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Abstract: Linear codes over finite rings are described here as trace codes for a
suitable generalization of the trace called a GF-trace. Cyclic codes over Galois rings
are given a trace description as well. The main tools are the notion of trace dual
bases, in the case of linear codes, and of normal bases of an extension ring over a
ring, in the case of cyclic codes.
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1 Introduction

In recent years, trace codes over finite rings have been very successful in producing
new classes of few weight codes [4, 5, 6, 7, 8] (see section 4 below for a technical
definition of trace codes and defining sequences). This prompts the question of the
genericity of the construction: can all linear codes over a large class of finite rings be
described as trace codes, for a suitable definition of the trace and suitable defining
sequences? For the class of finite fields this question was answered to the affirmative
in [11].

In the present paper, we solve this problem for the class of all finite rings. The
trace we employ here is the Generalized Frobenius trace (hereby called GF-trace)
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introduced in [2]. It coincides with the trace defined in an ad hoc manner for the
special ring alphabets of [4, 5, 6, 7, §].

In the special case of cyclic codes over Galois rings, we give a similar description.
Important technical tools are the notions of trace dual basis, in the case of linear
codes, and of normal basis in the case of cyclic codes. Note that normal bases over
Galois rings are defined in [12], and, in a more algorithmic way in [3]. There is no
generalization of that concept at the level of general finite rings.

The material is organized as follows. In the following section, we will collect a few
basic facts regarding Linear Algebra on a finite ring. Section 3 develops the theory
of the GF-trace as far as needed. Section 4 covers linear codes over finite rings, and
Section 5 considers cyclic codes in particular. Section 6 concludes the article, and
mentions some challenging open problems.

2 Preliminaries

All rings that we are dealing with in this article are associative rings with identity,
usually denoted by 1. A ring S is called a wunital extension of the ring R, if R is a
unital subring of S, which means that R and S share the identity.

Unless specified otherwise, we assume that all rings are finite. Linear Algebra on finite
rings allows for stronger statements than possible for the class of rings in general. This
is based on purely combinatorial arguments.

Remark 1. Let R be a finite ring and let n be a positive integer. For an n-element
subset B of R" the following are equivalent:

(a) B is a basis of gR".
(b) B is linearly independent in gR".
(c) B is a generating set of pR".

For the proof the reader is referred to any standard text on finite rings and modules.

In a similar spirit, we have the following statement on n x n-matrices over the finite
ring RR.

Remark 2. Let R be a finite ring and let n be a positive integer. For an n xn-matrix
A over R the following are equivalent:

(a) A is invertible.



(b) A represents an injective linear mapping of gpR™.

(c) A represents a surjective linear mapping of pR".

(b’) A represents an injective linear mapping of R}.

(c’) A represents a surjective linear mapping of RY,.

In terms of systems of linear equations, the previous statements take the following
form.

Remark 3. Let R be a finite ring. The system of linear equations

anry + -+ apr, = 0

Ap1 X1 + - -+ QppTp = 0

with coefficients a;; € R for ¢,7 < n, has a nontrivial solution if and only if the
columns of the matrix (a;;); <, are right linearly dependent elements of R} .

3 Trace functions on finite rings

Definition 4 (see [2, Def. 10]). Let S be a finite ring that is a unital extension of
the ring R. A homomorphism of left and right R-modules Tr : S — R is called a
generalized Frobenius trace (GF-trace) from S to R if

(i) Tr is surjective, which means Im(Tr) = R, and

(ii) Ker(Tr) does not contain any nonzero left or right ideal of S.

To avoid misunderstandings, we denote such a trace also by the symbol Tr}g, whereas
we omit this addition, whenever such a misunderstanding is excluded. A careful
treatment of ring extensions and according trace functions can be found in the recent
paper [9] by J. G.-Torrecillas et al.

The notion of generalized Frobenius trace in closely related to the concept of Frobenius
Functional in the paper [10] by Nakayama and Tsuzuku. In that paper, they are
introduced as an extension of the former notion of Frobenius functional over a field.

