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Abstract

In this work we investigate an optimal closure problem under Knightian uncertainty.
We obtain the value function and an optimal control as the minimal (super-)solution of
a second order BSDE with monotone generator and with a singular terminal condition.
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1 Introduction

This paper is devoted to the study of an optimal liquidation problem under uncertainty.

Roughly speaking, for some ¥ > 1, we want to minimize the functional cost

J(X) = supE¥

T .
/ (ol sl +7,1%:1%) ds+§XT|ﬁ] (1.1)
PeP

0

over all progressively measurable processes X that satisfy the dynamics
S .
Xy =2+ / X, du.
0

The non-negative quantity £ is a penalty on the remaining value X7 of the state process X.
In particular when § = +o0, J(X) is finite only if the terminal constraint Xrl¢— o =0 is
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satisfied. If the set of probability measures P is a singleton, then the problem is solved
in [5] and [30] using a backward stochastic differential equation (BSDE in short) with
singular terminal condition. Our goal is to extend these results to the case where there
is model uncertainty, that is when the probability measure P is not unique. Minimizing
(1.1) corresponds for an agent to compute the worst case scenario for the liquidation of her
portfolio.

The analysis of optimal control problems with state constraint on the terminal value
is motivated by models of optimal portfolio liquidation under stochastic price impact (see,
e.g. (3], [4], [15], [16], [19], or [27], among many others). For a fixed probability P (that is
without the supremum in (1.1)):

T .
J(X,P) = EP [/0 (ns\xsyﬁ n ’ys|X5|’9> ds + §|XTV9] (1.2)

this position targeting problem (1.2) and some variants have been studied in [5], [30], [17],
[18] or [38]. In this framework the state process X denotes the agent’s position in the
financial market. At each point in time ¢ she can trade in the primary venue at a rate X,
|19

which generates costs nt|2.6 |V incurred by the stochastic price impact parameter n;. The

term ;| X;|” can be understood as a measure of risk associated to the open position. J(X,P)
thus represents the overall expected costs for closing an initial position x over the time period
[0, T] using strategy X, with a terminal cost £|X7|”. The penalization ¢ is Fr-measurable
and takes value in [0, 00]. The total cost J(X,P) is finite if and only if X7rl¢—joo =0 a.s.
The case £ = 400 a.s. corresponds to the liquidation constraint: X7 = 0 a.s., that is the
position has to be closed imperatively. The optimal strategies and the value function of this
control problem (1.2) are characterized in [5] and [30] (see also [17] for the use of BSPDEs)

by the minimal supersolution (y, z, m) of the BSDE:

q
o 'zt) —rdt — ydt + 2dWy + dm (1.3)
— L)

with 1i£n i}lf y¢ > £. Here q > 1 is the Holder conjugate of 9 and m is a martingale orthogonal
—

dy; =

to W. Since £ can be equal to 400, such a BSDE is called singular. In [5] and [30] sufficient
conditions on the coefficient processes 1 and y are provided such that there exists a minimal
supersolution to (1.3) and then by a verification theorem based on a penalization argument,
it is proved that infy J(X,P) = yo|x|P (see the details in Section 3.1).

When P is not unique, we need to solve

J(X) = sup J(X,P) = (;ggyg’) |z

where y¥ is the minimal supersolution of (1.3) under the probability measure P. From the
theory of second order BSDE (2BSDE in short) introduced by [40] and [41], our problem
can be solved with this useful tool. Nevertheless the generator f of our BSDE (1.3) is not
Lipschitz continuous but only monotone w.r.t. y:

q
Y 1 +7t~

f(ta?J):—W
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This condition has been already considered in [36], but under the additional assumption that
the generator is of linear growth. The possibility to extend the existing results to a general
monotone driver is mentioned in the paper [37]| (see in particular Section 2.4.5). Thereby
following the ideas of [37], we want to show that a 2BSDE with monotone generator w.r.t.
y still has a unique solution.

Let us precise the main contributions of the paper. Roughly speaking, the paper [37]
shows that if nice properties are known for BSDEs and reflected BSDESs, then it is possible
to construct a solution for the 2BSDE. Hence to follow the scheme of [37], several properties
of classical (reflected or not) BSDEs are needed. Several general results can be found in [29]
and [28| for BSDEs in a general filtration and [31], [26] or [9] for reflected BSDEs (see also
the references therein). But some technical results were missing in the general setting of the
2BSDEs: Lipschitz approzimation of BSDEs (Lemma A.4) or ezistence and uniqueness of
the solution for a reflected BSDEs in a general filtration (without quasi-left continuity) when
the driver is monotone (Proposition A.2). These results, even though useful for applications
to 2BSDE, are expectable and the techniques employed are rather standard. This is the
reason why they are postponed in the Appendix.

The first part is devoted to 2BSDEs with a monotone driver (condition (H)). The prob-
abilistic setting is the same as [37]. But to overcome this difficulty induced by monotonicity,
we will impose some stronger integrability conditions' C1 and C2 on the terminal value
¢ (and on the process fY). Our main results are Theorem 1 (uniqueness) and Theorem 2
(existence). Although the sketch is almost the same as in [37], several technical issues have
to be taken into account in our setting. Moreover the monotonicity of the driver forces us to
change the minimality condition on the non-decreasing process K*. Instead of the classical
assumption

. / / /
essinf. EY |K} — K}
P'eP(tPFy )

]:t+] =0, 0<t<T,P—as., YPeP

we have here:

T s
essinf? EY [ / exp ( / )\Igldu) dKSPI
P'eP(t,P,Fy) t t

where )\15/ is the increment of the generator evaluated at the solution Y of the 2BSDE and
at the solution yP/ of the classical BSDE under . In the Lipschitz setting, A is bounded
and thus can be removed, whereas under the monotone assumption, it is only bounded from
above (see Definition 1, Conditions (2.9) and (2.19) and the discussion in Section 2.5).
Then we come back to our initial goal: the resolution of the optimal control problem

]:j} =0, 0<t<T, P—as., VPP

(1.1). From our results on 2BSDEs, we can now obtain directly the value function and an
optimal control for the unconstrained problem (Proposition 1). For the constrained problem,
a known difficulty concerns the filtration. Indeed to avoid the possibility of a uncontrolled
jump for the orthogonal martingale part at the terminal time 7", some additional hypothesis
on the filtration is needed (see [35], Section 2.2). Under this technical condition on the

!Sufficient to solve our control problem. Weaker integrability assumptions are left for future research.



filtration, we prove that the 2BSDE with singular terminal condition has a minimal super-
solution (Theorem 3 and Remark 9) and that we can solve (1.1) using this super-solution
(Theorem 4).

The paper is decomposed as follows. In Section 2 we use the scheme developed in [37] to
obtain existence and uniqueness for the 2BSDE. In Section 3 we solve the control problem
(1.1) using 2BSDE with monotone driver and singular terminal condition. In the Appendix,
we recall and develop some results concerning BSDE and reflected BSDE with monotone
driver.

2 Second order BSDE with monotone generator

This section is devoted to the extension of the results in [37] to the case where the generator
f is only monotone w.r.t. y (see H2). Compared with [36], we do not assume that f is of
linear growth w.r.t. y (see H4). Nevertheless let us immediately emphasize that we will
assume stronger integrability assumptions of ¢ and f° to overcome this difficulty and we
change the minimality condition on the non-decreasing process K (see Condition (2.9)).

2.1 The probabilistic setting

Our framework is exactly the same as in [37]. Let us recall the notations and assumptions.
Let N* := N\ {0} and let R* be the set of real positive numbers. For every d—dimensional
vector b with d € N*, we denote by b',...,b% its coordinates and for o, 8 € R? we denote
by « - the usual inner product, with associated norm ||-||, which we simplify to | - | when
d is equal to 1. We also let 14 be the vector whose coordinates are all equal to 1. For any
(I,c) € N* x N*, M; .(R) will denote the space of I x ¢ matrices with real entries. Elements
of the matrix M € M, . will be denoted by (Mi’j)lgiSL 1<j<ec, and the transpose of M will
be denoted by M. When [ = ¢, we let M;(R) := M, ;(R). We also identify M, ;(R) and
R, Let Sgo denote the set of all symmetric positive semi-definite d x d matrices. We fix a
map 1 : Sfo — My(R) which is (Borel) measurable and satisfies ¢(a)(¢(a))" = a for all
a€ SEO, and denote a2 = Y(a).

2.1.1 Canonical space

Let d € N*, we denote by 2 := C ([O,T ] ,]Rd) the canonical space of all R%—valued con-
tinuous paths w on [0,7] such that wy = 0, equipped with the canonical process X, i.e.
Xi(w) == wy, for all w € Q. Denote by F = (F;)o<t<r the canonical filtration generated
by X, and by F; = (F; )o<i<r the right limit of F with ;% := N Fs for all ¢t € [0,T)
and F := Fp. We equip  with the uniform convergence norm ||w||,, := supy<;<r [lwi |,
so that the Borel o—field of €2 coincides with Fp. Let Py denote the Wiener measure on €
under which X is a Brownian motion.

Let M denote the collection of all probability measures on (€2, Fr). Notice that M; is

a Polish space equipped with the weak convergence topology. We denote by 8 its Borel
o—field. Then for any P € M, denote by F} the completed o—field of F; under P. Denote



also the completed filtration by FF = (]:F ) te[0,T] and IFI?F the right limit of F¥, so that IFI?F
satisfies the usual conditions. Moreover, for P C M, we introduce the universally completed

filtration FU := (.FtU) FP .= (]_-tp ) and FP* .= (]_-tp +) defined as follows

0<t<T’ 0<t<T’ 0<t<T"’

Fl= F.F = F, telo.T), F":=F, te0,T), and FJ " := F}.
PeM; PeP

We also introduce an enlarged canonical space Q := € x €', where () is identical to 2. By
abuse of notation, we denote by (X, B) its canonical process, i.e. Xi(@) := wy, Bi(@) := wj
for all @ := (w,w’) € Q, by F = (F¢)o<i<r the canonical filtration generated by (X, B), and
by = (-ftX)ogth the filtration generated by X. Similarly, we denote the corresponding

right-continuous filtrations by Fj_( and F,, and the augmented filtration by Ff]? and F]i,
given a probability measure P on €.

2.1.2 Semi-martingale measures

We say that a probability measure P on (€2, Fr) is a semi-martingale measure if X is a semi-
martingale under P. Then on the canonical space 2, there is some F—progressively mea-
surable non-decreasing process (see e.g. Karandikar [22]), denoted by (X) = ((X)¢)o<t<T,
which coincides with the quadratic variation of X under each semi-martingale measure P.

Xt —(X)—
a, = limsup 0t = (Ke
e\ €
For every t € [0, 7], let P}V denote the collection of all probability measures P on (£2, Fr)
such that

Denote further

o (Xs)set,m is a (P,F)—semi-martingale admitting the canonical decomposition (see
e.g. |20, Theorem 1.4.18])

S
X, :/ WVdr+ X% se|t,T], P—a.s.,
t

where bF is an FF—predictable R?—valued process, and X%F is the continuous local
martingale part of X under P.

° (<X ) 5)5 €t.T] is absolutely continuous in s with respect to the Lebesgue measure, and

a; takes values in S7°, P — a.s. for all ¢ € [0, T).

Given a random variable or process A defined on €2, we can naturally define its extension
on Q (which, abusing notations slightly, we still denote by \) by

A@) == Aw), Vo= (w,u) €. (2.4)

In particular, the process @ can be extended on Q. Given a probability measure P € P}V,
we define a probability measure P on the enlarged canonical space by P := P ® Py, so
that X in (Q, Fr,P,F) is a semi-martingale with the same triplet of characteristics as X
in (Q, Fr,P,F), B is a F—Brownian motion, and X is independent of B. Then for every



P € PV, there is some R?—valued, F—Brownian motion W¥ = (WF);<,<, such that (see
e.g. Theorem 4.5.2 of [42])

S S 1
Xs:/ bE’dr+/ adwr, sc[t,T], P—a.s., (2.5)
t t

where we extend the definition of b¥ and @ on Q as in (2.4), and where we recall that a:
has been defined in the notations above.

Notice that when @, is non-degenerate P — a.s., for all r € [t,T], then we can construct
the Brownian motion WP on Q by

t 1
Wi ;:/ as 2dX¢F, t€[0,T], P—a.s.,
0

and do not need to consider the above enlarged space equipped with an independent Brow-
nian motion to construct WF.

Remark 1 (On the choice of Zi%) The measurable map ¢ : a — a? is fized throughout
the paper. A first choice is to take a% as the unique non-negative symmetric square root of
a (see e.g. Lemma 5.2.1 of [42]). One can also use the Cholesky decomposition to obtain a2
as a lower triangular matriz. Finally the reader can read [37], Remark 2.2 where the sets
P(t,w) are given by the collections of probability measures induced by a family of controlled
diffusion processes. In this case one can take @3 in the following way:

T
0
o — ( U:T ;) and a? = (ZL 0), for some o € My, . (2.6)

2.1.3 Conditioning and concatenation of probability measures

We also recall that for every probability measure P on 2 and every F—stopping time 7
taking values in [0, 7], there exists a family of regular conditional probability distribution
(r.c.p.d. for short) (P7),ecq (see e.g. Stroock and Varadhan [42]), satisfying:

(i) For every w € Q, IP] is a probability measure on (2, Fr).
(ii) For every E € Fr, the mapping w — P7(E) is Fr—measurable.

(iii) The family (P])weq is a version of the conditional probability measure of P on F, i.e.,
for every integrable Fr—measurable random variable £ we have EF[¢|F;](w) = EF4[¢],
for P —a.e. w € (L.

(iv) For every w € Q, PL(Q¥) =1, where Q% := {w € Q: w(s) =w(s), 0 < s < 7(w)}.

Furthermore, given some P and a family (Qy,)weq such that w — Q,, is Fr—measurable
and Q, (%) = 1 for all w € €2, one can then define a concatenated probability measure
P®;Q. by

P, Q.[A] = /Q Qu[A] P(dw), VA € Fr.

6



2.1.4 Hypotheses on P(t,w)

We are given a family P = (P(t, "J))(t,w)e[o,T]xQ of sets of probability measures on (€2, Fr),
where P(t,w) C P} for all (t,w) € [0,T] x Q. Denote also P; := U,eqP(t,w). We make
the following assumption on the family (P(t,w)) w)e0 1150

Assumption 1

(i) For every (t,w) € [0,T] x §, one has P(t,w) = P(t,w.rt) and P(QY) = 1 whenever
P € P(t,w). The graph [[P]] of P, defined by [[P]] := {(t,w,P) : P € P(t,w)}, is upper
semi-analytic in [0,T] x Q x M;.

