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On the linear independence of values of G-functions

Gabriel Lepetit
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Abstract
We consider a G-function F(z) = Z":O AzF € K[zl, where K is a number field, of
radius of convergence R and annihilated by the G-operator L € K(z)[d/dz], and a pa-

Ak

k=0 (k+B+n)s
indexed by the integers s and n. Fix @ € K* n D(0, R). Let d>a B,S be the K-vector space

k+n

rameter f € Q\ Z<o. We define a family of G-functions F Ls] n(8) =

generated by the values F, /[;] (@), neN, 0<s<S. We show that there exist some positive
constants uy, g and vgg such that uy gglog(S) < dimk @4 g s < vgS. This generalizes a
previous theorem of Fischler and Rivoal (2017), which is the case = 0. Our proof is an
adaptation of their article (6], making use of the André-Chudnovsky-Katz Theorem on
the structure of the G-operators and of the saddle point method. Moreover, we rely on
Dwork and André’s quantitative results on the size of G-operators to obtain an explicit
formula for the constant uy g, which was not given in [6] in the case = 0.

1 Introduction

[e.@] J—

A G-function is a power series f(z) = Y. ayz* € Q[z] satisfying the three following assump-
k=0

tions:

a) f is solution of a nonzero linear differential equation with coefficients in Q(z);

b) There exists C; > 0 such that Vk e N, [ag] < Cf“, where [ay] is the house of ay, i.e. the
maximum of the modules of the Galois conjugates of ay;

c) There exists C, > 0 such that Vk € N, den(ay,...,ar) < C§+1, where den(ay,...,ay) is
the denominator of ay, ..., ai, i.e. the smallest integer d € N* such that day, ..., day are
algebraic integers.

This family of special functions has been studied together with the family of E-functions,

which are the functions f(z) = }. %z satisfying a) and such that the ay satisfy the condi-
k=0

tions b) and ¢), since Siegel defined them in 1929 [15]. The most basic example of G-function,

which gives it its name, is the geometric series f(z) = — Z z* =1/(1 - z). Other examples in-
=0
clude
00 Zk 0o Zk v 2 2k+1
l 1- = -, L = —, t —
og(l-2) kX::l k is(2) kgl 0 arc an(z) = kZb( 1) T

and the family of hypergeometric functions with rational parameters: if @ = (a;,...,a,) € Q"
and ﬁ = (ﬁl! .. -,,Bv—l) € (@ \ ZSO)V_I;

S (). (@) &
vEyv_1(a; B;2) := )
(@i fi2) kzzo(ﬁl)k...(ﬁv_l)kk!z

1
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whereforxe Cand k=1, (X)) = x(x+1)(x+2)...(x+ k—-1), (x)g = 1, is the Pochhammer
symbol.

In this paper, we are going to rely on the theory of G-functions developed by André,
Bombieri, Chudnovsky, Katz and others. Its main result can be synthetised as follows: the
minimal nonzero linear differential equation on @(z) associated with a G-function belong
to a specific class of differential operators, called G-operators. Every G-operator of order
u is Fuchsian and admits a basis of solutions around every point a of P!(Q) of the form
(filz=a),..., fulz—a))(z - a)®*, where the f;(u) are G-functions and C, € A,(Q). See [1]
or [5] for an extensive review of the theory of G-functions.

Our goal is to study the following problem, first considered in a special case (i.e., § = 0) by
Fischler and Rivoal ([6]), involving G-functions and G-operators. Let K a number field and

F(z) = Z Akz € K[z] a non polynomial G-function. Let L € Q) [z,d/dz] \ {0} be an operator

such that L(F(z)) = 0 and of minimal order y for F.
Take a parameter § € Q \ Z<o, that will remain fixed in the rest of the paper. For n € N*
and s € N, we define the G-functions

oo Ap
F[S] k+n.
(2) = Z[)—(k+ﬁ+n)sz

These are related to iterated primitives of F(z). The aim of this article is to find upper and
lower bounds of the dimension of

g, p,5 1= Spany (F[[;]n(a), neN*, 0<s< S)

when S is alarge enough integer and a € K, 0 < |a| < R with R the radius of convergence of F.
Note that it is not obvious that ®, g s has finite dimension. Precisely, we want to prove the
following theorem.

Theorem 1

Assume that F is not a polynomial. Then for S large enough, the following inequality

holds:
1+0(1)

[K:QIC(F B)
Here, if 6 = deg,(L) and w is the order of 0 as a singularity of L, ¢y(p) is defined as the
maximum of ¢ := § — w and the numbers f —  when f runs through the exponents of L

at infinity such that f — f € N, and C(F, ) is a positive constant depending only on F and
B, and not a.

log(S) < dimyk ®g,g.5 < Co(B)S + .

If F(2) € K[z], then Fy) (2) € K[2] as well and ®q 5,5 < K.
In [6], Fischler and Rivoal proved this theorem with = 0. Their goal was to generalize

previous results of Rivoal ([13], for a € Q) and Marcovecchio [12] on the dimension of the K-
2k

vector space spanned by Lig(a), 0 < s< S, for a €K, 0 < |a| < 1, where Lis(z) := Z E is the
k=1

s-th polylogarithm function. Indeed, if we set Ay = 1 for every positive integer k, the family of
functions (F Ls] (z)) is the family of the polylogarithms Lis(z) up to an additive polynomial

term. Using a dlfferent method based on a generalization of Shidlovskii’s lemma, Fischler
and Rivoal later proved in [7] that Theorem[I]was also true for f = 0 and a in a domain that
is star-shaped at 0 in which the open disc of convergence of F is strictly contained. We don’t
know if this also holds for any rational §, and it seems to be a difficult task.

We are going to adapt their approach in [6] in the more general case we are interested
in. In a first part, we rely on the properties of G-function of F to find a recurrence relation
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between the functions F 1[5 5! (2), which will prove the upper bound of the theorem. In a second
part, we will study the asymptotic behavior as n — +oo of a power series T, (z), which is
a linear form in the F E (2), in order to use a linear independence criterion a la Nesterenko
due to Fischler and Rivoal, leading to the lower bound of Theorem|[1} The key tool for this
will be the saddle point method.

In Section 4} we will give an original explicit expression of the constant C(F, ). To this
end, we recall in Section 3] results of Dwork ([5]), André ([1]) and of the author ([11]) on the
notion of size of a G-operator, encoding a condition of moderate growth on some denomi-
nators, the Galochkin condition. In particular, an explicit version of Chudnovsky’s Theorem
gives a relation between the size of a G-function, encoding the conditions b) and c) of the
definition above, and the size of its minimal operator.

After simplification, the estimation of C(F, ) we obtain ultimately depends on £ (in fact,
on its denominator), on arithmetic and analytic invariants of the minimal operator L of F
and on the size of F itself.

In order to compute C(F, f3), it is possible and more convenient to rewrite L under the

form
w-p € d
Y 2/Qj0+j), 60=z— (1)

U i dz

L=

with w € N¥, Qj(X)eOk[X]and u e N*. We notice that if £ = 0, then the only power series
solutions of L(y(z)) = 0 are polynomials (see the remark after Equation (I5), Section[4).
We will prove the following theorem:

Theorem 2

Assume that F is not a polynomial. We denote by & the denominator of f. Then the
integer ¢ defined in (I) below is > 1 and a suitable constant C(F, ) in Theorem([l|is

C(F,B) =log(2eC, (F)Cy(F, ) @)
with
Ci(F):= max(l, Yolye ,q)O(L)max(l.é—l)) )
and
Co(F p) =

den (1/y0)’ den(e, B)®* exp (3max(1, £ - D[ : Q1 Ao (L, B) + 3(u+ 1)den(, ), (4)

0 0

where the polynomials Qy(X) = yo [1 (X —e;) and Q,(X) =y, [1 (X + f; — ¢) are defined
i=1 i=1

in (I).

The numbers e; (resp. f;) are congruent modulo Z to the exponents of L at 0 (resp. oo)
and are therefore rational numbers by Katz’s Theorem ([5, p. 98]), since L annihilates the
G-function F. The numbers Ay (L, f) and ®((L) will be defined respectively in formulas
and of Section[4] This theorem provides a constant C(F, §) that eventually only depends
on F and the denominator 2 of .

The terms C;(F) and C»(F, ) making up the constant C(F, §) arise from very different
computations: C; can be seen as the "analytic" part of C whereas C; is related to arithmetic
invariants of F, L and .

In Section b} we will end the paper by making explicit the results of Theorems [1] and
in the cases of classical examples, including polylogarithms, hypergeometric functions, and
the generating function of the Apéry numbers.



2 PROOF OF THE MAIN RESULT 4

Acknowledgements: I thank T. Rivoal for carefully reading this paper and for his useful
comments and remarks that improved it substantially.

2 Proof of the main result

2.1 Arecurrence relation between the F L, (2)

As F is a G-function, the nonzero minimal operator L of F is a G-operator by Chudnovsky’s
Theorem (see [5, p. 267]). In particular, the André-Chudnovsky-Katz Theorem (cf [2, p.719])
mentioned in Section[1]states that L is a Fuchsian operator with rational exponents at every
point of P1(Q). Relying on this property, we are going to obtain a recurrence relation between
the series F [[;] (z), when s € N and n € N* (Proposition [2|below). This algebraic method will
be the key argument to obtain the upper bound in Theorem [1] and will also be useful in
Subsection 2.2} where we will prove the lower bound.