In fact, a Frobenius functional is a GF-trace Tr, such that the right S-module
Hom(Sg, Rg) is generated by Tr. Using the dual bases that we introduce in sec-
tion 4, it can be proved that GF-traces are indeed Frobenius functionals if S is free
over R. For details, see the mentioned paper [10, p. 12].
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Regarding the existence of extensions that allow for a GF-trace, a few things can be
stated in slight generalization of ideas presented in J. Wood [13].

To start with, a finite ring R is called a Frobenius ring if its character bi-module
R := Homgz(R,C*) is a free left R-module [1, 2, 14]. Equivalently it can be defined
as a unital ring extension of its characteristic subring Z; (where k is the additive
order of the identity of R), such that a GF-trace onto this subring exists. This and
the following remark was the deeper reason for this paper to investigate into ring

extensions that allow for a GF-trace.

Remark 5. If the (finite) unital extension S of the finite Frobenius ring R allows
for a GF-trace from S onto R, then S will be a Frobenius ring as well.

Proof. For a proof assume Tr : S — R is an R-linear GF-trace from S onto R,
and tr : R — Z,, is a Z,,-linear trace of R onto its characteristic subring Z,,. It
is then clear that T := tr o Tr is surjective onto Z,, and clearly Z,,-linear. To show
that ker(7") does not contain any proper left (or right) ideal of S, let I C ker(T)
be a left (or right) ideal. This means, [ is a left S-submodule of S contained in
ker(T"), and we need to show that I = 0. First, we observe that Tr(I) is a left
R-submodule of R, because Tr is R-linear, and [ is certainly a left R-submodule
of S. In particular, Tr(I) is a left Z,,-submodule of R. Now note that I C ker(T)
implies that Tr(I) C ker(tr). As tr is a Z,,-linear trace, we conclude that Tr(/) =0,
which means I C ker(Tr). Finally, as Tr is an R-linear GF-trace, we conclude that
I =0, as desired. O

The following examples contain claims that are easily verified. We leave the short
proofs to the interested reader.

Example 6. Let R be a finite ring.

(i) For every positive integer n, the full matrix ring M, (R) allows for a GF-trace,
namely the usual matrix trace on M, (R) given by

Tr: M,(R) — R, (aij)ij<n — Zan’-

i<n

(ii) If G is a finite group, then the group ring R[G] allows for a GF-trace. For
f G — R in this group ring, the trace is given by

Tr: RG] — R, [+ f(e),
where e is the identity of the group.
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Both of these examples have the property, that the extension S of R is free as a left
and right R-module. This will become important later, when we need the existence
of such extensions for any prescribed rank.

Example 7. Let p be a prime number, and let m and d be positive integers. For
R =Zym and S = GR(p™,d), consider the function from Tr: S — R, with

Tr(x) = Z o(z), forallzeS.
oc€Aut(S:R)

This function is in fact a GF-trace.

Example 8. Let ¢ be a prime power and d a positive integer, and assume tr :
F,a — F, to be the known trace function between finite fields and their subfields.
For a positive integer a, consider the finite chain rings

 Fylu] . _ IFja[u]
R = ) d S ()

together with the function Tri .S — R, with

a—1 a—1
T (S = S wite(y),
=0 =0

for all v; € F,a. This function is in fact a GF-trace.

Example 9. Let ¢, d, and tr be as in the preceding example. For the two rings

F
R = and S = qd[u,v]

(u2, v?) (u2,02)
where we assume that v and v commute, consider the function Trf% : S — R, with
Try (b +uéy +vé +uvs) = tr(&) +utr(&y) +vtr(&s) + uvtr(éy),
where &g, &1,82,83 € Fa. This function is a GF-trace.

Example 10. Let ¢ be a prime power, let d be a positive integer, and assume
tr: F,o — I, to be the traditional finite field trace. Consider the rings

_ Fqlv] an — Fgalv]
R = (07 —0) d S: w0

with the function Try, : S — R, such that
Tef, (10 + v + 0% +0°ns) = (o) +vtr(im) + v’te(n2) + v’te(),

for 1o, m1,m2,m3 € Fya. This function is indeed a GF-trace.
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4 Trace Codes and Dual Bases

For the rest of this paper, let R be a finite ring, and let S be a free unital extension
of rank m of R that allows for a GF-trace from S onto R.