(ii) P is stable under conditioning, i.e. for every (t,w) € [0,T]xQ and every P € P(t,w)

together with an F—stopping time T taking values in [t,T], there is a family of r.c.p.d.
(Pw)weq such that Py, belongs to P(1(w),w), for P —a.e. w € Q.

(iii) P is stable under concatenation, i.e. for every (t,w) € [0,T] x Q and P € P(t,w)
together with an F—stopping time T taking values in [t,T], let (Qw)wen be a family of prob-
ability measures such that Qy € P(T(w),w) for allw € Q and w — Q,, is F,—measurable,
then the concatenated probability measure P @, Q. € P(t,w).

We notice that for ¢t = 0, we have Py := P(0,w) for any w € Q.

2.1.5 Spaces and norms

We now give the spaces and norms which will be needed in the rest of the paper. Fix some
t € [0, 7] and some w € Q. In what follows, G := (Gs)i<s<7 will denote an arbitrary filtration
on (Q, Fr), and P an arbitrary element in P(#,w). Denote also by G* the P—augmented
filtration associated to G.

For p > 1, Lf ,(G) (resp. L{,(G,P)) denotes the space of all Gr—measurable scalar
random variables £ with

P Priep — &P qe|p
lely = sup BPlP] < oo (resp- €l sy = ¥ 6] < +oc).

HY,(G) (resp. HY (G,P)) denotes the space of all G—predictable R?—valued processes
Z, which are defined asds — a.e. on [¢,T], with

T
IZ||Z, := sup EF
H
i PeP(t,w) t

T
resp. HZ”]];IfW(IP) = EP (/t

MY (G, P) denotes the space of all (G, P)—optional martingales M with P — a.s. cadlag
paths on [¢,T], with M; =0, P — a.s., and

1

2 5
azZg|| ds < 400,

2 £
ds) < 400

1
a3 Zs

)
1M1y 5 = EF [[M]7] < +oc.



Furthermore, we say that a family (MP)PE'p(t’w) belongs to M?w((GP)Pep(t,M)) if, for any
P € P(t,w), M* € M} (GF,P) and

s [l <o
PeP(t,w)

]If’w (G, P) denotes the space of all G—predictable processes K with P — a.s. cadlag and
non-decreasing paths on [t, 7], with K; = 0, P — a.s., and

IKIIE 5 = E [KT] < +oco.

We will say that a family (KP)Pep(t’w) belongs to Hﬁw((GP)Pep(tw)) if, for any P € P(t,w),
K" eI} ,(Gp,P) and

v < +00.
Ht,w(IP)

sup HKP
PeP(t,w)

D} ,(G) (resp. D} (G, P)) denotes the space of all G—progressively measurable R—valued

<+oo>.

EFt«Gle] :=  esssup® o [£|Gs] where P (s, P, G) := {IPI € P(t,w), P =P on gs}.
P €Ptw(s,P,G)

processes Y with P(t,w) — g.s. (resp. P — a.s.) cadlag paths on [¢t, T, with

Y2, = sup EF
tw PeP(t,w)

sup |Y[
t<s<T

sup [Y5[?
t<s<T

< 400, (resp ||Y||Dp @ =EF

For each £ € L ,(G) and s € [t, T] denote

Then we define for each p > k > 1,

LES(G) i= {€ € L (G), €lups < +o0},

where

Bl S]

ngﬂif’j = sup E°

esssup" (EZ* [
PeP(t,w)

t<s<T

Similarly, given a probability measure P and a filtration G on the enlarged canonical
space €2, we denote the corresponding spaces by Df (G, P), Hf (G, P), M} (G, P), ... Fur-
thermore, when ¢ = 0, there is no longer any dependence on w, since wg = 0, so that we
simplify the notations by suppressing the w—dependence and write Hf(G), Hf(G,P),
Similar notations are used on the enlarged canonical space.

When there is no ambiguity (only one probability measure P, see Appendix), the Brow-
nian motion will be denoted by W and for simplicity in the notations of integrability spaces,
we remove the reference to the filtration I, the probability measure and w: ]D)ﬁw (F,P) = DP
and with the same convention HP, MP and I?. Moreover for o € R, for (Z,M,K) €



HP x MP x I, we define

T p/2
1Z|Be = E (/0 e“suzsuzds) ]

T p/2
IM|pe = E ( /0 ewd[ms) ]

i T D
IKJ5. = E ( / easﬂdm) |
0

The corresponding spaces are denoted HP»¢, MP* and IP¢.

2.2 Assumptions on f and ¢

We shall consider an Fr—measurable random variable £ : 2 — R and a generator function
fitwy,2,a,b) €[0,T] x Ax RxRYx S70 x RT — R.

Define for simplicity

ff(y,z) ‘= (s, X.ps, Y 2,05, b)) and ff’o = f(8, X.ps,0,0,a,b°).
The generator function f is jointly Borel measurable and:

H1. For any (t,w, z,a,b), the map y — f(t,w,y, z,a,b) is continuous.

H2. f satisfies the monotonicity assumption w.r.t. y: there exists a constant L1 € R such

that for every (t,w,y,v’, z,a,b)
(f(ta‘%?/, Z,a, b) - f(tawvy/a z,a, b))(y - y,) S Ll(y - y/)2’

H3. f is Lipschitz continuous w.r.t. z uniformly w.r.t. all other parameters, that is there
exists a non-negative constant Lo such that for every (¢,w, vy, 2,2',a,b),

|f(tawvya Zaaab) - f(tawvya Z,aa7 b)| < L2HZ - Z/H

H4. The following growth assumption w.r.t. y holds: there exists q > 1 and a jointly Borel
measurable function ¥ : [0,7] x £ x Sgo — R such that for any (¢,w,a,b,y)

f(tw,,0,0,0) = f| < U(t,w,a)(1+ [y|*).

f? is the notation for f(¢,w,0,0,a,b). We say that f satisfies Condition (H) if H1 to H4

hold. As for the generator, we denote
U, = U(s, X.ps,ds).

Finally on &, f and ¥ we impose:



C1. For some fixed constants o > 1 and p > /(90— 1), one has for every (¢,w) € [0,T] x 2,

] T ] T
sup EF [|§|pcI —I—/ ‘ﬁp’o‘pqu +/ ‘\Ils‘gds} < +o0.
PEP(tw) t t

C2. There is some x € (1, pq] such that £ € }qu’” and

ba
fj}) < +oo.

Notation. In the rest of the paper, p denotes any number larger than 1: p > 1; q denotes

Rdt

— ! T
inid
¢¥}q7" = sup EP esssupp ess SUPP EF [ / ‘ft .
PePy 0<s<T  \ P ePy(s,P,Fy) 0

the exponent in Condition H4 (or H4’ in the Appendix); p and g are used in Assumptions
C1 and C2 and satisfy p > o/(0 — 1) (p is greater than the Holder conjugate of p). Finally
we will sometimes assume p verifies

l<p< —/— <p. 2.7
PSSP (2.7)

pp
— <o.
(P —p)
Remark 2 (On condition H2) It is well-known that we can suppose w.l.o.g. that L1 = 0.
Indeed if (y, z,m) is a solution of (2.10) below, then (y,z,m) with

Under this condition, p =

— L1t = Lqt = Lit
gr=e "y, zZp=e"z, dmg=e " dmy

satisfies an analogous BSDE with terminal condition &€ = e T¢ and generator
fltyy,z) = M f(t eIty e M02) — Ly,

f satisfies assumptions (H) with Ly = 0. If we consider a super-solution of a BSDE (see
Equation (4.55)), the non-decreasing k is replaced by dk; = e™'dk;. Hence in the rest of
this paper, we will sometimes assume w.l.o.g. that L1 = 0.

Remark 3 (On condition H4) Let us ezplain why we assume Condition H4 together
with the integrability condition C1 on U, and not some weaker growth condition (as in [33]
or [11] for standard BSDE). Indeed to prove the existence of a solution for a 2BSDE we
will need that the solution (y,z, m) of the standard BSDE with data fp and & (see Equation
(2.10)) is obtained by approzimation with a sequence of solutions (y™,z", m™) of Lipschitz
BSDEs (see Lemma A.4 in the Appendix). Moreover the fact that ¥ does not depend on
b is used for reqularization of the paths in order to control the downcrossings (see Section
2.4.2). Finally notice that this setting is sufficient to solve our optimal control problem
(1.1). Existence under weaker conditions is left for further research.

Remark 4 (On condition C1 on ¢ and ]/‘TP’O) Compared to the integrability assumption
imposed in [11] for example, C1 looks to be too strong. Note again that it is sufficient to
solve our control problem. As in the previous remark this hypothesis is related to the method
we use to obtain existence of the solution of the 2BSDE. In particular in the Lipschitz
approzimation procedure and in the proof of existence of the solution of the reflected BSDE
(see Section 4.3 in Appendiz). Weaker integrability condition is also left for further research.
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2.3 Definition, uniqueness and properties

We consider the 2BSDE
T 1 T P T T
Yt:£+/ T (Yo, @2 Zy)du — </ ZudX57P> —/ dM}f’Jr/ dK. (2.8)
t t ¢ t

P
In this equation ( ftT ZudeL’P> denotes the stochastic integral of Z w.r.t. X &P yunder P,

MP is a martingale orthogonal to X¢F and K¥ is a non-decreasing process.

In this part we want to obtain the same result as [37, Theorem 4.1] for a monotone
generator. The difference is that our generator is not Lipschitz continuous w.r.t. y. Here
we follow the arguments developed in [37] and we check that all the results contained in [37]
still hold in our setting. In other words we explain how their results can be extended under
H2 and H4. When the Lipschitz condition is not used, we simply refer to their paper.

Definition 1 (Y, Z, M®, KT) is a solution if (2.8) is satisfied P — q.s. and if the family
(KP, P € P) satisfies the minimality condition:

T s
essinf’ EY [ / exp ( / AE’du> dKY
P'eP(t,PFy) t t

where

]—“;“] =0, 0<t<T,P—as, VPP (29

FE (Ve 28 — P (' 2F)

N = ;
’ Vs —ys

1Y5¢y[§/ S Ll.

P-q.s. means quasi-surely, that is P — a.s. for any P € P. In the above definition and in
the rest of this section, (yF, 2, mF)
following BSDE

is the solution under the probability measure P of the

T 1 T P T
Y = §—|—/ F(uy X pts Y Q2 Zuy Gy, BE ) dt — </ zudeL’IP> —/ dmy, P —a.s. (2.10)
t t t
where again m is an additional martingale, orthogonal to X . Moreover for ¢t < s and an
F}-measurable random variable ¢ , y/ (s, () is the solution of (2.10) with terminal time s
and terminal condition (.

Remark 5 (Notation for solution) In the rest of this paper, (Y, Z, M, K) is a solution of
a 2BSDE, whereas (y, z,m) denotes a solution of a standard BSDE and (y, z, m, E) stands for
the solution of a reflected BSDE. If necessary, the dependence w.r.t. the probability measure
will be added as a superscript (y¥, MT, ...). y(7,¢) always denotes the first component
of the solution of a BSDE with terminal time T and terminal condition (, where T is an
F*-stopping time and ¢ is F," -measurable.

Remark 6 The BSDE (2.10) is defined on (Q, Fy,P) w.r.t. the filtration FY. and is equiv-
alent to the BSDE on (Q, ??,@) w.r.t the filtration ﬁf’P:

P

T 1 T T -
yt:g(X_H/ T (G, a2 2, du — (/ zudXﬁ’P) —/ dimy, P—a.s. (2.11)
t t t

11



Moreover on the enlarged space (Q, Fr,P), with the filtration F, one defines the BSDE
P

T 1 r 1 T _
g =&(X) + / I (G, a2 %) du — </ z@mw}f) — / dm,, P—a.s. (2.12)
t t t

The key point is contained in [37], Lemma 2.2, where “equivalence” between the three BSDEs
is proved and with straightforward modifications in the proof, this result holds under our
conditions (H) and C1.

Let us begin with the uniqueness result, which corresponds to [37, Theorem 4.2].

Theorem 1 Under Conditions (H), C1 and C2, let (Y, Z, M* K%) be a solution of (2.8)
and for any P € P, let (v, 28, mP) be the solution of the BSDE (2.10) in ng(FIi,IP’) X
HYY(FE, P) x MEY(FE,P). Then for any 0 <t <ty <T

Y;, = esssup’ yEl(tg,YtQ). (2.13)
P'EP(t1,PF)

Thus uniqueness holds in DY (F70) x HE(FL0) x ME((FL )pep, ) x To((FE )pep,) for any 1 < p
satisfying the condition (2.7).

Proof. In [37], the proof is divided in three steps. There is no modification in the first
one. By comparison principle for BSDE (see Lemma A.2):

Y, > esssup’ yE/(tQ,Yg), P —a.s.
P'eP(t1,PFy)

For the second step we have almost the same estimate on K. For p > 1 satisfying (2.7)

, , to , p to 1 p
(K}Z — KE r<c { sup |YiP + </ ‘]?E’O ds> + </ \EiﬁZS]ds) ]
t1 t1

t1 <t<t2
ta p to ,p to ,p
+C[</ \115(1+1Y;|q)ds> +/ Z,dXoF +/ dMm? ]
t1 t1 ty

ta , p t2 1 p
gc[ sup |Vi|? + </ |70 ds) + </ |agzsyds) ]
1 <t<tg t1 t1
to , p ta
/ dMF ]+C[</ (\I/S)pds> <1+ sup mw)]
t1 t1 t1<t<to

to ,
/ Z,dXoF
t1
/ / / K p/2
sp B [(E - KDY] < C[qﬁ’}’ IV, + 121 + sup BF ([37] ) ]
PeP(t1,PF4) 0 0 PePy T
+ ol (1w,

for p = % < 0. The rest of this step does not change (upward directed family, see also
Theorem 4.4 in [40]) and thus

p
+

+c[

Hence

/ / /
C’E = esssup’ EF {(Kg —KE )P
P/eP(t1,PFy)

f;{} < +o0, P-—a.s.

