N
N

N

MATHEMATICAL ANALYSIS OF A THREE-TIERED

HAL

open science

MODEL OF ANAEROBIC DIGESTION
Sarra Nouaoura, Nahla Abdellatif, Radhouane Fekih-Salem, Tewfik Sari

» To cite this version:

Sarra Nouaoura, Nahla Abdellatif, Radhouane Fekih-Salem, Tewfik Sari. MATHEMATICAL ANAL-

YSIS OF A THREE-TIERED MODEL OF ANAEROBIC DIGESTION. 2020. hal-02540350v1

HAL Id: hal-02540350
https://hal.science/hal-02540350v1

Preprint submitted on 10 Apr 2020 (v1), last revised 12 Jan 2021 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02540350v1
https://hal.archives-ouvertes.fr

MATHEMATICAL ANALYSIS OF A THREE-TIERED MODEL OF
ANAEROBIC DIGESTION *

SARRA NOUAOURA', NAHLA ABDELLATIFt{, RADHOUANE FEKIH-SALEMT'§, AND
TEWFIK SARIY

Abstract. In this paper, we are interested in a mechanistic model describing the anaerobic
mineralization of chlorophenol in a three-step food-web. The model is a six-dimensional system of
ordinary differential equations. In our study, the phenol and the hydrogen inflowing concentrations
are taken into account as well as the maintenance terms. In previous studies in the existing literature,
the stability of the steady states was considered only in the particular case without maintenance,
where the model can be reduced to a three-dimensional system. Moreover, we consider the case of a
large class of growth kinetics, instead of Monod kinetics. According to the four operating parameters
of the process, represented by the dilution rate and input concentrations of the chlorophenol, the
phenol and the hydrogen, we show that the system can have up to eight steady states and we
analytically determine the necessary and sufficient conditions for their existence and their local
stability. In previous studies of the case including maintenance, the stability analysis was performed
only numerically. We show that the positive steady state can be unstable and we give numerical
evidence for a supercritical Hopf bifurcation with the appearance of a stable periodic orbit. Finally,
we give a bifurcation diagram with the concentration of influent chlorophenol as the bifurcating
parameter, clarifying the findings of a recent study in literature.

Key words. Anaerobic digestion, Bistability, Chemostat, Chlorophenol mineralisation, Hopf
bifurcation, Limit cycle.

AMS subject classifications. 34A34, 34D20, 37N25, 92B05

1. Introduction. The anaerobic digestion is a natural process in which organic
material is converted into biogas in an environment without oxygen by the action of a
microbial ecosystem. It is used for the treatment of wastewater and has the advantage
of producing methane and hydrogen under appropriate conditions. The full Anaerobic
Digestion Model No.1.(ADM1) [9] is highly parametrized with a large number of state
variables. Whilst suitable for dynamic simulation, analytical results on the model are
impossible and only numerical investigations are available [3]. Due to the analytical
intractability of the full ADMI, simpler mechanistic models of microbial interaction
has been proposed in view of a better understanding of the anaerobic digestion process.

The two-tiered models, which take the form of four-dimensional mathematical
models with a cascade of two biological reactions, where one substrate is consumed
by one microorganism to produce a product that serves as the main limiting substrate
for a second microorganism, are the simplest models which encapsulate the essence of
the anaerobic digestion process. Two-tiered models with commensalistic relationship
including or not substrate inhibition of the second population are widely considered
[1, 2, 11, 15] where the second population (the commensal population) benefits for
its growth from the first population (the host population) while the host population
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is not affected by the growth of the commensal population. On the contrary, when
the growth of the first population is affected by the growth of the second population,
which is the case, for instance, if the first population is itself inhibited by the product
(the substrate produced by the first biological reaction that serves as the substrate
for the second population), the system describes a syntrophic relationship [4, 5, 7, 12,
13, 18, 22]. Syntrophic models are more realistic simple models of anaerobic digestion
than commensalistic models. For more details and informations on commensalism and
syntrophy, the reader is referred to [13] and the references therein. An important and
interesting extension of the two-tiered models are the eight-dimensional mathematical
models, which include syntrophy and inhibition [20, 21].

In this paper, we consider another extension of two-tiered models which consists in
a six-dimensional mathematical model obtained by introducing an additional micro-
organism and substrate into a two-tiered syntrophic model [6, 14, 17, 19]. The organ-
isms involved in the resulting three-tiered model are the chlorophenol and the phenol
degraders and the hydrogenotrophic methanogen. The chlorophenol degrader grows
on both chlorophenol and hydrogen and produces phenol. The phenol degrader con-
sumes the phenol to form hydrogen, which inhibits its growth. The hydrogenotrophic
methanogen grows on the produced hydrogen. The model includes maintenance, that
is, microbial decay terms.

In [19], the existence and stability of the steady states were determined only
numerically, using specific growth rates described by double Monod, Monod with
product inhibition, and Monod kinetics, respectively, (see formulas (5.1)). It has
been shown that the model can have eight steady states. Several operating diagrams,
which are the bifurcation diagrams with respect to the four operating parameters
(i.e. the dilution rate, the influent chlorophenol, the influent phenol and the influent
hydrogen) have been numerically constructed showing the role, and the importance
of each operating parameter, in particular for the coexistence of all three species.

An analytical approach, using a general representation of the specific growth rates,
is given in [14], in the particular case with only influent chlorophenol in the model.
When there is no influent phenol and influent hydrogen the system has only three
steady states. The existence of the steady states with and without inclusion of a mi-
crobial decay term is given in [14]. With no decay, the six-dimensional mathematical
model is reduced to a three-dimensional one and local stability is analytically char-
acterized. The operating diagrams with respect to the dilution rate and the influent
chlorophenol, which were obtained numerically in [19] are analytically constructed
n [14], showing the possibility of an instability region for the positive steady state.
This instability was not depicted in [19]. Numerical simulations were performed, con-
firming that the region of the instability of the positive steady state actually exists
when maintenance is included. Numerical analysis has suggested the presence of a
Hopf bifurcation emerging through the positive steady state, with the concentration
of influent chlorophenol as the bifurcating parameter.

In [6], the three-tiered model of [14, 19] was simplified by neglecting the part of
hydrogen produced by the phenol degrader. Without maintenance, the existence and
stability of the eight steady states were analytically characterized. Recently in [17],
the original three-tiered model of [14, 19] without neglecting the part of hydrogen
produced by the phenol degrader is considered in the case without maintenance. The
existence and stability of the eight steady states are analytically characterized and
the Hopf bifurcation of the positive steady state, which was numerically observed in
[14], is proved.

Here, we focus on the mathematical analysis of the model, extending the works
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previously cited [6, 14, 17, 19]. We have generalized the approach presented in [14]
by including multiple substrate inflow into the model and characterizing the stability
of steady state in the case including maintenance. We have extended [19] by giving
analytic results on the existence and stability of the eight steady states and with
general growth functions. We have extended [6, 17] by including maintenance. The
stability analysis is much more delicate since the model cannot be reduced to a three-
dimensional differential system as in the case without maintenance.

This paper is organized as follows: in section 2, we start by presenting the mathe-
matical model with three-tiered microbial species, which takes into account the phenol
and the hydrogen inflowing concentrations. We give the general assumptions on the
microbial growth functions and some preliminary results on positivity and bounded-
ness of solutions. Next, in section 3, we describe the steady states of the model. In
section 4, the necessary and sufficient conditions of existence and stability of the steady
states are determined according to the operating parameters. Then, in section 5, we
give an application of our theoretical results to the three-tiered model considered in
[19]. Then, we conclude by discussing our results in section 6. The definitions and
properties of the functions that are reported in the existence and stability conditions
of the steady states are given in Appendix A. The proofs of the propositions are re-
ported in Appendices B to E and H. We present the Liénard-Chipart stability criteria
that are used to show the stability of the steady states in Appendix F. Details and
complements on the three-tiered model considered in [19] are given in Appendix G.
In Appendix I, the numerical simulations confirm our mathematical results. Finally,
all the tables of the Appendices are given in Appendix J.

2. The model. We consider the system studied in [14], which represents a three-
tiered microbial food-web model:

i?o = (,uo(So, 52) - D — ao)mo
o1 = (p1(s1,82) — D —ay)r:
(2.1) 2z = (pa(s2) = D —az)z2
5 = D (So —s0) — #0(50782)930
51 = ( - 81) + 1o 30782 xo — p1(s1, s2)x1
$o = (82 — 52) — wpio(S0, 52)T0 + p1 (51, S2)T1 — p2(s2)z2

where sq is the first substrate (chlorophenol in the application, see section 5) concen-
tration and xg its degrader concentration; sy and 1 for the second substrate (phenol);
s2 and x5 for the third substrate (hydrogen); D is the dilution rate; u; is the specific
growth rate; si is the inflowing substrate concentration; a; is the maintenance (or
decay) rate for ¢ = 0,1,2 and corresponding to chlorophenol, phenol and hydrogen,
respectively. The model considered in [14] incorporates six yield coefficient. However,
without loss of generality, they can be normalized to one, except for one of them, w,
which is assumed to be a positive constant, see [14]. The model in [14] considers only
the input concentration si'. Here, followmg [19], we add the inputs si* and si'. We
assume that the growth functlons satisfy the following conditions:

Hypothesis 2.1. For all sg > 0 and s2 > 0, 0 < g (S0, s2) < +00, 1o (0,s2) = 0,
to (S0,0) = 0.

Hypothesis 2.2. For all 1 > 0 and s3 > 0, 0 < 1 (81, 82) < 400, p1 (0,82) = 0.

Hypothesis 2.3. For all so > 0, 0 < pa (s2) < 400, p2(0) = 0.

Hypothesis 2.4. For all sg > 0 and sg > 0, 1o (so,82) > 0, 1o (s0,82) > 0.
0sg 059
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0 0
Hypothesis 2.5. For all s; > 0 and sg > 0, 8—”1 (s1,82) >0, 6—“1 (s1,82) < 0.
S1 S9

d
Hypothesis 2.6. For all s > 0, % (s2) > 0.
$9

Hypothesis 2.7. The function sy — (400, s2) is monotonically increasing and
the function sy — p1 (400, $2) is monotonically decreasing, with (400, +00) = 0.

Hypothesis 2.1 means that no growth can occur for species xy without substrates
sp and so. Hypothesis 2.2 means that no growth can occur for species x; without
substrate s;. Hypothesis 2.3 means that the production of s, is necessary for the
growth of the species x3. Hypothesis 2.4 means that the growth rate of species zg
increases with substrates sg and sy. Hypothesis 2.5 means that the growth rate of
the species z; increases with the substrate s; but is inhibited by the production of
s2. Hypothesis 2.6 means that the growth rate of species x5 increases with substrate
s2. Hypothesis 2.7 means that the maximum growth rate of the species x¢ and x
increases and decreases, respectively, with the concentration of substrate ss.
We have the following result whose proof is standard and is left to the reader:

Proposition 2.8. For any non-negative initial conditions, all solutions of system
(2.1) are bounded and remain non-negative for all ¢ > 0.

3. Steady states. A steady state exists (or is said to be ‘meaningful’) if and
only if all its components are non-negative. This predicts eight possible steady states,
labeled below as in [19]:

e SS1, where xg = 0, 1 = 0 and 2 = 0: the washout steady state where all

populations are extinct.

e SS2, where zp = 0, 1 = 0 and z2 > 0: only the the hydrogenotrophic

methanogen population is maintained.

e SS3, where g > 0, 1 = 0 and xo = 0: only the chlorophenol degraders are

maintained.

e SS4, where g > 0, x1 > 0 and x2 = 0: only the hydrogenotrophic methanogens

are washed out.

e SS5, where g > 0, 1 = 0 and x5 > 0: only the phenol degraders are washed

out.

e SS6, where g > 0, 1 > 0 and x5 > 0: all three populations are present.

e SS7, where g =0, 1 > 0 and x2 = 0: only the phenol degraders are present.

e SS8, where zg = 0, x1 > 0 and x5 > 0: only the chlorophenol degraders are

washed out.

Proposition 3.1. Assume that Hypotheses 2.1 to 2.6 hold. The steady states SS1,
SS2,..., SS8, are given in Table 1.

Proof. The proof is given in Appendix B. ]
For the description of the steady states given in Table 1, together with the statement
of their conditions of existence and stability, we need to define some auxiliary functions
that are listed in Table 2. The existence and properties of these functions are given
in Appendix A.