By [6, Lemma 1, p. 11], there exist some polynomials Q;(X) € Ok[X] and u € N* such that

[ .
uzt"“L=73 2/Q;0+ j),
j=0

with 6 = zd/dz, p the order of L, w the multiplicity of 0 as a singularity of Land ¢ =6 —w

where 6 is the degree in z of L.
Lemma 1

Define, for j €{0,..., ¢}, Q; s(X) = @”Qj(X— p), where 2 = den(f3). The operator

[ .
Lg=) 2/Qjp0+))
=

is an operator in Q [z,d/dz] \ {0} of minimal order for zPF(z).

Before proving Lemma 1, we mention the following consequence of Chudnovsky’s Theo-
rem stated by Dwork ([5, Corollary 4.2, p. 299]).

Proposition 1

Let L be an operator in @(z) [d/dz] such that the differential equation L(y(z)) = 0 has a
basis of solutions around 0 of the form ( fi(z), ..., fu(z))zA, where the f;(z) are G-functions
and A€ .4, (Q) has rational eigenvalues. Then L is a G-operator.

We recall that z4 is defined in a connected open subset Q of C*, as z4 .= =exp(Alog(z)) =
Z log(z)* A%/ k! for z € Q, where log is a determination of the complex logarlthm on Q.

k=0
Proposition (1| implies that Lg is a G-operator. Indeed, if we set a basis of solutions of

L(y(z)) = 0 around 0 of the form (f;(2),. ..,f,J(z))zC, where C € .4, (@) has eigenvalues in Q,
a basis of solutions of Lg(y(z)) = 0 around 0 is (f;(2),..., fp(z))zcwlﬂ.

Proof of Lemmall,  We begin by the following observation: for all m, j € N,
O - B+ )" (2P F(2) = 2P0+ )" (F(2).
It is enough to prove it for F(z) = z*. In that case, for m =1,
O-B+ )P = B+ )P+ (- PP = 2Pk + j)zF = 2P O+ j)2*

and the result follows by induction on m.
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dj
Now, with Qj = ¥ p;»X™, we have
m=0

dj dj

Lﬁ(zﬁF(z))—@”Z Y pjm@-pB+7) (zﬁF(z))—@“zﬁZ Y pjm@+HM(F(2)
j=0m=0 j=0m=0

l4
=92 Y 27Q;(0+ j)(F(2) =0.
j=0
We note that Lg has the same order as L. Let us now prove that this order is the mini-
mal one for zPF(z). Let L be an operator of minimal order for F(z) := zPF(z). Then F(z) =
z7PF(z), so E_ﬁ(F) = 0. Thus ord (L) < ord (f_ﬁ) = ord (L), since L is minimal for F. On the
other hand, Lg(F) = 0, so that the minimality of L yields ord (L) < ord (L). Finally, L has the
same order as L and Lg, so Lg is indeed minimal. O

In a similar way as in [6, Lemma 3, p. 17], we obtain the following key lemma:
Lemma 2

For any fixed s € N*, the sequence of functions (F [[;]n(z)) n>1 satisfies the following inho-
mogeneous recurrence relation:

4 0 s—1
V=1, Y Qip-mF. (D=3 Y YinespF,) 2+ Z 2" B nsp0)F(2)
j=0 j=0t=1

whereyj n 1sp € Ok and each polynomial Bj ,, 5 3(X) € Ok [X] has degree less than dj — s.

Proof. Letus proceed by induction on s> 1.

e For s=1, let us remark that for u e N,

fzxﬁ“‘F(x)dx: i Akfzxﬁ”“Lkdx: OZO: A Zhrurkl — PRl
0 =0 Jo o Bru+k+1 pru+1

Hence
z z .
o:f PHLE(x))dx = Z Z 0jm Z( ) f xPHHI-1P E(x)dx.
0 j=0m=0 0
Successive integrations by parts give
z ) p-1
f PP () dx = 2P0 Y ()P B+ n+ H)PTITI0E (2)
0 q=0
+(DP(B+n+ )HPPFE] (2. (5)

B,n+j

Therefore, diving both sides of the equality by z# and using the equality

Zp]mZ( )( DP(B+n+ P j" P =Qj(-n-p),

we obtain

¢ .
Y Qi-n-PFy  (2)= Z 2" Bj n1,50)F(2)
=0 =0
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with
di-1 d; m o (m 1 1
Bin1p= Y. bjinrgsX?,  Dinigs= D Pim D JTPB+n+ PP =P
q=0 m=0 p=g+1\ P

Multiplying both sides of the equality by 2#, we see that the coefficients of 2#B; ,, 1 (X) are
algebraic integers which are also polynomials in n with coefficients in Oy of degree at most
dj—q— 1. This is the desired conclusion.

e Let s € N*. We assume that the result holds for s. We saw in the first point that

fo PR odx =2 Fgr L (2).

So, by induction hypothesis,

£ 1

Y Qjp-mFg, @)= ﬁf ZQ] p-mPFS(dx
j=0

1 l s— z .
_ﬁZZYJMSﬁf xP-1FU (x)dx+—z xﬁ+"+1_1B]~,n_s_ﬂ(H)F(x)dx

B.n+j =
s—1 ¢ dj-s
:Z Y]n[s‘[}F[[;;_l'_]](Z)+Z Z b]nsqﬁ ﬁf xﬁ+"+] IHqF(x)dx
j=01=1 j=0g=0

Finally, Equation (5) yields

4 { s
;)Qj(—n—ﬁ)FE;}r]] (2) = Zo;lyj,n,t,m sFj n+](z) + Z 2" B; 541,80 F(2)
]: = =

where
Yint-1,8 » 2<t<s+1
Yimnts+1,8= ¢ djs q
> Z( 1) (ﬁ+n+l) bznsqﬁ» t=1
i=0 g=0
and
dj-s -1
Bjns,p(X)= ). b]nsqﬁZ( DIP B+ n+ TP XP e OkX]
q=0 p=0
has degree less than d; — s — 1. O

Lemma 2]implies the following proposition, which is the main result of this subsection.
It provides an inhomogeneous recurrence relation satisfied by the sequence of G-functions
(F Ish ))neN* r<scs” The important fact in (6) is that the length of the summations over j
does not depend on n.

Proposition 2
Let m e N* be such that m > f — ¢ — 8 for every exponent f of L at co satisfying f —f € N.
Then for any s,n=1,

a) There exist some algebraic numbersxj ; s n g € K and polynomials K; s » 5(z) € K[z]
of degree at most n+ s(¢ — 1) such that

s {+m-1

Fgh () =) Z K,mﬁF[](z)+ZK]snﬁ(z)(efF)(z) 6)
t=1 j=
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b) There exists a constant Cy (F, ) > 0 such that the numbers [« ;s ng|(1 < j<l+m—
1, 1< £<3s), and the houses of the coefficients of the polynomials K 5 , 5(z),0< j<pu—1
are bounded by H(F, B, s, n), with

VneN*, Vi<ss<S, H(EPB,s,n'"<Ci(Ep°.

c) Let D(F, 3, s, n) denote the least common denominator of the algebraic numbers
Kjnsnw,p (1< j<sl+m—1,1<t<s,n <n)and of the coefficients of the polynomials
Kjsn p(2) (0<j<p—1,n' <n). Then there exists a constant C,(F, ) > 0 such that

VneN*, Vi<s<S, D(EB, s n'"<Cy(Fp)°.

The proof of this proposition is, mutatis mutandis, the same as the proof of |6, Proposi-
[
tion 1, p. 16]. Indeed, Proposition|l|implies that Lg = 3. z/Q 60+ j) is a G-operator, which
j=0

enables us to use [6, Lemma 2, p. 12] in order to deduce Proposition 2|from Lemma 2] above.
However, we will present in Section[d]a precise way to compute the constants C; (F, ) and
C,(F, ) which was not given in [6]. In particular, we shall find a suitable constant C; (F, )
independent of .
In the next two subsections and in Section[4} the index f relative to x j,; 5, n,6 and Kj, s, p
will be omitted as there is no ambiguity.

Remark. Denote by &(f) the set of exponents f of L at oo such that f — f € N. Then the best
possible value for m is m =max({L}u{f+1-¢—- B, f € &(B)}) = Co(B) — ¢ + 1 where
lo(B) :=max({L}u{f - B, fe&(P)). (7

Katz's Theorem (see [5, Theorem 6.1, p. 98]) ensures that the exponents of L at co are all
rational numbers. Assume that one of them, denoted by f, is nonzero, and set, for all k € N,
Br := (sign(f) — kden(f)) | f]. Then we have f — ;. = kden(f)|f| €N, so that for all k,

lo(Br) =den(f)Ifk

+00.
k—+00

Likewise, if 0 is the only exponent of L at co, then ;. = —k — ¢ satisfies {o(Br) = k+ ¢

k—+00
+00.

2.2 Study of an auxiliary series

As in [6, p. 24], we define an auxiliary series Ts, ;. ,(z), which depends on  and turns out to
be a linear form with polynomial coefficients in the F [[;]u(z) (Proposition | .

For SeNand r e Nsuch that r < §, let
S (k—rn+1),, —k

T — !S—r
srn(2)=n kz:‘b (k+ 1+ﬁ)s

n+1

This series converges for |z| > R™L.

