), which is associated to the inner product

(5 )we = (Var, Var)w, + (5 ')ws .

By [|-||lg. we denote the norm in H'(.), which is associated to the inner product

(( ))ﬁe = (Var, Vm")ﬁe + (aya'vays')ﬁg + )fz :

=

By || - [|g, o we denote the norm in L2(0,T; HY()).

By ||g, 1 (vespectively |-|op. ), we denote the norms in L2(0,T; L*(Q.)) and L2(0,T; (L?(2:))?) (respectively
L?(0,T; L*(OF.))). By | - |a.r, we denote the norms in L2(0,T; L*(Q2)) and L?(0,T; (L?(2))?3).

We denote by 7o the trace operator u +— u|gq,. The trace operator belongs to L(H' (), H'/?(99.)), and we
will use ||yo|| to denote the norm of 7 in this space. Analogously, we denote by vy the trace operator @ — @ PR

We will use || - [[55. to denote the norm in HY2(00.), which is given by Hq@”aﬁg = inf{[|7flg, : 10(?) = o).
We recall that with this norm, H'/2(8S),) is a Hilbert space.

We denote by Hp, () and Hp, (0€2.), for 7 > 0, the standard Sobolev spaces which are closed subspaces
of H™(Q.) and H" (99, ), respectively, and the subscript A, means that, respectively, traces or functions in 9,
vanish on this part of the boundary of €., i.e.

HgAE(QE) ={ve H"(Q:) : y(v) = 0 on JA.},

and
Hpjy (09) = {ve H(09.) : v=0on JA.}.

Let us notice that, in fact, we can consider an element of H'/2(9S.) as an element of H é//i (09¢), and we can
consider the given ¢? as an element of L3, (99.).
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We denote by Hjq () and Hj,(99.), for 7 > 0, the standard Sobolev spaces which are closed subspaces of
H"(Q.) and H"(99.), respectively, and the subscript 92 means that, respectively, traces or functions in 99,
vanish on this part of the boundary of €., i.e.

Hio(Q.) = {5 € H™(Q) : 7(3) = 0 on 89},

and _ -
Hy(09,) ={v € H (00:) : v =0 on 0Q}.

Let us consider the space

H: Lz(ﬁg) X L%Q(aﬁs)a

with the natural inner product ((7,¢), (@, @)y = (0,0)g, + (¢, P)or., which in particular induces the norm
|(-, )|z given by - , . ~
(0, 9)[ar = [0l5_ +eldlor., (0,0) € H.
Let us also consider the space
Vi i={(5,7%0(0)) : 5 € Hj(9e) }

We note that V; is a closed vector subspace of H} (Q.) x H;{f(aﬁs), and therefore, with the norm ||(-, )|l
given by ) ) )

1@, %@y, = 1915, + 1@ lzr ,  (8,7%(0)) € V1,
V1 is a Hilbert space.

For a vectorial function v = (v’,v3) and a scalar function w, we introduce the operators: V. and div., by
1 ¢ . . ;o1
Vew = (Vyw, —0y,w)", divev = divy v’ + =0y, vs. (13)
€ €

We denote by |O] the Lebesgue measure of |O| (3-dimensional if O is a 3-dimensional open set, 2-dimensional of
O is a curve).

Finally, we denote by C a generic positive constant, independent of &, which can change from line to line.

3 Existence and uniqueness of solution of the problem (3)

We state in this section a result on the existence and uniqueness of solution of problem (3).

Definition 3.1. A weak solution of (3) is a pair of functions (u.,.), satisfying

u. € C([0,T); L*()), e € C([0,T); L3x, (090)),  for all T >0, (14)
u. € L*(0,T; Hjy (%)), for all T > 0, (15)
Y. € L2(0,T; Hy\' (09%)),  for all T > 0, (16)
Yo(ue(t)) = ve(t), ae te(0,T], (17)

3 uelt),v)e, +2 & ((0),20(0))as. + (Vuelt), Voo, + r (ue(t), v,
= (@', 1), v)a. +2 (9(2',1),70(v))as. (18)

in D'(0,T), for allve Hb, (),

us(0) =, and :(0) = L. (19)
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Thanks to [1, Theorem 3.3], we have the following result.