4. Existence and stability of steady states. We state now the necessary and
sufficient conditions of existence and stability of the steady states given in Table 1.
Any reference to steady state stability should be considered as local exponential sta-
bility, that is to say, the real parts of the eigenvalues are negative. In Table 1, it is
claimed that
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TABLE 1
The steady states of (2.1). The functions Mo, M1, Mz, ¥, g and 1 are defined in Table 2.

S0, S1, S2 Zo, T1, T2
SS1 So = sb“, s$1 = sff‘, 59 = 855 r0=0, 1=0, a22=0
959 S0 = sp%, S1=s7" T9 =0, x = 0
So :MQ(Dﬁjag) To = %{12 (slzn—Mg(D-i-ag))
So = So (D, Sbn7 SIQH) o D in _
is a solution of vg(sg) = D + ag 10 = Dag (56" = %0)
SS3 in in xry = O
$1 =51 +80 — S0 o =10
S9 = s —w (56“_— 50) 2=
89 = 89 (D, sy, ST, 3‘2“) 5 _
is a solution of To = Figs (88“ — 80)
SS4  W(sy, D) =(1-w)sg +s" +s8  x1= pie (8 —s0+ s —51)
50:M0(D+a0,52) 552:0
81:M1 (D+al,82) -
so = Mo (D + ag, Ma(D + as)) 29 = g (56" — 50)
SS5 s$1 =54 + 81" — S0 z1 =0
s9 = My(D + as) Ty = D-gaz (sg‘ — 89 — W (sbn — so))
o = Dtag (Sbn — 80)
sog = Mo (D + ag, Ma(D + az)) 21 = 52— (s + s — 51 — s0)
886 si=Mi(DtanMa(Dtaz) PR
s2 = Ma(D + az) PP 4sin 2 + s?“ 52)
1 — 91 2 T 92
S0 = 50" 2o =0
i i 0o—Y
s1 = 81 (D,sin,sg‘) _ D in _
587 is a solution of 41 (s1) = D + ay 1 B OD+(11 (s1" = s1)
5y = s — 51 + siP T2 =
50 = 50" zo =0, '
SS8 sy =M (D + a1, M2(D + as)) o1 = ppay (81 —s1)
so = Ma(D + a2) Ty = %az (s‘ln — 851+ 855 — 32)

e The sg-component of SS3 is a solution of equation
(4.1) Yo(so) = D + ap.
e The s;-component of SS7 is a solution of equation
(4.2) Y1(s1) = D + a;.
e The so-component of SS4 is a solution of equation
(4.3) T (s9, D) = (1 —w)si + 1" + s,

Following [14], we add a hypothesis which then assures that there are at most two
steady states of the form SS4.

Hypothesis 4.1. In the case w < 1, the function ¥ has a unique minimum 32(D)
on the interval (s9(D),s(D)), such that 9 (55, D) < 0 on (s3(D),s2(D)) and

Dso
g—s‘l;(sz,D) > 0 on (EQ(D),S%(D)),

The following result determines the conditions under which each of the three equations
(4.1)—(4.3) has a solution and gives the number of solutions.
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TABLE 2
Notations, intervals and auziliary functions.

Definition

For s9 > 0 fixed, sg = My(y, s2) is the unique solution

so = Moy(y, s2) of equation pg(sg, s2) = y.
It is defined for 0 < y < po(+00, s2).
For sy > 0 fixed, s1 = M (y, $2) is the unique solution
s1 = Mi(y, s2) of equation pq(s1,s2) = y.
It is defined for 0 < y < pq(+00, 52).
= M5 (y) is the unique solution
so = M (y) of equation ps(s2) = y.
It is defined for 0 < y < pa(+00).
For s > 0 fixed, so = M3(sg, z) is the unique solution
S = M3(s0,2) of equation uo(so, 89) = 2.
It is defined for 0 < z < pg(sg, +00).
For D > 0 satisfying the conditions
s9 = s9(D) D + ag < po(+00,4+00) and D + a1 < p1(+00,0),
and there exist unique values s = s§(D) and si = s3(D),
s3 = s3(D) such that
o (—I—oo7 sg(D)) =D+ ag and py (—|—oo, s%(D)) =D+ ay.
I L ={D>0:s3(D) < si(D)},
I ={D eI :s3(D) < My(D +ay) < s3(D)}.
\11(82 D) v (827 D) = (1 — W)Mo(D + aop, 82) + Ml(D + ay, 82) =+ So.
’ It is defined for D € I; and s3(D) < s2 < s3(D).
= i v = U(s .
é1(D) D)= oyl iy T2 D) = 2 (D). D)
It is defined for D € I;.
¢2(D) ¢2( ) (MQ(D+G2) D)
It is defined for D € I.
ov
(D) 65(D) = g (Ma(D +02). D).
It is defined for D € I.
Jo Jo = (max (0, s — s /w) , si)
Jl Jl = O,Siln)
Yo(so) Yo (s0) = o (s0, "~ [sf - 20)).
It is defined for 50 6 [max (0 sin — sl /w) ,+oo).
P RTO E (e )
It is defined for s; € [O s+ sm]
(D) wo(D) = Mo (D + ag, M2(D + as)).
¥o It is defined for D € {D > 0: s3(D) < Ma(D + as)}.
o1(D) ¢1(D) = M, (D+a1’M2(D+az))
It is defined for D € {D > 0: My(D + a3) < s3(D)}.

Lemma 4.2. The equation g (sg) = y has a solution in the interval Jy defined in
Table 2 if and only if pg (sio“, si2“) > y. The mapping 1y is monotonically increasing
and thus, if it exists, this solution is unique.

The equation 7 (s1) = y has a solution in the interval J; defined in Table 2 if and
only if 4 (siln, Sizn) > y. The mapping 1 is monotonically increasing and thus, if it
exists, this solution is unique.
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The equation ¥(sy, D) = s has a solution if and only if s™ > ¢, (D).
e When w > 1 then, the mapping sy — U(sy, D) is monotonically increasing,
and thus, if it exists, this solution is unique. Moreover, if w > 1, ¢1(D) = —o0
and if w = 1, ¢1(D) = ¥ (s§(D), D) > 0.
e When w < 1 then, there exist two solutions which are equal when s™ = ¢ (D).
Moreover, ¢1(D) > 0.

Proof. The proof is given in Appendix C.1 0

The study of stability of SS4 and SS6 is treated separately in Proposition 4.3 and
Proposition 4.4. It requires new definitions and notations that are not listed in Table 2.
We need the following notations:

0 0 0 0

(44)  B=5 2 (s0,5), F =50 s0,2), G = Gt(sn,2), H = —5(s1,50),
d

45) I= £(52), J = po(so,52), K =pa(s1,52), L= pa(s2)

Proposition 4.3. When it exists, SS4 is stable if and only if

ov . . _
—(89,D) >0, (1—-w)sy + s +s5 < o(D),
(4.6) Dso ( 2 ) ( ) 0 1 2 ¢2( )
#3(D) >0 and ¢u(D, s, s, ) >0,
where s5 is a solution of (4.3), the functions ¢» and ¢3 are defined in Table 2 and the
function ¢4 is defined by:

in _in _in 2 2
(4.7) ¢4 (D, s, s, s5") = crcacs — cleq — 3,
where the coefficients ¢;, ¢ = 1,...,4 are given by:

1 =2D+ (E+wF)zg+ (G+ H)z1,

co =D? + (E+wF)(D+ J)zo+ (G+ H)(D + K)z, + (E(G + H) — (1 — w)FG)zox1,
¢3 =D(E +wF)Jzo+ D(G+ H)Kz1 + (E(G+ H) — (1 —w)FG)(J + K)xox,

ca =(E(G+H) - (1 -w)FG)JKxox,

and the functions E, F, G, H, I, J, K and L, defined by (4.4) and (4.5), are evaluated
at the components of SS4 given in Table 1.

Proof. The proof is given in Appendix C.3.1. ]

Proposition 4.4. 1f it exists, SS6 is stable if and only if ¢c3 > 0, ¢5 > 0, 74 > 0 and
rs > 0, where these coefficients are defined in Table 3.

Proof. The proof is given in Appendix C.3.2. ]
Now, we can state our main result.

Theorem 4.5. Assume that Hypotheses 2.1 to 2.7 and 4.1 hold. The necessary
and sufficient conditions of existence and stability of the steady states are given in
Table 4.

Proof. The proof of existence conditions is given in Appendix C.2. The stability
of SS4 and SS6 follows from Proposition 4.3 and Proposition 4.4, respectively. The
proof of stability of all other steady states is given in Appendix C.3.3. O
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TABLE 3

The Liénard-Chipart coefficients for SS6. The functions E, F, G, H, I, J, K and L, defined
by (4.4) and (4.5), are evaluated at the components of SS6 given in Table 1.

c1 =3D+ (E+ Fw)xg + (G+ H)xy + Lo

c2 = 3D* + (2D + J)(E +wF)zo + (2D + K)(G + H)z1 + Elxozs + Glzi12
+2D+ L)Izo+ (E(G+ H) — (1 —w)FG)zox:

cz = D®* 4+ D(D + 2J)(E + wF)zo + D(D + 2K)(G + H)z1 + D(D + 2L)I x>
+EI(D+ J+ L)zoxs + GI(D + K + L)x122 + EGIzoz122 + (E(G+ H)
—(1 — w)FG)(D =+ J + K).Iio.%j

ci = D*(E 4+ wF)Jzo + D*(G + H)Kx1 4+ D*ILzs + EI(DJ + DL + JL)zoz>
+GI (DK + DL+ KL)z122 + EGI(J + K 4+ L)zoz12z2 + (E(G + H)
—(1-w)FG)(DJ + DK + JK)zox:

C; = DE[JL&Z()JZz + DGIKLCL‘ll'Q + D(E(G + H) — (1 — w)FG)JKwoxl
+FEGI (JK +JL + KL) ToT1T2

Ce — EGIJKLIEO:II1III2

To = C1€2 — €3, T1 = C1C4 — Cs,

2
T2 = €379 — C1T1, T3 = C5T0 — C1C6

2
T4 = T1T2 —ToT3, T5 =7T3T4 — C1C6T2

TABLE 4

The necessary and sufficient conditions of existence and local stability of steady states of (2.1).
Moy, My, Ma, M3, ¥, ¢1, ¢2, ¢3, o, wo and o1 are given in Table 2, ¢4 is given in (4.7), c3, cs,
rq and r5 are defined in Table 3.

Existence conditions

Stability conditions

Mo (83175i2n) <D + ap, 1 (Si1n7 51211) <D + at,

SS1  Always exists ;
Y 2 (Slgn) <D+ az
SS2 2 (s¥') > D +a 5o < po(D), s1" < p1(D)
o 11 (sb“—l'—s‘f‘—8075'2“—0.)(86“—50)) < D+ a,
SS3 o (sb", 812“) > D+ ao sy —wsgy < Ma(D + az) — wpo(D)
with sg solution of equation ¥o(so) = D + ao
(1 —w)sg* + 1" + s3° > ¢1(D),
56 > Mo (D + ao, s2), (1 —w)sit + s + s < $2(D),
50" + 81t > Mo (D + ao, s2) ov
SS4 2= (s2,D) >0,
+M, (D + a1, 82) 0sa (52 ) ) ) )
with s solution of equation $3(D) >0, ¢a(D, sg", s1", 83°) > 0
U(s2) = (1 —w)si + 57" + 53
SBD > @O(D)7 in in
SS5 ; ; < D D
st —wsp > Ma(D + az) — weo 50+ 51" < po(D) + 1(D)
1— in in in D
SS6 (in W)SO ‘;51 :SQ >¢2( )’ c3>0,¢c5>0,74>0,75 >0
S0 > o, So +51 > po+ 1
s+ syt < M3 (sb“, D+ ao)
SS7 (Slln,slgn) >D+ay + M- (D+a17M3 (56“7D+a0)),
s 4 s < Ma(D + as) + ¢1(D)
in D .
ssg 1 > D), s < go(D)

st 4 85" > ¢1(D) + Ma(D + az)

Remark 4.6. Using Lemma 4.2, we have the following results:

e When it exists, SS2 is unique.

e When it exists, SS7 is unique.
e If w > 1, when it exists, SS4 is unique. Its stability condition g\p (s2,D) >0

52

is always satisfied. If w > 1, ¢1(D) = —oo, so that its existence condition
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(1 —w)sit + sit + 51t > ¢ (D) is always satisfied.
o If w < 1, using Hypothesis 4.1, there exist at most two steady states of the
form SS4. If (1 — w)si® + sit + si' > ¢, (D), equation (4.3) has two solutions

531 < 832, such that gT‘I; (s3',D) < 0 and gsq; (532, D) > 0. We denote by Ss4t

the steady state of type SS4 corresponding to si! while SS4? corresponds to

s52. When it exists, SS4! is unstable. When SS4? exists, its stability condition

g—s‘l;(sQ, D) > 0 is always satisfied.