The goal of this part is to obtain various estimates on T, ,(z) in order to be able to apply
a generalization of Nesterenko’s linear independence criterion ([6, Section 3]). This will pro-
vide the lower bound on the dimension of ®, g s in Theorem The control of the size and

the denominator of coefficients appearing in the relation between Ts , ,(z) and the F l[;’]u[z)
(Lemmas [3]and [4) will play a central role, but the most tedious part in the original paper of
Fischler and Rivoal consisted in the use of the saddle point method in order to obtain an
asymptotic expansion of Ts ., (1/a) as n — +oo for 0 < |a| < R. Fortunately, we can adapt

their proof with only a few minor changes (Lemmal6).
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Proposition 3

Forn= ¢y(p), there exist some polynomials C,, s ,(z) € K[z] and C’u,n(z) € K[z] of respec-
tive degrees at most n+1 and n+ 1+ S(¢ — 1) such that

lo(B) S
Ts,rn(2) = Z Zcus,n( )F Is] ( ) Zcun(z)z S(e- 1)(6 F)( )

u=1 s=1 u=0
Proof. Let us write the partial fraction expansion
C O X+BHDS... X+ f+n-1S = 1(X+ﬁ+])5 R

so that

n+1 1
Ts,rn(2) = Z Z Cj, an]F[S] ( )

j=1s=1

Then [6, Lemma 4, p. 24], Equation (8) and Proposition altogether yield

4P S
Tsrn(2) =Y. Zcusn(z)F“] ) Zcm(z)z‘s“’ ”(euF)( )

u=1 s=

where
n+l S .
Cus,n(2) = Cu,s,nzu + Z Z z/ Cj,o,nKu,s,0,j
j=lo(P)+10=s

and

. n+l1 S 1
Cun(z) = Z Z Cj,s,n Z]+S(é I)Ku s J ( )
j=lo(B)+1s=1

We begin by computing an upper bound on the house of the coefficients of the polyno-
mials C, s ,(z) and Cu, n(z) appearing in Proposition

Lemma 3

For any z € Q, we have

1/n
hmsup(max u,s,n(z)) < Ci(E B)Sr®25" " max(1, [z])

n—+oo

and

1/n
hmsup(max usn(z)) < C1(F, )5S r825  max(1, [z)).
n—+oo

Proof. @ We are going to draw inspiration from the proof given in [13, pp. 6-7].

Let n e N* and
R (1) = iS5 S(t=rn+1),
" o+ 1+pS,

Let joe{l,...,n+1}and sy € {1,..., S}. The residue theorem yields

n+l

1

Cijo,s0,n = =5
Jo,So 217_[

f Ru(2)(z+ B+ jo)* dz.
|z+ B+ jol=1/2
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1
Iflz+ B+ jol= E,wehave

rn—1 rn—1

l(z—rn+1Dml= [] lz—rn+1+kli= [] |z+B+jo—(rn—1—k+f+ jo)|
k=0 k=0
rn—1 rn—1
<[] 5+rn—(lc+1)+|ﬁ|+jO < [] (rm=k+1B1+jo) =Bl + jo+ Dn
k=0 k=0
_(Btjotrn+l)!

<SB+jo+1)m=——=
0 (B+jo+ D!

with B := [|Bl], where |-] denotes the integer part function. Moreover,

|z+B+Dpar| =[] 1z+B+k+1=]]|z+B+jo—Go—k-1)|

k=0 k=0
ﬁ 1 fi:f 1) (1)® ﬁ 1
> Ijo—k—ll——'= (jo—k—l——)X(—) x (k—l—jo——)
k=0 21 k=0 2) \2) klje2 2
1
> = (o= 2ln—joll .
Therefore,
R.(2)] < niS (B+so+rn+1)! gs _ B+jo+rn+l y (rn)!
" (Bt o+ Do—2)5(n— jo)!S Bjo+1 ) (o=2)5(n—jo)s
,B+j0+rn+1 (rn)! [n-2 5 S S
_ ol X x| xn’(n—1)° x .
B+ jo+1 n"  \jo—2 nis—r

Hence
_ 1\S = 1\$
so that, since the last bound is independent of jj, we get

1/n
limsup| max |cjsnl <28t
n—+oo 1$j$n+1

The desired result follows from this inequality and from point b) of Proposition 2| O

The following lemma then provides an upper bound on the denominator of the coeffi-
cients of Cy, 5 ,(2) and Cu,n (z). We recall that & is the denominator of .

Lemma 4

Let z € K and g € N* be such that gz € Ok. Then there exists a sequence (Ay);>1 of
positive natural integers such that, for any u, s:

AnCusn(2) €0k,  A,Cun(2) €0k, and lim AV = qCy(F, B)° 2% €.
—+00

Proof of Lemmafdl  We are going to follow the proof given by Rivoal in [13, pp. 7-8]. For
practical reasons, we will work with

1S—r (t—1M)rn

R,()=R,(t—-1)=n ,
e (t+B)5,,
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rather than with R, (). For any jj € {0,..., n}, we have

V1<s<S, Cjprisn=Dsos(Ra(DE+B+ o)) = p_ s 9)
d/l
with D) = ndi Consider the following decomposition:
r
Ry()(t+ B+ jo)® = HFz(t))H(l‘)S_r
/=1
with, forl1<?¢<r,

(t—nb), . n! :
Fo(t)=——(t+PB+jo), and H(t) = ——(t+ P+ jo).
= ey (TP (t+ pram L HPHR

We obtain
0
Jo—p n_plB|[BP+P+{ln
Fr=1+ ) —— , =(-1"P
o(1) §t+ﬁ+pfp,z,n fpen=(=1) (p)( ; )
p#io
and

1 (jO_p)hpn n
H=)Y — 21 =(=D"["|.
. 0 t+p+p fipun = (1) p

p#jo

Note that h, , € N*. Hence, if 1 €N,

L Jo—P)fp.en no fpen
Da(Fo()jse—pio =602+ Y (-DA— P2 — 5 = Y 2227
ALy [t==B~—jo 0,4 ;} (p—]o)’“l 0,1 ;} (]o—P)’l

p#Jjo p#jo
where 69y =1if A =0 and 0 else, and

n h n
Dy(H®)jpeopin =— Y — 22
Thus, forall1 < ¢ <randall A € N, we have

drAY Dy (Fr(8)1=—p-j,€Z and djrDy(H(1)j1=—p-j, € Z

with d;, =1lem(1,2,...,n) and Ag) € N* a common denominator of the fpenforallp,?.

Lemma@b) of Subsectionensures that the integers A(nl) = 92" gre suitable ones.
Moreover, Leibniz’s formula yields

Ds—s (Ra(O)(t+ B+ jo)®) =Y. Dy, (F1(1))... Dy, (Fr (£)) Dy, ,, (H(8)) ... Dyg (H(1))
M

where the sum is on the g = (i1,..., s) € NS such that py +--- + us = S — s. Finally, using (),
we see that
VO<js<n, V1<s<S, d “2*"cjsn€Z

The Prime Number Theorem gives d, < e"*°" so that the desired conclusion follows from
point c) of Proposition 2] O
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Let us now explain briefly how the approach of Fischler and Rivoal in [6] to estimate
Ts,n(1/a) as n — +oo for 0 < |a| < R with the saddle point method can be adapted in our
case.

In [6], a family of functions By (2),..., By(z) analytic in some half plane Re(z) > u such

p
that A(z) = }. B;(z) satisfies A(k) = Ay for all large enough integers k has been constructed.
j=1
Here, u is a positive real number such that |F(z)| = @(|z|*) when z — coin C\ (LyU---U Ly),
where the L; are half-lines (see [6, p. 28]). The theory of singular regular points (see [9)
chapter 9]) ensures that u exists. Moreover, [6, Lemma 8, p. 29] gives, for every j € {1,..., p},

the following asymptotic expansion of B;(¢n), when n tends to infinity:

o (1
(tm)Pig?

Bj(tn):Kj log(n)))’

where s; €N, bj € Q, x; € C*, and {y,..., ¢, are the finite singularities of F(z). Furthermore,
the implicit constant is uniform in any half-plane Re(#) = d,d > 0.
We define

c+ioo 1S—r _ s
@s,r,n,j(a):f Bj(tm) = T((r—nmT(tn+p+1)T(tn+1)

(—a)""dr,
c—ico I(t+)n+p+2)3S

forl<j<p,where0<c<r.
Adapting the computations done in [6, p. 31], based on the residue formula, we obtain
the following result:

Lemma5

If0 < |a| < R and r > u then for n large enough, we have

(_l)ri’ln
2im

%S,r,n,j ().

. i
TS,r,n (_) =
al 5

It is now a matter of studying the asymptotic behavior of %s ;,,, j(a) when n tends to
infinity; this is a sensitive step using the saddle point method.
Stirling’s formula provides the following asymptotic expansion of %s ;. 5, j (@):

log(n)sj c+ioco
) _ (S—r+2)/2, . np(—alé;,t)
Bs,rn,j(@) = (27) K Gk fc_ioo gjplte

1+@’( ))dt
log(n)

where the constant in & is uniform in ¢ and

and
p(z,t) =tlog(z) + (S+ 1) tlog(?) + (r — t)log(r — 1) = S(t + 1) log(t + 1).

Note that ¢ is the same function as in [6]. Thus, the application of the saddle point
method will not change much in this case because  appears only in g; (). We will have
to check that g; () is defined and takes a nonzero value at the saddle point.