12



The third step can be followed almost exactly. We define for ¢t > ¢;
]P)/ t ]P)/ ]Pl t / ]P>/ ]_ t /
AF = exp ( R du) . AT —exp [— Faw? 3 [ e Hst] -
t1 t1 t1
Estimate (4.6) in [37] holds only for A and any constant p > 1:

P'QP P
E®°{sup Ay

t1<t<t2

’

ffl] <C, PP —as.

since we only have an upper estimate on )\[5, < Lj. Then the linearization argument shows

t2
/ / / / / 7_5’_
0V =Yi =, 00 =BT [/ AJ A dK ftl] .
t1
Thus by the monotone condition H2 and for 1 < p < Q"Tﬁﬁ:
2
+ e t2 E o
/ 7 P P — / / / J—
v = (70| s @R )T (e | ([Tazars) T [
t1<s<to t1
t P =t t 1
’ 2 / / — P+l / 2 / /| = P+l
< C (]EWPO [(/ AP dKE’) ]—"Z]) <EE” ®Po U AV dK? fjl])
t1 t1
LT p E t2 o,
© con () 62 ] o ]
p + 1 t1
1
L T —_— / t2 / /| == ﬁ
< Cexp (p ! ) (CE)P}H (]EP &Fo [ AFaK® ]-"Z]) .
p + 1 t1

By arbitrariness of P’, and from the condition (2.9), we deduce

Y, — esssup’ yzl(tg,Y}Q <0, P-—a.s.
P/eP(t1,PFy)

This achieves the proof of the theorem. O

The comparison principle (|37, Theorem 4.3|) , the a priori estimate (|37, Theorem 4.4])
and the stability result (|37, Theorem 4.5]) for 2BSDE remain unchanged here. Indeed it is
a direct consequence of Lemmas A.2 and A.3 and the formula (2.13). The other arguments
follow exactly the proofs in [37].

2.4 Existence of a solution of a solution for second-order BSDE

In order to obtain a solution for the 2BSDE (2.8), we define for any (¢,w) € [0,T] x

~

Vi(w) :==  sup EP(yf). (2.14)
PeP(t,w)

This quantity Y is a “candidate” to be a solution of the 2BSDE (2.8).

13



2.4.1 Mesurability property of j)\

Our aim is to prove that the conclusion of [37, Theorem 2.1] holds in our setting. To avoid
to write again the complete machinery developed in [37|, Section 2.4, we will use their
Proposition 2.1. We already know that the solution (y*, 2", mF) exists since (H) holds.
Moreover from Lemma A.4 and the condition on p and p, (yIP, 2P, mP) can be approximated
by solutions of Lipschitz BSDE in the space DP x HP x MP for any 1 < p < g% < p.
Moreover Lemmas A.2 and A.3 (for comparison and stability) hold. Thus the conclusion of

[37, Proposition 2.1]| is satisfied. Hence as in |37, Theorem 2.1|, the map

(5,0,P) > Vs(w) = sup EF(yf)
PeP(s,w)

is measurable and (t,w) — Yi(w) is B([0,T]) ® Fr-universally measurable. Finally for all
(t,w) € [0,T] x Q and F-stopping times 7 taking values in [, 7]

Viw)= sup EP(yf(r,I.),
PeP(t,w)

where yF(7,Y,) denotes the first component of the solution (y, z,m) of the BSDE (2.10)
with terminal time 7 and terminal condition ); under the probability measure P. Notice
that for any P € P(t,w) and any stopping time 7 with values in [t, T

EF (13, P) < +oo. (2.15)

The proof is contained in [37, Theorem 2.1]. Let us recall the main ideas. First, for every
P € P(t,w) and € > 0, using the measurable selection theorem (see e.g. Proposition 7.50
of [7] or Theorem II1.82 in [12]), one can choose a family of probability measures (Qf,)weq
such that w — Q5, is Fr—measurable, and for P — a.e. w € (),

Q5 € P(r(w),w) and V(W) — e <EW [y (T,6)] < Vrpy(w). (2.16)

The integrability of )A)T is a direct consequence of a priori estimates on the solution of BSDE
(2.10) (see Lemma A.1 and the estimates below). We can then define the concatenated
probability P¢ := P ®, QF so that, by Assumption 1 (iii), P* € P(t,w). Notice that P and
P¢ coincide on F, and hence EF* [yfs Fr] € LE,?U (F-,P). It follows then from the inequality
in (2.16) that IEPHJA)T‘M] < oo and the upper bound depends on ||¢[|™?, . and ¢§q’”, but not

pa,k
Lo

on the choice of 7.

2.4.2 Path regularization

As in [37, Section 3|, to obtain a solution of the 2BSDE (2.8), we shall characterize a cadlag
modification of Y defined by (2.14). Again we don’t want to write all the details of the
proof. Let us only explain the main difficulties due to the monotonicity condition H2. The
proof of [37, Lemma 3.1] does not use the Lipschitz property of f.

The next step is to prove existence of right- and left- limits for :)A/ outside a Py-polar
sets ([37, Lemma 3.2]). The proof is based on a downcrossing estimate and the Lipschitz
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constant of f w.r.t. y explicitly appears. Since f is no more Lipschitz continuous w.r.t. y,
we show a downcrossing inequality for )/, but under stronger condtions on £ and fRO. Let
us assume that there exists a constant € such that for any ¢ and w

esssup EP
PeP(t,w)

€]+ sup \f?o\] <¢. (2.17)
s€[t,T)

Under this condition and Estimate (4.43), 3" and Y are also essentially bounded and we
still denote by € the upper bound.

An estimate on the downcrossings of Y under condition (2.17). For simplicity we
assume that L; = 0 in the monotonicity condition H2 (see Remark 2) and we keep the same
notations and the same scheme as in [37]. For any a < b and for Jy = {9,...7n} with
0=19<m7 <...<7y =T, a finite family of F-stopping times, we denote by DZ(JA/, JN)
the number of downcrossings of the process (:)A/Tk, 0 <k <N) from b to a.

Let us fix P € Py and consider the solution (y?, 2/, m’) = (yiﬁ:f*l(w) , BT , miﬁLFIM)
of the BSDE with terminal condition )A)Ti and driver fon the enlarged space under the prob-

ability measure @:f—l(w) =P ® Py and on the interval [Tiz1, Til:

~ Ti Ti—1(w) .
vy =YV, +/ ﬁf’w (yu,auz )du—/
t

t

T

i Ti—1(w) —r_ 1 (w
z audVVI[J> ' / dm P 1( )—a.s.

w

We can linearize the previous BSDE (see the arguments before Equations (4.45) and (4.46))
to obtain

. —~ Ti Ti—1(w) . Ti—1(w)
o= D+ /[fﬂ” (41.,0) - Fi° ’O]du

”P” 1) g i T ind Pl L
+ du + C : 22 du — ZnagdW, — dmg,.
t

Note that we do not use the complete linearization of the BSDE. By the very definition of
Y, we get
ﬁ"'ifl(“ﬁ i ~
B (yn ) € Vn (W)
Now we consider again on [7;_1, 7;] and the probability space, the solution of the following
BSDE:

du

Here the generator is

/Pfiﬂ(w) 0

(tvyv ) |:ft Tl I(W)(yao) 7ftw 7 :| 1?120 -

Ti—1(w) 0

1
ik ing
Tt +Gia; 2

and satisfies Condition (H). By the monotonicity condition H2 with L; = 0, for s € [1;_1, 7}]

Ti—1(w) i1 (w)
{ff’w g0 - I 70} sign(y) < 0.
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In particular when y > 0, the increment is non-positive. Hence from the comparison prin-
ciple for BSDEs, we have: g-. < yi .

Let for t € [1;-1, 7]
t . Ti—1(w)
Li:=¢& (/ CLdwEe ) :
Ti—1

be the stochastic exponential and
. /Pliﬂ(w)
Ef=— [f t

. /P:)zfl(“’)’O
(Y1, 0) — fi ] 1g};>0-

From our previous arguments, the key point is that =i > 0. Then

du) ] < )A/Ti_l (w).

‘7:21] S 52\7—1-71, P®PO — a.Ss.

/P;i—l(w) 0

pri—1(«) ~ Ti —i Ti
E'w L | Vr, — =, du — f. ’
Ti1 Ti1

u

And by definition of the r.c.p.d.

EQ A[P;j"ifl(‘)p

Vs, —/ EZdu—/ f
Ti—1 Ti—1

du

u

where Q is equivalent to P ® Py with density

aQ  _ bip o
d(P@P()) =& </T21 Cuqu> ’ t e [7_7,—177—7,].

We define =, = > Eil[n_hn)(t) and the discrete process

ff’OD ds

Vi=ViA (b—/on (ESHE’*OD ds).

These two processes V and V are Q-supermartingales relative to F (see also the proof of

‘/i:—VTi—j)\Ti_/l(Es‘i‘
0

For b > 0 let

Lemma A.1 in [8] for more details). Up to this point we do not change the proof of [37],
because we do not use Lipschitz continuity argument.
We also introduce
t

ut:b—/ot (ES—F\J/”EP’O]) ds, Kt:—/o (ES—F\]/”EP’O]) ds,

together with: w; = u,, and ¢; = ¢;,. Remark that DS(JA/, Jn) < DYV, Jn) = DE(V, Jn).
Let us now explain how to derive a control on the downcrossings under the monotonicity
condition, using the proof of Inequality (12.5), page 446 in [13] (see pages 448-449). We
define 6y = 0,

Slzmin{jzo,VjZUj}, 01 =51 AN

and

g, — min{j > Bk_l,Vj > Uj}a k odd, k > 3,
b min{j > 0x_1,V; <{;}, keven, k> 2,
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0. = S, AN N. We have
N-1

Vo-Vn= Z Vo, —Vo,,.] -
§=0

Each bracket has a non-negative expectation (supermartingale inequality). We shall give a
lower bound for each bracket with odd j. On the set where the number of downcrossings is k,
the first k£ brackets in the above sum with odd j are larger than: ur; — KTJ,H > ur, — ET], =b
since / is decreasing. For the other terms (again with odd j), only V1, ., — V1., (ie.
Jj =2k + 1) may be non zero and is bounded from below by up — V. Hence we obtain the
next estimate:

EQ [V — V] > EQ [bD¢(V, Jn)] + E2 [(ur — Vi) A 0] .

Thereby

S
=
(]
S
o=
<
<
2
A

bEC [DY(V, Jn)]

IN

E@WO—VT—(uT—VT)/\O]

EQ [(370 Ab) — (Y AD) + /OT (ES + yfg,oo ds]

IN

IN

EQ [(370 Ab) 4+ Vr A + /OT (Es + \fgxoo ds] .

Since ¢* is a bounded process, using Holder’s inequality, we get that for some 1 < p < o,
there exists a constant C' depending on p and Ls such that

bwﬁDaﬁJm}sc<Wﬂd%Awwwd%Awﬂp+ATU%V**@”ﬂd%>mi

To finish the proof, from Condition C2 and Estimate (2.15), we only need to control the
term Z of the right-hand side. Recall that on [1;_1,7;),

Ti—1(w)

_ . »sz'—1(w) . P 0
=zi—- |7 @ - 10

is non-negative. Using condition (2.17) and Estimate (4.43), from Hypothesis H4, we deduce
that for ¢t € [1,_1,7;)

=P < ey (B)

Since p < p, from condition C1, there exists a constant C' independent of the choice of 7;

such that -
EF [ / (Es)pds] <C.
0

Therefore D§ (JAJ, Jn) is Q — a.s. finite. Then for a < b we have the same inequality:

1
b—a

REQ [Dg(fi, JN)] < EQ {(370 Ab—a))+ DrAb—a) + /OT <‘f§,0| _ 5) ds] :
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This estimate implies that Dg(j)\, Jn) is Q — a.s. finite. Since the right-hand side does not
depend on N, we can extend this estimate to any countable family of F-stopping times.
And the conclusion of [37, Lemma 3.2| still holds under (2.17).
Let us define Y by
)A/{F ;= limsup JA)T.
reQnN(¢,T],rdt

Let us stress that [37, Lemmata 3.3 and 3.5] does not use Lipschitz continuity of the genera-
tor w.r.t. y. As we did for the downcrossing estimate, we adapt the proof of [37, Lemma 3.4|
to obtain that Y+ is cadlag, Py — ¢.s.. Moreover since the Lipschitz continuity w.r.t. y is
not involved, the representation formula of [37, Lemma 3.5] holds, that is for any 0 < ¢ < T,
for any P € Py, we have P — a.s.

It = esssupf yF (1,9).
PPy (t,P,Fy )

From condition (2.17), we deduce that Y+ is essentially bounded (again by €) and thus
belongs to ng (FPo+). Finally from our Section 4.3 on reflected BSDE, we can argue as in
[37, Lemma 3.6] and we obtain the next result.

Lemma 1 Under Conditions (H)-C1-C2 and assumption (2.17), this process YV is cadlag,
Po-q.s. and belongs to ng(FPﬁ). Moreover it is a semi-martingale under any P € Py with
an explicit decomposition: there exists (ZF, M*, K¥) € Hb(F'+, P) x ME(FF+, P) < I5 (FF+, P)

with1 < p < Qp_ and for any t € [0,T], P-a.s.
o+p

R T 1 T T T
yj—§+/ E”(yj,ang)ds—/ Zdeg’P—/ dM;P’Jr/ dK¥.
t

t t t

Moreover there is some FP0-predictable process Z which aggregates the family (ZF)pep, -

2.4.3 Conclusion

Now we come to the existence result (equivalent to [37, Theorems 4.1 and 4.4]).

Theorem 2 Under Conditions (H)-C1-C2, there exists a solution (Y, Z, MP K?) to the
2BSDE (2.8) in the space DEV(F0) x HE(F70) x ME(FY )pep,) X I ((F )pep,) for any p > 1
satisfying (2.7). More precisely there exists a constant C' depending on p, q T, L1, Ly such
that

5 P p/2 B B
IV IR + 1218, + sup B (KF)" + sup BF (|mF] ) §c<u§|;1q+¢§* ) (2.18)
0 0 Pepy PcPy T 0

Proof. For the existence we argue as in [37], except for the minimality condition on K,
together with a truncation procedure. Let us define for any n € N

&"=-nVEAn, fP’O’” =-nV f(S,X-/\s,OaO,as,bf) An.

S
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" and Jap,o,n obviously verify condition (2.17) with € = n. From Lemma 1, we obtain the
existence of a solution (Y™, Z", M™F K™F) to the 2BSDE (2.8) with terminal condition &"
and generator f" defined by

[ (tw,y,20,8) = (F(tw,y,z0.0) = J7°) + FEO0

Note that f" satisfies Conditions (H)-C1-C2. The minimality criterion on K™ is proved
arguing as in the proof of minimality for K¥ (see just below).