In the particular cases, where si® = 0 or si® = 0, some of the steady states
described in Theorem 4.5 do not exist and the existence conditions of the existing
steady state can be simplified. More precisely, we have the following result.

Proposition 4.7. e If si" = 0 then, SS7 and SS8 do not exist. If si' = 0, SS2,
SS3 and SS5 do not exist. Therefore, in the case where si* = si* = 0, the
steady states SS2, SS3, SS5, SS7 and SS8 do not exist.

o If s = si* = 0 then, if w > 1, SS4 does not exist and if w < 1, SS4 exists if
and only if (1 —w)si > ¢1(D).

o If s = sl = 0 then, if w > 1, SS6 does not exist and if w < 1, SS6 exists if
and only if (1 — w)si® > ¢o(D).

Proof. The proof is given in Appendix D. 0

Remark 4.8. Assume that s = si" = 0. Then, only the steady states SS1, SS4
and SS6 exist. The conditions (1 —w)si' > ¢1(D) and (1 —w)si" > ¢a(D) of existence
of SS4 and SS6, respectively, given in Proposition 4.7 are equivalent to the conditions
st > Fy(D) and s > Fy(D), respectively, given in Lemmas 3 and 4 of [14]. Indeed,
we have Fy (D) = 22 and Fy(D) = @. Therefore, we recover the results of [14],

1-—w w
where the study is restricted to the case s = si* = 0. Notice that, the steady states

SS1, SS4 and SS6 were labeled SS1, SS2 and SS3 in [14], respectively.
From Table 4, we can deduce the following result.

Proposition 4.9.

e If SS2 or SS3 or SS7 exists then, SS1 is unstable.

e If SS6 exists then, SS2, SS4, SS5 and SS8 are unstable.
e If SS5 exists then, SS2, SS3 and SS8 are unstable.

e If SS8 exists then, SS7 is unstable.

Proof. The proof is given in Appendix E. ]

Without maintenance, the necessary and sufficient conditions of existence and
stability are summarized in Table 5 where the function ¢5 is defined by

¢5(D, st s s = (Elzgre + EGés(D)xozri)(Ixy + (G + H)wy

(4.8) +(E +wF)ao) + (Irg + (G + H)xy +wFo)Glayzy,

and the functions E, F, G, H and I, defined by (4.4) and (4.5), are evaluated at
the components of SS6 given in Table 1 and the function ¢3(D) is defined in Table 2
with a; = 0, ¢ = 0,1,2. The steady states are deduced from Table 1 by putting
a; = 0. Except for the stability condition of SS6, all other conditions in Table 5 can
be deduced easily from Table 4. In fact, the proofs for SS4 and SS6, which are similar
to the one given in [14], make use of the fact that system (2.1) can be reduced to a
cascade system (see Appendix C.3 in [14]).

5. Applications to a chlorophenol-mineralising three-tiered microbial
’food web’. The aim of this section is to illustrate the theoretical results of this
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TABLE 5
The maintenance free case: the necessary and sufficient conditions of existence and local stabil-
ity of steady states of (2.1). Mo, M1, Ma, M3, ¥, ¢1, ¢2, ¢3, Yo, wo and @1 are given in Table 2
with a; =0, 1 =0,1,2, and ¢5 is given in (4.8).

Existence conditions Stability conditions
SS1 Always exists po (s, 85") < D, pa (s, 85") < D, p2 (s8") < D
SS2 pa (s5') > D s < po(D), st < p1(D)
1 (sf)“ + st — s, 8P —w (sg‘ - so)) < D,
SS3 po (st', 85") > D s — ws < M2(D) — wyo(D)

with so solution of equation o (so) = D

(1 —w)sg' + st + s5* > ¢1(D),

so' > Mo(D, s2), (1 —w)si® + 81" + 52 < ¢2(D),

SS4 s 4 sin > Mo (D, M1(D, W
S0+t > Mo(Dys2) + Mi(Dyso) - Oy gDy s g

with s2 solution of equation 082
U(s2, D) = (1 — w)sy + s + s
SiOH > QDO(D)7 in in
SS5 : D D
sy —wsg > Ma(D) — wpo(D) S0+ 51 < po(D) +¢1(D)
ggg (L—w)so' +51" +85" > ¢2(D),  ¢3(D) >0, or

s > po(D), s+ 5 > g0+ o1 9s(D) <0 and ¢s(D, s¥, 51", ¥) > 0

o st + sy < Ms (s, D) + My (D, Ms (s¢', D)),
SS7 st s3') > D o
i (o1 57) 51 + s3' < Ma(D) + w1(D)
SS8 s > 1, s1 + s3> 1+ Ma(D) sy < po(D)

paper in the case of the chlorophenol-mineralising three-tiered microbial ‘food web’
considered in [19]. The specific growth rates take the form:

k'm chSCh SH
Sen, S,) = e
(5 1) fO ( chy, OH ) KS,ch + Secn KS,HQ,C + SH2
. Km,phSph 1 P b1y St

f1 (Spn, Su,) f2 (Su,)

~ Kspn+ Spn 1+ Su, /K11, - Ksm, + Su,’

where Scn, Spn and Sy, are the chlorophenol, phenol and hydrogen substrates concen-
trations respectively. Let us denote by X, Xpn and Xg, the chlorophenol, phenol
and hydrogen degrader concentrations, Sch in, Sph,in and Sh, in the inflowing concen-
trations, Kdec,chs Kdec,ph and kdec,H, the decay rates, and by Ye, Yon and Yy, the yield
coefficients. The equation of the model take the form:

Xch :(}/cth (Scha SHZ) - D - kdec,ch)Xch

Xph:(yphfl (Sphs SH,) — D — kdec,ph) Xpn
Xn,=(Yh, f2 (Suy) — D — kdee,n, ) Xn,
(5.2) § Sen =D (Sehin — Sen) — fo (Sens Su,) Xen

Sph =D (Sph,in — Spn) + 58 (1= Yen) fo (Sen, St,) Xen — f1 (Sph, Si,) Xph

Sty =D (SH,.in — SH,) — 305.f0 (Sen, St,) Xen — f2 (Suy) X,
+% (1 - th) fl (Spha SHQ) Xph

where 224/208 (1 — Y¢p,) represents the fraction of chlorophenol converted to phenol,
32/224 (1 — Ypn) represents the fraction of phenol that is transformed to hydrogen and
16/208 represents the fraction of hydrogen consumed by the chlorophenol degrader
Xen- The biological parameter values are provided in Table 10. They were previously
used in [9, 14, 19].
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Following [14], by using the linear change of variable given by (G.1) and (G.2),
the yield coefficients in (5.2) can be normalized to one except of one of them, which is
equal to w ~ 0.53, when the yield coefficients are those given in Table 10. Therefore,
(5.2) is of the form (2.1), with w < 1. The specific growth functions (5.1) become
the functions defined in (G.3), keep their form by this linear change of variables and
satisfy Hypotheses 2.1 to 2.7 and 4.1. Therefore, the results of our paper apply to
(5.2). The details are given in Appendix G. For the growth functions (G.3), the
various functions defined in Table 2 are listed in Table 13.

In [19], most of the results on the existence and stability of steady states of model
(5.2) were obtained numerically. Our analytical study of (2.1) permit to give rigorous
proofs for (5.2). From Remark 4.6, as w < 1, the system can have two steady states
SS4' and SS4? of the form SS4.

In what follows, we consider the input concentrations Sphin = 0 and Su,in =
2.67 x 10~°, corresponding to Fig. 3(a) in [19]. We fix D = 0.01. As a consequence
of Theorem 4.5, we obtain the following result which determine the existence and the
stability of the steady states of (5.2) with respect to the input concentration Sep in.

Proposition 5.1. Assume that the biological parameters in (5.2) are given as in
Table 10. Assume that Sphin = 0, SH,,in = 2.67 X 107° and D = 0.01. Let o,
i =1,...,6 be the bifurcation values defined in Table 6. The existence and stability
of steady states of (5.2), with respect to the input concentration Sgp in is given in
Table 7. The nature of the bifurcations when Sg, in cross the values o;, i =1,...,6
is given in Table 8.

Proof. The proof is supported by numerical experimentation and is given in Ap-

pendix H. ]
TABLE 6
Definitions of the critical values of o3, 1 =1,...,6

Definition Value

o1 = Mo (D + ao, Stt,.m) /(Ya¥2) 0.003173

09 = (po(D)/(YgYZ;) 0.013643

O3 = (SHg,iII — MQ(D + ag) + wapo(D))/(ngY4) 0.013985

04 = (¢1 (D) — SHz,in)/((l — w)Y3Y4) 0.029402

05 = (¢2(D) - SHz,in)/((l - w)Y3Y4) 0.033292

og is the largest root of equation r5 = 0 0.1025
TABLE 7

Existence and stability of steady states, with respect to Scy in. The bifurcation values o;, i =
1,...,6 are given in Table 6. The letter S (resp. U) means that the corresponding steady state is
stable (resp. unstable). No letter means that the steady state does not exist.

Interval SS1 SS2 SS3  SS4!  SS4%2  SS5  SS6
0< Sch,in < 01 U S

o1 < Sch,in <og | U S U

o9 < Sch,in <o3 | U U U S

03 < Sch,in <og4 | U U S

04 < Schjin <05 | U U S U U

o5 < Sch,in <og | U U S U U U
o < Sch,in U U S U U S

Remark 5.2. Not all of the behaviors described in Table 7 were reported in [19].
For D = 0.01, the operating diagram of Fig. 3(a) of [19] predicts only three possible
behaviors: the stability of SS2, the stability of SS3 and the bistability between SS3
and SS6. Note that the destabilization of SS6 via a Hopf bifurcation with emergence
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TABLE 8
The nature of the bifurcations corresponding to the critical values of o, i =1,...,6, defined in
Table 6. There exists also a critical value o™ ~ 0.099295 corresponding to the value of Scy in where
the stable limit cycle disappears when Sy in is decreasing.

Type of the bifurcation
o1 Transcritical bifurcation of SS1 and SS3
o9 Transcritical bifurcation of SS2 and SS5
o3 Transcritical bifurcation of SS3 and SS5
o4 Saddle-node bifurcation of SS4' and SS42
o5 Transcritical bifurcation of SS4! and SS6
o* Disappearance of the stable limit cycle
o¢ Supercritical Hopf bifurcation

of a stable limite cycle has not been observed in [19]. Even, the possibility of stability
of SS5 has not been reported in the operating diagram. Indeed, Fig. 3(a) of [19] does
not correctly describe the transition from the region labeled SS2 (and corresponding
to the stability of SS2) to the SS3 region. Our results show that this transition is via a
SS5 region. The existence of the SS5 region was depicted in Fig. 3(b) of [19] in the case
where Sy, in = 2.67x 1072, However, this region also exists when Sy, i, = 2.67x107°,
but it is very thin, since for D = 0.01 it corresponds to o2 < Schin < 03, Where
o9 =~ 0.013643 and o3 ~ 0.013985.

a b
se-0a {1 X ch (a) 246-06 ] X ch (b)
22e064 o mmaaea
re0ad B e
Le* 2e-06- Rae
6e-04 - .- 1.8e-06 - .
L. " '
on . 1.6e-06 - N
04
Lot 1.4e-06 - H
4e-04 - L’ 1.2¢-06 - H
§542.-° 10-06 ] H
3e-04 - e '
. 8e-07 1593
20| . so-07] H
. \n
(____b_i"_ ______________________ 2e-07 .
1e-04 4 et '
y SS4 2607 '
__Iss1882583 Tssiss2:
r

o 0 0002 _ 0004 0006 0008, 001 0012 0014 00l 0018
g1 0203

Sch,iu

e TSR
001 oef 002 003 004 005, 006 007 008 009 o1
oo/ \og 7405 Sch,in o o6

F1G. 5.1. (a) Projections of the w-limit set in variable X¢n as a function of Schin € [0,0.11],
reveal the occurrence and disappearance of stable limit cycles. (b) A magnification of the transcritical
bifurcations when Sch in € [0,0.018].