Lemma 6

For z such that 0 < |z| < 1 and —n < arg(z) < 7w, let 75,(z) be the unique t such that

0
Re(t) > 0 and ¢'(z, t) =0, where ¢'(z, t) = a—(/t)(z, 1.
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Assume that r = r(S) is an increasing function of S such that r = o(S) and Se™5'U*1) =

o(1) as S tends to infinity. Then if S is large enough (with respect to the choice of the
function S — r(S)), the following asymptotic estimate holds for any j € {1,..., p}:

(2m) S T+3)2 K;Yj.p log(n)’e?i”
\/ —’(V] n(S+r+1)/2+ﬁj

where v =g, (—a/)), ¢j=p(—aléj,T1), vj=¢"(-al&;,T}) vjp = &p(T ;). Moreover,
forany j€{l,...,p}, we havex y; gy #0.

Bs,rn,j(@) = (1+0(1), n—+oo,

Note that ¢,y ,7; are the same quantities as in [6]. The condition on r is in particular
satisfied by r = | S/(log(8))?].

Proof. Only the fourth step of the proof in [6] has to be adapted to this case in order to
apply the saddle point method.
We have g; (1) = (S+DI2+8p=bj(r _ 1)=112(¢ 4. 1)~S@h+3)/2 Hence, denoting 7 = 75,(2),

T(S+1)/2+Sﬁ
gj,ﬁ(T) = ‘L'hf(r _ ‘[)1/2(‘[ + 1)8(2ﬁ+3)/2 )

27541
But as mentioned in [6, Step 1, p. 33], we have zt5"! - (r—7)(7+1) = 0,so that r —7 = T

T
hence

7SB-(S+1)/2
8;,p(T) = 70 Z112(7 1+ 1)S(B+D) 70

because Re(z) > 0. O

We then deduce from the result above the following proposition, which is the adaptation
of [6, Lemma 7, p. 26]. The key point, that is proved in [6, p. 41], is that the numbers e?J are
pairwise distinct if we make the additional assumption that r®e=5/*+1 = o(1) for any w > 0.
It is satisfied by r = | S/(log(5))?].

Proposition 4

Let a € C be such that 0 < |a| < R. Assume that S is sufficiently large (with respect to F
and a), and that r is the integer part of S/(logS)?. Then there exist some integers Q = 1
and A = 0, real numbers a and x, nonzero complex numbers ¢, g,..., ¢g g, and pairwise
distinct complex numbers (4, ..., {q, such that|( ;| = 1 for any q and

Q
Ts.rn(l/a) = a"n*log(n)* (Z Cqply+ 0(1)) as n — oo,
q=1

and

2.3 Proof of Theorem[Il

We are now going to prove the main theorem of this paper. The upper bound on the di-
mension of @, g 5 arise from the recurrence relation (6) of Proposition[2Jabove. On the other
hand, by the estimates of Subsection 2.2} we can now apply a linear independence criterion
a la Nesterenko ([6, Theorem 4, p. 8]) to obtain a lower bound.

For the sake of clarity, we reproduce here, with some adaptations, the proof of [6, pp.
26-27].
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Let @ be a nonzero element of K such that |a| < R; choose g € N* such that g € Ok. By

Lemmasand Pusn:=A0nCyusn(l/a) and py, , := Anéu,n(l/a) belong to O and for any
u, s,

. 1/
hmsupmu%x( Dusol " [Bunl ) < b:=qCi(E B)SCo(F, B)52% e5r 257 max(1, [17al)).

n—+oo

Using Proposition[3} we consider

lo(B) S p-1 )
Tni= Anlonn (_) =Y Y PusnFiL @+ Y puna® VO P (@.
o u=1 s=1 ’ u=0
Choosing r = | S/10g(S)?], Lemmaand Propositionyield as n tends to infinity:
Q C F, S@Zr S
T, = afttow) ( lcq,ﬁ(g + 0(1)) with 0 < g < 792 rflr c
q:

Let ¥, g s denote the K-vector space spanned by the numbers F E]u(a) and (0VF)(a), 1 <
us/lyp),1ss<§,0svs<pu-1.
By [6, Corollary 2, p. 9], we get

1 (1 log(agp) )

dimk (Vo 6,5) = (K : Q] B log(b)

Now, as S tends to infinity,
log(b) =log(2eC, (F, B)Co(F, B))S + o(S) and log(ap) < —Slog(S) + o(SlogS). (10)
Indeed,
log(b) = Slog(2eC; (F, ) Ca(F, ) + r (log(r) +10g(2) + 2108 (2)) + log (2qmax(1, WI))

and we have r = 0(S) and
S ( S ) 1 2loglog(S)
log —
log(S)? log(S)? log(S) log(S)?
On the other hand, log(ay) < —(S—r)logr + Slog(C»(F, B)e) +2rlog(2) +1og(q) and

rlog(r) = 1+o0(1) = S( ) (1+o0(1)) =0o(S).

—(S—r)log(r)=—-(S-r1) (log( + 0(1)) = —Slog(S) —2Sloglog(S) + o(Slog(S))

S

log(S)z)
< —Slog(S) + o(Slog(S)),

which proves the second part of (10), since r = 0(S) = 0(Slog(8)).

Therefore,

1+0(1)

(1< : Q]log(2eC (F, B) Co (F, B))

Point a) of Propositionwith m={y(f)— ¢ +1and z = a shows that ®, g 5, which is the
[K-vector space spanned by the numbers F [[;,]u(“) foru=1and 0<s<S§, is a K-subspace of
W p,s. In particular, for any S =0,

dimy (Wq,s) = log(S) as S — +oo. 11

dimy (®g,,5) < dimk (Vq,p,5) < Co(B)S+u,

which proves the right-hand side of the inequality in Theorem([I} On the other hand, we also
have
dimy (W o g,5) < dimy (@g p,5) + p

so that the lower bound holds as well with @, g 5 instead of ¥, g s because u is indepen-
dent from S. This proves the left hand side of the inequality in Theorem [I|with

C(F p) :=log(2eC, (F, B)C2(F, B)). (12)
The rest of the paper is devoted to the computation of C(F, §).
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3 Quantitative results on the size of a differential system

In this section, we explain the notion of size of a differential system and give several quanti-
tative results about it. This will be useful to give an explicit expression of the constant C(F, §)
of Theorem[T]in Section

G-operators constitute a class of differential operators which contain the minimal oper-
ators of the G-functions. They satisfy a condition of moderate growth on certain denomi-
nators, called the Galochkin condition (Deﬁnitionbelow). Following André’s notations ([1,
Section IV.4]), we can attach to any G-operator L a quantity o (L), called size of L, encoding
this condition.

3.1 Size of a differential system

Let K be a number field, 4 € N* and G € .#,(K(2)). In this subsection, we introduce and give
some basic properties of the size o (G) of G.

For s € N, we define G; as the matrix such that, if y is a vector satisfying y' = Gy, then
y® = Gsy. In particular, Gy is the identity matrix. The matrices G; satisfy the recurrence
relation

VseN, Gy =GsG+G,,

where G, is the derivative of the matrix G;.
Definition 1 (Galochkin, [8])
Let T(z) € K(z) be such that T(z)G(z) € #,(K[z]). For s € N, we consider q; = 1 the

. . . ) Gm(2)
least common denominator of all coefficients of the entries of the matrices T (z)™ m—',
m!

when me {1,...,s}. The system y' = Gy is said to satisfy the Galochkin condition if

3C>0:VseN, gs<C*L

Chudnovsky’s Theorem (proved in [4]) states that if G is the companion matrix of the
minimal nonzero differential operator L associated to a G-function, then the system y' = Gy
satisfies the Galochkin condition. That is why we say that L is a G-operator (see [2, pp. 717
—719] for a review of the properties of G-operators). Following [5, chapter VII], we are now
going to rephrase this condition in p-adic terms.

If p is a prime ideal of O, | - | is the p-adic absolute value defined on KK, with the choice
of normalisations given in [5, p. 223]. We recall that the Gauss absolute value associated with
|- |p is the non-archimedean absolute value

|- |p,Gauss : K(z) — R
N i
Y aiz max Iailp
i=0 0<isN
M . max |bil,
> bjzl o<j<M ! P
j=0

The absolute value | - |, Gauss Naturally induces an eponymous norm on .4, ,(K(z)), de-
fined for all H = (h;,j);,j € Muv(K(2)) as | H|p Gauss = MaX;, j| R jlp,Gauss- It is called the Gauss
norm. If = v, |-y Gauss is @ norm of algebra on .4, (K (z)). We now use this notation to define
the notion of size of a matrix:

Definition 2 (5], p. 227)

Let G € 4, (K(2)). The size of G is

1
o(G):=limsup- ) h(s,p)
S§—+o0 SpeSpec(@K)
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where

Gm

- , with log":x— log(max(l, x)).

p,Gauss

VseN, h(s,p)=suplog”

ms<s

oo
The size of Y = Y. V2K, Vi € Ay, (K) is
k=0

1
o(Y):=limsup- )  suplog® | Vil
s—+o0 S peSpec(@’K) k<s

a.
If ay,...,a, € K are such that («;) = b_l where a; and b; are coprime ideals of Oy, we de-

fine den’(a;,..., a,) as the norm Nig(b) lof the the smallest common multiple b of by, ..., b,
in the sense of the Dedekind rings.