Theorem 3.2. Under the assumptions (4)-(6), there exists a unique solution (ue,e) of the problem (3). More-
over, this solution satisfies the energy equality

%di (|u5< .+ el Bs.) + Ve + ()
(F ), e+ (90 1),0eO)os. e t € (0.T).

4 Dilatation in the variable z3: definition of u.

In this section, we use the dilatation in the variable z3, i.e. we use (7) in order to have the functions defined in
the open set with fixed height 2. defined by (2). In this sense, we define @. € L*(0,T; H)o(€2:)), for all T > 0,
by (8), and using the transformation (7), the system (3) can be rewritten as

0,
ot

—dive(Vete) + ke = f(2/,t) in Q. x (0,7),
8;; —cg(a,t)  on OF. x (0,T),
af(m/7y37 ) = qg( 7y3)7 fOI' ({El,yg) € fvz57
aé‘(l‘/vy?) ) 1#2( Y 3)7 for (1'/,2/3) € aFE?
=0 on 90 x (0,T),

Vet - U + €

)

where div, and V. are given by (13), and 7, is the outer normal to JF.

Taking in (3) as test function o(z’, x3/¢) with 0 € Héﬂ(ﬁe), applying the change of variables (7) and taking
into account that dz = edz’dys and do(x) = edo(z')dys, the variational formulation of problem (20) is then the
following one

d o, d i i / ) -

T (/?25 U (t)0dx dy3> +e o </8FE Yo (e (t))vo(0)do (x )dyg) + /QE V. i (t) - Vooda' dys

+K /; ae(t)'[}dqj/dy3 = /~ f(x/’t)ﬂdg;/dy?) + e / g(mlat)'}/o(ﬁ)da(ﬂfl)dy?) (21)
Qe Q. 9

Fe
in D'(0,T), for all & € H},(9.).
Moreover, . satisfies the energy equality

3 (10 30 8 D) + Vet (O + sl ()3, )

= (fa"s ), 5 (t))g, + e (9@’ 1),70(0(t))or., ae. t€(0,T).

Considering in (5) the change of variables given in (7), and taking into account that dz = edz’dys and do(z) =
edo(z')dys, we can deduce that }
G0+ e[90P3, < C. (23)

5 A priori estimates for 1.

Let us obtain some a priori estimates for ..

Lemma 5.1. Under the assumptions (4)-(6), there exists a positive constant C independent of €, such that the
solution U, of the problem (20) satisfies

|VE€[/€‘§E’T < 07 |IEL5‘§E’T < Ca (24)
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lie(t)lg, < C, Veho(s(t)lor. < C, (25)
for allt € (0,T).

Proof. By (22), we have

d

7 (@), 20 (@ @)IE) +2Veie bl + 26 @b, < |(@(t), 0@ )z + 1f O, +elg®)5r-

Integrating between 0 and ¢, we obtain
t
[(ie (£), 70 (e () + 2min{1, 5} / (Vi) +la()3 ) ds (26)
t T
< @D+ [ Vet s+ [ (176, +ela(s)Ba) ds.

By [1, Lemma 4.1] with p = 2, we can deduce

elg(s)3r < C(lg(s). + e Vas)lZ,) < Cllg()IIE.

which together with (6) gives

T

| (O, +< o, ) as < (21)
Taking into account (23) and (27) in (26) and applying Gronwall Lemma, in particular we obtain (25). Finally,
taking into account (23), (25) and (27) in (26), we get (24). O

Now, if we want to take the inner product in (20) with @., we need that u. € L%*(0,T; H}(Q:)). However,

£
we do not have it for our weak solution. Therefore, we use the Galerkin method in order to prove, rigorously,

new a priori estimates for ..