Now the stability result shows that the sequence (Y™, Z" M™F — K™F) converges in
]ng x H x MJ to some process (Y, Z, N¥). The supermartingale N¥ can be decomposed:
NP = MP — KP, where MP is a martingale under P, orthogonal to the canonical process
and KT is a non-decreasing process. The limit Y, Z, M P K IPJ) is a solution of the 2BSDE
(2.8) if K* satisfies the required minimality condition.

Let us prove the minimality criterion for K* (again the proof is the same for K™F). For
P’ € P(t,P,Fy), let us denote Y+ = Y+ — ¥ (T, €) and use again a linearization argument:

T
§Y;t = EP'®Fo [ / AV AV ak® | FS }
t

/ § / / § ! / 1 $ /
AY = exp (/ AP du>, AY = exp [—/ Faw? —2/ ¢ ||2ds]
t t t

Thus P-a.s.

with

T
sy > EF@Fo { inf AF / AV dK?
t

t<s<T

fj]

1/2
)
yep) (o NP L2
fj” {EW% !( inf AE’) fj”
t<s<T

Hence the condition (2.9) follows now immediately.

and for p satisfying (2.7), let p’ be the Holder conjugate of p:

T
EP’@PO |:/ AISP/dKfI

T
fj} < {EWO[ inf_ AP / AP K
t

t<s<T .

fzon o -y

< Op(CHY P (5,12,

To obtain the a priori estimate (2.18) for the solution of the 2BSDE, we use the a priori
estimate given in Lemma A.1, the representation formula (2.13) and we argue as in the
proof of |37, Theorem 4.4]. O

2.5 Discussion and comparison with [36]

When f is Lipschitz continuous w.r.t. gy, the process A is bounded also from below. Thus
our minimality condition is equivalent to the classical one:

. / / /
essinf. EF |KEY — KT
P'eP(t,PF)

fj] =0, 0<t<T, P—a.s., VPP, (2.19)
In general we only have that the classical condition (2.19) implies (2.9).

19



If there is only one probablity measure P in Py, the minimality condition (2.9) imposed
on K should imply that K is equivalent to zero. In the Lipschitz setting this is a direct
consequence of (2.19). In our setting it is still true but the arguments are not direct. From
the proof of Theorem 1, (2.9) implies uniqueness of the solution. But if Py is the singleton,
the solution (3%, 2%, 0) of the classical BSDE (2.10) becomes a solution of the 2BSDE (2.8).
By uniqueness, K = 0.

The monotone case was already studied in [36]. The generator f satisfies Condition (H)
and is uniformly continuous in y, uniformly in (¢, w, z, a) and has the linear growth property:

£t w,y,0,0)] < [f(t,w,0,0,a)| + C(1+ [yl).

Then under some integrability condition on & and EP’,O’ from [36, Theorem 2.2|, there exists
a unique solution of the 2BSDE (2.8) such that K¥ satisfies the minimality condition (2.19).
Therefore if the generator f satisfies the assumptions of [36] and Condition (H), then the
solution obtained by [36] with minimality condition (2.19) is also the solution given by
Theorems 1 and 2 with minimality criterion (2.9). Let us emphasize that the ways to
obtain the solution are completely different. Indeed in [36] the generator is approximated
by a sequence of Lipschitz generators f,. For any fixed n using [40], there exists a unique
solution (Y™, Z", M™F K™F) to the 2BSDE (2.8) with generator f, and K™F verifies (2.19).
Then the core of the paper [36] consists to show that the sequence (Y, Z", M™F K™F)
converges to (Y, Z, M*, K¥) and that (2.19) is preserved through the limit. The uniform
continuity and the linear growth conditions of f w.r.t. y are crucial there.

3 Liquidation problem

3.1 The standard formulation of [5, 30]

In [30] the authors consider a probability space (2, F,P). The filtration I is assumed to be
complete, right continuous on [0, 7] and left-continuous at time T' (see [35] for details on
this assumption). In [5], F is generated by a d-dimensional Brownian motion and thus is
quasi-left continuous.

Given ¢ a Fp-measurable non-negative random variable such that S = {{ = +oo} has a
positive probability,  (resp. 7) a positive (resp. non-negative) process, the studied optimal
stochastic control problem is defined as follows. For some ¥ > 1, consider the functional

T .
J(t,X) =E U (mol sl + 7,121 7) ds + €] X |”
t

ft} (3.20)
over all progressively measurable processes X’ that satisfy the dynamics
S .
Xs=x +/ Xydu, s>t (3.21)
¢
for some X with ftT \/'.l’s\ds < 400 P-a.s., and some x € R. To have a finite value J (¢, X),
the terminal state constraint is

Xrls =0
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together with the convention 0 x oo = 0. The set of such processes X is denoted by Ag(t, x).
We introduce the random field v that represents for each initial condition (¢, z) the minimal
value of J(t, X)
v(t,x essinf J(t, X 3.22
(1) = esgnf. (1, %), (322)
We follow the convention that the infimum over the empty set is equal to co. For some
L > 0 we also consider the unconstrained minimization problem:

vl(t,x) = essinf JE(t,X)
XeA(t,x)

T .
- inf E | Xs[P 4 (s A L)|X|) ds + (L A &) Xp[?
it & [ (nldl’ + 0o n DI ds+ (A €)1

ft} (3.23)

where A(t, x) is the set of all progressively measurable processes X of the form (3.21). Here
no terminal constraint is imposed on X.
In [5, 30] the authors show that the related singular BSDE is of the following form:

yq

( dt — ndt + 2, dWy + dmy (324)
q J—

dy; =

with terminal condition equal to . Here q > 1 is the Holder conjugate of ¥: (9—1)(q—1) = 1.
The processes 1 and y satisfy for some ¢ > 1

T
E/
0

It is proved that the singular BSDE (3.24) has a minimal super-solution (y, z, m) satisfying:

1
(e + (T — t)’g'yt) + ] dt < oo.
77t

1. for any t < T

£/2
[sup lys|® + </ | 2s] d8> + [m]f/2 < +o0;
2. Y, >0 for any ¢, a.s.
3. forall0<s<t<T
t yq t
Ys = yt+/ —7—1—% du—/zudW dmu
s | (a—Dmi s
4. and the singular terminal condition: P — a.s.
liminf y; > €. 2
1{r_1>1r}1 yr =& (3 5)

To prove the existence of a minimal solution, a truncation procedure is used. For any L > 0
we consider the BSDE

— %dt ( L L
—dt — (v A L)dt + z'dWy + dmy (3.26)
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with the bounded terminal condition y% = ¢ AN L. This BSDE has a unique solution
(y*, 2z, m") (see [11]). Moreover the solution satisfies the a priori estimate

OS.%LS(Tit)ng[/tTO?s‘f'(T_s)ﬁ%)ds

ft} (3.27)

Next, by passing to the limit L — oo, the minimal super-solution (y, z,m) of (3.24) with
terminal condition (3.25) is obtained. Let us emphasize here that the left-continuity condi-
tion on the filtration is used only to obtain the weak terminal condition (3.25). The next
result is given in [30, Proposition 8 and Theorem 3|.

Lemma 2 Let (y&, 2L, mL) be the solution to (3.26) with terminal condition yk = ¢ A L.
Then the process X satisfying the linear dynamics

s yL q—1
Xl =2— / <) xLar,
t Nr

is optimal in (3.23). Moreover, we have v'(t,x) = yF|z|”.
Let (y,z,m) denote the minimal solution to (3.24) with singular terminal condition
(3.25). Then we have v(t,x) = y|x|’. Moreover, the process X satisfying the linear dynam-

s y q—1
Xy =x — / <u> Xy du,
t T

belongs to A%(t,x) and is optimal in (3.22).

1cs

Remark 7 The sign of X is equal to the sign of the position x at time 0. The case x > 0
(resp. x < 0) corresponds to a selling (resp. buying) liquidation strategy. If x > 0 (resp.
x < 0), the trading rate is non positive (resp. non negative), which is coherent with the
absence of transaction-triggered price manipulation (see [16, 1, 2/).

3.2 The formulation under uncertainty without terminal constraint

We work under the setting described in Section 2.1. We consider a Fr-Borel measurable
random variable £ such that for any P € Py, £ is a.s. non-negative. We denote by S the
singular set {{ = +00}. We define the two Borel measurable functions

>0 *
n: (t,w,a) € [0,T] x QA xS7" — RY,
(t,w,a) € [0,T] x @ x S7° — Ry

Here 1 and v (and thus the generator of our BSDE) do not depend on the drift of X. This
condition is sufficient to obtain an optimal control independent of the probability measure
P (see Propositions 1 and 4 below). This hypothesis is similar to the setting in [32].

We define for simplicity

Ns := (s, X.rs,as) and s := (s, X.ps, Gs)-
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Finally we assume that there exists ¢ > 1 such that for any (¢,w) € [0,7] x Q

T 1 o(g—1)
sup EP/ <A> ds < 0. (3.28)
PEP(t.w) t Ns
Our generator is
q—1
Flt.w.y.0) = — Y +((tw.a) A L)

(@ =Dt w, a))3~!
and satisfies Condition (H): for any (t,w,a,y,y’)
e H1. y— f(t,w,y,a) is continuous.

e H2. Monotonicity assumption: f is non-increasing w.r.t. y
(f(ta w,Y, a) - f(ta w, ylv a))(y - y,) <0.
e H4. Growth assumption:

‘f(tvwayva) - f(tvwvova‘)‘ =

together with (3.28).

Compared to H4 in our previous section, here

1
(q - 1)77(t7 W, a)qil

U(t,w,a) =

and Assumption (3.28) corresponds to Condition C1 on U. The terminal condition EANL
and the process f0 = (.]/CP =~ AL, t >0) are bounded. Hence C1 and C2 hold for any
p > 1. Hence Condition (2.7) becomes here 1 < p < p. From Theorems 1 and 2, we deduce
that there exists a unique solution (Y'*, Z%, M™F KF) to the second order BSDE: for any
0<t<T and any P

T jyLp-lyl T
vl = AL —/ |“A“du+/ Ay A L)du
o= AL T gy et ), Gund)

T P T
—< / Zde§»P> - / AMEP + (KEF — KPF), P—as, (329
t t

such that:
e For any p > 1, Y belongs to ]D)g(lﬁ‘ﬁo).
e Forany 1 < p < g, (ZF, MPP KBP) is in HE(F7?) x ME((F )pep,) x I((F pep,)-

o K5¥Fis a P — a.s. non-decreasing process satisfying the minimality condition (2.9).
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Moreover we have the representation formula

VE = esssup® gyt (3.30)
P'eP(t,P,FL)

where (yF, 21F mIP) is the solution under P of the BSDE

R e LP ;vcP LP
dyb? = WU YT (3 A Ldt + 2PPaxeP 4 dmbP
e

Note that by comparison principle for standard BSDEs (Lemma A.2), these solutions ybP
satisfy the inequality: P-a.s.
LP
0<y” <L(T+1), Vtel0,T].

Thus Py-q.s.
0<Yr<L(T+1) Vte|0,T).

Remark 8 Note that the generator is locally Lipschitz continuous w.r.t. y and all solutions
yPP and YL are a priori bounded. Hence

AT 1 e B0 -
(@=1 @)= Yo —of

If 7 is bounded away from zero, the condition (2.9) can be reduced to the usual condition

(2.19).

)
1y L= <0.

First we define the following control sets:

e A(t,x) is the set of processes X = (X5, 0 < s <T) such that Xy = z if s <t and for
any P € Py, P — a.s., X is absolutely continuous, that is: Xs(w) = z + [ Xy(w)du
with [7[X,(w)|du < +oo.

e For a fixed P € Py, AP(t, z) is the set of processes X = (X, 0 < s < T') such that X =
z if s <t and P — a.s., X is absolutely continuous, that is: Xy(w) =z + [ Xy (w)du
with [[7 X, (w)|du < +oo.

The set AP(t,2) depends on P, whereas A(t,z) depends only on the probability set 7.
Of course A(t,z) is included in AF(¢,2). Next for any L > 0 we define the following
unconstrainted control problems

T .
JE(t,x) = essinf esssup EX [/ (7/7\3|Xs\19 + (3s A L)\XJSI) ds+ (L A &)|Xp|” .7'?‘] ,
XeA(t,z) Pep, t
(3.31)
together with
T .
I (t, z) = esssup essinf EF [/ (ﬁswsﬁ + (¥s A L)|Xs\19) ds + (L A €)|Xp|” fj] ,
PeP, XEA(t) t
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and

T .
HE(t,2) = esssup essinf EF [/ (ﬁS]XSW + (¥s A L)|Xs|"9) ds + (L A €)|Xr|?
Pep, XEAF(t,2) t

f;} .

Immediately HY(t,z) < I*(t,x) < J(t,z). From the standard formulation (see Section
3.1) we have
HE(t,2) = |z]” esssup ytL’P = |z|” V£
PeP;

Lemma 3 For any (t,z), JE(t,z) < HY(t,z).

Proof. We assume that > 0, such that X7 is non negative for all s € [t,T]. The same
arguments lead to the same result for z < 0, using that |X|Y = (—=X¥)?. For simplicity, we
do not write the constant L in this proof. Let us define

Be=—(Yo/R)"",  dX; = B.X]ds = X]ds.
Let us apply the Itd6 formula under the probability P:

d(Ys(X7)7) = (X5)7dY, + Yed((X2)?)
qu
(g —1)(7s)1t
+ (X ZdXF + (x)PdME — (x)PdKT
Yi\7 . .
=y (A> Ruds — (3 A L)(X2) ds + (X7)° ZdXS*
n

S

= ()’ ds — (7s A L)(X])"ds + pYsBs(XS)Pds

+ (XM — (X)) K.

Since (q —1)9 =q

9
A = - (X%) s — (3 A L)) ds + (X0)° Zd X5
+ (AN AM] — (A7) dK]
— = [7 (1) G D s+ ()
+ (A7 dM — (X])VdK.
Now integrate this from ¢ to 7"

Yo(X5)! — Yi(a7)? = (€ A L)) — Vi
- ' (%) + Goan|as T(X:)”zsdng)

+ (/tT(XsWdME)P - /tT(X;‘WdKf.

P
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And taking the conditional expectation w.r.t. P

& Jennap’+ [ [ (&) + Gorn] a

T
=Yz — EF [ / (x5?aKt
t

Fi ] < Y’
since K¥ is non-decreasing. Therefore

eSS EF [(é ALY (XF) + /tT [ﬁs (X.s*y9 + (3s A L)(Xs*)ﬂ] ds

.7:;“] < Y2V.