This denominator need not be the smallest common multiple of the a; in the classical
sense, as the example of & = (1+i)/2 in K = Q(i) shows: it satisfies den(a) = 2 and den’(a) = 4,
since (1 + i) is a prime ideal of Z[i] = Ok . However, we have

den(ay,...,a,) <den'(ay,...,a,) < (den(ay,..., a,) (13)

This alternative notion of denominator turns out to be more useful than the usual one in
our context because, as proved in [5, p. 225],

Yay,...,a, €K, Y. sup log"|a;l, = ———log(den'(ay,..., an)). (14)
peSpec (Ok) 1sisn (K:Q]
Remark. If u(z) = % u,z", we have
n=0
(f) = —— limsup ~ log(den’ > —limsup - log(den( >
o(f) = imsup —log(den’(uy,..., us)) = imsup —log(den(uy, ..., us)),
[K:Q] s—>+oopS & 0 s [K:Q] s—»+oopS & 0 s

so that

limsupden(uy,..., us)''* < A0,
§—+00

We first prove the following proposition which provides the link between Galochkin’s
condition and the size o (G).
Proposition 5
Let T(z) € K[z] be such that T(z)G(z) € .#,(K[z]). Define, for s € N, g (resp. q;), the

denominator (resp. the den’) of the coefficients of the entries of the matrices TG, T? ?2,

G
. Ts—’s. Then
s!

. 1 1 1
a) For all integer s, ;log(qs) < Elog(qs) <[K: @]Elog(%)'
b) Set

h™(T) = Z log™ |T|p,Gauss and h"(T)= Z 10g+ |T|p,Gauss
peSpec (Ok) peSpec (Ok)

withlog™ : x — log(min(1, x)). Then

K:Qlo(G)+h™ (T) < limsupllog(q;) <[K:Qlo(G)+h*(T).

s—+oo0 §
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c¢) The differential system y' = Gy satisfies the Galochkin condition ifand only ifo (G) <
+oo ([5, p. 228]).

Proof. Point a) is a direct consequence of the inequality (13). It implies immediately c).
b) Equation yields

m!

loggs=[K:Q] Y suplog®

peSpec (Gk) MsS$

p,Gauss

Moreover, for s € N* and m < s, we have

Gm Gm m
log" |T"— =log™ |ITI] — ) < slog" | Tlp Gauss +108" | — )
m! p,Gauss PRAuSs | m! p,Gauss m! p,Gauss
Hence G
suplog® Tm—": < slog" | Tlp,Gauss + 1(S,P),
mss m. p,Gauss
so that
+ Tme +
Y suplog ' <s Y suplog®|TlpGauss + A(s,P).
peSpec (O ) MSS$ m:  lp,Gauss peSpec (O ) MS$
G 1\Y*T"G
Symmetrically, by noticing that W": = (?) — ™ andlog" | = . = —log™ |T|p,Gauss,
. . p,Gauss
we have
h(s,p)<-—s Z suplog™ |T'lp,Gauss + Z suplog ' .
peSpec () M<S peSpec (O ) MSS$ m: |p,Gauss
We obtain the desired result by dividing by s and taking the superior limit. O

Remark. A convenient situation happens when G € .#,(Q(z)) and T (z) € Z[z] has atleast one
coefficient equal to 1. In that case, Proposition[5|summarises into the equality

1
0(G) =limsup —log(gs).
s—+oo0 §
The following technical lemma shows that the size of a differential system or a differential
operator is invariant by change of variable u = z~! and by equivalence of differential systems.

Lemma 7

a) IfGe M, (K(2)), let G(w) = —u2G(u™"Y) be the matrix such that V' (2) = G(2)y(z) &
¥ (u) = é(u)y(u), where y(u) = y(u_l). Then o (G) = 0(G).

b) IfG € 4, (K(2)) and P € GL,(K(2)), let P[G] := PGP™' + P'P~! be a matrix defining
a differential system y' = P[G]y that is equivalent to y' = Gy over Q(z). Theno (G) =
o(PIG]). (|1, Lemma 1, p. 71])

c) IfMe @(z) [d/dz], we consider M, € @(u) [d/du] the differential operator of same
order as M such that any solution f of M(f(z)) = 0 satisfies M, (g(u)) = 0, where
gw) = f(u™Y). Then 0 (My,) = o(M).
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Proof. a) By |10, p. 16], we have for s € N*,

~ S, Csk 1 s—1]s!
Gs(w) = (-1)° > G(—), he = —eN*, 1<k<s.
s(w=( )k;uﬁk k|| where coe={ o
s—1
If p € Spec (Ok), then ( k) <1, so that
s p
Gs ( Gr(u™) ) ( Gr(w) )
s! p,Gauss 1<ks<s k! p,Gauss 1<ks<s k! p,Gauss

because if h(z) € K(z), then |h(z™ ") |p,Gauss = |7 (2)|p,Gauss- Therefore,

max (|G (u < max (|G (u
lskss(l k( )|p,Gauss) lskssu k( )lp,Gauss),

whence 0(G) < 0(G). Since G= G, we finally have o (G) = 0 (G).
b) The proof of this point can be found in [1, Lemma 1, p. 71].

c) If G = Ajs is the companion matrix of M and G is defined as in the point a), then
0(G) = o(G). But we have shown in [10, p. 18] that the differential systems y' = Ay;_y and

y' = Gy are equivalent over Q(u), hence, by point b), 0(Mx) = o(M). O

3.2 A quantitative form of a generalization of Chudnovsky’s Theorem

The goal of this subsection is to state and generalize results from the book of Dwork ([5}
chapters VII and VIII]) formulating a relation between the size of o(G) and the size of the
G-functions that are solutions of the differential system y’ = Gy. This will be a key point of
the method of Section[4] Recall that if { € KK, the absolute logarithmic size of { is

RO= ) K+ Y Il

T:K—C peSpec (Ok)

with, for any embedding 7: K — C,

o = TV ifr(K) <R
T IT(Q)2 Q1 elge.

The following theorem is a combination of Theorem 2.1, p. 228, Theorem 3.3, p. 238 and
Theorem 4.3, p. 243 in [5, chapter VII].

Theorem 3 (/5])

If G € 4, (K(2)) satisfies the Galochkin condition o (G) < +oo, then there exists a funda-

mental matrix of solutions of the system y' = Gy of the form Y (2)z€, where C € /%u@) is
a matrix with eigenvalues in Q and Y (z) € .#,,(K[z]). Moreover,

o(V)<SAG):=2o(G) + P +u—1+pp-DHN) + (W2 +1) Y. h(Q)
{#0,00

where the sum is over the non apparent singularities { of the system y' = Gy, N¢ is the
common denominator of the eigenvalues of C and

N 1
H(N):=—— )

™ -, where ¢ denotes Euler’s totient function.
PUN) (i =1/




3 QUANTITATIVE RESULTS ON THE SIZE OF A DIFFERENTIAL SYSTEM 18

Remarks. * In the case where G is a companion matrix Ay associated with a differential
operator L € K(z) [d/dz], N¢ is the common denominator of the exponents of L at 0.
 For simplicity, we set A(L) := A(Ar) in that case.

We may be interested in finding a simple upper bound on the size o(G) appearing in the
expression of A(G) in Theorem[3|above. It is a constant that can be hard to compute, whereas
it might be easier to study the behavior of a particular solution of y' = Gy. That is the interest
of the following quantitative version of Chudnovsky’s Theorem.

Theorem 4 (/5], p. 299)

Let y(z) € K[z]* be a vector of G-functions and G € .#,,(K(z)) a matrix such that y' = Gy.
Let T(z) € K[z] be such that T(z)G(z) € #,(K[z]), and t := 1 + max(deg(TG),deg(T)).
Then, ifu=2,

g(G) < BGUrt—1-(u-18Do(y)

1
whereo(y) =o(y) +limsup— Y suplog® |yml;. If u =1, we have

s—+o00 S T:K—Cms<s

o(G) < (61— 1)T ().

Remarks. e In particular, if G is the companion matrix of a minimal differential operator
L of order p = 2 of a G-function F(z), Theorem[4]can be reformulated as

o(L) < GG +1)—1—(u-1G+1)T(F), 6=deg,(L),

orifu=1,0() <60 +1)-1)o(F).
* Inorder to estimate the analytic term of o (y) in practice, we use the Hadamard-Cauchy

formula. Denoting by R; the radius of convergence of Y. 7(y;)z" for every embed-
m=0
ding 7 : K — C, we obtain

1
limsup= Y Iymlr<—— > & max(0,—-log(Ry))
s—+00 S giK—C [K:Q] T:K—C

with e; = 1 if 7(K) c R and 2 else.

André proved in [2] an analogue of Chudnovsky’s Theorem for Nilsson-Gevrey series of
arithmetic type of order 0. We proved in [11] the following theorem, which is a quantitative
version of this result, and thus a generalization for Nilsson-Gevrey series of arithmetic type
of Theorem[4] It relies on previous work by André ([1, Section IV.4]) on the size of differential
modules. The "qualitative" part a) is due to André, and it is "quantified" in b), which is the
main result of [11]. Its proof can be found in this paper.

Theorem 5

Let S ¢ @ x N x N a finite set, (Cq.t.r)@rnes € (€ and (fu k. (2) @ rres a family of
nonzero G-functions. We consider

f@= Y cakrz®108(2)" foir(2)
(a,k,r)eS
a Nilsson-Gevrey series of arithmetic type of order 0. Then:
a) The function f(2) is solution of a nonzero linear differegtial equation with coeffi-
cients in Q(z) and the minimal operator L of f(z) over Q(z) is a G-operator.([2, p.
720])

b) For every (a,k,r) € S, Igt Lg k. r # 0 denote a nonzero minimal operator of the G-
function fy i ,(z) over Q(z). We set x the maximum of the integers k such that
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(a,k,r) e S forsome (a,r) e QxNand A:={a € Q:3(k,r) € N2, (a, k,r) € S}. Then
we have

o (L) <max|1+log(x +2), 2(1 +log(x +2)) log(maj(den(a)),
aec

1+1 2))o (L .
(al}cl%xes(( +log(k+2))0 (Lg,k,r))

Thus, the combination of Theorem [5| and of Chudnovsky’s Theorem (Theorem [4) pro-
vides, with the notations of Theorem arelation between o (L) and the o (fy /), for (a, k,r) € S.