On the space V7 we define a continuous symmetric linear operator A; : V3 — V/, given by

(A2 (8, 70(9))), (8,70 (@) = (Vo0 Vo), + (3, D)., (28)

for all o,w € H}, ().

We observe that A; is coercive. In fact, taking into account that £ < 1, we have
- - - - - 1 - -

(A1 ((8,70(0)) . (2,70(0)))) = |Vwol§ + ;zlayav%E +[ofE (29)
> [Vaobll, + 10,00, + k5%

. ~12
min {1, s} |05,

1 2
= ————min{l,&}||7]|5
L+ [Ioll? ’ e
lvl* . 12
———— min{l, s} 7[5,
L+ 1voll

%

. ~ ~ 2
T+ ol min {1, £} [[(8,70(2)) Iy, ,

for all o € H}, ().

Let us observe that the space Hég(ﬁg) X Hés/f(aflg) is compactly imbedded in H, and therefore, for the
symmetric and coercive linear continuous operator A; : Vi — V{, where A; is given by (28), there exists a
non-decreasing sequence 0 < A; < Ay < ... of eigenvalues associated to the operator A; with lim;_ ., Aj = oo,
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and there exists a Hilbert basis of H, {(w;,v(w;)) : j > 1}C D(A;), with span{(w;,vo(w;)) : j > 1} densely
embedded in V7, such that
Ar((wj;0(w;s))) = Aj(wj,y0(ws)) Vi = 1.

Taking into account the above facts, we denote by
(ﬂ's,m(t)7 Yo (’ELE,’"L (t))) = (’ELE,TTL (t7 Oa ﬂga 1;2)7 Y0 (aé‘,’m (ty 07 ﬂg, ~g)))

the Galerkin approximation of the solution (. (t;0, a2, 12), vo(iic(t; 0,42, 1°))) to (20) for each integer m > 1,
which is given by

m

(ae,m (t)v o (aa,m(t))) = Z 6£mj (t) (wjv o (wj))7 (30)

j=1
and is the solution of

e (1), 2008 (1)) (5, 0 (05)))

+ <A1((a6,m(t) 70(“5 m(t)))), (wj"y()(wj)»
= (f(t)’wj)ﬁg +5( ( ) (w]))BFga j=1...,m, (31)

with initial data
(tiem (0), 70 (e,m (0))) = (@, Y0 (2 1)), (32)
where
Oem;(t) = (tie,m (t), wj)g_ + (Yo(te,m (b)), Y0(w)))or. ,

and (@ ,,,v0(@2,,)) € span{(w;,v0(w;)) : j = 1,...,m} converge (when m — co) to (a, ¥?) in a suitable sense
which will be speciﬁed below.

Lemma 5.2. Suppose the assumptions (4)—(6). Then, for any initial condition (u2,v?2) € H*(Q.) x HY/?(9S.)
of the problem (3) such that satisfies (9), there exists a positive constant C independent of €, such that the
solution . of the problem (20) satisfies

sup |G (t)|lg, < C, (33)
t€[0,T]
el » < Co Velo(al)lor.,r < C. (34)

Proof. First, considering in (9) the change of variables given in (7), and taking into account that dx = eda’dys
and 9y, = €0,,, we can deduce that (a?,?) € Vi such that

Veillg, < C. (35)

For all m > 1, there exists (al,,,70(@2,,)) € span{(w;j,yo(w;)) : 1 < j < m}, such that the sequence

{(@,,,70(a2,,))} converges to (@2,4°) in V;. Then, taking into account (23) and (35), we know that there
exists a positive constant C' such that

|v€ﬂs,m|és + |ﬁg,m‘%a S C (36)

For each integer m > 1, we consider the sequence {(ue m (t),vo(tem(t)))} defined by (30)-(32) with these initial
data. Multiplying by the derivative 5;mj in (31), and summing from j = 1 to m, we obtain

(L, (1), Y0 (Tl (D)) | F
(<A1((u5 m( ), Vo(ae,m(t))))’ (aa,m(t)v')/o(ae,m(t))»)
)s Uz (t))g, +€(9(t),Y0(L 1 () 0F. -

1d
o
= (f
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Then, we deduce

1d

g ) ). ) )
< OB+ SO +e5 100 Be: + 5 ol ).

