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Introduction

Composite materials are becoming increasingly attractive because of their ease of fabrication, relatively low cost, low density and good mechanical properties compared to their weight [START_REF] Feuillade | Characterisation of glass fibres used in automotive industry for SMC body panels[END_REF][START_REF] Shirinbayan | Mechanical characterization of a Low Density Sheet Molding Compound (LD-SMC): Multi-scale damage analysis and strain rate effect[END_REF][START_REF] Oldenbo | Mechanical behaviour of SMC composites with toughening and low density additives[END_REF][START_REF] Palmer | Sheet moulding compound (SMC) from carbon fibre recyclate[END_REF][START_REF] Fotouh | Fatigue of natural fiber thermoplastic composites[END_REF][START_REF] Chaturvedi | Mechanical characterization of sheet molding compound composites[END_REF]. To design discontinuous fiber composite structures, it is imperative to predict their behavior as a function of microstructure and damage. Indeed, as damage affects the performance of polymers and the structures of composites, the comprehensive description, detection and prediction of local damage mechanismsare scientifically and industrially important and valuable [START_REF] Naebe | Crack damage in polymers and composites: A review[END_REF]. However, local damage mechanisms occurring in discontinuous fiber reinforced composites at the local scale are multiple and complex and need substantial experimental investigation to be described properly. Different damage modes can be activated simultaneously, involving complex coupling. Thus, the prediction of the threshold and kinetics of damage becomes a difficult task.

Moreover, the most critical degradation of discontinuous fiber reinforced composite structures has been observed for fatigue and impact loading [START_REF] Naebe | Crack damage in polymers and composites: A review[END_REF]. Applying cyclic loading generally results in progressive damage accumulation related to the degradation of macroscopic mechanical properties such as stiffness reduction [START_REF] Van Paepegem | Fatigue damage modelling of composite materials with the phenomenological residual stiffness approach[END_REF][START_REF] Mughrabi | Assessment of fatigue damage on the basis of nonlinear compliance effects[END_REF]. Fatigue damage can be described by nucleation, propagation, coalescence or/and stable growth of cracks, which leads to the final failure of the material [START_REF] Socie | Multiaxial fatigue[END_REF].

For continuous fiber reinforced composites such as laminates, fatigue damage should be described by the progressive accumulation of transverse fatigue cracks observed at the transverse fiber interfaces [START_REF] Quaresimin | 9 -Fatigue response and damage evolution in 2D textile composites BT -Fatigue of Textile Composites[END_REF]. In that case, final failure occurs when delamination between two adjacent plies takes place together with fiber breakage in different orientations [START_REF] Socie | Multiaxial fatigue[END_REF]. For unidirectional composite fatigue, two dominant stages involving an initially high but decreasing damage rate followed by a slowly increasing rate have been observed [START_REF] Plumtree | Fatigue damage accumulation in CFRP. High Perform[END_REF].