Moreover the process X* is in A(t, z):

This implies that
J(t,x) < Yz’ = H(t,z).

([l
Therefore we deduce that H*(t,z) < I*(t,z) < J(t,x) < HY(t,z) and our first result:

Proposition 1 The unconstrainted problem (3.31) satisfies

T .
essinf esssup E¥ [/ (7/7\3’.)(5’19 + /778|Xs‘19> ds + (€ A L)|Xp|”
XeA(tz) Pep; t

f;]

T .
= esssup essinf EF [/ (ﬁs\Xs\ﬁ + %\XsW) ds + (€ AL)|xp|”
PeP; XEAM(t,x) t

]-';“]
and the solution of the 2BSDE (3.29), denoted by Y, gives the optimal process X*L:
axet = [ (vE/a) T xrE ds, (@ 1)@ -1) =1,

3.3 The constrained problem under uncertainty

We denote by Ay(t, z) the set of admissible controls X € A(t,x) such that Xpls = 0, Ps-
q.s. (P-q.s means P—a.s. VP € P;) and A (¢, z) the set of admissible controls X € AF (¢, )
such that Xrls = 0 P — a.s. Now consider

T .
J(t,x) = essinf esssup EF / (ﬁs|Xs|19 + f7\s|Xs|19) ds + & xp|”
XE.Ao(t,x) PeP; t

fj] : (3.32)

Again we use the convention that 0 x co = 0. As mentioned for the standard formulation,
a left-continuity condition is imposed on the underlying filtration to have the terminal
condition (3.25)2. In our present setting we add the next assumption on our set of probability
measures P}V

2This technical condition can be avoided if ¢ is Fr—-measurable (see for example [6]).
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e Left-continuity condition: for any probability measure P € P/, the filtration IFI?F
is left continuous at time 7.

This hypothesis implies that a martingale cannot have a jump at time 7. For example this
assumption holds if P = {P?, a € A} is the set of all probability measures P* given by:

to1
P =Pyo (X971, Xt“:/ adX;
0

o0 o0
for all processes a € A of the form a = Z Z a; g1,

n=0 i=1
a nondecreasing sequence of stopping times with 79 = 0 and

Tn41)? where (a?)i,n € A07 (Tn)n is

e inf{n, 7, = +o0} < +00, 7, < Tp4+1 whenever 7, < 400 and each 7, takes at most
countably many values,

e for each n, {E, i > 1} C F, forms a partition of €.

Ay is the class of all deterministic mappings such that 0 < a < a; for any ¢ > 0 (see [39],
Section 4.4). Every P*, a € Ay, satisfies the martingale representation property. Then
from |23, Proposition A.1|, every P € P verifies this property too. Thereby any martingale
is continuous, which implies the required argument for the filtration (see [21, Proposition
25.19] for example).

For L < L' and any P € Py, we have P — a.s. for any t € [0, T
LP _ L'P '
Y S Yy < YtL :

Hence Py-q.s., Y;F < Y, for ¢t € [0,T] (see also the comparison result [37, Theorem 4.3|).
Let us now assume that there exists £ > 1 and « € (1, ¢) such that for any (¢,w)

T ¢
sup EF [/ [ﬁs +(T —s)? %} ds] < 00, (3.33)
PeP(t,w) t

and

4
T . 5
sup EF |ess sup® <EP {/ [ﬁs +(T —5)? ﬁs} ds ]-';“]) < 0. (3.34)
0

PePo 0<t<T

Lemma 4 (A priori estimate) There exists U € Dg(lﬁ‘fo) such that for any 0 <t < T,

Po-q.s.
1

(T —t)
Let us emphasize that the right-hand side does not depend on L and is finite on [0,T).

0<Yl < Up. (3.35)

Proof. The estimate (3.27) gives for any P € Py

1
]:;“} ziu?.

LP 1 P T I~
0<y <7)19E [/t (ns+(T—S) %)ds T =17

=T —¢
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The process (u,v®,nF) is the solution of the BSDE

T T P T
up = / (ﬁs + (T — s)ﬁ%) ds — </ vdeSc’P) — / dnf .
t t t

Then using (3.33), (3.34) and [37, Theorem 4.1], there exists a unique solution (U, V, N'F, KF)
to the 2BSDE:

P

T T T
U, :/ (7 + (7 = )'3,) ds - (/ Vst?P> —/ ANy + (K7 - KF),
t t t

such that U € D§(F?) and (V,NT,KF) is in HY(FL?) x ME((FY )pep,) x I5((FF )pep,)-
Moreover for any P € Py and any ¢ € [0, 7], we have the representation formula:

/
esssup’ u]f =U;, P—a.s.

P'eP(t,P,Fy)

Thus we obtain the desired a priori estimate since

YVE = esssup’ yf P < esssup” ul = U,
P'eP(t,PF) P'eP(t,PF)
This achieves the proof of the Lemma. ]

Lemma 5 For any € > 0, the sequence (YL,ZL,ML’]P,KL’P) converges, when L goes to
+00, to (Y,Z,MP, K?) in the space D§(FL) x HE(FLL) x ME((FY )pep,) x I5((FF )pep,)
on [0, T — €], which means that all processes are restricted on this time interval. Moreover
(Y, Z, M¥, KT satisfies the dynamics: for any P € Py, and any 0 < s <t < T:

i Yq ! ! P 8 ! P P P
YS:Y/ “Adu+/ %du(/ ZudX3> / dM! + K{ — K., (3.36
B ATE ) : PR 550

s

Finally Y satisfies the representation property: for any t < T and any P € Py,

Y = esssupp yf/, P—a.s.
PP (t,P,Fy)
Proof. Fix e > 0 and define
‘ P T—e .
¢L’75L, = sup E [/ |(As AL) — (As A L) ds}
PePy 0
¢ T—e =
¢; = sup EF | esssup” EF (/ (A A L) — RE A L’)]”d5> F
’ PePy 0<t<T—e¢ 0

From our conditions (3.33) and (3.34) on 7, ¢%,€L' and ¢%7L’f tend to zero when L and L' go
to +00. From [37, Theorem 4.5] (stability result for 2BSDE), for any L and L’ we have on
[0,T — €]
/ / e’
IYE =Yg, < € [IVE. = YE I, + 955
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From the uniform w.r.t. L and Pp-q.s. bound (3.35), and from the monotonicity of the
sequence Y, we deduce that

L L
||YT—5 - YT—EH]LS

tends to zero when L and L’ go to 4+o0o0. Hence there exists Y € Dé(]FZiO) defined on
[0, T — €] such that on [0, —¢], Y* converges strongly to Y. From (3.35), we have: Py-q.s.
for t € {0,7)

0<Y; < ——
St ST —y?

By the representation of Y'*, for any ¢t € [0,T), any P € Py and any P € P(t,P,F,)
LP
Y

Us.

/
< esssup’ ytL’P = YtL <Y, P—a.s.
P'eP(t,PF,)

The (minimal) supersolution y*" of the singular BSDE (3.24) is obtained as the increasing
limit of y“F'. Thus for any P’

/ /
ytLP < yf <Y, = esssupP yf <Y, P—a.s.
P'eP(t,P,Fy)
Moreover for any L
/ / /
YtL = esssup Ui L.p < esssupIED yf =Y < esssupIED y]tp .
P'eP(tPF,) P'eP(tPF,) P'eP(tPF,)

We deduce the representation formula for Y.
Now from the stability property for 2BSDE ([37, Theorem 4.5|), if N©F = MEF - gLF
then on [0, — €]

’ '
HzL . ZL ”%6 + sup E]P |:[NL,]P’ . NL 7P]%_5:|
PePy
! A(—1) -, e L .

Thereby the sequences Z and N™F have a limit Z and N¥. The process (Y, Z, N¥) satisfies
the dynamics: for any P € Py, and any 0 < s <t < T

¢ \ & t t P t
Ys:Yt—/ du+/ %du—(/ ZungP) —/ dNE.
S (q 1)(77u) S S S

Then we decompose the process N = M} — K; and we check that (Z, M¥, KT) is the
desired space and that (3.36) holds. O
Now we come to the main result concerning singular 2BSDEs.

Theorem 3 Under Conditions (3.33 ) and (3.34), the 2BSDE

Y, = &— / q—1 du+/tT(%)du

T
—</ ZdXC“”) —/ dM? + (K} — KT), P—a.s.
t t

for any 0 < t < T and any P € Py, with the singular terminal condition &, admits a
non-negative super-solution (Y, Z, M*, K¥) satisfying:
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the dynamics (3.36) for any 0 < s <t <T ;

the integrability property for any & > 0:

IV oy + 120y + 510 BF [V + sup 87 (F.) < +oc
o\t —e o0t —¢ PePo PePoy

the minimality condition (3.38) ;

e the weak terminal condition: Py-q.s.
liminf Y > €. (3.37)
s—=T
Moreover this solution is the non-negative minimal super-solution, that is if (Y, Z, MP K )
satisfies the four previous conditions together with Yy > 0 for any t € [0,T] Poy-q.s., then

Y >Y; for any t € [0,T] Po-q.5.

Proof. The first two points are direct consequences of the previous lemma. Since Y is the
essential supremum of the super-solutions y*, following the same arguments as in the proof
of Theorem 2, we deduce that K satisfies the minimality condition: for any P € P

T—e s
essinf’ EF [ / exp < / )\E/du> dK* /
PreP(t,PFy) t t

where

ft+] =0, 0<t<T—¢, P—a.s., (3.38)

: 1 Vil — (2
)\S = — = 1 ( ,) 1Y ;ﬁyP/'
(= D)@u)"t Yy —ylt e

Moreover our left-continuity condition on the filtration implies that for any P € Py

limimfygJ> >& P—a.s.
s—=T

Hence from the representation formula, the same inequality holds for Y.

Let us prove minimality of this super-solution. Let us consider (Y, Z, MP, KP) satisfying
the dynamics (3.36) for any 0 < s < ¢t < T, the minimality condition (3.38) and the
weak terminal condition (3.37). We also assume that Y is Py — ¢.s. non-negative and
Y, Z, MP,FP) verifies some integrability property similar to (Y, Z, M¥, K¥) (with maybe
a different power £). From the proof of Theorem 1 (uniqueness for 2BSDE), we deduce that
for any e > 0, the representation property holds on [0, 7 — €], that is for any t € [0,T — €]
and P € P,

Y, = esssup’ g (T —¢,Yr_o),P—a.s. (3.39)
PP (t,P,F )
where 7¥ = ¥ (T — &,Y_.) is the first part of the solution (7¥,z",m") of the BSDE
(3.24) on [0, T — ¢] with terminal condition Y7 _. at time T — ¢ under P
Recall that Y'* satisfies (3.29) and (3.30). Fix L and any probability P and consider 3"
and " on the time interval [0, T — ¢]. Set

g: gIP’ N yL,IP’7 i ZIP o ZL’]P, = mIP - mL,IP’.
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We have
_ 1 ()" — (?JL’]P)q _ LP
P LPy t ¢ P ,
fge) — ft,y™) = — (q— 1)(7m)a ¢ ( g]tp _ ytL,]P’ 137?7&345’]? (yt Y )
+ % —WMAL)
_ LP ~ -
= A (yff»—yt’ )+%—(%AL)

with AP < 0. Thus the process (¥, Z,m) solves the BSDE
e = |-~ Filgzr| dt+ 5AW; + dif

on [0, T — €] with terminal condition y7r_. = Y7_. — yéi. Thereby

T—e
375 = EP |:gTer,T€ +/ Fs,u:Y\ul’y\uZLdu ff’+:| > EIP |:gT€Fs,T€
s

J,—_-IP’,-F:|

where I' ; = exp (f; AEdu). Note that we have y* < (14 T)L and hence 3; > —(1+T)L.

Thus yI's,. is bounded from below. We can apply Fatou’s lemma to obtain

Js = lim inf EF {QTEFS,TE

]:E’Hr} > EP [lim inf@ngFs,T—s)

el0

fP:+:|

RN

The process (I's s, s <t <T) is cadlag, non-negative and bounded by one. Hence a.s.
h%%nf@T—EF&T—a) = (m?i%nf yr—)lsr- 2 (= EAL)T - 2 0.

Here again we use left-continuity of the filtration to exclude jumps for the orthogonal mar-
tingale m™". Finally, 7% > ySL’P for any s € [0,T"). Since it holds for any P € Py, we deduce
that Y5 > YF for any L > 0. Taking the limit as L goes to oo yields the claim. O

Remark 9 The previous theorem holds true for more general generators satisfying Condi-
tions (H) together with the growth condition: there exists a constant q > 1 and a positive
process 1 such that for any y >0

Pty ) < —(qll)nm‘yl“ + 77(t,0, 2)
- t

and the conditions (3.33) and (3.34) hold replacing 5 by fOP . See [30] for details for singular
BSDEs.

We can now obtain an optimal solution for the control problem (3.32).

Theorem 4 The constrainted problem (3.32) has an optimal state process X* defined by

S Y Cl—l
t \Th
Moreover the value function is given by: J(t,x) = |z|”Y;.
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Proof. Remark that the sign of X is equal to the sign of x. Thus if z < 0, |X| simply
denotes — A& .
If we define fort <s < T

S S
6, = | Va7 — vy Pt / X2 udu + / |X;|19—1dKﬂ,
t t

then we can easily show that under each P € Py, € is a non-negative local martingale, and
thus a non-negative supermartingale. Thereby 6, has a limit, P — a.s. when s goes to T
Hence since P — a.s.
liminf Y;1s = 400,
s—=T

we obtain that

| = (95-1-1/}‘1"19 1_LS‘XJ’79 1(’)/udu—|—dK5D)> _ (Mmﬂl>q 1
S o —

Y, Y,

tends to zero on S, P — a.s. In other words X* € Agy(¢, x).
As in Lemma 3, we have

A7) = = [+ G ds 12 Zadxg®
+ XYM - XK
Thus for any € > 0

x:

T—e 9
Yija]? = EP {YT_EW;:_AM / [ﬁ +<%>|x;|ﬂ ds

fj]

T—e
+EP [/t X |PdKE

f;] .

From the definition of 6, it follows that also the limit limgr Y| &F P71 € R exists and
that |X7| = limyr A = 0 if liminfyr Yy = oo, Recall that liminfyr Yy > € and let
us distinguish two cases. First assume that liminf;47Y; = co. Then liminfyp Y| XY =
(limpg Vi 7771 (limpr | X)) = 0 = €] X7 (for the last equality we use that oo - 0 := 0).
Next assume that liminfy7Y; < co. Then it follows that liminfyp Yt])(t*\’? > & \X;\ﬁ.
Hence for any P, liminfur V| &Y > €| X7, P — a.s. By Fatou’s lemma and since K is
non-decreasing, we have

s

T
Yzl > EP [wM / [ﬁ +<%>|Xs*|ﬂ ds

f;] .
Thereby

T .
Vil > essup | [ (74517 4 504717) ds 4 €l
Pt t

fj} > J(t,z).