4 Computation of the constants C; and C,

The goal of this section is to prove Theorem 2stated in the Introduction. The results of Sec-
tion[8|will be heavily used.

To this end, we recall that if C,(F, ) and C,(F, ) satisfy Proposition [2| b) and c), then
in Subsection 2.3 implies that C(F, ) = log(2eC; (F, B)C2(F, B)) is a suitable constant in
Theorem/1l

In [6], the existence of constants C; (F, f) and C,(F, ) for f = 0 of Proposition[2lwas proved
but no formula nor algorithm was given to compute them explicitly. We want to give an
explicit expression of these constants.

Let us first explain how C; (F, f) and C»(F, B) constants are defined. We take m such that
forall n=m, Q,(—n—-B) #0 and Qo(—n — ) # 0. A suitable m is the smallest positive integer
such that m > —e— fand m > f — ¢ — 3 for every exponent e of L at 0 such that e+ € Z and
every exponent f of L at infinity such that f — feN.

Let (u1,6(m) n=m; ... (Ug,g(N)) n=m be a basis of solution of the homogeneous linear recur-
rence associated with the operator Lg o, obtained from Lg by a change a variable u =1/z:

l
Vnzm, Y Qj(-n-Puln+j)=0. (15)
j=0

Remark. If ¢ = 0, the only solution of is the sequence that is null from the rank m. Hence
the only power series y(z) € K[z] solutions of Lg(y(z)) = 0 are polynomials with coeffi-
cients in K.

The converse is true : if L is an operator admitting at least one power series solutions
around 0 and such that the only y(z) € Q[z] satisfying L(y(z)) = 0 are polynomials, then
¢=0.

We now assume that ¢ = 1. Define

wgn+l-1) - uppn+f—1)
wgn+l-2) - uppn+t—2)
Wg(n) = . . .
uy,p(n) ug,p(n)

the wronskian determinant associated with the basis (u,g,..., us,g) and

wpn+€-2) - uj16n+€-2) ujgn+€-2) - uppn+t-2)
D],ﬁ(n) — (_1)] . . . . .

uy,p(n) uj-1,6(n) Uj+1,6(n) ug,p(n)
(16)
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one of its minor of order j.
The same argument as in [6, p. 20] shows that the constant C,(F, B) (resp. C;(F f)) can

be taken as any upper bound on limsup3/” (resp. limsup M./'"), where &,, (resp. Mp,) is a
n—+oo n—+oo
common denominator (resp. the maximum of the absolute value) of the numbers

1 D; (k)
Ws(k) Q/1-k-p)

, ujplk), keim,...,n}, jefl,..., 0}

The next four subsections are devoted to the computation of suitables constants C;(F, )
and C,(F,B). This will prove Theorem [2| In particular, we will see that C;(F, ) ultimately
only depends on F and not on g.

Preliminary remark. The method we are going to present to compute C,(F, ) can be
refined when ¢ = 1. In this case, there exists a much simpler and more direct way of proceed-
ing.

Indeed, if £ = 1, then implies that

Qn=p
Qi(—=n-p)

Vnzmun+1) =

(n)

7 %
so that, denoting Qy(X) =yo [[ (X —e;) and Q,(X) =y, [] (X + f; — ¢), we obtain
i=1 i=1

)ﬂl)n_mlﬁ[ (m_fi'*'é"‘ﬁ)n—m'

u(n) = ((—1
Yo i=1 (m+ei_ﬁ)n—m

The same computation as in Subsection[4.2]below then shows that

limsup 83" < den(1/y0)*den(1/y,)3den(e, f)®*den(f, §)5
exp (3(u+ )den(f, B) + 3uden(e, ) := C2(F ). (17)

The constant C, (F, f) thus defined is a suitable one in Propositionin the case ¢ = 1.
In everything that follows, we now assume that ¢ > 2. Note that Theorem [2]is still true
(but of lesser interest) if £ = 1.

4.1 Estimate of the denominator of the u; 5(n)

In this subsection, we will rely on results of Section [3| about the size of the G-operators in
order to estimate the denominator of u; g(n) for j € {1,...,£} as n tends to infinity. Here is
how we will proceed.

We can show as in [6, p. 13], thatif (u;,) ;> is a solution of (in particulier, (#; (1)) n>m

(o] ~
is in that case), then U(z"!) = ¥ u,z " is a solution of Lg(U(2)) =0, with
n=m

- d\’
Lﬁ = (&) Zm_lLﬁ , (18)

i.e. U(z) is a solution of the operator fﬁ,oo obtained by the change of variable u = z7!.

The goal of this subsection is to prove the following proposition and to compute the con-
stant Ag(L, f) appearing in it in terms of the parameter §, the function F and its minimal
operator L.
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Proposition 6
u
Denote, for0< j</,Q;(X) = X qj,ka . Then we have
k=0

1/

limsupden(u; k), 1<j<¢, m<k<n) " <exp([K:QlAo(L,pf). (19)

n—+oo

where

Ao(L, B) = (+ 0)* (€ +1 +1log(2)) max(1,210g(2),0 (L)) + (u+ O)* + pu+ £ -1

+(u+OW+l-DH(den(fi,.... fA2)+ ((u+0*+1) Y k1) (20)
(#0,00

4 ,
where the last sum is on the roots { of x1(2) := Y. qj.2’.
j=0

The following simple lemma will be useful for the proof of Proposition [6} since it allows
us to find the singularities of Zﬁ,oo in terms of the singularities of Lg. We give a proof for the
reader’s convenience.

Lemma 8

Let M € Q(z) [d/dz]. Then the singularities ¢ € C* of My, are the (™!, when ( is a finite

nonzero singularity of M.

Proof of Lemmal8. We set

u

d\#!
+ Pu-1(2) (—) +---+ Py(2).

d
M=P —
“(Z)(dz dz

Then, by [10, pp. 17 — 18], we have

u—-1
+ o+ Pooo(U),

Mo = P (u)(i)“w (u)(i
T Tt  du Hobeot ™ qy

where

P k—1)\k!
ve=1, P =Y (=DF =
= [,oo(u) kgg( ) (k—f) /!

u“kPk(l) and Po,oo(u):Po(l). 1)
u u

The singularities of M, are the ¢’s such that there exists £ € {0, ..., u—1} such that Py o,/ P o
has a pole at ¢.

We write for all k
dy.

Pi(2) = ageu™ [ [ (2= ri 0"k (22)
i=1
If { # 0,00 is not a singularity of M, then for all k,  is not a pole of Py/P,,. In particular, even
in the case when ( is a zero of P, (z), it is a zero of higher order of Py forall k € {0,...,u—1}
Observing that if r € C*,

the expression implies the existence of y € C and fy € Z such that

Pk(l/u) _ fk
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where { ! is not a pole of Qx(u) € Q(u). Finally, since Py, (1) = (-1)*u?P,(u™"), Equation
shows that for all £ € {0,...,u— 1}, Ppoo(t)/ Py oo(u1) doesn’t have a pole at { -1, In other
words, { ! is an ordinary point of M.

Since (M) is equal to M up to multiplication by an element of Q(z), we obtain by
symmetry that the ordinary points ¢ # 0,00 of My, are the (™!, when ¢ # 0,00 is an ordinary
point of M. Therefore, by definition, the singularities of M, are the (", when { # 0,00 is a
singularity of M. O

Proof of Proposition 6l  As mentioned at the beginning of this subsection, if 1 < j < ¢,
then U(z) = Z ujg(n)z" is a solution of Lﬁ o(¥(2)) =0, where fﬁ oo 18 defined by Equation
(18). Thus, by Theoreml 3land the remark after Equation (14), we have

limsupden (u;jp(k), 1<j<¢, m<ks< n)”'1 <exp([K: @]A(Zﬁm)). (23)

n—+oo
The proof consists now essentially in bounding the constant A(Zﬁ,oo) of Theorem |3|in

terms of , L and F.
* Since Lg has order y, the order of fﬁ,oo isu+¢.

* The set of the exponents of fﬁ,oo at 0 is the set of the exponents of fﬁ at oo, which is the

union of the set of the exponents of Lg at co and of the set of the exponents of (d/ dz)¢ zm-1
at oo, that are all integers. Therefore the constant N¢ in Theorem [3|is in that case den(f; +
B,..., fr + B), which divides den(f3, ..., fr)2.

o Lemma ensures that the singular points ¢ # 0,00 of Zﬁ,oo are exactly the ¢ -1 when (isa
finite nonzero singularity of Lg.

But Eﬁ = (d/dz)’ zm‘lLﬁ, so Leibniz’s formula shows that if
7 d\*
Lg= ) Pyp(2 (—) , with Py p(2) €K[z],
k=0 dz

then Zﬁ = zm_lPu, 8(2) (d/dz)’“’ + M, where M is a differential operator of order strictly less
than u + ¢. Hence the nonzero finite singularities of Lg are among the roots of P, (z).