Let D = [dy,ds,...,d,] be a sequence of elements of S. We define a code of length
n over R by
Cp = {[Tr(xzdy), Tr(xdy), ..., Tr(xd,)] | © € S},

and we call D the defining sequence of the code Cp. Since the trace function from
S to R is (particularly) left R-linear, the code Cp is left R-linear.

Our goal is to study generator matrices for trace codes C'p with defining sequence
D =[dy,ds,...,d,]. We will get into this in subsection 4.2. As a preparation, we will
need to discuss the important concept of dual bases.

4.1 Bases and dual bases

Theorem 11. Let S be a free unital extension of rank m over R allowing for the
GF-trace Tr, and let ay,... o, and Bi,...,Bm be elements of S. The following
statements are equivalent:

(i) {oa,...,am} forms a basis of grS and {p1,...,Bm} forms a basis of Sg.
(ii) The matriz (Tr(cuf;))ij<m is invertible.

Proof. Assume (i), and suppose the matrix A := (Tr(a;0;))ij<m is not invertible.
Then its columns are linearly dependent in R}, and hence, by Remark 3, the system
of linear equations

Tr(alﬁl) xr1+ -+ Tr(ozlﬂm) Tm — 0

Tr(amfBr) x1 + -+ Tr(amfBm) Tm = 0

has a nontrivial solution, meaning a non-zero (zi,%s,...,%,) € R} satisfies the
m
system. The element v := ) f; x; is nonzero (by our above basis assumption for
j=1
Sgr), and
m
TI‘(OQ"}/) = ZTr(aiﬁj):cj = O,
j=1



for all + = 1,...,m. By the basis assumption on S, any 6 € S is of the form
§ = > ¢y, where ¢; € R. This yields Tr(dvy) = 0, and it means that ker(Tr)
contains the nonzero ideal Sy of S, which contradicts the definition of the trace
function and therefore proves that A must be invertible.

Conversely, let the matrix A be invertible, and assume that
m
Zﬁjxj = 0, where x1,...,2,, € R.
j=1

Then, for all : =1,..., m, we have

m

0 =Tr(0) = TI"(Oéz‘Zﬁj rj) = ZTT(O‘I‘BJ)“’JV
j=1

Jj=1

T

because of the R-linearity of Tr. Consequently, x = (z1,..., ;)" is a solution of the

equation Axr = 0, which forces * = 0. Hence, fi,..., 3, are linearly independent
and thus a basis of Sg. The respective basis property for aq,...,q,, in g5 follows
by symmetry. O

Corollary 12. The elements oy, ...,q, € S form an basis of rS and of Sg, if and
only if the matriz (Tr(cua;))ij<m s invertible.

The following statement will be used for our further considerations.

Theorem 13. Let {oy,...,an} be a basis of rS, and let A = (a;j)ij<m be an
invertible m X m-matriz over R. For j = 1,...,m define 5; := ) ajio;. Then
i=1

{B1,---,Bm} is a basis of grS as well.

Proof. Let > x;8; =0 for some z; € R. We compute
j=1

D I ST 9y pETHS
Jj=1 =1 i=1 j=1
and hence Z;n:l zja; = 0 for all ¢ =1,...,m, as the a; form a basis of gS. This
forces x; =0 for all j =1,...,m, because A is invertible. n

It is needless to emphasize that the left-right symmetric version of the previous state-
ment is true as well. We will need this in a proof further below.

The case, where the matrix (Tr(a;03;)); j<m is not only invertible, but coincides with
the identity matrix, deserves particular attention.
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Definition 14. A basis {51, ..., B} of Sg issaid to be dual to the basis {aq, ..., @}
of gS, if Tr(a;B;) = d;; for all 1 <, j < m, where §;; denotes the Kronecker symbol.

Theorem 15. Every basis of gS allows for a dual basis (of Sr) and vice versa.

Proof. Let {aq,...,an,} be a basis of gS and let {51,..., 5.} be a basis of Sg. By
Theorem 11, we obtain that the matrix A = (Tr(a;f;))ij<m is an invertible matrix.