Figures 5.1 and 5.2 depict the bifurcation diagram of system (5.2) where X, and
Xy, are represented, respectively, as a function of the bifurcation parameter Scp in.
Figure 5.1(b), Figure 5.2(b) and Figure 5.3 depict magnifications of the bifurcation
diagram showing the transcritical bifurcations occurring at o1, o2, o3 and o5, the
saddle-node bifurcation occurring at o4, the Hopf bifurcation occurring at og and the
disappearance of the cycle occurring at o*. In Figure 5.1(b), the steady states SS1
and SS2 cannot be distinguished since they have both a zero X.,-component. Since
for Sch,in < 02, SS2 is stable and SS1 is unstable, the X, = 0 axis is plotted in blue,
which is the color for SS2 in Table 9. In Figure 5.2(b), the steady states SS1 and SS2
are distinguished while SS1 and SS3 cannot be distinguished, since they have both
a zero Xy,-component. Since for Sghin > 03, SS3 is stable and SS1 is unstable, the
Xu, = 0 axis is plotted in purple, which is the color for SS3 in Table 9.

Numerical simulations have shown that there exists a critical value o* € (03, 0¢),
which corresponds to the value of Sy in, where the stable limit cycle that appears
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FIG. 5.2. (a) Projections of the w-limit set in variable Xp, as a function of Schin € [0,0.11],
reveal the occurrence and disappearance of stable limit cycles. (b) A magnification of the transcritical
bifurcations when Sch in € [0,0.018].

20009 X oy (a) B X, (b)
______ 1.6e-04 -
teeoad o aa-
QU2 e .
1.60-04 - SS4%. .--" Lde-04
1.40-04 <:_ SS6 1.2-04 4
Y e L EE LT TP =P
1.20-04 - sS4 v
SS6 t
1e-04
8e-05 |
8e-05 -
6e-05 |
Ge-05 -
4e-05 |
40-05
2e-05 20-05
o E ~ Q 1g 2
SS1SS2, SS3 . SS1SS2,SS3 5S4 SS4 .
0200 ™ T g = = = 3 0200 ™ ™ T =r “r - -
0.028 0.029 0.03 0.031 0.032 0.033 0.034 0.035 0.098 0.099 * 01 0.101 0.102 0.103 0.104 0.105
o4 ch,in 75 g Sch,in 76

FIG. 5.3. (a) A magnification of saddle-node bifurcation at Scpin = 04 and the transcritical
bifurcation at Schin = 05 when Sch in € [0.028,0.035]. (b) A magnification of the appearance and
disappearance of stable limit cycles when Scp in € [0.098,0.105].

TABLE 9
The colors that are used in Figures 5.1 to 5.3, the solid (resp. dashed) lines are used for stable
(resp. unstable) steady states.

SS1 SS2 SS3 sS4t SS42 SSh SS6
Red Blue Purple Dark Green Magenta Green Cyan

for Schin = o0 through a supercritical Hopf bifurcation, disappears when Scp in is
decreasing. In [17], a numerical study of the bifurcation diagram with respect to the
parameter D is given in the case without maintenance and si* = si* = 0. Figure 6
in [17] shows that the disappearance of the limit cycle occurs through a saddle-node
bifurcation of limit cycles which gives birth to stable and unstable periodic orbits. We
conjecture that in our case also the stable limit cycle disappears by a confluence with
an unstable limit cycle. Numerical simulations are shown in Appendix I illustrating
the main results of this section namely the bistability with convergence either to SS3
or to a stable limit cycle according to the initial conditions, when o* < Schin < 06,
and bistability with convergence toward SS3 or SS6, when Sgp, in > 6.

6. Discussion. In this work, we have extended model (5.2) of a chlorophenol-
mineralising three-tiered microbial ‘food web’ presented in [19], by considering the
model (2.1) with general growth functions. Our study considers the effects of the
phenol and hydrogen input concentrations, which were neglected in the analytical
analysis given in [14], together with the effects of maintenance terms, which were
neglected in the analytical analysis given in [6, 17] and in [14] for the stability analysis.

Our first aim was the theoretical analysis of the three-tiered model by providing
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a complete study for the existence and local stability of all steady states. Our math-
ematical analysis of the model has revealed several possible asymptotic behaviors:
Theorem 4.5 provides a complete theoretical description of the existence and stability
of the steady states according to the operating parameters D, si*, si* and si. System
(2.1) can have up to eight steady states: the washout steady state which always exists,
a positive steady state where all degrader populations are maintained and six other
steady states corresponding to the extinction of one or two degrader populations. In
[19], the results on the existence and stability of steady states of model (5.2) were
obtained only numerically. Our analytical results on the existence and stability of the
steady states of (2.1), give rigorous proofs for (5.2).

Our results extend the results on existence and stability of steady states given in
[6, 14, 17] obtained in some particular cases of (2.1). In the particular case s > 0,
st = sit = 0, without phenol and hydrogen input concentrations, considered in [14],
system (2.1) can have only up to three steady states: the washout steady state, a
positive steady state, where all degrader populations are maintained, and one steady
state where only the hydrogen degrader is extinct. In the particular case without
maintenance, considered in [6, 17], system (2.1) can have also up to eight steady
states, but their stability is much more simpler to study, since the six-dimensional
system (2.1) can be reduced to a three-dimensional one.

Our second achievement was to show that the positive steady state of coexistence
of all species can be unstable, a fact that has been already depicted in [14], in the
particular case s > 0, si* = si* = 0. In [14], a numerical evidence for the possibility
of a Hopf bifurcation is given, with the appearance of a stable limit cycle. In this paper,
we give also numerical evidence for a Hopf bifurcation, in the case si' > 0, si* = 0 and
s > 0. It should be noticed that the possibility of the Hopf bifurcation of the positive
steady state, is analytically proved in [17], in the case without maintenance which can
be reduced to a three-dimensional system. The destabilization of the positive steady
state was not detected by the numerical analysis in [19].

In order that the results can be useful in practice, one should have a description
of the operating diagrams which describe the existence and stability of steady states
with respect to the operating parameters. In [19], the operating diagrams were ob-
tained numerically. The region of instability of the coexistence steady state was not
depicted. The more precise operating diagram showing the region of instability of the
positive steady state was given in [14] in the case without phenol and hydrogen input
concentrations. In [14], the operating diagrams were obtained analytically only in the
case without maintenance. It is a challenge for future work to use our characteriza-
tions of existence and stability conditions of steady states to obtain analytically the
operating diagram. As it was stated in Remark 5.2, the bifurcation diagram with the
chlorophenol input concentration as the bifurcating parameter shown in Figures 5.1
and 5.2 proves that some of the operating diagrams obtained in [19] have omitted
important transition phenomena between steady states.

Appendix A. Definitions and notations. In this section, we prove that the
functions listed in Table 2 are well defined, and we give their properties.
Let so > 0 be fixed. Using Hypotheses 2.1 and 2.4, there exists a unique function

Yy e [O,Mo(—f—OO, 82)) = MO(yv 82) € [07 +OO)7
such that for sg > 0, s2 > 0 and y € [0, uo(+00, s2)), we have:

(A1) 50 = Mo(y, s2) <=y = po(s0, 52).
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Let so > 0 be fixed. Using Hypotheses 2.2 and 2.5, there exists a unique function
€ [0, p1 (400, 52)) = Mi(y, s2) € [0, 400),
such that for s; >0, so > 0 and y € [0, 1 (400, s2)), we have:
(A2) s1=Mi(y,s2) <=y = pi(s1, 52).
Using Hypotheses 2.3 and 2.6, there exists a unique function
Y € [0, p2(400)) = Ma(y) € [0, +00),
such that for s; > 0 and y € [0, ua(4+00)), we have:
(A.3) s2 = Ma(y) <=y = pa(s2).
Let sp > 0 be fixed. Using Hypotheses 2.1 and 2.4, there exists a unique function
€ [0, po(s0, +00)) +— Mj3(sg, z) € [0, +00),
such that for sp > 0, so > 0 and z € [0, p0(s0, +00)), we have:
(A.4) s2 = M3(s0,2) <= z = po(so, s2).

Note that, from Hypotheses 2.4 and 2.5, we have

-1 .

s 6M0 (y,82) = |:8so (50,52)} >0, 637%1 (y,82) = [6311 (51,52)] >0,
) -1

aé\/zfs(so,z) = [352 (30,52)} >0,

-1
o o)

o) Do (y,55) = —22 (s0,5) |2 <80752>}_1 <0,

G (y,59) = —4(s1,52) [8511 (81782)} > 0.

For D > 0 satisfying the conditions D + ag < po(+00, +00) and D+ a1 < py(400,0),
there exist unique values s§ = s3(D) and s3 = s3(D), such that g (+00,s9(D)) =
D+ ag and py (+00,s3(D)) = D + ay (see Fig. 2(a) of [14]). The definition domains
of all the other functions in Table 2 are deduced from those of the functions My, M;
and M.

Appendix B. Proof of Proposition 3.1. A steady state of (2.1) is obtained
by setting the right-hand sides equal to zero:

(B.1) [0 (s0,82) — D —aglzg =0
(B.2) (11 (s1,82) — D —a1]z1 =0
(B.3) [z (s2) = D —ag)ze =0
(B.4) D (5})“ —80) — o (80, 52) 2o =0
(B.5) D (81" — s1) + po (50, 82) T — p1 (s1,82) 21 = 0
(B.6) D (512“ — 82) + 1 (81, 82) 21 — wio (S0, S2) o — pi2 (s2) 22 = 0.
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Using (B.1)+(B.4), (B.2)-(B.1)+(B.5) and (B.3)+w(B.1)
-(B.2)4(B.6), one obtains the set of equations

(50 —50) (D+ag)xg=0
(B.7) D (s —s1)+ (D+ap)zo— (D+a1)z =0
(Snfsg)7w(D+CLo)IZ’0+(D+a1)’I’1 (D+a2)x2:0.

We can solve (B.7) and obtain xg, 1 and xo with respect to sg, s1 and sa:

(BS) Trog = D+t ag (Sz)n _ 80) s

D . 4
(B.9) T = Dia (36“ — S0+ sy — 51) ,

D in in in
(B.10) x2:D+a2 (1 —w) (sg" — s0) + 81" — 514 85" — s2) .

We can also solve (B.7) and obtain sg, s; and sy with respect to zg, 1 and xso:

: D
(B.11) S0 =85 — ;ao Zo,

in D+a0 D+a1
(B.12) s1 =51 + D Yo —p tu

in D +ag D+a; D+ as
(B.13) 89 =85 —w D Ty + D T — D Za.

For the steady state SS1, zyp = x; = x2 = 0. Hence, (B.11)—(B.13) result in
So = 88“, s1 = sif1 and sy = 512".

For the steady state SS2, zp = z1 = 0 and 2 > 0. Hence, (B.11) and (B.12)
result in so = si' and s; = si*. Therefore, (B.10) results in

_ D
" D+as

T (312“ —52).
Since zg > 0, (B.3) results in p2(s2) = D + az. Using definition (A.3) of M3, we have
s9 = My(D + as).
For the steady state SS3, 1 = x5 = 0 and zp > 0. Hence, (B.8) results in

D
D +ay

To = (sbn — so) .
Using this expression together with 1 = 22 = 0 in (B.12) and (B.13) result in
(B.14) 51 = 8"+ s — 59 and sy = s —w(s — s0).

Since zg > 0, (B.1) results in

(B15) ’[LO(S(),SQ) :D+CLO.
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Replacing sy by its expression (B.14) with respect to sg in (B.15) results in
Yo(s0) = D + ao,
where 1) is the function defined in Table 2 by:
Yo(s0) = o (so, 312‘1 —w (s})“ — so)) .