Moreover, we can write
~op _

azt

¢ ¢

Y 2/Qj0+j)= Zz]Zq]k(9+])
j=0 j=0 k=0

¢ M k (r
2.7 ) ajk),

=0

e It
)J"H@S z(z I3 gt )
j=0 k=0 s=0\$ s=0\j=0 k=s

and likewise

1 " )
geto= L 00 i-p =3 (51 aug-pt)o
j=0  k=s

The coefficient in front of 6# happens to be the same for L and Lg; it is equal to yp(z) :=

4 ;
Y. q;ju2’ anditis independent of 8. Therefore, since

j=0
d\* Kl k
O+ =zH|—| + k(—) : €C,
V4 (dz) kz::lakz dz aj
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we have Lg = z/y1(z) + Mg, where Mg has order strictly less than p.

So finally, Py, g(z) = zx1(2) and the nonzero finite singularities of fﬁ are among the roots of
11(2) which does not depend on . It may happen that the set of singularities of Iﬁ varies
with g inside the set of roots of y, but this is not important for us.

* We have 0 (Lg ) =0(Lp) by Lemmac).
e Letly= (d/dz)g. Then we have
o(Lg) <l +20(Lo) +0(Lp)

since U(Zm_lLﬁ) = 0(Lp). Here we use the fact (see [11, Corollary 2, p. 16]) that

VLi,Ls € Q(z) , 0(L1Lp) <ord(Ly)+20(Ly) +0(Ly).

dz

Moreover, a basis of solutions of the equation Ly(y(z)) =0is (1, z,..., zf~1, so that a funda-
mental matrix of solution of the system y’ = Ay, y is the wronskian matrix

1 z z¢-1

0 1 (0 —-1)z{2
Y=|. ) )

0 :

00 -1

that satisfies Y® = 0 for s large enough. Hence (Ar,)s = Y;Y ! = 0 for s large enough and
o(Lo) = O.

e By applying Theorem of Subsectionto the Nilsson-Gevrey series zP F(z), we obtain
o(Lp) < (1+log(2)) max(1,2108(2),0(L)).

Finally, we have
o(Lp) < £+ (1+log(2) max(1,210g(@),0(L)).

All this gives, by Theorem

ALpeo) < (u+ 6)2(5 +( +1og(2))max(l,zlog(@),a(L))] + U+ +p+0-1

+(u+ O+ 0—DH(den(fi,..., f)2)+ (u+O*+1) Y. h1/)):=Ao(L,p), (24)
{#0,00

14 ;
where the last sum is on the roots of y;(z) = ¥ g; 2/, which doesn’t depend on f. O
j=0

Remark. Since o (L) < (6p*(6 +1) — 1 - (u—1)(8 + 1)) 3 (F) by Theorem|4|above, we also have
o(Lp) <€+ (1+10g(2)) max(1,210g(@), (625 +1) =1 (-1 (G + V)F(F).

This enables us to compute an upper bound on Ay (L, ) in terms of o (F) rather than o (L).



4 COMPUTATION OF THE CONSTANTS C; AND C, 24

4.2 Estimate of the denominator of 1/ Wg(n)

In order to estimate the denominator of 1/Wpg(n), we are going to rely on a recurrence re-
lation of order one satisfied by (Wg(n)) >, which enables us to express this sequence with
Pochhammer symbols.

This is why we are going to need the following lemma. It provides estimates for the de-
nominator of a quotient of Pochhammer symbols. Itis also necessary for the proof of Lemma
in Subsection[2.2]above.

Lemma9

Leta,feQ\Z<y. Then

a) We have

. (a)o (“)n))l/n 2 _den(f)
1 den|—,...,— <d . 25
1msup( en((ﬁ)0 B en(a)“e (25)

n—+oo

+n-1
b) In the case where = 1, for n € N*, the binomial coefficient (a " ) = (@

!
satisfies " N
dzn(“+”_1) c7
n
so that Y
llnn:il;op (den (%, oo (C:l)'" )) ’ <den(a)?. (26)

We give a proof for the reader’s convenience. It is inspired by an argument of Siegel in
(14} pp. 56-57]. Note that saves a factor of e from (25).

Proof. Write @ = a/b, f = c/d and assume that a and b (resp. c and d) are coprime. Let

y _ V" (@, _b"ala+b)...(a+(n-1b)
"Tdr (B,  cle+d)...(c+(n-1)d)

If p is a prime factor of c(c+ d)...(c+ (n—1)d), then since (c,d) = 1, p does not divide d. If
¢ € N*, then among p’ consecutive integers of the form ¢ +vd, v € {0,...,n — 1}, only one is
divisible by p*. Thus at least | n/p’| and at most | n/p’| +1 of the ¢ +vd are divisible par p’.
This proves that

Cn,p Cn,p
y ({%J +1) >vpclc+d)....c+(n-Dd)= Y {%J = v, (n)),
¢=1\LP ¢=1LP

with Cp,, = |log(n)/log(p) |. Moreover, assuming that p does not divide b, we get likewise

(R

Cup
> vp(ala+b)...a+(n-1b)= Y L%J
p

¢=1\LP (=1
Hence
Up(Up) = —Chpp.
Cap
Notice thatif f = 1, wehave ¢ = d = 1 and v, (c(c+d) ... (c+(n—-1)d)) = v, (n) = 421 |n/pt],

a
so that v, (uy) =0, whence dz”ﬁ € Z. This proves b).
n!

We come back to the general case § # 1. On the other hand, if p divides b, then

vp(b"ala+Db)...(a+(n—-1b)) = nv,(b) = n,
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and
vplc(c+d)...(c+(n-1)d)) <vp(n)) +Cpp<n+Cyyp
s0 Vp(up) = —Cy,p. Therefore, A, := I1 an,p is a common denominator of uy,..., u,,
ps<sc+(n-1d
so that b*" A, is a multiple of den ((@)o/ (B)o, -- -, (@) n! (B) 1)-
And
l log(n)
logAp,= ). log(p) e | <7(c+(n-1)d)log(n),

p<c+(n—1)d
where 7 is the prime-counting function. The Prime Number Theorem then implies that
c+(n-1)d n

w(c+(n-1)d) ~ loglc+(n—-1d)  “logn)’

so thatlogA, < dn+ o(n). Since b = den(a) and d = den(f), we thus obtain a). O

Let us now use this lemma to bound the denominator of W[;(n)‘l. We know that Q(X) =
Yo ]H[ (X —e;) and Q/(X) =1y ﬁ (X + fi =€), with yg, Y, € Ok. Thus, we find with the same
cogll)utation asin [6, pp. 13—112]1 that
Vnzm, Qu(-n-PWsn+1)=(-1"Q(-n-pWsn)
and therefore that

27)

n-m
Vnsm, Wsn)= Wﬁ(m)(( 1)47’0) 1—[ (m+ei+PB)n-m

Ye (m fl +0+ ﬁ)n m
Hence, by Lemmal9}

< den(1/yo)den(e, B)** exp (uden(f, B)),
(28)

limsupden , e )
H—+00 Wg(m) Wg(m+1) Wg(n)

where den(e, §) := den(ey, ..., ey, f) and den(f, f) := den(fy,..., fu, B).

4.3 Estimate of the denominator of the D; 5(n)/Q,(1—n— f)

We consider &, := den (u]-,ﬁ(k), 1< j<¢,m<k<n). Then by the determinant formula (T6),
we have
Vvm<ks<n, 2°) .Djsk) € 0xk.

Moreover,
1 B 1_[ 1 _den(f, )" £ 1
Qg(l—n—ﬁ)_wl l-(n+O+fi-B  ye jjdenffA-(n+0)+v;

with v; = den(f, B)(f; — B). For n = m, we have

Vk<n, Vi<is<yp, |den(f,f)(1-(k+0) +v;|<den(f,f)(n+¢-1)+v,,

where vo = max|v;|. Thus,

1
0
Vnzm, Vm<ks<n, dden(ﬁﬁ)(ml_l)w[)den(l/yg) m € Ok,
with d; =1cm(1,2,...,s). Finally,
-1 u Dj,p(n)
Vvm<k<n, @n+[ 2dden(fﬁ)(n+€ D+vo den(l/)/ )(Q(I—Hﬁ) @K. 29)
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4.4 Conclusion of the proof of Theorem
4.4.1 Computation of C,(F, )

Recall that §, is defined as the common denominator of the 1/Wg(k), D; 5(k)/Q¢(1 -k — f)
and u; g(k), when k € {m,...,n} and j € {1,..., ¢}. Equations (19), and yield

limsup&/” < exp (max(1, ¢ - D[K: QAo (L, B)) exp (den(f, §)) den (1/7,)

n—+oo

x den(e, B)** exp (uden(f, §))
< den (1/y,)den(e, B)** exp (max(1, £ — 1)[K : Q1 Ao (L, B) + (1 + 1)den(f, §)),

so that
C,(F, B) := den (1/y0)3 den(e, )° exp (3max(1, £ - 1)[K : Q] Ag(L, B) +3(u+ 1)den(f, §))

is an upper bound on limsup 63/
As mentioned in the introduction, we observe that C, (F, ) only depends on F and on the
denominator Z of f.

4.4.2 Computation of C; (F)

In this part, we are going to find a suitable explicit constant C, (F, ) satisfying Proposition|2]
b). It will turn out not to depend on S.