For A™' =: B = (b;)i j<m, define v; = Y Byby; for j =1,...,m. Then, by Theorem
k=1
13, the set {71,...,%n} forms a basis of Sg, and we obtain

m

Tr(aiy;) ZTF a;Bi)be; = Zaikbkj = 0ij,

k=1

which shows the claim. The converse direction (vice versa) follows by logical symme-
try. 0

4.2 Generator matrices for trace codes

Assume we consider the left R-linear code Cp with defining sequence [dy,...,d,].
For some positive integer m, let {ay, ..., a,,} be a basis of gS, and let {f1,..., G}
be a basis for Sk that is dual to that one. By definition, we have

o) {7 8

For the defining sequence [dy,...,d,] € S™, and = € S, define coefficients d;; and
xn € R by

m m
d; =: Zﬁidzj, and = =: thah.
i=1 h=1
For these, we compute
m m
szhTr ahﬁz i thdhj
h=1 =1

Consequently, the codeword

Tr(xdy),...,Tr(zd,)] = [z1, ..., 20 G,



where

di  dio din
G - da1 d'22 dan 7
dml dm2 dmn
and where [z1,...,2,] € R™.

Hence, G is a generator matrix of the code C'p. This matrix clearly depends on the
choice of the bases {ay,...,an} and {B1,...,Bm}.

4.3 A trace representation of linear codes over a finite ring

In the section at hand, we will investigate into the converse direction, and give any
linear code over a finite ring a trace description. This description will depend on the
chosen generator matrix for the code in question.

Theorem 16. Let C be a left-linear code of length n over R. Then there is a free
extension S of R that allows for a GF-trace, say Tr, along with a defining sequence
D of elements in S, such that C = Cp.

Proof. Let
diy dig -+ dig
G d?1 d.22 e d?n
dii di2 -+ din

be a generator matrix for C', meaning a matrix whose row vectors span C' in pR".
Note, that we do not assume C' to be a free code. Our earlier example 6 provides a
free unital extension S of rank k, that allow for a GF-trace, say Tr.

If {ai,...,ax} is a basis of gS with a dual basis {fi,..., 8k} of Sg, then setting
k
d; = ) B;dj; for all 1 <i < n yields the sequence D = [d;,...,d,] of elements in S.

7=1

For arbitrary = € S, we have a look at the word [Tr(zd,),...,Tr(zd,)] € Cp and
need to show that it is a codeword of C'. We may assume that = is of the form
T = Zizl xpay, for suitable x;, € R. Then we obtain

k

k k
Tr(zd) = Tr(x) Bidu) = > Y anTr(anB)d; = > zndy,
j=1 j h=1

h=1 j=1

which shows that Cp C C. The reverse containment C' C C'p follows accordingly,
and hence C' = Cp. O



5 Representation of cyclic codes over Galois rings
Folu]
(u?)

In this section, we study a trace representation of a particular class, namely that of

2[)} . Let p be a prime power

and the chain ring

all cyclic codes over Galois rings and the chain ring 2
and s, 7, m be some positive integers. Consider a Galois ring R := GR(p®,7), and let
g(x) € R[z] be a basic primitive irreducible polynomial of degree m. Then the ring
S = R[z]/(g(z)) is a Galois ring, and moreover a degree m Galois extension of R
allowing for the following GF-trace.

Assume 0 is a root of g(x) of order p™ — 1, then S = R[f]. Define the mapping
b:9 — S, ag+ a0+ -+ am 10" = ag+ a0 + -+ a0

As all the a; are elements of R, the mapping ¢ is an automorphism of S that leaves
R pointwise fixed. In fact, it is an analogue of the Frobenius automorphism in the
theory of finite fields, and it is of order m, which means ¢™ = id.

Very much like in the case of (finite) field extensions, this Frobenius type automor-
phism gives rise to a trace function, namely:

TS — R, aw Y d'(a)
i=0
We leave the easy steps to validate the trace properties to the interested reader.