Now we have obviously J(t,z) > J*(t,r) and:

lz[PY; = Lgm l2[PYL = Lgm JE(t,x) < J(t,x) < Yy|x|”.
“+oo +oo

This gives the optimality for X* and the value function of our problem. O

32



Discussion around the examples of [5]

Even in the classical case, that is for a fixed probability P, there is in general no explicit
solution of the BSDE (3.24). But when { = 400 P—a.s. and v = 0, then in [5], Section 5, an
explicit solution y is given provided that n has uncorrelated multiplicative increments. This
condition is equivalent to the property that the process (n;/EF (n;), t > 0) is a P-martingale
(see [5, Lemma 5.1]). Under this condition, the value function and an optimal state process
are given in [5, Proposition 5.3|.

Assume that 7 is given by: 7 = 19 exp ( fo asds> and that under P, the drift

b of X is deterministic. Note that the contatenatlon property of the family P implies
that b = b should not depend on P. Then under each P, 7 satisfies dij; = 7;dX; and has
uncorrelated multiplicative increments. The solution y* is explicitly given by:

~ 1 y 1
(Atj; Aisds) 0

Hence we have an explicit formula for the solution of the 2BSDE

An optimal state process is deterministic:

1 T
Xt:/ L.
fTA%ds ¢ As

0
In particular if the canonical process is a local martingale under each P (b = 0), Y; = (T77t )
(T —1) o . ~ ,
and Xy = . Roughly speaking, since 77 models the cost (price impact) and 7 the risk,

then the drift is important for n (average cost) and the volatility is important for 7. That’s
why when taking 7 is equal to 0, the volatility uncertainty can not be seen in the generator.
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4 Appendix: (Reflected) BSDE with monotone generator

4.1 Notations and Conditions (H) and (H’)

In this section the setting is the same as in [9] or [29]. Let T' > 0 be fixed and let (€2, F,P)
be a probability space, equipped with a filtration F = {F;, 0 <t < T'} satisfying the usual
conditions and carrying a standard d-dimensional F-Brownian motion W. For any p > 1
and any a € R we introduce the following spaces:
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e [L? denotes the space of all Fr—measurable scalar random variable £ such that

€L, = E[IE]F] < +o0.

e DP is the space of all R-valued, F-adapted processes Y with P-a.s. cadlag paths on
[0, 77, such that

1Yl =E [ sup |57 | < 4o0.
0<s<T

e HP® denotes the space of all F- predictable R*—valued processes Z such that

T 2
(/ e \Zs]2d5>
0

e MP® is the space of all F-optional martingales M with P-a.s. cadlag paths on [0, 7],
with My =0, P — a.s., such that M is orthogonal to W and

HZH]Z})I[na =E < +o0.

r g
”MH%\DAIp,a =K |:/0 %5 [M]s:| < +00.

o [»% (resp. I?P%) denotes the space of all F-predictable (resp. F-optional) processes
K with P-a.s. cadlag and non-decreasing paths on [0, 7], with Ky = 0, P-a.s., and

T p
</ ea5/2dKS)
0

The spaces HPY, MP0 and I7° will be denoted HP, M? and I”. In the It6 formula for p > 1
we will use the constant

HKpr,a =E < +o00.

e(p) = 5((p— A1) (4.40)

and the function ¢,(z) = |z|P~Lsgn(z)1,.0 (see [11, Corollary 2.3] or [29, Corollary 1]).
We consider a generator function

fi(twy,2)el0,T]x QxR xR — R,

The generator f satisfies Condition (H). In H4, the process ¥ depends on ¢ and w and is
supposed to satisfy:

T
E/ (\I/t)gdt < +o00,
0

(see Condition C1). Sometimes we will use the stronger condition H4’: there exists q > 1
and a constant Ly such that

|f(t7w7y70) - fto‘ < Lq<1 + ’y|q)

If f verifies H1, H2, H3 and H4’, we will say that (H’) holds.
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4.2 Results for monotone BSDE
We consider the BSDE:

T T T
Yy =&+ / f(u, Yu, Zu)du - / 2y AWy — / dm,, (4'41)
t t t

Let us now recall several classical results on the BSDE (4.41). If (H) holds® and if for some
p>1

T
E [|§yp+/ |ft0]pdt] < +oo0, (4.42)
0
then there is a unique solution (y,z,m) € DP x HP x MP (see |11], [14] or [29]). Let us

emphasize that the quasi-left continuity property of the filtration assumed in [29] is in fact
unnecessary (see the introduction of [9] or [35]). The next a priori estimate on (y, z, m) will

be crucial.
2
Lemma A.1 (A priori estimate) Under Condition (H), for any o > pL; + @—Lﬁ there
exists a constant C), such that
T
le®yllpe + ll2llawe + [Imlvpe < CpE [eapTlﬂva/ |€atft0\pdt} ~
0
Proof. See for example Propositions 2 and 3 in [29]. O

Moreover from the proof of this lemma, we get the next classical estimates: for any
stopping time 0 <7 < T

T 1/k
yl < C (E [w + [ 12 f]) (1.43)

for any 1 < x < p and

T T
E/t lys[Pds < CE <|g|p+/t |f£|pds>. (4.44)

The constant C' depends only on « or p, T', L1 and Lo.
The next trick (linearization procedure) is used several times in this paper. If (y, z, m)
satisfies the BSDE (4.41), then

T T T T T
Yt = f +/ fgds +/ AsyYsds +/ Cszsds — / zsdWs — / dmg
t t t t t

f(suysao) - 31
ZJS#O’
Ys

where
Ag =

and ' '
G =D by a?) = ftun e )i

3In fact in this section, Hypothesis H4 could be replaced by a more general condition (see [29], Assump-
tion (H2)).
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where for 1 < ¢ < d, zt(i) is the d-dimensional vector in which the first i-components
are equal to the ones of z; and the d — i others are equal to zero. From H3, ( is a
bounded (by L) vector-valued process. From the monotone condition H2, \; < L; a.s. If
A = exp (fg )\Sds), then

T T T T
Ay = A€ + / A fOds + / CsMgzeds — / AgzgdWy — / Agdm. (4.45)
t t t t

Hence if QQ is the probability measure equivalent to P defined by the density

[ o[~ [ R TP
e (= [ cam) =ew (- [ caw.— 5 [1cipas), (1.4

Ar A
—EQ|L 25 £0
yt |:At€+/t AthdS

we obtain

]-'t]
And forany 0 <t <s<T,

0< % = exp (/ )\udu> <exp(Li(t—1s)).
t

t

This implies immediately that if £ and f© are P — a.s. bounded, then ¥ is bounded.
Moreover comparison principle ([29, Proposition 4|) and stability property (|29, Propo-
sitions 2 and 3]) hold for monotone BSDE.

Lemma A.2 (Comparison) We consider two generators fi and fo satisfying (H). Let
¢ and €2 be two terminal conditions for BSDEs (4.41) driven respectively by fi and fs.
Denote by (y', 2z, mb) and (y?, 22, m?) the respective solutions in some DP x HP x MP with
p>1. If & < €2 and f1(t,y}, 2t) < falt,yt, 21), then a.s. for anyt € [0,T), y} < y?.

Note that a strict comparison principle does not hold in general (see [34, Proposition 5.34|
and the comments just after).

Lemma A.3 (Stability) Let now (&, f) and (&', f') be two sets of data each satisfying the
assumptions (H). Let (y,z,m) (resp. (y',2',m’)) denote the solution of the BSDE (4.41)
with data (&, f) (resp. (£, f")). Define

(AyaAZ')Am7A§7Af) = (y—y’,z—z’,m—m’,f—{’,f—f’).

Then there exists a constant C depending on L1, Lo, p and T, such that

T p/2
sup |Ayl? + (/ A252d5> + [Am]g,m]
t€[0,7) 0

T
< om [|A§\P+ / |Af<t,y;,z;>|Pdt] |
0

E

Let us describe why we assume Condition H4, and not some weaker growth condition.
Indeed for second order BSDE (Section 2) we used that the solution (y, z,m) is obtained
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by approximation with a sequence of solutions (y", 2", m") of Lipschitz BSDE*. This is the
reason why polynomial growth of f w.r.t. y is assumed in H4, as in the paper [10]. In
their work the filtration is generated by the Brownian motion and the generator f satisfies
Condition (H’). Hence we extend it to our setting.

Lemma A.4 (Lipschitz approximation) Assume that (H) holds and that &€ € P and
[0 € HPY for some p > o/(0 — 1). The solution (y,z,m) of the BSDE (4.41) belongs to
DPI x HPY x MPY and is obtained as the limit in DP x HP x MP of a sequence (y™, 2", m™)

solution of Lipschitz BSDEs for p satisfying (2.7), i.e.

o

l<p<—"—<hp.

otp

Proof. The first part of the result is a direct consequence of Lemma A.1. Let us now only
explain the second assertion. We will adapt the result of [10] and we refer to this paper for
the details. We only give the main arguments. W.l.o.g. we can assume in this proof that

— Lt

L1 = 0 (just consider 7y = e I1ty, 2, = e~ Itz my = e my, instead of (y, z,m)).

Step 1. First we consider the following BSDE

T T T
Y = f—l—/ f(s,ys,vs)ds — / zedWy — / dmg (4.47)
t t t

where v belongs to HPY and f satisfies (H’). We denote by h the function h(t,y) = f(t,y,vt).
This function h satisfies Conditions H1-H2 and H4’. And hY = h(t,0) € HPY. We construct
a sequence of Lipschitz functions h,, which approximate h. Let ¢ : R — R, be a non-negative
function with the unit ball for support and such that [ ¢(u)du = 1 and define for each integer
n > 1, ¢o(u) = ng(nu). We denote also for each integer n, by ©,,, a C* function from R to
Ry such that 0 < ©, <1, ©,(u) =1 for |u] <n and ©,(u) = 0 as soon as |u| >n+ 1. We

set
n§ 7 Tl,h(t, y)

S G (ty) = .
aviEr Y= T

&n

Moreover
w(n) = (e} (n 4 2Ly) V1 +T2| +1

where |7] is the integer part of r, Ly coming from H4’, and we define as the convolution
product
hn(t, ) =G, * (Gw(n+1)hn(t, )), te [O,T] (448)

This function h,, is globally Lipschitz w.r.t. y uniformly in ¢ and w with |h,(¢,0)] <
n A |hY| + 2Lq. Moreover for any (¢,w,y)

yha(t,y) < ((n A R7]) + 2La)lyl,
and for any y and ' in the ball B(0,w(n)) then

(y - y,)(hn(ta y) - hn(tv y,)) S 0.

4Note that this setting is sufficient to solve our control problem. Weaker conditions could be introduced

using Mazur’s Lemma and this technical point is left for further research.
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In other words h,, is only locally monotone (only in a given ball with the radius depending
on n). Let (y™, 2", m") be the unique solution of the BSDE

T T T
yi :£n+/ hn(u,yq’})du—/ deWu—/ dm?, (4.49)
t t t
in DPI x HPY x MP9. This solution verifies (see [10, Proposition 2.1])

sup |yt < (n+ 2Lq)el/2\/ 1+ 772

t€[0,T]

Hence y;* is in B(0,ww(n)). And from Lemma A.1 we also have for any 1 < p < p and for

some « large enough
T
sup [[le®y" |lpra + [|2" [[Epa.e + [l [[ppae] < CpE {equlﬂpq +/ e (|h7] + 2Lq)Pdt | .
neN* 0

Now we fix two integers £ and n such that £ > n and

4

Sy=y' —y" bz=z' 2" dm=m'-m" =& &

For 1 < p <p, with ¢(p) defined by (4.40), we use Itd’s formula

T T
0ye|” + c(p) / 10y P72 16y, 201024 du + c(p) / 10yu—[P"% 15y, 20d[0m]S,
t t

+ Z [6yu— + A(dm)ul” — [6yu—[" — Pop(dyu—) A(dm)]
t<u<T

T
—1oeP 4 p [ [holusst) — ha 2] Syl
t
T T
[ ouln )5 dW—p [ 0ylGmyd(Gm),
T
=o€+ p [ [helussf)  holu )] 0p0y.- )
t
T
4 [ i) = ot )] G

T T
p /t 6o (61yu_)52udWo — /t 6o (60 )A(S1)u

Since |yf| < w(n) < w(f), we use the local monotonicity of hy and we obtain:

T T
Myt’p + C(p) / ’(Syu—‘p_Q 16yu_7é0‘5zu’2du + C(p) / ‘5yu—‘p_2 16yu_7é0d[5m]z
t t

+ ) [10yu— + A@m)ul” = 18yu—|P = pdp(dyu—) A(m).]
t<u<T

T
< 166P +p / oty y) — P (5] (Ol
T T
p /t 00Oy )0zud W — p /t 6, (3yu_)d(5m)u
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Since the set {dy, # dy,—} is countable, arguing as in the proof of [29, Proposition 3|, we
deduce that there exists a constant C' such that

T p/2
sup |6y [P + ( / |5zu2du> +([5m]T)p/2]
0

t€[0,T)

T
< CE [wap 4 [ el ) = b |ayu|p—1du} . (4.50)
0

E

Since ¢ € LP9, then §¢ goes to zero in LP as n and £ tend to +oco. For any given number k,
we put

T
Sp = “‘3[/0 1{(yg|+y5|)Sk}Ihe(u,yﬁ)—hn(u,yﬁ)lléyulp‘ldU]

T
R, = E[/O 1{(y3|+y£|)2k}|h€(uay3)_hn(uvyg)’|6yu|p_1du:|'

With these notations we have
T
| [ et = gD 0| = %+
0

T
< CLkP'E sup/ \he(u, ) — hn(u,y)| du| + RE. (4.51)
0

ly|<k

Since h(s,.) is continuous (P-a.s., for every s), hy(s,.) converges towards h(s,.) uniformly
on compact sets. Taking into account that

sup |hn(s,y)| < |h(s,0)| +29Lq(1 + &9),
ly|<k

Lebesgue’s dominated convergence theorem implies that for any fixed number k, the quantity

CokP'E

T
sSup /0 ’hg(u, y) - hn(“a y)‘ du]

lyl<k
goes to 0 as n tends to infinity uniformly with respect to ¢. The proof will be finished if we
prove the convergence of the rest Rfl. Using Holder’s inequality we get the following upper

bound:

(@=1)(p=1)
Pq

T
0
Ry < [E/O L yl+lyt (4.52)

T q+tp—1
(p—1) Pq
X [E/ ey y™) — T (u, yT) 757 ,5yu|”q£,,;‘du}
0

For the first term in the product we use Chebychev’s inequality:
(a=D(p—1) (a=1)(p—1)

T Pa T '
[E/o L1 (yn|+1ye ) >ky du < RO [E/o (|y3\+\yu!)pqdu]

@@= (p=1)
Pa

sup K ( sup (Iyﬁl)pq>] : (4.53)

neN* te€[0,T]

< k(l—q)(P—l)qu—lT%gp_l)
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Remember that the above expectation is bounded uniformly w.r.t. n. Thus the right-hand
side of (4.53) is uniformly bounded. We have to control

p(p—1)

T
Al =:EL/1 g, 1) — o (1, )| 757 (6] 577 dl. (4.54)
0
By Young’s inequality

A < P71 g /T |0y PIdu + qE/T [Fae (s ) — T (w, )
" T atp-1 Jo a+tp—1-Jo ' '

T
SCMESWMW”+%/WM%%MWWWU
neN* t€(0,T) 0

neN* t€[0,T]

T
< 2C sup E( sup (IyZI)pq> +0E/ (LF2]" + llvullP7) du.
0

Thus A% remains bounded w.r.t. n and £. Collecting (4.50), (4.51), (4.53), (4.52) with
(4.54), we deduce that there exists a constant C' such that for any k£ and € > 0, there exists
N such for £ > N and n > N:

T p/2
sup |0y|? + (/ \5zu]2du> + [(5m]§/2
te[0,7 0

E <C + €.

k(a—1)(p—1)

Since we can fix k large enough to ensure that the right-hand side is smaller than 2e, we
deduce the convergence result.