For the steady state SS4, z¢p > 0, 1 > 0 and 2 = 0. Hence, (B.8) and (B.9)
result in
D
D + ag

(B.16) x (sg‘ — so) and 1 = (sb“ — 50+ 8" — sl) )

D+a

Since xg > 0 and z1 > 0, (B.1) and (B.2) result in uo(so, s2) = D+ag and py(s1, $2) =
D + a;. Therefore, using definitions (A.1) and (A.2) of My and M7, we have

(B.17) so = Mo(D + ag,s2) and s; = My(D + ay, $2).
Using (B.16) together with zo = 0 in (B.13), we have
(B.18) sy =8 —w (SBn —s0) + s — 59 + 51" — 51,
Replacing sg and s; by their expressions (B.17) with respect to s in (B.18), it follows
that, sy is a solution of equation
U (s9,D) = (1 — w)s 4 s 4 si,

where ¥ is the function defined in Table 2 by:

U(se, D) = (1 —w)Mo(D + ag, s2) + M1(D + ay, $2) + 2.

For the steady state SS5, g > 0, 3 > 0 and 27 = 0. Using (B.8) together with
21 =0 in (B.12) results in _ _
s1 =581 — S0+ sy
Using this expression in (B.10) results in

D
_D+(12

o (81211 — 8y —w (sgn — 50)) .

Since o > 0 and 23 > 0, (B.1) and (B.3) result in ug(so, s2) = D + ag and ua(s2) =
D + as. Therefore, using definitions (A.1) and (A.3) of My and M, we have

SQZMQ(D+CL2) and 50:M0 (D+a0,M2(D+a2)).

For the steady state SS6, g > 0, 1 > 0 and z5 > 0. Then, as a consequence of
(B.1)—(B.3), we obtain:

po(s0,82) = D +ao, pa(s1,82) = D +ay, pa(s2) =D+ a.

Using definitions (A.1)—(A.3) of the functions My, My and My, it follows that so, sg
and s; are given by:

sg = My(D +az), so= Mo(D +ag,s2), s1=Mi(D+ai,s2),
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which prove the s-components of SS6 in Table 1. (B.8)—(B.10) give the x-components
of SS6 in Table 1.

For the steady state SS7, xg = 2 = 0 and z; > 0. Hence, (B.11) results in
so = si. From (B.9), we have

D
- D+ay

Ty (s —s1).

Using this expression together with zo = zo = 0 in (B.13) results in
(B.19) 59 = 8" — 51 + sy

Since z7 > 0, then, as a consequence of (B.2), we obtain:

u1(s1,82) = D+ ag.
Replacing s2 by its expression (B.19) with respect to s; results in
Yi(s1) = D +ax,
where 17 is the function defined in Table 2 by:
P1(s1) = pa(s1, st — s1 4 s5').

For the steady state SS8, 9 = 0, 1 > 0 and x5 > 0. Hence, (B.11) results in
sp = si. Using this expression in (B.9) and (B.10) results in

D
_D+a2

(siln — 31) , X (s‘f1 — 51+ sy — 52) .

Since z1 > 0 and z3 > 0, as a consequence of (B.2) and (B.3), we have ui(s1,s2) =
D + a; and ps(s2) = D + ay. Therefore, using definitions (A.2) and (A.3) of the
functions M7 and Mo, it follows that sy and s; are given by:

SQZMQ(D+CLQ), S1 :M1 (D+a1,M2(D+a2)).

Appendix C. Proof of Theorem 4.5. We first give the proof of Lemma 4.2
which determines the conditions under which each of the three equations (4.1)—(4.3)
has a solution and the number of solutions, that is to say the existence conditions of
the steady states SS3, SS7 and SS4, respectively.

C.1. Proof of Lemma 4.2. Recall that Jo = (max (0,s — s¥'/w),si). If
sB — wsh > 0, one has ¥ (0) = po (0,55 —wsl') = 0 and if sB — wsl < 0,
one has si' — s¥'/w > 0, so that g (s — s /w) = po (s — 58 /w,0) = 0. Thus,
(N (max (0, s — sén/w)) = 0. On the other hand, g (sbn) = Lo (S}Jn, 31211) Therefore,
there exists a solution sg € Jy satisfying 1o (so) = y if and only if ug (S}Jn, s‘2n) > .
Since 1y is monotonically increasing, if it exists, this solution is unique. Indeed, we
have

Ipo

dyo 9o
880

dSO

. ) b ) .
(50, 85" — w(sif' — 50)) + w2 (50, s — w(sk — s0)),

(SO) - 882

which is positive thanks to Hypothesis 2.4. Recall that J; = (O,siln). We have
¥1(0) = py (0,8 + s5') = 0 and ¢y (si") = py (s, s5'). Therefore, there exists a
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solution s; € J; satisfying 1 (s1) = y if and only if uy(si®,s5*) > y. Since 1 is
monotonically increasing, if it exists, this solution is unique. Indeed, we have

diy ( 3#1

Oy i i
51,8+ st —51) — L= (51,80 + 50—
dSl 881 ( 1, 1 2 1) 882 ( 1,91 2 1)3

which is positive thanks to Hypothesis 2.5. Let us consider now the existence of
solution of equation W(sy, D) = s'. From the definitions of s3(D) and s}(D) given in
Table 2, we have My (D + ao, s3(D)) = +oo and M; (D + a1, s3(D)) = +oo. From
the definition of W(sy, D) given in Table 2, it follows that,

o for all w > 0, we have lim )\II(SQ,D) = +o0,

52%52(

e forall w> 1, we have lim W(sq, D)= —o00,
s2—s3(D)

o forallw < 1, we have lim W(sy, D) = 400,
s2—s3(D)

e for all w = 1, we have ¥(s9(D), D) = ¢1(D).
Moreover, we have

ov OMo M
il D) =(1-— D + + 1.
(982 (827 ) ( w) 882 ( a1752)

(C.1) .

(D + aop, 82)

Under Hypotheses 2.4 and 2.5, for all y € (0, po(+00,s2)) and s3 > 0, we have
81\/120 (y,82) < Oandforally € (0 w1 (400, $2)) and s3 > 0, we have aMl (y, 52) > 0 (see
formulas in (A.6)). Therefore, for w > 1, the function sy — ¥(s2, D) is monotonically
increasing. If w = 1 then, ¥ (s%(DLD) > 0. From Hypothesis 4.1, if w < 1, the
equation (s, D) = s has two solutions if and only if s™ > ¢;(D). This completes
the proof.

C.2. Existence of the steady states. The steady state SS1 alwayb exists.

The steady state SS2 exists if and only if zo > 0, that is to say s§* > Ma(D 4+ as),
which is equivalent to o ( ) > D + ag, thanks to Hypothesis 2.6.

The steady state SS3 exists if and only if equation (4.1) has a positive solution and
the s1, s and xp-components of SS3 defined in Table 1 are positive. This condition is
equivalent to say that 0 < so < si' and sp > si' — s Jw. Therefore, (4.1) must have
a solution in the interval Jy. Using Lemma 4.2, (4.1) has a solution in the interval .Jy
if and only if ug (sg‘, 51211) > D + ap. If it exists, this solution is unique.

The steady state SS4 exists if and only if equation (4.3) has a solution which is,
according to Lemma 4.2, equivalent to the condition (1—w)si!+si+s > ¢1(D), and
the solution sj of (4.3) is such that the o and z1-components defined in Table 1 are
positive which is equivalent to si* > M (D + ag, s2) and s +si* > Mg (D + ag, s2) +
M1 (D + ai, 52).

The steady state SS5 exists if and only if its components 0, 1'2 and 51 defined in
Table 1 are positive. This condition is equivalent to sg* > so and s5 —ws >S9 — WS-
Using the sy and so-components of SS5 in Table 1, it follows that, the existence
conditions of SS5 in Table 4 must be satisfied.

The steady state SS6 exists if and only if its z-components defined in Table 1
are positive which is equivalent to the conditions s > sq, si* + si' > sq + s; and
(1 —w)sit + s + si0 > (1 —w)sg + 81 + 82 are satisfied. Using the s-components of
SS6 in Table 1, these conditions are the same as the existence conditions of SS6 in
Table 4.

The steady state SS7 exists if and only if (4.2) has a positive solution and the
s9 and xi-components of SS7 defined in Table 1 are positive. This last condition is
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equivalent to 0 < s; < si®. Consequently, (4.2) must have a solution in the interval
J1. Using Lemma 4.2, there exists a solution s; € Ji, satisfying (4.2), if and only if
p1(si, si) > D + ap. If it exists, this solution is unique.

The steady state SS8 exists if and only if its components x; and zo are positive.
This is equivalent to s > s; and s + s > s1 + so. Using the s-components of SS8
defined in Table 1, these conditions are the same as those for the existence of SS8 in
Table 4.

C.3. Stability of the steady states. The local stability of the steady states
is determined by the eigenvalues of the Jacobian matrix of system (2.1) evaluated at
the steady state. The Jacobian matrix of (2.1) corresponds to the 6 x 6 matrix:

J—D—ag 0 0 Exq 0 Fxqg
0 K—D—ay 0 0 Gz —Hzxy
- 0 0 L—D—a> 0 0 Txo
J = -J 0 0 —D—Ea 0 —Fao ’
J —-K 0 Ezxg —D—Gz, Fxo+Haxq
—wJ K —L —wFExq Gz —D—wFzog—Hz1—Ix>

where the functions E, F', G, H, I, J, K and L are defined by (4.4) and (4.5), and are
evaluated at the steady state. We have used the opposite sign of the partial derivative
H = —0u1/0s3, such that all constants involved in the computation become positive.
The stability of the steady state is investigated by analyzing the real parts of the
eigenvalues of J, which are the roots of the characteristic polynomial.

C.3.1. Proof of Proposition 4.3. For SS4, the characteristic polynomial is
PiA) = A= A)A+D) (M + X + A + czh+ca)

where A} = s (s2) — D — ay with sy is defined by (4.3) and the coefficients ¢; for
i =1,...,4 are defined in Proposition 4.3. From Lemma F.1, all of the roots of the
fourth order polynomial have negative real parts if and only if ¢; > 0, for ¢ = 1,3,4
and 71 = cjcac3 — cieq — 2 > 0. From the expression of ¢; given in Proposition 4.3,
we always have ¢; > 0. Moreover, c¢g > 0 and ¢4 > 0 if and only if

(C.2) E(G+H)-(1-w)FG>0.
Using (4.4) and (A.6), we have

oMo (D + ag, s2) = _F and OM,
882

Using (C.1), it follows that

ov
8782(32717) = -

&= =
=
|

£
+

|

+

[t
I

ov
Since E and G are positive, condition (C.2) is equivalent to e (s2,D) > 0.
52

From definition (4.7) of ¢4 and since us is increasing, it follows that, SS4 is stable
if and only if

ov o
(C.3) s9 < My (D + az), 95 (s2,D) >0 and ¢4 (D,Sbn’slln7512n> > 0.
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When s3 < My(D + a3), the sy-component of SS4 satisfies sy < 53 < My(D + as).
Thus, SS4 is stable if and only if the second and the third conditions of (C.3) hold.
When My (D + a3) < s3, we will prove that (C.3) is equivalent to (4.6). To this end,
assume first that w > 1. If s, < Ma(D + az), then s§ < 55 < My(D +as) < si. From
Lemma 4.2, the mapping sp +— ¥(sg, D) is increasing for all s € (59, s3). Hence, the
condition so < Ma(D + as) is equivalent to

(C.4) (1 —w)si + 1" 4+ s = U(sy, D) < U (Mo(D + az), D) = ¢2(D).

In addition, we have ¢3(D) > 0 for all D € Is. Now, when w < 1, from Lemma 4.2
and using Hypothesis 4.1, equation (4.3) has at most two solutions s3' < s32, such
that % (s3',D) < 0 and % (s32,D) > 0 (see Figure G.1). Thus, the steady state
SS4' corresponding to si' is unstable. For the steady state SS4° corresponding to
532, the condition s32 < My(D + a3) implies the first and the second condition of
(4.6) since the mapping so — U(sq, D) is increasing on (§2, s%) On the other hand,
if the first condition of (4.6) or equivalently (C.4) holds, then

532 < My(D +ag) or sy < My(D+ag) < st

This last condition is in contradiction with the second condition of (4.6). This com-
pletes the proof of the proposition.

C.3.2. Proof of Proposition 4.4. For the positive steady state SS6, the char-
acteristic polynomial is given by:

PG(/\) = )6 + Cl)\5 + 62/\4 + 03)\3 + 64)\2 + c5 A + cg,

where ¢;, t =1,...,6 are defined in Table 3. From Lemma F.2, all of the roots of the
sixth order polynomial have negative real parts if and only if ¢; > 0,7 =1,3,5,6 and
r; > 0, j = 4,5, where ¢; and r; are listed in Table 3. Since ¢; and cg are positive,
the proof is complete.