Integrating now between 0 and ¢, taking into account the definition of A; and (29), we obtain that

min{l, x}

t
al . (8), (@ ,,(8))[3ds +
VL 5) A0l ) s + TS

(e (£), 0 (@e,m (E)) 17

T
< max{l,w} (|Veil,, 2 + i[5 ) + / (IF()I2. + lg(s) 3, )ds, (37)

for all t € (0,T).

Taking into account (27) and (36) in (37), we have proved that the sequence {(te m,Vo(te,m))} is bounded
in C([0,T]; V1), and {(@,,,y0(@,,,))} is bounded in L*(0,T; H), for all T > 0.

If we work with the truncated Galerkin equations (30)-(32) instead of the full PDE, using (29), we note that
the calculations of the proof of Lemma 5.1 can be followed identically to show that {(te m,vo(tem))} is bounded
in L2(0,T; V1), for all T > 0.

Moreover, taking into account the uniqueness of solution to (20) and using Aubin-Lions compactness lemma
(e.g., cf. Lions [12]), it is not difficult to conclude that the sequence {(iem,Y0(lem))} converges weakly in

L2(0,T; V1) to the solution (fic,70(f)) to (20). Since the inclusion H*(Q.) C L2(€2.) is compact and . €
C([0,T); L*(£2.)), it follows using [13, Lemma 11.2] that the estimate (33) is proved.

On the other hand, the sequence {(a. ,,,70(4’ ,))} converges weakly in L?(0,T;H) to (a.,~o(a.)), for all
T > 0, and using the lower-semicontinuity of the norm and (37), we get

L3+ ebo@Br e < liminf (103, +eho ) Br.r)
< Chmmf(W 2 + 182,13 +1)
= C(IVeally + a2 +1),
which, jointly with (23) and (35), implies (34). O

5.1 The extension of u. to the whole 2 x (0,7): definition of ﬁaﬂg

Since the solution @. of the problem (20) is defined only in Q. x (0,7), we need to extend it to the whole
Q x (0,T). For finding a suitable extension into all  x (0,7"), we shall use the following result.

Corollary 5.3 (Corollary 3 in [3]). There ezists an extension operator II. € L(H}q (Q.); HE(Q)) and a positive
constant C, independent of €, such that

ﬁ€¢(x/7y3) = @(!L‘/,yg), if (:E/ayi%) € ﬁsa
VeIl@lo < CIV-@lg., V¢ € Hio(Qo).

Let us obtain some a priori estimates for the extension of . to the whole Q x (0,7"). Using Corollary 5.3
together with Lemmas 5.1-5.2, we obtain the following result.
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Corollary 5.4. Assume the assumptions in Lemma 5.2. Then, there exists an extension ﬁaag of the solution
Ue of the problem (20) into 2 x (0,T'), such that

|vaﬁaﬂ£‘Q,T S 07 |ﬁ5ﬂa|Q,T S 07 (38)
sup HH Ue(t H <C, (39)

te[0,T]
|[ILi]o,r < C, (40)

where the constant C' does not depend on €.

6 A compactness result

In this section, we obtain some compactness results about the behavior of the sequence INYE@E satisfying the a
priori estimates given in Corollary 5.4.

Due to the periodicity of the domain §~25, one has, for € — 0, that

N
o v

weakly-star in L>(2), (41)

where the limit is the proportion of the material in the cell Y.