Step 2. We consider now the general BSDE (4.41), but with Condition (H’). The Lipschitz
approximation will be obtained by a fixed point argument in DP x HP x MP  arguing as in
the proof of [10, Theorem 3.6|, with straightforward modifications.

Step 3. For the more general growth condition H4, consider

n

fn(t7yv Z) = (f(ta Y, Z) - f(t,0,0))W

+ f(¢,0,0).

Then f, is still Lipschitz continuous w.r.t. z, continuous and monotone w.r.t. y and satisfies:

nW(t)

|fn(t,y,0) — fu(t,0,0)] < W

(1+yl") <n(1+|yl").

fn satisfies H4’ with Ly = n. Thus there is a sequence (y",2",m") of solutions for the
BSDE with generator f,,. As before let us define

dy=y' —y", dz=z2'—2" dm=m'—m"
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We use It6’s formula for 1 < p < @p and a > ( L

T T
e |6yl” + c(p) / € 6y P2 L5y _0l02 2t + c(p) / € |6y P2 15y _sod[dm]S
t t

+ Y [8yu— + AGmM)ul” = [6yu-I” — pdp(dyu-) A(6m).]

t<u<T

T
—p [ e [l =) =l 2)] 606
¢
T T
—/ ae™™ |0y, | du —p/ e dp(0yy— )02, dWy,
¢ ¢

T
—p / ey (Syu_)d(6m).

12 T r
< ( - —a)/ gy, Pdu + “2) / e [0yu—|""* L5y, 2ol dzu[*du
(p—1) ¢ 2

T
p / € [fou, 't 2) — Fotts g, 2] Oy )

T T
—p/t e™ dp(0yy— )02, dW,, —p/ ™ dp(0yy—)d(dm),.

t

Moreover
| fo(us yays 200) = Futs ys 20| < (W) Ly yznne) (1+ Y1) -

Young’s inequality implies that for any £ > 0

€™ [fe(u, yuys 20) — fr(u, 4> 20)] Dp(0y)|

e n p'_'l au
= 1 (U (u) Ly >nae)? (14 lyp )P + 376 |0yulP.

Therefore

T

c(p _

e Sy |? + (2) / e |0y |? 2 15yu¢0|5zu|2du
¢

T
e(p) / e Sy P2 15, sodlom]
t

+ Z [16yu— + A(0m)ul” = [0yu—[" — pdp(dyu—)A(0m)u]

t<u<T
1 T
< +E>/ ey, |Pdu
( ) p t
bt [ Lz O WY du

T
—p/t e op(0yu—)d2,dWy, —p/t e dp(dyu—)d(dm),.

Fix a large enough such that




and take the expectation. The stochastic integral terms are true martingales thus with
Holder’s inequality

g jlﬂuw P~21 62y|%d E 71&“5 p=2q d[6m]
) Yu— éYu_;EO| Zu‘ u—i—c(p) 0 € | yu—| 0Yu—F#0 [m]u

2
+E ) [6yu + AGM)ul? = [6yu— [P — pdp(Syu—)A(5m).]
o<u<T
1 T
< Llg / € (U () Ly uyomne)? (1 + [57|9)7 du
pEP 0
1 T o (ﬁ_p)/ﬁ
< (E / ea“@(u)ww»nmm/@mdu)
pEP 0

T B p/p
x@/ewG+%WM).
0

But for p < ﬁ'i_—gg < p, we have pp/(p — p) < o. Hence the right-hand side of the previous
inequality goes to zero as £ and n tend to +00. Now we proceed as in the proof of Proposition
3 in [29, Proposition 3] and we deduce that the sequence (y™,z", m™) converges in DP x
HP x MP to (y, z,m).

[l
Remark 10 The condition p > o/(0 — 1) is equivalent to 1 < gQTﬁﬁ‘

o [f H4’ holds, then o = +00 and p = p.
o [f everything is bounded (&€ and f0), then y is also bounded and we only need o > 1.

Finally let us recall a technical but crucial lemma, called Lemma A.2 in [37]. The result
is the same, but the proof has to be modified since f is not Lipschitz continuous in y

anymore.

Lemma A.5 For any F-stopping times 0 < r < u < 7 < T, any decreasing sequence of
F-stopping times (Tp)n>1 converging P-a.s. to 7 and any F- progressively measurable and
right-continuous process V€ DPY, if y(.,V.) denotes the first component of the solution to
the BSDE with terminal condition V. and some generator f satisfying (H), we have

im E[|yu(7, V7) = yu(T0, V5,)|] = 0.

n—-+o0o

Proof. By classical stability result, for any x < p, there exists a constant C' depending
only on T', k, L1 and Ly such that

E “yu(Ta VT) - yu(Tna VTn)H = E Hyu(Ta VT) - yu(Tv yT(Tna VTn))H
< CE[|Vr = yr (70, Vo))

Compared to the proof of [37, Lemma A.2] we do not use the complete linearization argu-
ment. But we strongly use the growth condition H4 with the a prior: estimate given in
Lemma A.1. Indeed we only write that

4o (7, Vi) = E [5 ( I csdws) (m 7 ), o>ds)

7.
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Then
E [l (7, V2) — (i, V)] < CE [8 ( / "@dWE”) v, —vmr“]

+CE _5 (/T gdeS>K/Tn | (3, ys(Tn, V;'n)vo)’ﬁds:|

< CE |:€ </T" Cdes>H ’VT - VTn‘N:|
LCE e ( / " (des>H / "1 s,0, 0)“ds]

Lol ( / "csdws) [Teas rysm,vm)m“ds} .

Since ¢ is bounded (by L9), the Doléans-Dade exponential appearing above has finite mo-
ments of any order. Now since we have an a priori estimate on ¥y (7,,, V4, ) in DP9, uniformly
in n, we argue as in [37] to conclude. O

4.3 Reflected BSDE with monotone driver

In this section we extend the results contained in [9], where the driver f is supposed to be
Lipschitz continuous w.r.t. y and z. One of the main contributions of [9] is the existence of
a solution for reflected BSDE in a general filtration, without quasi-left continuity condition.
Here we follow the same scheme but for monotone generators satisfying hypothesis (H).
Thus we do not give all details but we point out the differences.

Let us remark that our condition H4 on the growth of the driver f or the integrability
assumption C1 on the terminal value £ and f° are not optimal, compared to the conditions
imposed in [24] for example (see also among others |25, 26, 31| for reflected BSDE with
monotone generator). This improvement of our result would be quite long and is left for
further research.

Estimates on supersolution

We first consider supersolution of the BSDE

T T T T
yr =& —I—/ f(uy Yy, 20)du — / ZudWy, — / dm,, +/ dk,,. (4.55)
t t t t

The generator f satisfies Condition (H). Let us begin with some a priori estimates. Here
we use the notation z x W to denote the stochastic integral of z w.r.t. W and

n=zxW+m—%k, {=m-—k.

Lemma A.6 (Equivalent to Lemma 2.1 in [9]) Let us fixt some 1 < p < gg—fﬁ <p (con-
dition (2.7)).
For all o > 0, there exists a constant C depending only on Ly, Lo, p and T such that

[ (Hef'yllﬁp +llez (1 + [y DIps 1PIIEs + 12/ + Hfollﬁp,a) (4.56)
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with

. ph
p= G-p) <o (4.57)

Moreover for any € > 0, there exists o > 0 and C* such that if p > 2

ya
Il + g < ell P + C [ IEIL + ™ ylhn + 1(e™y—*n)7] 2 1p>2

+ R ( /0 ' e“asp(ys_)dks) ) 1p:2] . (4.58)

and if p € (1,2)
[2lfgpe < €l FOllipue

T +
+ !!€\|{p+||e“'y\l%p+E</o e“%p(ys—)dks) ] (4.59)

Proof. For any o > 0, the process

t
Ty = eatyt - / e (f (ty Yu, 2u)du + ayy) du
0

is a supermartingale. And the non-decreasing process in its Doob-Meyer decomposition is
fg e*dk,. Indeed the Itd formula gives:

t t
ey = Z/O+/ aeauyudU—/ e f (U, Yu, 2u)du
0 0

t t t
+ / ea“zuqu+/ eo‘“dmu—/ e*dk,.
0 0 0

Therefore from |9, Lemma A 1|, there exists a constant C}, depending only on p (and chang-
ing from line to line) such that

T p
</ eau/deu>
0

<Gy <||62'y|!%p +E

E < Gyl T3P,

T [0
</ €QU/2 ’f(uv yU7 Zu)du + §yu
0

)

< Gy (TP 3y, + LBl|20%e + 1 e

T
+C, TP 'E [ / P2 ()P (1 + |yu|q)pdu]
0

< Gy (T7ale5 g8, + L3 2B + 11150 )

=l

P -p

+C, P! <E [/OT e (1+ \yu|‘J)PduD ' (E UOT \IJ(u)Oﬁmdu} )

The proof of Estimate (4.58) is exactly the same as for Estimate (2.9) in [9]. Indeed only

'm‘

the monotonicity assumption H2 and not the growth condition H4 is used. Let us only
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detail the proof of Estimate (4.59), which uses only the monotonicity condition H2 w.r.t.
y (not the Lipschitz condition). Indeed using |29, Lemmas 7 and 8] (see also [9, Lemma
A2|), for 0 <t <T:

T
! yel? + c(p) / P21, odln]¢
t

+e(p) Y e |Ang [lys— V |ys— + Angl?]
t<s<T

T T
< eTiep + p/ e dp(ys) f(5,ys, 2s)ds — a/ e |ys[Pds
t t

D
2

"1
[ys—|V|ys—+Ans|#0

Then the assumptions on f and Young’s inequality imply that

T
e yal? + e(p)(1 — ) / P21, sodn]’
t

+e(p) Y elAn? [lys—|? V lys— + Angl?]

t<s<T

T 2 T
L
< e Tigp +p/ e lys[P~H f7]ds + (le +o 2 S a) / elys|Pds
t 23(17 1) t

21
2
1|ys,|\/|ys,+Ans|7£O

T
p / €6 (s )dns
t
T

T
< e 4 / | fOPds — p / ¢ (s )dns
t t

pL3 T
+(p—1) sup ™|y |’ + (le + = - a) / e**|ys|Pds
s€[0.7) ’ 2¢(p — 1) t ’

2
for any € > 0. We choose ¢ such that ¢ < 1, and o > pLy + %. Then taking the
expectation we obtain an explicit constant C' depending only on L1, Lo, p, T and « such

that the quantity

T
A= B[0P adl;
0

+ E Z easlAnsp U?JS—‘Q Vlys— + Am‘ﬂ
o<t<T

B_1
2
Ly |V]ys—+Ans|#£0

< /0 : ea$¢p<ys)dks>+]) |

The arguments of [29], proof of Proposition 3, Step 2, give:

verifies

T
A<C <E|§|p +IE/ | fOPds + E
0

1
2C\ p—1 5
Il < 2= p) (p) eyl + SA.

This achieves the proof of the Lemma. O
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From this lemma, we can copy the arguments in the proof of |9, Theorem 2.1] and we
deduce that

Proposition A.1 ([9], Theorem 2.1) If (y,z,m, k) is a supersolution of (4.55) in the
space DPY x HP x MP x ¥ with p > o/(0 — 1) then for any 1 < p < gngﬁ and for a large
enough, there exists a constant C' such that

120 + Imllfgo + IElEna < C (€T + ylipe + 1+ DI 1T + 1 fE.a) -

Remark 11 Asin Lemma A.4 and Remark 10, if ¥ is bounded (Condition H4’), the result
holds for p = p > 1. Note that C' may depend on .

The results of [9, Theorem 2.2 hold. More precisely if we have two solutions (v, 25, mi k) €
DPFY x HP x MP x I%, of (4.55) with terminal condition ¢ and generator f?, we define

Sy=yl —y? dr=z'—22 Sm=m!—m? Ok=k' —k2

5f(t,w,y,2) = fH(t,w,y,2) = f2(t,w,y, 2).
f? satisfies Conditions (H). Then for any o > 0 and p satisfying (2.7), namely 1 < p < QQTﬁﬁ’
there exists a constant C such that

EAG—1)
162+ 156m = ) g < € (1061, + 15yl + 183187 + 1555 2 )

Here the constant C depends on L1, Lo, p, a and also on || ¥||Le, [|v¢|lpe, ||v%]Ipeas [1€|Le,
1.£%(0,0)|lmp.a for i = 1,2. To prove this inequality we argue as in the proof of [9, Theorem
2.9).