C.3.3. Stability of all other steady states. For SS1, the characteristic poly-
nomial is
Pi(A) = (A= A)(A = A2)(A = A3)(A + D)2,

where A\ = po (s'g‘, sign) —D—ap, Ao = 11 (sil’“, si2“) —D—a; and A3 = p9 (s’Qn) —D—as.
Therefore, SS1 is stable if and only if A1 < 0, Ao < 0 and A3 < 0, that is, the stability
conditions of SS1 in Table 4 hold.

For SS2, the characteristic polynomial is

Pg()\) = ()\ — )\1)()\ — )\2)()\ + D)Q(/\2 + e A+ Cg)7

where \; = Mo (S%)H,MQ(D —|—a2)) — D —ag, Ay = H1 (Siln,MQ(D+a2)) — D — aq,
c1 = D+ Ixy and co = LIxs. Since ¢; > 0 and ¢y > 0, the real parts of the roots of
the quadratic factor are negative. Therefore, SS2 is stable if and only if A\; < 0 and
A2 < 0. Since My and M are increasing (see formulas in (A.5)), these conditions are
equivalent to the stability conditions of SS2 in Table 4.

For SS3, the characteristic polynomial is

Pg()\) = ()\ — )\1)()\ — )\2)()\ + D)Q(/\2 + e A+ Cg)7

where A1 = 1 (38’ — 50+ s, sl —w (sbn — so))—D—al, Ao = o (s;n—w (sg‘—so))—
D —a3, ¢4 =D+ (E+wF)zg and ¢3 = J(E + wF)zg, where sq is the solution in
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the interval Jy of equation g (sg) = D + ag. Since ¢; > 0 and ¢o > 0, the real parts
of the roots of the quadratic factor are negative. Therefore, SS3 is stable if and only
if A1 < 0 and Ay < 0. The condition A\; < 0 is the first stability condition of SS3 in
Table 4. Since My is increasing from (A.5), the condition Ay < 0 is equivalent to

(C5) s —w(sg' —s0) < Ma(D+as) <=  so< (Ma(D+as)—sy) Jw+ sy
As the function g is increasing, (C.5) is equivalent to
(C.6) Po(so) < to ((M2(D + ag) — sb') Jw + s5") -

From the definition of the function 1y together with the condition ¥g(sg) = D + ag
defining sg, we deduce that (C.6) is equivalent to

D+ ag < pio ((M2(D + az) — s8') Jw + s, M2(D + az)) .

Since Mj is increasing, this condition is equivalent to the second stability condition
of SS3 in Table 4.
For SS5, the characteristic polynomial is

Ps(A) = (A= M)A+D) (M + 1) + e\ + esh +eq)

where )\1 = M1 (SBD + Siln — Mo(D + aop, MQ(D + ag)),MQ(D + (12)) - D — ai and the
coeflicients ¢; are given by:

Cc1 = 2D+(E+CUF)’JJ()+IZL'2,
co = D* 4+ (E+wF)(D + J)xo + I(D + L)xy + Elzgxs,
cs = D(E+wF)Jxg+ DILxs + EI(J 4+ L)xoze and ¢y = ETJLzgx,.

From Lemma F.1, the roots of the fourth order polynomial are of negative real parts
if and only if

(C.7) c; >0, for i=1,3,4 and 7 =cicac3 — c§04 — cg > 0.
We always have ¢; > 0 for i = 1,3,4. We can write r; as follows:

r1=DJ [(D+ J)(E +wF)® — E*J] 2 + D*I’La} + E°I*(E + wF)(J + L)z}a3 + DEI*(J 4 2L)x}
+ E?I*(J + L)zia} + EI [D(2J + L)(E + wF)? + wFJ*(2E + wF)] 2322 + 3D3I* La}
+ D?J [3D(E + wF)? + FwJ(2E + wF)| 2 + EI? [D(J + L)(5E + 3wF) + Fw (J* + L?)] 2323
+ DI [Fw (DFw(2J + L) + FwJ(J + 2L) + DE(9J + 5L) + 2EJ*) + DE*(7J + 4L)] 2>
+ DI?[DE(4J + 7L) + FwL(2J + L) + DFw(J + 2L)] 2923 + 2D*J(E + wF)x¢ + 2D*I Ly
+ DI [D(J + L)(5E + 3wF) + 2FwJ L] xox2 + (D* + DExg + DIz + Elzgws) (BEJxg — L)%

Thus, r; > 0. Consequently, the conditions (C.7) are satisfied. Therefore, SS5 is
stable if and only if Ay < 0. Since M, is increasing, this condition is equivalent to the
stability condition of SS5 in Table 4.

For SS7, the characteristic polynomial is

Pr(A) = (A= M)A = 22) A+ D) (N2 + 1A + ¢2),

where A\ = g (sf)“,siln — 81+ Slgn) — D —ag, Ao = p2 (siln —s1+ SiQH) — D —asg,c; =
D+ (G+ H)xy and co = K(G + H)x; where s; is the solution in the interval J; of
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equation 91 (s1) = D + ay. Since ¢; > 0 and ¢ > 0, the real parts of the roots of
the quadratic factor are negative. Therefore, SS7 is stable if and only if \; < 0 and
A2 < 0. Since the functions Ms and M3 are increasing from (A.5), the conditions
A1 < 0 and A\s < 0 are equivalent to

(C.8) 51> 80+ s — M3(si', D+ ag) and s > s + s — Mo (D + ay).
Since the function v is increasing, (C.8) is equivalent to
U1(s1) > ¢ (s + 85" — Ma(sg', D+ aq)),  ¥i(s1) > (87" + 55" — Ma(D +as)) -

From the definition of the function 11 together with the condition ¥1(s1) = D + a3
which defines s1, the preceding conditions are equivalent to

[751 (Slln + Si2n — M3(86n, D+ ao), M3(82)n, D+ ao)) <D+ ai,
J251 (Slln + 812n — MQ(D + az), MQ(D + GQ)) <D+ ay.
Since M is increasing, these conditions are equivalent to the stability conditions of

SS7 in Table 4.
For SS8, the characteristic polynomial is

Pg(/\) = ()\ - )\1)(/\ + D) ()\4 + Cl)\3 + Cg)\2 + 03/\ + 64) s
where A1 = g (sion, My (D + a2)) — D — ag and the coefficients ¢; are given by:

c1=2D+ (G+ H)zy + Iz,
co=D*+(G+H)(D+ K)xy + I(D + L)y + Glz s,
¢3s=D(G+ H)Kxy + DILzs + GI(K 4+ L)x1zs and ¢4 = GIKLzi2s.

From Lemma F.1, the roots of the fourth order polynomial are of negative real parts
if and only if

(C.9) c; >0, for i=1,34 and 7| =cicac3 —chey — c% > 0.
We always have ¢; > 0, for ¢ = 1,3,4. We can write 11 as follows:

r1 =DK [(D+ K)(G + H)? - G*K| 2% + D*I°La3 + G*I*(G + H)(K + L)a3z} + G*I*(K + L)ziz}
+GI[D(2K + L)(G + H)? + HK*(2G + H)] 232 + DGI*(K + 2L)z123 + 3D*I*La}
+ DK [3D(G+ H)?> + HK(2G + H)] 21 + GI? [D(K + L)(5G + 3H) + H (K? + L?)] 233
+ DI [H (DH(2K + L) + HK(K +2L) + DG(9K + 5L) + 2GK?) + DG*(7K + 4L)] z}x>
+ DI?[DG(4K + 7L) + HL(2K + L) + DH(K + 2L)| z12% 4+ 2D*K(G + H)xy + 2D*I L
+ DI [D(K + L)(5G + 3H) + 2HK L) x175 + (D2 + DGz + DIxy + G[xle) (GKxz, — ILxy)%

Thus, 71 > 0. Consequently, the conditions (C.9) are satisfied. Finally, SS8 is stable
if and only if A\; < 0, that is to say ug (sb“,Mg(D +a2)) < D + ag. Since M is
increasing, this condition is equivalent to the stability condition of SS8 in Table 4.

Appendix D. Proof of Proposition 4.7. If si* = 0 then, (siln, siQH) =0, so
that the conditions i (s, s5') > D+ay and s1* > ¢1(D) of existence of SS7 and SS8,
respectively, cannot be satisfied. Therefore, SS7 and SS8 do not exist. If s§* = 0 then,
o (512“) =0 and po (sion, 512“) = 0, so that the existence conditions po (512“) > D + as,
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po (s, s5') > D + ag of SS2 and SS3 cannot be satisfied, respectively. Moreover, the
second existence condition of SS5 implies that

_ MQ(D + ag)

sbn < ¢o(D) < (D),

which is in contradiction with the first existence condition of SS5. Therefore, SS2,
SS3 and SS5 do not exist.

Assume that si* = sl = 0. If w = 1, the first existence condition of SS4 in Table 4 is
written 0 > ¢ (D). This condition cannot be satisfied, since ¢1 (D) = ¥ (s3(D), D) >
0 from Lemma 4.2. Thus, the steady state SS4 does not exist if w = 1.

When w > 1, s9 is solution of equation

(1 —w)si = (1 —w)sg + 51 + s2.

Hence, _
(1 —w) (s — s0) = s1+ s2.

Since s; > 0 and s3 > 0, then, we have necessarily
(1-w) (sg‘ —s0) >0,

so that sl —sy < 0. From the xg-component of SS4 in Table 1, we deduce that zo < 0.
Thus, SS4 does not exist if w > 1.
When s = si* = 0, the sy-component of SS4 becomes the solution of equation

(1 —w)si = U(sq, D).
From the definition of ¥ in Table 2, it follows that,

M1 (D+a1,52) +82

s = My (D + ag, 2) + 1—w)

If 0 <w < 1, then
Sgl > M (D+(10,82) + M, (D+(l1,82) > My (D+(10782),

thus, the second and the third existence conditions of SS4 in Table 4 are satisfied
when w < 1. Therefore, SS4 exists if and only if the first existence condition of SS4
in Table 4 is satisfied. This condition becomes in the particular case si* = sl = 0,
(1—w)sif > ¢ (D).

Regarding the steady state SS6 in the particular case si® = sl = 0, the first
existence condition in Table 4 becomes

(D.1) (1 —w)sy' > ¢2(D),
which is equivalent to
(1 =w) (s" = po(D)) > ¢1(D) + M2(D + az).

When w > 1, this last inequality cannot hold, since si > (D), so that the steady
state SS6 does not exist.
If w < 1, condition (D.1) implies that

(1 - w)sg' > (1 = w)po(D) + (1 —w)er (D),
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that is,
5o > wo(D) +¢p1(D) > ¢o(D),

which are the second and the third existence conditions of SS6 in Table 4. Thus, the
existence condition of SS6 is only condition (D.1).

Appendix E. Proof of Proposition 4.9. If SS2 exists then, its condition
of existence o (512“) > D + as holds. Therefore, the condition pus (512“) < D+ as of
stability of SS1 is not satisfied.

If SS3 exists then, its condition of existence pg (si', s5*) > D-+ag holds. Therefore,
the condition s (sf*, s5) < D + ag of stability of SS1 is not satisfied.

If SS7 exists then, its condition of existence p1 (si%, s5*) > D-+ay holds. Therefore,
the condition ju; (s, s5') < D + a; of stability of SS1 is not satisfied.

If SS6 exists then, the conditions

(1—w)sg + s + 55" > ¢a(D), s¢* > @o(D), s’ + s1* > @o(D) + ¢1(D)

hold. Therefore, the condition si < (o (D) of stability of SS2 or SS8 is not satisfied,
the condition (1 — w)si® + sit + sl < ¢5(D) of stability of SS4 is not satisfied, and
the condition si' + s < ¢o(D) + 1(D) of stability of SS5 is not satisfied.

If SS5 exists then, its conditions of existence

s> po(D) and s —ws" > My(D + az) — weo(D)

hold. Therefore, the condition si' < ¢o(D) of stability of SS2 or SS8 is not satisfied
and the condition s —wsi < My(D+as) —wpo(D) of stability of SS3 is not satisfied.

If SS8 exists then, its conditions of existence si* + si' > 1 (D) + Ma(D + as)
holds. Therefore, the condition si* + si* < (D) + Ma(D + a3) of stability of SST7 is
not satisfied.