Set B
€ = Vi in Qe x(0,7T),

which, by the first estimate in (24), satisfies
Eelg, » < C. (42)

Let us denote by &, its extension with zero to the whole of Q x (0,7), i.e

~ in Q. x 0,7),

£ = &e .ln € T( ) (43)
0 in (Q2\ Q) x(0,7).

Proposition 6.1. Under the assumptions in Lemma 5.2, there exists a function u € L*(0,T; H}(w)), where u is

independent of y3, (u will be the unique solution of the limit system (10)) and a function & € L?(0,T; (L?(2))3)

such that for all T > 0,

I (t) — u(t) weakly in H}(Q), Vte[0,T], (44)
I (t) — u(t) strongly in L*(2), Vt€[0,T], (45)
£ —¢ weakly in  L*(0,T; (L*(R2))?), (46)

where & is given by (43).
Proof. The estimates (38) read
|Vm/ﬁsﬂs|Q,T <C, \3y3ﬁsﬂs|Q,T <Cse |ﬁsﬁs|Q,T <C. (47)

From the first and the last estimates in (47), we can deduce that {II.@.} is bounded in L2(0,T; L2(0,1; H'(w))),
for all T > 0. Let us fix T > 0. Then, there exist a subsequence {II.ii.} C {II.@.} and a function u €
L?(0,T; L?(0,1; H'(w))) such that

.G —u weakly in L2(0,T; L*(0,1; H'(w))), (48)

10
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which implies

Oys e — Dyyu weakly in L2(0,T; H-(0,1; H' (w))). (49)
By the second estimate in (47), we can deduce that ,, II.@./ tends to zero in L2(0,T; L*(2)). From (49) and
the uniqueness of the limit, we have that d,,u = 0, which implies that u does not depend on ys.

On the other hand, by the estimate (40), we see that the sequence {II.@'} is bounded in L2(0,T; L2(12)), for
all T > 0. Then, we have that IT.i.(t) : [0,T] — L?(2) is an equicontinuous family of functions.

By the estimate (39), for each ¢ € [0, 7], we have that {/I.@.(t)} is bounded in HZ(Q), so that the compact
embedding Hg(2) C L?(2), implies that it is precompact in L?(Q2). Then, applying the Ascoli-Arzela Theorem,
we deduce that {II.G.(t)} is a precompact sequence in C([0,T]; L?(Q2)). Hence, since by (48) we obtain

.t —u weakly in L2(0,T; L2(Q)),
we have

.G —u  strongly in C([0,T]; L*()). (50)

The boundedness of {II.i.(t)} in H}(Q) implies then by a standard argument that

It (t) — u(t) weakly in H}(Q), Vte[0,T].

From (50), in particular, we have

I 1. (t) — u(t) strongly in L?(2), Vt € [0,T).

Finally, from the estimate (42) and (43), we have |£5|Q7T < (C, and hence, up a sequence, there exists

€ € L2(0,T, (L?(Q))3) such that £ — & weakly in L2(0,T; (L2(€2))?).

By the uniqueness of solution of the limit problem (10), we deduce that the above convergences hold for the
whole sequence and therefore, by the arbitrariness of 7' > 0, all the convergences are satisfied, as we wanted to
prove. O

7 Homogenized model: proof of Theorem 1.1

In this section, we identify the homogenized model.

Let v € D(Q2) be a test function in (21), with v independent of y3. Then one has

< / Xg, et (t)vda’ dys 1l / Yo(te(t))vdo () dys | + / & - Vavda!dys
dt o) € dt OF. Q

—|—/£/ X& ﬁgﬂg(t)vdx'dyg, = / Xg_ [ (t)vdx'dys +E/ g(t)vdo (2 dys,
Q ° Q ¢ OF.

in D'(0, 7).
We consider ¢ € C1([0,7T]) such that ¢(T) = 0 and »(0) # 0. Multiplying by ¢ and integrating between 0

11
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and T, we have

—(0) ( /Q XQEﬁEaE(O)vdz’d%) _ /OT % o(t) ( /Q Xﬁaﬁgﬂg(t)vdm/dyg) dt

o) [ sutie )o@ < ott) [ sotaeioyeaots)a

Fe

€

T T
+/ <p(t)/ gg.Vw/vdx’dygdt—i—/f/ Lp(t)/ Xg, Hetie (t)vdz' dysdt
0 Q 0 Q

:/0 go(t)/QXQaf(t)vdx’dygdt—l—s/o () /aFE g(t)vdo(z")dysdt.