Application to reflected monotone BSDE
Now we study the reflected BSDE:

T T T T _
U =& +/ f(wy Yoy, 2y )du — / ZudWy — / dmy, +/ dk,, (4.60)
t t t t

with ¢ > S; and fOT(gjt, - S’t,)dz;t = 0, P-a.s. (Skorokhod condition). S is a cadlag process
such that ST = S Vv 0 belongs to D?.

Using again the linearization procedure (4.45) and the new probability measure Q defined
by (4.46), if (v, E,ﬁ@,%) is a solution, then

T T T T T
Ay = A€+ / A fOds + / CsM\Zods — / A ZodWy — / Agding + / Adkg
¢ ¢ ¢ ¢ ¢
with Ay > AuS; and fOT(Au,gu, — Au,Su,)dEu = 0 a.s. Again the key point is that

for 0 <s<t<T,0< As/A; <exp(Li1(t —s)). As in [9, Proposition 3.1] the following
representation holds:

Ay = esssup EQ {/ Asfgds + A€l + AS: 1,7
t

T€T,T

}‘t] : (4.61)
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Now we denote by (y, z,m) the unique solution of the BSDE (4.41) (or (4.55) with k& = 0).

T T T
ye =&+ / I (uy Y, 20)du — / 2, AWy, — dm,.
t t t

From the comparison principle, a.s. for any 0 < ¢t < T, 3 > 1. Let us begin with two
technical lemmas corresponding to [9, Propositions 3.2 and 3.3|.

Lemma A.7 Forp> 1, if (y,z, ﬁz,%) is a solution of (4.60), then

T p
He yH]D)p <y ,L1,L2,T ng]zlzp + |’S+H%P +E ‘f£|ds
0

Moreover if we have two solutions (7', %', m’, k') of the reflected BSDE (4.60) with terminal

condition &, generator f* and barrier S, then

+ Canyrlle®yllb,.  (4.62)

T p
le®09lipe < CaLy,Lor [I|5§!§p+ 16SIps + E </0 |5f(8,§51,5§)\d8> ] : (4.63)

Proof. Fix p > 1. Using the representation (4.61), for any a > 0, we obtain

u at s u +
s e (o ([ o) ([ 20+ 52 7).

+ sup (e[ye)

+ sup (e*|y)

sup (e™ml) < M7 sup [eatE@ ( / |f|ds + sup S
] t€[0,T]

t€[0,T] tel0,T u€lt,T]

_ T

te[0,7
T p 1/p
< Gpare™ 07 sup [ (((([T1f2005) + s (577 +lep| 7
t€[0,T] 0 u€lt,T]
+ sup (e™|u])
te[0,T]

Using Doob’s inequality we deduce (4.62).

The second point in |9, Proposition 3.2| is the stability of solutions for reflected BSDE.
We assume that we have two solutions @i,?,ﬁli,’l;:i) of the reflected BSDE (4.60) with
terminal condition &, generator f* and barrier S°. The functions f? satisfy Assumptions
(H) and again we can assume that the monotonicity constant L; is non-positive. Then
(4.63) can be obtained with the same proof. In fact we only need that f2? satisfies H3
with L1 < 0. No particular condition on L; of the generator f! is used here. Hence [9,
Proposition 3.2] again holds under our setting. O

Lemma A.8 If we have two solutions (ﬂi,zi,ﬁli,%i) of the reflected BSDE (4.60) with
terminal condition £, generator f* and barrier S, then

162 ) Fp.e + 16 = ) [Fp.ac < el8F G Z) B + C (I18€1175 + 15S155) (4.64)

where the constant C* depends on La, p, a, € and ||¥||7;, 17110, 1T 50, 1€, and
| £1(0,0)||Ep.a fori=1,2 and p is defined by (4.57).
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Proof. The arguments are the same as [9, Proposition 3.3]. Indeed we can use Estimates
(4.58) and (4.59) and the Skorokhod condition:

B[ [ e, 0md0i)| <E[ [ es,38.)d0k)] |
0 0

the function ¢,(r) = |x[P~'sgn(z) being non-decreasing. We conclude using Hélder’s in-
equality. ]

As before the right-hand side of (4.64) will be finite if we have the same condition as in
Lemma A .4.

Proposition A.2 (Theorem 3.1 of [9]) Assume that ¢ € LPI, ST € DPI and O € HPI
for some p > 1 with p > p/(0 — 1). There exists a unique solution (Y,Z, M, K) to the
reflected BSDE (4.60) in DP9 x HP x MP x IP for any p such that

op -
l<p< " <p.
p_g+p p

Proof. Uniqueness is a direct consequence of Estimates (4.63) and (4.64). W.l.o.g. we
can assume that L; = 0. For the existence of a solution, we proceed in several steps.

e Step 1. Assume that (H’) holds and that &, f¥ and ST are bounded: there exists a
constant L, such that a.s.

€]+ sup |fP]+ sup S; < Leo. (4.65)
t€[0,T] t€[0,T]

Then the estimate of Proposition A.1 holds for any p > 1. We denote

H>® = ﬂ HE.

e>pq

We proceed in two substeps.
* Substep i. Let us take V' € H* and we denote by g(¢,y) the function f(¢,y, V;).

The generator g satisfies the same condition (H’) as f, with g% € H*®. From [9, Theorem
3.1], there exists a unique solution (y",z", m™, k™) € SP x HP x MP x I, to the reflected
BSDE (4.60) where g is replaced by gy,:

T T T T _
.@“F=£+/ gn(u,ﬂﬁ)du—/ E;’:qu—/ dmz+/ dk"
t t t t

with g > S; and fOT@t”_ - St,)dEf = 0, P-a.s. Here g, is defined as in [10] (see also
Equation (4.48)), that is by the convolution product

gn(tv ) = Gn * (@n-i-lg(ta ))a te [Ov T]‘ (466)
where

e ¢ : R — R, is a non-negative function with the unit ball for support and such that
J s(u)du =1 and we define for each integer n > 1, ¢, (u) = ns(nu) ;
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e for each integer n, ©,, is a C*° function from R to R4 such that 0 < ©, <1,0,(u) =1
for |u| <n and O,(u) =0 as soon as |u| >n + 1.

This function g, is globally Lipschitz w.r.t. y uniformly in ¢ and w with |g,(¢,0)| < |f?|+2Lg.
Moreover for any (¢, w,y)

ygn(t,y) < (|f7]+2Lqg)lyl, (4.67)

and for any y and ¢’ in the ball B(0,n) then

(y =) (gn(t,y) — gn(t,y")) < 0.

In other words g, is only locally monotone (only in a given ball with the radius depending
on n).

From (4.67), (4.61) and (4.62)

sup sup |y;'| < CLg Lo, 7 < +00.
n te[0,T]

Hence we consider only the case n > CLq,Loo,T Let us take n/ > n > CLqg Lo, and

/ ~

Sy=7" 7", 62=3" -3, dm=m" —m", Ook=Fk" k"
We apply Itd’s formula to (64)2: for t € [0, 7]
T T ~
6] + / 6%, 2du + / A5 — ).
t t
r ¢
= 2/ (ge(u, Yu) = gn(u, @Z)) (0u)du
t
T T _
~2 [ 65w, 2 [ 67,6 )
t t
Since |g}'] < n <n’, we use the local monotonicity of g; and we obtain:
) T T ~ T
ST+ [ 6L [ dls - R <2 [ 9T - onw T (6
t t t
T T _
~2 [ 65w, —2 [ 656~ ).
t t
The Skorokhod condition implies that
T _ T _
E [/ ea“(éﬂu)d(ék)u] <E [/ ea“(éSu)d(ék)u] = 0.
t t

Since the set {07y, # 0y, } is countable, classical arguments (using BDG inequality) imply
that there exists a constant C' such that

T T _
E | sup yagt|2+/ |5Eu|2du+/ d[5(im — )]
0 0

te[0,7

T
< CE [/0 |9n (w, T) — gn(uw, )| \@Mdu} :
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But the last expectation is equal to
T
E [/0 Lign g |<201, oo 190 (W Ti) = (s 4| !5yu|du]

T
schf,Lw,TE[ sw [ |gn/<u,y>—gn<u,y>|du]
0

MSCLq,LOO,T
We argue as in Step 1 of the proof of Lemma A .4 and we obtain that (y™, 2", p" = Tﬁ”—%n) €
D? x H? x M? is a Cauchy sequence. But we also have:

’

t t
ﬁ? —ﬁ?=/0 <gnf<u,'y‘3>—gn<u,'y‘3>>du—/o G~ VAW + G — ) — G — ).

Hence fi" converges also in D?. Arguing as Step (iii) in the proof of [9, Theorem 3.1], we
deduce that the limit (y,z, m, k) satisfies the reflected BSDE

T T T T _
§t=£+/ f(U,ﬂu,Vu)du/ Euqu/ dﬁzu+/ dky (4.68)
t t t t
with y > S; and fOT(ﬂt_ - St_)d%t = 0, P-a.s. From Proposition A.1 with o0 = +00 and
p = 400, we obtain for any p > 1
1215 + Il + [1kllE < +oc.

Hence for each V' € H*, we have a unique solution (¥, z, ﬁL,%) € S x H*® x M*™ x I* to
(4.68).

* Substep ii. General case under boundedness conditions.

We use a fixed point argument. Let (3°, 2°, ﬁLO,EO) = (0,0,0,0) and let (y"+!,zn+1, ﬁl"+1,E"+1) €
D> x H*>® x M x I*® be the unique solution of the reflected BSDE:

T T T T _
gj{‘+1=§+/ f(u,gjg“,'z‘g)du—/ EL‘“qu—/ dm3+1+/ dkm
t t t t

with ﬂ?ﬂ > S; and fg(g}?fl - St_)dEfH = 0, P-a.s. From our first substep, the sequence
is well-defined. For any 4, we denote

S = gt gn g3 = 3 —

=7 sn+i En,(Sﬁln’Z ~n+1i mn’ Sk™ = kn+z — k"

and " := m™ — k™. We apply Ito’s formula to e|57;"|2:

12 T . T ~ .
e oyt —l—/ ea“w'z';”\Qdu—F/ e d[60™"],,
¢ ¢

T
<9 / ST [ F(u, T EITY) — f 7 T Y)] du
t
—a / e |55 [ du — 2 / U SGASEAAW, — 2 / U S (50,
t t t

T T
< (2L - a)/ e 557 du + 2L2/ e syit] 16201 | du
t t
_2 / eauagﬁ,ld%l,zdwu _ 2/ eauégﬁid((sﬁn,'L)u
t t
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since

T . ~ . T ~ .
/ UG (ST, < / €58, d(TEM ), = 0.
t t
Young’s inequality gives for any € > 0

12 T . T ~
eat ‘5@?,1 + / eau|5?J,z|2du + / eaud[(%n,z]u
t t

L2 T 9 T )
< <2L1 + =2 - a> / ™ oy du+€/ e 6z Pdu
€ t t
T .- . .
-2 / e 6y, (d(om™ )y + 62, dWy,) . (4.69)
t
Take ¢ = 1/2, a = 1 + 2Ly + 2L3 and the expectation and deduce that

E / e 577 |* du + B / €[5 2duy, + E / e d[60m),,
0 0 t

1 (7 :

< IE/ 5z 12 du.
2 Jo

Thus (y™, 2", Z") is a Cauchy sequence in H? x H? x M?, and using BDG inequality we will

have convergence in D? x H? x M2. Then the conclusion follows by the same arguments as

in [9, Theorem 3.1]. Then since (4.65) holds, from Lemmas A.7 and A.8, we deduce that

the limit is also in D> x H> x M x I*°.

e Step 2. Assume that for some p > o/(0 — 1), &, f© and ST are in LP9 x HPI x DP9,
We fix 1 <p < op/(0+p).

For any n € N*

_ e g S
gn—nv’€‘7 St _n\/St
and fO
_ _ 40 "
Then 70
n
n 7070 = L -

We apply the result of Step 1: there exists a unique solution (y", 2", ﬁ@”,fkv:") e DM x HP x
MP x IP to the reflected BSDE:

T T T T
W=t [ e [ zaw, - [Cams [ i
t t t t
with gy > S} and fOT(ﬂf_ — 87 )dk! = 0, P-a.s. From Lemma A.7 and Estimate (4.62),

sup ||e*y"||pa < +00.
neN
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Thus from Proposition A.1, the HP x MP x [P-norm of the sequence (2", m", %”) is bounded

uniformly w.r.t. n. We denote 0= — E, we take n < n/, we define again:
Si=7y" =y, 0z=3z"-3", sm=m" —m", Sk=kv —k", &0=0" ("
and we apply Ito’s formula for ¢ € [0, 7]

T T _
U 5TP + c(p) / 6Ts_ P15, 20(5%,)%ds + c(p) / 165 72155 4odl61°
t t

p

~ ~ 21
belp) Y0 e |AGDLP (165 V167 + AGDL] T L s

t<s<T

T
< TI6 +p [ ey (0Tun) [Fu (T ) Sl ED)] du
t
T T _
—a/ e 6y |” du—p/ e dp(0Yu—)d(60)s.
t t

By the assumptions on f, thus on f,,y and Young’s inequality
T . T
p [ e n0T) [T 2 — T ZD)] du—a [ e 5GP du
¢ ¢

T
p 2 ou | S
< | pL —L5— Syul? d
—(p1+<p—1>A1 : “>/ ool

T
c(p . e
+(2)/t eo‘“|5zu|2\5yu_|p 215gu7¢0du.

Moreover from the Skorohod condition:

T

T . ~
[ e i@ < [ ey (55, (o).

t

Hence for a Z pL1 + m[;%
T T
~ c(p - N - ~
R L N e P23 L AR Ol I G P
t t

P

te(p) D5 eGP (165 PV 105 + ACOL]" Vip g, i

t<s<T

T
< o T|SEP +p / €y (5T o (s T ) — a5, 5]
t
T T _
—p/ ea“¢p(6§u_)(65uqu + démy,) +p/ ea“¢p(6Su_)d(5k)u.
t t

Since the IP®-norm of (k™) is bounded uniformly w.r.t. n, we deduce that there exists a
constant C such that

07" [pe + || €62 | + [le®8( — k)™ ||waw
< C (/|6€|lw + [le*8S|lpe + [le* 5 fO|m») -
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Note that the constant C' depends in particular on ||¥||; 5 which will be finite since p < p.
Thus we have a Cauchy sequence in DP x HP x MP, and in DPI x HP x MP, which converges
to (y,z,v). We argue as in the Step 1,(iii) of the proof of |9, Theorem 3.1], to obtain the
desired result.

0

Remark 10 also holds for this last result. In particular if (H’) holds then p = p.
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