Appendix F. Liénard-Chipart stability criteria.

Lemma F.1. Consider the fourth order polynomial 134()\) with real coefficients
given by:
P4()\) = Co)\4 + Cl)\3 + Cg)\2 + 3\ + ¢y4.

All of the roots of the polynomial 154(/\) have negative real part if and only if
(F.1) c; >0, for i=1,3,4, and 7 =c3rg—cicy >0,

where rg = c1c0 — cgcs.

Proof. From the Liénard-Chipart stability criteria (see Gantmacher [8], Theorem
11), all of the roots of the polynomial P, have negative real part if and only if

(FQ) c >0, 1=1,3,4, det(Ag) >0 and det(A4) > 0,

where As and A4 are the Hurwitz matrices defined by:

C1 C3 0 0

| ¢ c¢3 | co ¢ e O
AQ - l: Cop C2 :| and A4 - 0 C1 C3 0
0 co ca ¢4
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Conditions (F.2) are equivalent to
(F.3) >0, i=1,3,4, ro=cica—coc3 >0 and 7 = c3rg— cicq > 0.

When all conditions (F.3) hold, the condition r; > 0 implies that ro > 0. Thus,
conditions (F.3) are equivalent to (F.1). 0

Lemma F.2. Consider the six order polynomial ]56 (M) with real coefficients given
by:
P6(/\) = Co/\6 + Cl)\5 + 62)\4 + C3)\3 + 04)\2 + 05/\ + cg.-

All of the roots of the polynomial 156(/\) have negative real part if and only if
(F.4) ¢ >0, i=1,3,5,6, r4>0 and rs;>0,
where r4 = rirg — ror3 and r5 = r3ry — 01067“%, with

To = €1Cy — CoC3, T1 = C1C4 — CoCs, To = C37g — 171 and 73 = 57 — Cicg.

Proof. From the Liénard-Chipart stability criteria (see Gantmacher [8], Theorem
11), all of the roots of the polynomial Ps have negative real part if and only if

(F.5) ¢ >0, i=1,3,5,6, det(Az)>0, det(As) >0 and det(Ag) >0,

where As, A4 and Ag are the Hurwitz matrices defined by:

C1 C3 Cs 0 0 0
C1 C3 Cjy 0 Co C2 C4 Cp 0 0
Ao — C1 C3 Ay — Cop C2 C4 Cg Ap — 0 C1 C3 Cp 0 0
2 co ¢ |’ 4 0 ¢ c3 c » =6 0 cg ca ¢4 ¢cg O
0 3 5 0 6
0 co c2 ¢y 0 0 ¢ ¢3 ¢5 O
0

Conditions (F.5) are equivalent to
(F.6) ¢ >0,i=1,3,56, rg >0, r4 =riro — 173 >0, 5 = 374 — C1675 > 0.

When all conditions (F.6) hold, the condition r5 > 0 implies that r3 > 0, that is,
csro > cger which implies that rg > 0. Hence, conditions (F.6) are equivalent to
(F.4). 0

Appendix G. A chlorophenol-mineralising three-tiered microbial ‘food
web’. Following [14], model (5.2) considered in [19] can be rescaled to obtain model
(2.1) using the following change of variables:

Y3Y. Y. 1
(G.1) ro = 3t Xen, 1=+ Xpn, 22 = 3 Xm,,
so = Y3YySehn, 81 =YaSpn, s2 = SH,.

The inflowing concentrations are given by:
in in in
(G.2) 5o = YaYySchin, ST = YaSphin, 53 = SHa,in,

the death rates are ag = Kdec,chs @1 = Kdec,ph; @2 = Kdec,H,, and the yield coefficients
are

Yo=Ya, Yi=Yy, Yo=VYu, Y3=224/208(1-Yp), Y;=32/224(1-Y;)
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with w = 20813,631/4 = 2(1—Ych;(1—th)' When the yield coefficients are those given in
Table 10, we have w ~ 0.53. The growth functions take the form:
mopSo S92
Hole0:22) = Ko 4 Ty 45y
(GS) mi181 1 maSo
i) = G T sl Y T Ry sy
where

mo = Yokmch, Ko=Y3YiKgen, Lo=KsH,c, Mm1=Y1knpn,
K, =Y, Kspn, Kr=Krn,, me=Yok,n, Ko=Ksnu,.

The growth functions (G.3) satisfy Hypotheses 2.1 to 2.7 and 4.1. For these growth
functions, the various functions defined in Table 2 are listed in Table 13.

From the expression of ¥ given in Table 13, straightforward calculations shows
that, for all s, € (s3(D), s3(D)),

0?1

2
0s3

(1 = w)2Ko(D +ag) Lo+ s5(D) i 2K, (K + s3(D))

(SQ,D) = o — D — ag (52 _Sg(D))3 (S%(D) —82)3

which is positive since w < 1 and mg > D + ag. Thus, the function sy — ¥(sg, D)

is convex and fulfills Hypothesis 4.1. Hence, model (5.2) has two steady states Ss4t
and SS4? of the form SS4 (see Figure G.1).

\I/(Sz, D)

(1 — w)si? + i 4 i
¢1(D) I

I

I
I

0 xlz *2 1
S5 85 52 s5 S5

S2

Fic. G.1. The curve of the function ¥(., D), where szl and 532 are the solutions of the equation
U(s2,D) = (1 —w)sg* + s + s5*.

Appendix H. Proof of Proposition 5.1.  We assume that the biological
parameter values in model (5.2) are provided in Table 10. We assume that Spp in = 0,
SH,,in = 2.67x107° as in Fig. 3(a) from [19]. We assume that D = 0.01. As said
in section 5 and Appendix G, Theorem 4.5 applies to model (5.2). Using the change
of variables (G.2), the necessary and sufficient existence and stability conditions of
steady states of (5.2), as stated in Table 4, are summarized in Table 14. Since si* = 0,
SS7 and SS8 do not exist, as shown in Proposition 4.7. Using Table 14, we see that:

e SS1 always exists and is unstable, since the second stability condition in Ta-

ble 14 does not hold, as

(Hl) M2 (SHz,in) ~ 1.0845 > D + as = 0.03.

e SS2 exists, since the existence condition in Table 14 holds from (H.1). It is
stable if and only if
po(D)

Seh.in < =:05.
ch,in YE’,Y4 2
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e SS3 exists if and only if pg (Seh,inY3Y4, SH,.in) > D + ag, which is equivalent to

My, (D + ag, Su in)
S in > ’ 2 =: .
ch, Y3Y, 01

For Schin = o1, there is a transcritical bifurcation of SS3 and SS1. Consider
the function y = F' (Sen,in) defined by:

(H.2) F (Schin) = 11 (Seh,inY3Ya — 80, Sty ,in + W (Sen,inY3Ya — 50)) ,

where so depends also on Scp in. Recall that sq is the unique solution of equation
Yo(so) = D + ap and g is defined in Table 13. The first stability condition
of SS3 in Table 14 is written F' (Schin) < D + a1. Figure H.1 shows that this
condition holds for all Schin > o1, since the maximum of the function F is
smaller than 0.0013 and D + a; = 0.03. From the second stability condition in
Table 14, SS3 is stable if and only if

SH%in — MQ(D + ag) -+ wgoo(D)

Sch,in > L 03.
OJY3Y4
yooors yooois
y = F (Sch,in)
0.0010 _
y = F (Scn,in)
0.0005 0.0005
e T Sehin S i in

Fic. H.1. The curve of the function y = F(Sch,in) where function F is defined by (H.2),
showing that F' (Sch,in) < 0.0013, for all S in > 01.

e Recall that w ~ 0.53 < 1 for the set of parameters given in Table 10. Therefore,
equation

U(s2,D) = (1 —w)Y3YsSch in + SH,,in

admits two solutions s3' and s32 which correspond to two steady states SS4!

and SS42, respectively. When it exists, SS4! is unstable, as stated in Re-
mark 4.6. From Table 14, the first existence condition of these steady states
holds if and only if

Seh,in > $1D) = Stigin =:04.
’ (1 - w)Y3Y4

Figure H.2 shows that the second existence condition of SS4! and SS4? in
Table 14 holds, for all Schin € [04,0.11], since the straight line of equation
Yy = Secn,inY3Ys is above the curves of the functions y = M, (D—l—ao,s;i) +
M, (D + al,s?)7 for i = 1,2, respectively. SS4? is unstable, since the third
stability condition does not hold as ¢3(D) ~ —1996.917 < 0. Therefore, SS4*
and SS42 exist and are unstable for all Sch,in > 04. They disappear for S in <
04. For Sch in = 04 there is a saddle-node bifurcation. For Sc, in = o5 there is
a transcritical bifurcation of SS4! and SS6.
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N

00101 y = Mo (D + ag, s3') + My (D + a1, s3')

0.0054

y = Mo (DJrao,S;Q) + M, (D+a1;5§2)

om ¥ om  om o o Ochyin
o4
Fic. H.2. The green line of equation y = Y3Y4Sch in 15 above the red and blue curves of the

functions My (D + ao,s;i) + My (D + a1, ssi), for i = 1,2, which correspond to the steady states
SS4l and SS42, respectively.

e From Table 14, SS5 exists if and only if

<,00(D) SH2 in — M2(D + az) + w<p0(D)
= Seh,in : =: 03
72 Y3Ys < Dehin < wY3Yy 73

For Schin = 02 there is a transcritical bifurcation of SS5 and SS2. For Scy, in =
o3 there is a transcritical bifurcation of SS5 and SS3. When it exists, SS5 is
stable since

D D
Senim < 03 ~ 0.013085 < LUV ELUD) 19504,
7 Y3Ya
e From Table 14, SS6 exists if and only if
D) — S, in D D
S > 2PV = Sain 33999 g > PUPIEOUD) o504,

(1 —w)Y3Yy Y3Y,

Then, SS6 exists if and only if Schin > o05. For the stability of SS6, we plot
the functions cs, c5, 74 and r5 with respect to Scpin > 5. Figure H.3 shows
that ¢3(Sch,in), ¢5(Sech,in)s 74(Sech,in) and 75(Sen,in) are all positive if and only
if Schin > 06 where og ~ 0.1025 is the largest root of equation 75 (Sch,in) = 0.
We give now numerical evidence for a Hopf bifurcation for Scy, in = 0¢. To show
that the positive steady state SS6 is destabilized due to Hopf bifurcation, we
determine numerically the eigenvalues of the Jacobian matrix of system (5.2) at
this steady state and we plot them with respect to Sch in, see Figure H.4. The
Jacobian matrix evaluated at SS6 has two negative eigenvalues and two pairs
of complex conjugate eigenvalues. Figure H.4 shows that eigenvalues 5 and 6
both cross the imaginary axis at the critical value Scn in = 0¢, from positive
half-plane to negative half-plane, and the real parts of all eigenvalues 1, 2, 3
and 4 remain negative. Therefore, the steady state SS6 changes its stability
through a supercritical Hopf bifurcation with the appearance of a stable limit
cycle that we illustrate in the following section.

The plots of Figures G.1 and H.1 to H.4 were performed with Maple [10], which
is used in particular for the computations of coefficients c3, cs5, r4 and r5, evaluated at
SS6, and the computations of the eigenvalues of the Jacobian matrix evaluated at SS6.
The plots of Figures 5.1 to 5.3 were performed with Scilab [16] by using the formulas
of the steady state components given in Table 1. The various functions appearing in
these formulas are given in Table 13.

Appendix I. Numerical simulations. In this section, we present in Fig-
ures 1.1 to 1.7 several numerical simulations which illustrate our findings. The plots
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1 0.0010- 0.000010
(a) ()
Cc3
0.8 0.0008
cs
0.000005
0.6 0.0006-
0.4 0.0004-
0.034 0. 0.036 0.037 0.038 0.039 0.040
o5
0.2 0.0002 Sch,in
+ o
0_004 0.05 0.06  0.07 0.08  0.09 O,I(g_ 0.11 o 0.04 005 006 007 008 009 U,IOO_ 0.11 0.000005
5 ch,in 5 Sch,in 6
(e)
(d) Lxi0? (f)
0.034 0:035 0.036 0.037 0.038 0.039 0.040
10000 o3 S
0.0336 0.0346 0.0350
0.02 75 ,in
5000 T4 T5 “1Lx10°7
003
r 2.x10°7
_ 0.04 4
0.04 0.05  0.06 0.07 08 0.09 0.1 0.11
o o o
5 Seh.in 6 o sx10
000 0.06 ~4.x1077
0.07 Ss.x 1077
- 10000
008
-6.x10°7
Fi6. H.3. The curves of the functions c3(Sch,in), ¢5(Sch,in), 74(Sech,in) @nd r5(Sch,in) for

Sch,in > 05 show that all these functions are positive if and only if Schin > 06, the largest root
of equation s = 0. (a) The curve of c3. (b) The curve of c¢s5. (¢) A magnification of the curve of
cs. (d) the curves of r4 and rs. (e) A magnification of the curve of ra. (f) A magnification of the
curve of rs.