(51)

For the sake of clarity, we split the proof in five parts. Firstly, we analyze the integrals on {2, where we
only require to use Proposition 6.1 and the convergence (41). Secondly, for the integrals on the boundary of
the cylinders we make use of a convergence result based on a technique introduced by Vanninathan [16]. In the
third step, we pass to the limit, as € — 0 in order to get the limit equation satisfied by u. In the fourth step,
we identify fol &dys making use of the solutions of the cell-problems (12) and, finally we prove that w is uniquely

determined.

Step 1. In this step, we analyze all the integrals on ). Passing to the limit, as € — 0, in the integrals on

and taking into account that u is independent of y3:

From (41) and (45), we have, for ¢ — 0,

~ Y
/Xﬁgﬂgﬂa(t)vdx’dyg, — |Y]j:/u(t)vda:’,
Q w

which integrating in time and using Lebesgue’s Dominated Convergence Theorem, gives
/Td (t) / o I (t)vda' dys | dt — i /Td (t) /u(t)vdx' dt
) dttp QXQE eUe Y3 ‘Y’| A dtQO . )

! ~ il T
“/ Sﬁ(t)/ Xg. -t (t)vda' dysdt — & Jj
0 Q Y| Jo

By (41) and (45), we have

and

o(t) / u(t)vdx' dt.

Y5l
Y] Je

©(0) (/Q Xﬁaﬁgﬁg(O)vdx'dy;;) — (0) u(0)vdx'.

By the assumption (6), (41) and using Lebesgue’s Dominated Convergence Theorem, we get

T Y/ T
/ <p(t)/ Xg, f(@' tyvdr' dysdt — |Y]j| @(t)/ f@', t)vda'dt.
0 Q 0 w

On the other hand, using (46), we obtain, for ¢ — 0

T T
/ @(t)/ & - Vyvda dysdt —>/ go(t)/ & - Vvda' dysdt.
0 Q 0 Q

Step 2. Passing to the limit, as € — 0, in the surface integrals on the boundary of the cylinders and taking

into account that u is independent of ys:

12
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We make use of the technique introduced by Vanninathan [16] for the Steklov problem which transforms
surface integrals into volume integrals. This technique was already used as a main tool to homogenize the non
homogeneous Neumann problem for the elliptic case by Cioranescu and Donato [5].

Following the technical lemmas contained in [5, Section 3], let us introduce, for any h € L* (0F), 1 < s’ < o0,
the linear form p on Wy*(2) defined by

(W5, ) = 6/@ Wz’ [e,ys)p do(z))dys, Vo € Wy (),
Fe

with 1/s+ 1/s’ =1, such that
5 — pp strongly in (Wy*(Q)), (52)

where (uin, p) = pn / pda'dys, with
Q
1
Y’ Jor

In the particular case in which h € L*°(0F') or even when h is constant, we have

fn = h(y)do (y')dys.

ps, — ppn, strongly in W—12°(Q).
In what follows, we shall denote by u§ the above introduced measure in the particular case in which A = 1.
Notice that in this case puj, becomes p; = |0F'|/|Y’|.
Observe that using [7, Corollary 4.2] with (44), we can deduce, for £ — 0,

) o OF
8/ Yo(tie () vdo(x")dys = (u, et (t)v) — Nl/ u(t)vda’ = ||y, |
OF. € w

which integrating in time and using Lebesgue’s Dominated Convergence Theorem, gives

s/OT %gp(t) (/OFE 'yo(ﬁs(t))vda(x’)dy;g) dt — ||8}§/| / pria </ (t)vdx') dt.