Definition 17 (see [3], Definition 1). Let S be a degree m Galois extension of the
Galois ring R, and let ¢ be a generator of the Galois group Gal(S, R). A normal
basis of S over R is a basis of the form {¢*(«) |i=1,...,m}, for suitable a € S.

We would like to emphasize (cf. [12, Lemma 2]) that there always exists a normal
basis for S over R.

Theorem 18. Let S be a degree m Galois extensions of the Galois ring R, and let
{¢'(a) |1 =0,. — 1} be a normal basis for S over R in the sense of the above.

Let f(x) = Z fix® € R[x] be a polynomial that generates a cyclic code C of length

m over R. Deﬁne

m—

me 1 ¢ (@) and D :=[¢(d), ..., ¢" " (d),d].

7=0
Then C'= Cp in the sense of Thm 16, which is the trace code with defining sequence
D, where the basis {Bo, ..., Bm_1} is given as B; :== ¢'(a), forall i =0,...,m —1.
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Proof. Since f generates the cyclic code C', the rows of the circulant matrix F' span
the code C, where F' is given as:

fO fl f2 f3 fm—S fm—2 fm—l
fm—l fO fl f2 fm—4 fm—3 fm—2

for fs Jo fs o e oo S
L i e fs foo Sz fmer foo
By the above definition of d, we find

m—1
= Z Jm-1-j ¢ (a).
j=0

With 3; = ¢'(a), for all i =0,...,m — 1, we obtain

m—1 m—1
Zﬁiji = w(a)fi—j
=0 7=0
m—1 o m—1 L ;
= Y # (@ s = D 6T @ s = 670,
i=0 =0

Here, all subscripts are meant to be taken modulo m. Now, this implies C' = Cp:
in fact, using D = [dy,...,d,] = [¢(d),...,¢™(d),d], we find that for z € S and

1=20,...,m — 1 the above equation implies that
m—1
Tr(xdi,) = Tr(z¢™(d)) = Tr(x Z BiFj) = Tr(x6;) Fji,
§=0
and this immediately yields C'p C C.
For the reverse containment, suppose that «y,...,a,,_1 is a basis of S dual to the

normal basis Sy, ..., Bm—1. Then Tr(o,;3;) = i, and by taking x = ay in the above
equation, we obtain

m—1
Tr(agdiy1) = Z (o) F. Z OrjFji = Pl
5=0
This shows that the rows of I’ belong to Cp, so that C' C Cp. O

The following result and its proof are very much in the same spirit as Thm. 18, thus
we omit the proof here and leave it to the interested reader.
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To get prepared, let m be a positive integer, and let

Folu] and § = Fom [u]

) = e

We define
¢: 85— S, x+uy::c2+uy2,

where x,y, 22, y? € Fon. This mapping is an automorphism of S that fixes R ele-
mentwise and has order m. Again, we use the according trace function

TS — R, aw Y '(a)

Theorem 19 Let {¢'(a) | i =0,...,m — 1} be a normal basis for S over R. Let
f(z) = Z fixt € R[x] be a polynomial that generates a cyclic code C of length m
over R. Deﬁne

3

fm i () and D := [p(d),...,¢" ' (d),d).

I\
=)

J

Then, using the basis {Bo, ..., Bm_1}, where B; = ¢'(a), we find C = Cp, which is
the trace code with defining sequence D as described in Thm. 16.

What we have just seen should be easy to generalize to R = F,[u]/(u¥) and S =
F m[u]/(uF). We leave this as a simple exercise to the interested reader.

6 Conclusion and open problems

In this note we have introduced a notion of trace codes over rings that encompasses
all previous such notions defined for rings that have been treated in [5, 6, 7, 8.
This notion is generic, in the sense that every linear code over a finite ring can be
represented in that way by introducing a suitable unital extension, that allows for a
GF-trace.

A more traditionally oriented trace description in terms of Frobenius automorphisms
is presented for cyclic codes over Galois rings and falls under the umbrella described
in the earlier sections.

The proof being based on the existence of a normal basis, it would be nice to find the
largest class of finite ring extensions that admit such a basis. This is the main open
problem of this work, and it appears to be non-trivial, as it will require the concept
of Galois theory for a large class of finite rings.
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