“igenvalue

Eigenvalues 3 and 4

0.054450

-0.054460-

-0.054465

-0.054470-

-0.030

-0.035

~0.040

-0.045

0.054455

0.04 0.0

5 006 007 008

004 005 006 007 008 09 oo oll g
ch,in

00> ol0 ol g
ch,in

0.04

0.05

0.06

0.07

0.08

0.09

0.10

Eigenvalues 2

Eigenvalues 5 and 6

-~ 1004

-2004

-3004

4004

5004

0.012

0.010-

0.008

0.006-

0.004

0.002

011
Sch,iu

0.04

-0.002

0.05

0.06

0.07

0.08

0.09

0.10°\_0.

-+, Sch,in
6

ox

F1G. H.4. Real parts of the eigenvalues as a function of Sch in € [0.035,0.11], when D = 0.01,
Sph,in = 0 and Sy, in = 2.67X 10~5. On this picture, green and cyan colors for two negative
etgenvalues, blue and red colors for two pairs of complex conjugate eigenvalues.

of Figures 1.1 to 1.7 were performed with Scilab [16]. The numerical simulations pre-
sented in Figure H.4 in previous section and Figures 1.1 to 1.7 were performed on the
dimensionless form of (5.2) used in [19]. Indeed, in the original form (5.2), numerical
instabilities arise in numerical schemes. To reduce the number of parameters describ-
ing the dynamics and facilitate numerical simulations, the following rescaling of the
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variables was used in [19]:

_ _ Xen _ _ Xpn — Xn,
(I 1) Xo = Ks,chYen’ X1 = Ks,phYpn’ Xo Ks n, Yu, ’
’ S, Spi Su
So =g, S1=x2-, Sa=j 2, T=kncenYeut
Ks,ch Ks.,ph Ks Hy

Then, with these changes of variables the system given in (5.2) reduced to system

X0 — (1y(So, S2) — a — ko) Xo
% = (1/1(51,52) - — k‘l)Xl
Xy — (1/2(52) - — kQ)XQ

(1.2) dr

% = 'LLf — S()) — V()(S(],SQ)XO

s, _

i = a(ug — Sl) + OJOV()(S(), SQ)XO — Vl(Sl, SQ)Xl
% = a\up — Sg) - OJQl/o(So, SQ)XO + wlul(Sl, SQ)Xl — I/Q(SQ)XQ.

The operating parameters are

D Seh,in Sph,in SHa,in
Y W — w — 2Hein
Em,ch Yoh

a = f= ) g — ) h — .
Ks.cn Ks ph Ks n,

The yield coefficients are

Ks.cn 224 Kgpn 32 16 Kgscn
= — ——(1—Yu), = — — (1 —-Y,n), = —
0= g aos Yk @ = g o () e = e e
The death rates are
k ec,c k. ec k, ec
ko = d,h7 oy = d,ph7 kg — dec.H
km,ch Yeh km,ch Yeh km,ch Yeh
The growth functions are
So S 9151 So 9252
S, Sa) = 2 (8, 8,) = O (8y) = ,
Vo( 05 2) 1+ S5, Kp+ 5, Vl( 1 2) 1+ 91+ K,5, V2( 2) 1+ 5,

where the biological parameters are given by

km’thph b0 = km,HzYHz Kp — KS,HQ,C K KS,H2
) 2 — ) P ) I .
km,ch Yeh km,ch Yeh Ks n, Kin,

¢1 =

The trajectories in Figures 1.1 to 1.7 were presented according to the variables of
model (5.2) using the change of variables (I.1). In Figures I.1 to 1.3, the projections
of the orbits of the six-dimensional phase space into the three-dimensional space
(Xchy Xph, Xn1,) shows the appearance and disappearance of a stable limit cycle for
different values of Sc in > 05 where the steady states in blue are unstable and those
in red are stable. The plot of the limit cycle was obtained by solving the ordinary
differential equations using the default solver “Isoda” from the ODEPACK package in
Scilab.

Tables 11 and 12 present the components of the stable steady states SS3 and SS6,
and all the initial conditions chosen to trace the different trajectories of model (5.2)
in Figures I.1 to 1.7 in the following three cases where the steady states SS1, SS2,
SS4!' and SS4? are unstable :
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e For Sc in € (035,0%), the numerical simulations done for various positive initial
conditions permit to conjecture the global asymptotic stability of SS3 (see
Figure I.1).

e For Senin € (0%, 06), the system exhibits a bistability with two basins of attrac-
tion: one toward the stable limit cycle and the second toward SS3. Figure 1.2
illustrates that the trajectories in pink and cyan converge toward the stable
limit cycle in red, while the green trajectory converges toward the steady state
SS3. For the initial condition in Table 12, the time course in Figure 1.4 illus-
trates the positive, periodic solution representing the coexistence of the three
species. The sustained oscillations prove the stability of the limit cycle. How-
ever, Figure 1.5 shows the time course of the green trajectory in Figure I.2.

e For Schin > 06, the system exhibits a bistability between SS6 and SS3. Fig-
ure 1.3 shows that the cyan trajectory converges to the stable focus SS6, while
the green trajectory converges to SS3. Figures 1.6 and 1.7 illustrate the time
courses corresponding to the cyan and the green trajectories in Figure 1.3,
respectively.

2e-04 4
1.5e-04
XH2

1e-04

5e-05 o

0.001 ch g 0005 0.002

Fic. I.1. Case Scp in = 0.098 < o*: the solution of (5.2) converges to SSS.

2e-04

1.5e-04 4

»
Xy e
1e-04 4 5 SS6.4
Y
5
se-0s 4 5541 g3
Ss42 0.001
0e00 .002 Xph

0.0012 uo‘ol D.OL;USXC}Q 0(;06 0. oc‘on o_o(‘)oz 0
Fic. 1.2. Case 0* < Scp,in = 0.0995 < o¢ : bistability with convergence either to the stable
limit cycle (in red) or to SS3.

Appendix J. Tables. In this section, we give the tables that are used in
the previous sections. In Table 10, we provide the biological parameter values. In
Tables 11 and 12, we provide the components of SS3 and SS6, and the initial conditions
used in Figures I.1 to 1.7, respectively. In Table 13, we present the auxiliary functions
in the case of the growth functions given by (G.3). In Table 14, we provide the
necessary and sufficient conditions for the existence and the local stability of steady
states.
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3e-04 -
2.5e-04
2e-04 4
X, X A

1.5e-04 ]

1e-04 ]

5e-05 J

0e00

N
X h 0.0005

© 0.003

Fi1G. 1.3. The case 06 < Scp,in = 0.11 : bistability with convergence either to SS6 or to SS3.

=1Sch ey Spn e S,
t (days) t (days)
==1Xch
t (days) t (days) t (days)

F1G. L.4. Trajectories of Sch, Sph, Stig> Xch, Xph and X, for Sch in = 0.0995 (in kgCOD/m?):
Conwvergence to the stable limit cycle.

W M ]
,Mdaﬁ) X ®) t (da})](szk v, t (days)
T Tt@ays) tdays)  t(days)  t(days)

FiG. 1.5. Trajectories of Sch, Sph, SHys Xch, Xph and X, for Sch,in = 0.0995 (in kgCOD/m3 ):
Convergence to the stable steady state SS3. (b) A magnification of (a) showing that the solution of
(5.2) converges to the nonzero Xp-component of SS3.
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vy S w7 Sph ST,

' = Lfaysju ’ - ((ﬁiﬂ;ys)w o v o (3 aysf %
o1 X ch ( mi)&pl, oy XHy
Tt (daysy ST T (daysy T T ¢ (days)

Fic. 1.6. Trajectories of Sch, Sph, SHy, Xch, Xph and Xu, for Schin = 0.11 (in kgCOD/m?):
Conwvergence to the positive steady state SS6.

e 1Sen w1 Sph senq Sy

t(days) t (days) "t (days) °°
T @ SRR “1Xpn s
2 il
= o u /\
. \\ \L i 1
T N @me T T h@we .  R@aye . t(ame

F1G6. L.7. Trajectories of Sch, Sph, SHy, Xch, Xph and Xu, for Schin = 0.11 (in kgCOD/m3):
Convergence to the stable steady state SS3. (b) A magnification of (a) showing that the solution of
(5.2) converges to the nonzero X¢p-component of SS3.

TABLE 10

Nominal parameter values, where i = ch,ph,Ha. Units are expressed in Chemical Ozxygen
Demand (COD).

Parameters Nominal values Units

Kum.ch 29 kgCODg/kgCODx /d
Kg.eh 0.053 kgCOD/m?

Yen 0.019 kgCODx /kgCODsg
Kom.ph 26 kgCODg /kgCODx /d
Kspn 0.302 kgCOD/m?

th 0.04 kgCODX /kgCODS
km,H2 35 kgCODs/kgCODx/d
Ksn, 2.5x107° kgCOD/nﬁ

Ksn,.c 1.0x106 kgCOD/m?

YH2 0.06 kgCODx/kgCODS
Kdec.i 0.02 a1

Krn, 3.5x106 kgCOD/m3
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TABLE 11

The steady states SS3 and SS6 of model (5.2) corresponding to Figures 1.1 to 1.7. The biological
parameters are provided in Table 10. The operating parameters are D = 0.01, Spp, jn = 0, SH, in =
2.67x1075 and Sch,in given in the second column.

Figure Sch,in

SS3 = (Xchv Oa 0; Sch» Spha SHQ)
856 = (Xcn, Xph, X, Sch, Sphy SH, )

(2.191075,0,0,9.77107%,3.6510~1,9.1710~%)

L1 0-098 (5.3410*,1.06 107°,8.80107°,1.36 1072,9.9310~>,3.6210~7)
ii Qoggs (2191070,0,0,9.92107%,3.65104,9.1210°%)
1'5 : (5.44107*,1.08107%,9.00107°,1.36 1072,9.93107%,3.62107")
%2 o1y (219107°,0,0,1.10107%,3.6510%,8.7910%)
1'7 ' (6.101074,1.221073,1.04107*,1.36 1072,9.93107%,3.6210~7)

TABLE 12

The initial conditions of solutions of model (5.2) in Figures 1.1 to 1.7 are obtained from the
initial conditions of the solutions of model (1.2) by using the change of variables (I.1). The initial
conditions of (1.2) are given by X;(0) = X} +¢ and S;(0) = S} +¢, i =0,1,2 where X; and S} are
the components of SS6 and € is given in the second column. When there is more than one trajectory
in the figure, its color is indicated in the first column.

Figure

Coor € (Xen(0). X (0). Xi1, (0), e (0), Spi(0), S (0))

L1 9.710% (5.44107%,1.171073,8.80107°,1.421072,1.2910~2,6.0510 ")

1.2

Pink 10~2 (55410 4.1.201072,9.00107°,1.421072,1.29102,6.1210~ )

Cyan  3.21072 (5.7610~4,1.461073,9.00105,1.53102,1.96 102, 1.16 10~

Green 3.51072 (5.7910~ 4 ,1.5010™ 3 ,9.0010™ 5 ,1.55 10_2 2.05 10_2 1.2410~

1.3

Cyan 61072 6.711074,1.951073,1.04107*,1.68 1072,2.80 1072, 1.86 10~ )

Green 7107*  (6.81107%,2.07107%,1.0410"*,1.74102,3.111072,2.11 10~ )

L4 21073 546107, ,1.1010~ 3, ,9.0010~ 7, ,1.371072,1.051072,4.1210~7

1.5 3.51072 (5.7910~ 415010 390010 515510 220510_212410

L6 61072  (6.71107%,1.951073,1.04107%,1.681072,2.801072,1.86 107)

L7 7102 (6.8110~4,2.07107%,1.04104, 1.7410-2, 3.1 102, 2.11 10~
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