Moreover, using [7, Corollary 4.2] with (44), we can deduce, for ¢ — 0,

E/aa Yo (ue(0))vdo(z')dys = <M1,H Uel s (0)1)) %pl/w w(0)vdz' = \Y’

On the other hand, note that using (52) with s = 2, taking into account (6) and by Lebesgue’s Dominated
Convergence Theorem, we can deduce, for € — 0,

OF"|

6/029(7&)/8 S (st = /Ofa(t)mi,g( Do)t — | o / / o t)vda’dt.

Step 3. Passing to the limit, as e — 0, in (51): all the terms in (51) pass to the limit, as e — 0, and therefore
taking into account the previous steps, we get

Yl |oF| , (1YL eF N [T d /
—(0) <|Y’ + v )/wu(O)vdx - (|Y’ + v )/0 ago(t)/wu(t)vdx dt

T /| T
+/ o(t) | &€ Vyvdz'dysdt + K Jj @(t)/ w(t)vdx'dt
0 Q |Y | 0 w

|Yf |OF|
= |Y’\/ / vdx'dt + I / / vd:v dt.

13
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Hence, fol &dys verifies

Y7l [OF'|\ Ou ! L R ol
— —divy d = , 53
<|Y/+|Y’>at v </0“3>+|Yf|““ v e (53)

inw x (0,7).

Step 4. It remains now to identify fol &dys. We shall make use of the solutions of the cell problems (12).
For any fixed i = 1,2, let us define

!
U (2) =¢ <wl (Z) + yz’«) Va' € we, (54)

where y' = 2/ /e.

Recalling that w; is Y’'-periodic, we obtain, in view of [6, Theorem 2.6], that
P.U,;. — z; weakly in H'(w),

where P.U;. denotes the extension to w given in [8, Lemma 1]. Then, by Rellich-Kondrachov Theorem, we can
deduce
P.U,. — 2} strongly in L?*(w). (55)

Let V,¥,. be the gradient of ¥, in w.. Denote by V/;\I//w the extension by zero of V., W,. inside the holes.
From (54), we have

—_—~ e~ o~

Vo Wie = Vi (wi +y7) = Vywi(y') + eixyy,
and taking into account [6, Theorem 2.6], we have

—~

VWi — (e; + Vywi(y'))dy  weakly in  L?(w). (56)

1
!
Y[ Jy,
On the other hand, it is not difficult to see that ¥;. satisfies
—divy (vx"l’za) =0, in we,
(57)
VWi v =0, on OF..

Let v € D(Q) with v independent of y3. Multiplying the first equation in (57) by va. and integrating by parts
over wg, we get

/ Vo Ui - Voviiodr + / Vo Ui - Vyiievda' = 0. (58)

We

On the other hand, we multiply system (20) by the test function vW¥;. and integrating by parts over QE, we
obtain

d ~ d -
— / Xg. -0 0P Wi da'dys | + e — / Yo (e )vyo (Vi )do(x')dys
dt Q € dt OF.

+ [ Varle - VpoUide'dys + | Vi - VWi vde'dys + H/ X& I 6.vP.V,.dz’ dys (59)
Q. Q. Q

:/Xﬁsf(x',t)vPE\IJiEd:r’dyg—ke/ gz’ t)vyo (Vi )do (2')dys,
Q OF¢

in D'(0,T).

14
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Using (58) in (59), we have

i / Xo ﬁs'aavpe‘lliadx/dy?) +e i / VO(QE)UVO(WiE)dU(xl)dyS
dt Q € dt F.

+ ég : VI/UPE\I/ide/dy?) - V/.L—/\\IJ/ZE Vv ﬁaﬂadﬂild% + ﬁ/ X ﬁsﬂevpaq/iadx/dy?)
Q Q

Q

:/Xﬁgf(x’,t)vPE\I/isdac'dyqus/ g(x' ) vyo (Vi )do (2 )dys,
Q OF.

in D'(0,7).