. - % (@Dg...(@Mk .
* Since any hypergeometric series of the form ) —— z"* has a radius of conver-
k=0 (BN k... (BP))

gence 1, using formula (27), we have

1 1/n
limsup < Yo .
n—+oo | Wp(n) Ye

e Let je({l,...,¢}. We have seen in the proof of Proposition@that if u, = ujp(n) and U(z) =
(0,0 o~
> upz",then Lg(U(2)) =0.

n=m

By Frobenius’ Theorem (see [9, Theorem 3.5.2, p. 349]), the radius of convergence of U
around 0 is exactly the largest R > 0 such that the coefficients of Lg, are holomorphic in
the punctured disc D(0, R) \ {0}. Precisely, R is the equal to the minimum of ||, when ¢ is a
nonapparent finite nonzero singularity of L f,00- Hadamard-Cauchy formula yields

. 1
limsup u,|"" = =
n—-+oo0 R

Furthermore, we have seen in Subsectionthat the finite nonzero singularities of fﬁ,oo are

among the (7!, when ¢ #0is a root of y1.(2). SOoR = rr(lci)nOICI_l, whence
XL6)=

limsup | un| " < (L),
n—+oo

with

( .
Dy(L) := 1’1’(18X0|C|, where y1(z) = )_ qjuz’ isindependentof f. (30)
A= i=0

p )
We recall that for all j € {0,..., 4}, Q;(X) = ¥ g X’.
k=0
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¢ The determinant formula then implies that

1/n

Djptm < ®(L) .

Q/l-n-p)

limsup
n—+oo

Finally, C,(F) := max(l, Yolve ,CDO(L)maX(l’(_D) satisfies

1 ID; 5(K)]
IWs(k)I 1Qr (1~ k~ )l

max max(|uj,ﬁ(k)|, ) < Cy ()it

m+l<k<n

as claimed. This completes the proof of Theorem[2] Note that C, (F) does not depend on .

5 Examples

We now apply Theorem([I]to some classical examples of G-functions, and compute explicitly
C(F, B) for them. The only real difficulty is to find an upper bound on o (L) where L is the
minimal operator of the G-function F(z), but it can often be computed from the knowledge
of the arithmetic behavior of the coefficients of F(z). We are going to use the results of Sec-
tion[3|to this end. We have implemented on Sage programs computing C(F, 8) assuming that
we have a bound on o (L).

As mentioned in the preliminary remark of Section[4} the cases ¢ = 1 and ¢ > 2 use differ-
ent formulas — the second case being much simpler. This is why the following examples are
separated into these categories.

5.1 Examples for which ¢ =1

(e.0)
* Let us first consider the simple example of F(z) = Y. z¥ =1/(1 - z). The minimal operator
k=0

of F over Q(z) is

L=(1- )(i)—l
= V4 d .

V4

It satisfies £ = = 1 and ¢((0) = 1 (see (7)). For any n € N* and 0 < s < S, the G-function
F,[f,]o(z) is equal to

(s] 00 k+n n—lzk
FP (2) = =Lis(z) — ) —, 31
o (2) kzzotkw)s - 2 55 (31)

so that the vector space spanned by the F,[f})(a), neN*,0<s< Sisequalto Span(1,Lis(a), 0<
Ss< S). Forae @, 0 <|a| < 1, Marcovecchio ([12]) proved that

1+0(1)
[@(a): Q1 (1 +1og(2))

dimSpanQ(alpha)(l,Lis(a), 0<s<§)= log(S),
thus obtaining a suitable constant C(F, B) =1+1log(2) = 1.693 for Theorem (I) in that case.

With our method, since ¢ = 1, we can use a refinement of allowed by Lemma@]b) and we
find that C(F ) = 4+ log(2) = 4.693. Thus, our method does not improve here the constant
already known in the lower bound of Theorem([1}

Remark. This operator L is an example of "trivial case" for our estimates of Section [4] since

¢ =1 and moreover
--ofdf (3
0~ dz dz)’
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satisfies o (Lo) = 0. Indeed, let A be the companion matrix of Ly; then one can show by in-
duction that

A= (=1)°s! (0 l—z)'

T z-1s(0 s+1

n,
a statement about the linear independence of the values of Lerch’s functions, also quoted in
(13} p. 2]. They are defined for Re(s) > 1, f € Q¢ by

If B is an arbitrary positive rational number, the study of the sequence (F [S]ﬁ(z)) provides
n,s

o0

q)S(Z) ﬁ) = Z

—, |z|< 1.
im0 (k+p)*

Indeed, if a € @ and 0 < || < 1, the same reasoning as in leads to

Spany (F’[f']ﬁ(a), neN,0<s<S)=Spany (1, D, B),0<s<S).

1+o0(1)

For example, if f = 1/2, we numerically compute C(F, §) = 28.01 so that at least . log(S)

of the values ®(a, 1/2) for 0 < s < S are linearly independent over Q when S — +oo.

e letv=2 a=(ay...,a,) € (Q\Zy) and b = (by,...,by_1) € (Q\ Z<p)""!. The hypergeo-
metric function F(z) =, F,_1(a, b; z) defined in the introduction as
< (@)k...(a)r i

vEv_1(a,b;z) = z
! ,CZO KB ... (by_1)k

is a nonpolynomial G-function that is solution of the generalized hypergeometric equation
Fq,b(y(2)) =0 where
o
z,—|.
dz

Ifforall i, j, a; — b; ¢ Z, then 7, j is a minimal operator over Q(2) for F(z). It satisfies p1 = v,
06<sv+landw=v,so¥¢=1.

Hence, by Theorem

Fap=20+ay)...0+a,)-O+b1—-1)...0+ b, —1)0€Q

0(Hap) < (5vV*(V+2) = 1-(v=-1)(v+2))T(F)
< (5v*(v+2) - 1-(v-1)(v+2))(2vlog(den(a) + (v — 1)den(h))
since F(z) has radius of convergence 1 and using the estimate on the denominator of a quo-
tient of Pochhammer symbols given by Lemma 9]

The exponents of A, p at 0 are 0, 1 — by, ..., 1 — by_; and its exponents at co are ay, ..., Gy.

1
For example, for v =2, a; = 1/3, a, = 2/11, by =1/6, and 8 = 7 we find numerically that,

on the one hand o (#,) < 1119 and on the other hand C(F, f) = 2443 so that, if a € Q and

1+o0(1
0<|al <1, atleast $log(8) of the numbers
2443[Q(a) : Q]

x (1/3);(2/11);  z*

, 0<ss<S
,CZZO K(1/6),  (Tk+1)° S

are linearly independent when S tends to infinity. This provides a refinement of (6, Corollary
1, p. 4] in that case, where the constant was not given.
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5.2 Examples for which ¢ > 2

* We first consider the following G-function which is algebraic of Q(z):

it £
1-6z+2% §=0j=0 J

whose minimal operator over Q(z) is
2 d
L=(z"-6z+1)|—]|+2z-3.
dz

The power series F(z) € Z[z] has radius of convergence 3 — 2v/2, hence o (F) < — log(3— 2V/2).

Furthermore, L satisfies ¢ = § =2, u = 1. Its exponent at 0 (resp. co) is 0 (resp. 1).

With = 3/5, we obtain ¢y(f) = 2 and C(F, f) = 3164, so that, for every a € @*, 0<|al <
+0(1)

1
3-2v/2, atleast ——————1og(S) of the numbers
3164[Q(): Q]

e k+] ak 0 k+] ak
ZZ(])( J )m and Z«;(])( i )m, 0<s<S.

are linearly independent over Q(a) when S — +oo.

For =0, we compute ¢y(0) =2 and C(F,0) =~ 3083.

d \F d
e Denote, for all k e N*, & = ((1 - z)d— - 1) X P the minimal operator of log(1 — z)¥. It is
z z

an operator of order k + 1, with w = 0 and 6§ = k. Its exponents at 0 (resp. oo) are 0,1,...,k
(resp. 0).

Using [11, Proposition 6, p. 12], we obtain that o (Z)) < (1 +log(k)).
For k=2 and 8 =1/12, we have ¢((f) = 2 and we obtain a constant C(F, §) =~ 1912.

1 k1
Sincelog(1-2)?=2 Y —(Z ) k+1 thisyieldsfora € Q ,0<|al<1,
k= Ok"‘1 i=11

) o] k 1 Ofk+1 00 k 1 ak+l
dimgyq) Span ; ;? a2k+1s’ ; ;7 2k 13 OSS<S
1+ 0(1)

Z 191210 : 0] 28

For 8 =0, we compute ¢((0) =2 and C(F,0) = 570.

* We finally consider the example of the generating series of the Apéry numbers, introduced
by Apéry in [3] in order to prove the irrationality of {(3):

2
F(z) = Zz(k+]) (k) Fezlz
k=0j=0 J

It is a G-function of radius of convergence (v/2-1)* <1 and its coefficients are integers so
o(F) < —4log(\/§ —1). The minimal nonzero differential operator of F(z) over Q(z) is

2 o [ d s o [ d 2 2, d
L=z"(1-34z+2z°)|— | +z2(3-153z+6z°)|—| +(1-112z+7z°)— +z-5.
dz dz dz




REFERENCES 30

It is of order 3, with § = 4 and ¢ = 2. Using Theorem [4} we obtain, with § = 2/3, C(F, f) =
209532.

Moreover, ¢o(8) = 2. Thus, if a € Q and0<|a| < (V2- 1)4, the dimension over Q(a) of the
vector space generated by the numbers

o k (K\*(k+j\° o o k (K\*(k+j\° ot
01 | A= o1 | ) e B
k=0j=0\J J k=0j=0\J Jj | Bk+8)

isatleast — 21 100(5) when 5 — +
1S at leas (0] whnen o — .
209532[Q(a) : Q] ® o

For =0, we find ¢((0) =2 and C(F,0) = 209533.
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