We consider ¢ € CL([0,7]) such that ¢(T) = 0 and »(0) # 0. Multiplying by ¢ and integrating between 0
and T, we have

T
—(0) (/ XQEHEQE(O)UPE\I/ide'dy:g) —/ %gp(t) (/ Xﬁsﬂgﬁs(t)vPE\I/iadx’dyg) dt
Q 0 Q

=60 ([ suta0pmn@dotein) —= [ o) ([ ot @ioten )

T T o _
+/ QD(t) / 55 . vz/’l)PE\IJisd’I}/dygdt - / gD(t) VI/ \I/z's . Vx/v Hsﬂsdl‘/dygdt (60)
0 Q 0 Q

T
—|—/€/ gp(t)/ Xg. e (t)v PV, dx' dysdt
0 Q °

T

T
:/ Lp(t)/Xﬁsf(x’,t)vPE\I/igdx’dygdt+€/ <p(t)/ g(@', ) vyo (Ve )do(x)dysdt.
0 Q 0 OF.

Now, we have to pass to the limit, as ¢ — 0. We will focus on the terms which involve the gradient. Taking
into account (55), we reason as in steps 1 and 2 for the others terms.

Firstly, using (46) and (55), we have

T T
/ (p(t) / 56 ' Vx'UPs\I’iedCU/dy:sdt — / (p(t) / 5 : Vx/’l) mgd:v’dygdt,
0 Q 0 Q

and by (45), (56) and Lebesgue’s Dominated Convergence Theorem, we obtain

T T
—_— ~ 1
/ cp(t)/ Ve Uie - Vv I a.dz’ dysdt — —// go(t)/ / (ei + Vyw;)dy' | - Vyvudrdt.
0 Q Y Jo w \JY}

15
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Therefore, when we pass to the limit in (60), we obtain

RIS VRSN
[0 [ vt [ [ ([

oF|
o )/ 9o / (t)oada’dt

(ei + Vyw;) dy’) - Vpvu(t)d'dt

|Yf

|Y’| / / t)vax; L' dt
Y’ yal

= i / / t)va; rdx' dt + |3y/ | / / Yo "dx' dt.

Using Green’s formula and equation (53), we have

T T
—/ cp(t)/ & Vol vdx' dysdt + |Y1’|/ go(t)/ </ (e; + Vyw;) dy'> - Vpuvdz'dt = 0.
0 Q 0 w ;

The above equality holds true for any v € D(2) independent of y3, and ¢ € C}([0,T]). This implies that

! 1
— </ fdy;g) . Vm/x + = |Y/‘ / (67; + Vy/wz) dy/ . Vz/u = 07 inw x (O,T)
0

We conclude that

1
diVm/ (/ gdy;g) = diVx/ (va/u), (61)
0
where Q = ((¢;;)), 1 <14,7 <2, is given by
(ei + Vyw;)-ejdy.

1
YTy,

Observe that if we multiply system (12) by the test function wy, integrating by parts over Y, we obtain

/ (e; + Vyw;) - Vyw;dy =0,
7

then we conclude that g;; is given by (11).

Step 5. Finally, thanks to (53) and (61), we observe that w satisfies the first equation in (10). A weak
solution of (10) is any function u, satisfying

ue C([0,T); L* (w)), forall T >0,
u € L*(0,T; H} (w)), forall T >0,
\Yi[ |oF'|\ d | | Y| |OF"| o
(1§57 151 ) 0000 + @Tate). Vo) + Fhistutthn) = 700 + 2,00, i 20,7,
for all v € H}(w), and
u(0) = up.

Since the homogenized matrix @ is positive-definite (see [5, Theorem 4.7]), applying a slight modification of
[12, Chapter 2,Theorem 1.4], we obtain that the problem (10) has a unique solution, and therefore Theorem 1.1
is proved.
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