On the other hand, for discontinuous fiber reinforced polymers, a lot of studies have revealed that the fiber-matrix interface failure can be defined as the predominant local damage mechanism [START_REF] Capela | Test conditions effect on the fracture toughness of hollow glass micro-sphere filled composites[END_REF][START_REF] Jendli | Anisotropic strain rate effects on the fibre-matrix interface decohesion in sheet moulding compound composites[END_REF][START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF][START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF][START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF][START_REF] Fitoussi | Experimental methodology for high strain-rates tensile behaviour analysis of polymer matrix composites[END_REF][START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF][START_REF] Shirinbayan | Coupled effect of loading frequency and amplitude on the fatigue behavior of Advanced Sheet Molding Compound (A-SMC)[END_REF][START_REF] Shirinbayan | Multi-scale experimental investigation of the viscous nature of damage in Advanced Sheet Molding Compound (A-SMC) submitted to high strain rates[END_REF][START_REF] Shirinbayan | High strain rate visco-damageable behavior of Advanced Sheet Molding Compound (A-SMC) under tension[END_REF]. The experimental analysis has revealed that local damage generally begins by debonding the most misoriented fibers when the local normal stress reaches a critical value. Then, it progressively propagates to less misoriented fibers by coupling normal and shear interface stresses [START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF]. Under tension, damage initiation is generally observed for 20% to 30% of the failure stress [START_REF] Jendli | Anisotropic strain rate effects on the fibre-matrix interface decohesion in sheet moulding compound composites[END_REF][START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF][START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF][START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF][START_REF] Fitoussi | Experimental methodology for high strain-rates tensile behaviour analysis of polymer matrix composites[END_REF][START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF][START_REF] Shirinbayan | Coupled effect of loading frequency and amplitude on the fatigue behavior of Advanced Sheet Molding Compound (A-SMC)[END_REF][START_REF] Shirinbayan | Multi-scale experimental investigation of the viscous nature of damage in Advanced Sheet Molding Compound (A-SMC) submitted to high strain rates[END_REF][START_REF] Shirinbayan | High strain rate visco-damageable behavior of Advanced Sheet Molding Compound (A-SMC) under tension[END_REF]. For short fiber reinforced thermoplastic, the ductility of the matrix around the fibers leads to diffuse microcracking. Some researchers talked about a damaged interphase zone [START_REF] Fotouh | Fatigue of natural fiber thermoplastic composites[END_REF][START_REF] Naebe | Crack damage in polymers and composites: A review[END_REF]. In this study, the fatigue damage of Sheet Molding Compounds (SMCs) is investigated. SMCs present a high strength-to-weight ratio and a high capacity of energy absorption during impact [START_REF] Jendli | Anisotropic strain rate effects on the fibre-matrix interface decohesion in sheet moulding compound composites[END_REF][START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF][START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF][START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF][START_REF] Fitoussi | Experimental methodology for high strain-rates tensile behaviour analysis of polymer matrix composites[END_REF][START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF][START_REF] Shirinbayan | Coupled effect of loading frequency and amplitude on the fatigue behavior of Advanced Sheet Molding Compound (A-SMC)[END_REF][START_REF] Shirinbayan | Multi-scale experimental investigation of the viscous nature of damage in Advanced Sheet Molding Compound (A-SMC) submitted to high strain rates[END_REF][START_REF] Shirinbayan | High strain rate visco-damageable behavior of Advanced Sheet Molding Compound (A-SMC) under tension[END_REF]. They are composed of glass fibers, unsaturated polyester, phenolic, vinyl, acrylic or modified resins to generally produce a strong molding compound [START_REF] Jendli | Anisotropic strain rate effects on the fibre-matrix interface decohesion in sheet moulding compound composites[END_REF][START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF][START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF][START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF][START_REF] Fitoussi | Experimental methodology for high strain-rates tensile behaviour analysis of polymer matrix composites[END_REF][START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF][START_REF] Shirinbayan | Coupled effect of loading frequency and amplitude on the fatigue behavior of Advanced Sheet Molding Compound (A-SMC)[END_REF][START_REF] Shirinbayan | Multi-scale experimental investigation of the viscous nature of damage in Advanced Sheet Molding Compound (A-SMC) submitted to high strain rates[END_REF][START_REF] Shirinbayan | High strain rate visco-damageable behavior of Advanced Sheet Molding Compound (A-SMC) under tension[END_REF]. We present in this paper microscopic-macroscopic relationships, while considering damage, and we propose a predictive approach of fatigue stiffness reduction.

First, an experimental multiscale analysis of damage under tension cyclic loading is presented. A quantitative analysis allows emphasizing the threshold and kinetics of fiber-matrix interface debonding as a function of the fiber orientation. Second, the experimental results are used to identify a fatigue micromechanical model in order to predict the macroscopic stiffness reduction of a discontinuous randomly oriented fiber reinforced polyester, noted hereafter as SMC R42.

Local damage is introduced in a Mori and Tanaka approach through a probabilistic Weibull's form an interface failure criterion to consider the statistical aspects of local failure. Moreover, the cyclic loading effect is introduced by a progressive modification of the fiber-interface strength related to local cyclic loading. The experimental quantitative local analysis is then used to identify the evolution of the interfacial strength during fatigue by reverse engineering. Therefore, the suggested model is an extension of the Jendli [START_REF] Jendli | Multi-scales modeling of dynamic behaviour for discontinuous fibre SMC composites[END_REF] model, originally developed for monotonic loading to cyclic damage.

The main objective of this work is to describe the fatigue stiffness reduction of SMC composites. The experimental and numerical work presented here is limited to low cycle fatigue: between 10 3 to 2.10 5 cycles to failure. In Section 2, the material characteristics and experimental procedures are presented. Section 3 is devoted to the description of the damage micromechanical model. The general approach and the main constitutive equations are also described. In Section 4 the algorithm and numerical implementation of the fatigue local criterion are shown. The identification and main equations are described in Section 5. Finally, a comparison between the experimental results and the numerical simulation are presented and discussed.

Materials and experimental methods

An SMC composite consists of an unsaturated polyester resin reinforced with glass fibers and is highly filled with calcium carbonate fillers (CaCO 3 ). The weight content of glass fibers is of 42%. Such fibers are presented in the form of bundles, and each bundle contains about 200 fibers. These fibers have a length of 25 mm with a diameter of about 15 µm.

Microstructure analysis

SMC plates are provided by the Plastic Omnium company auto exterior services from which samples are cut following the dimensions shown in Fig. 1.

Scanning Electron Microscopy (SEM) is performed to reveal the microstructure of SMCs (Fig. 2). This micrograph highlights a randomly oriented distribution of bundles of fibers where the ellipticity of the fibers is directly related to their orientation. The presence of CaCO3 particles and porosity in the matrix is also noticeable.

A quantitative study of the fiber orientation distribution is performed by the SEM image analysis through the determination of the ellipticity of the fibers appearing on the polished surface. The following simple geometric relation allows determining the in-plane orientation of a fiber inside a bundle: θ = arc sin (a/b), where "a" and "b" are respectively the short and long axes of the ellipse. Once the orientation of a fiber family (θ) is determined, the quantification of the fiber volume fraction of this family, f(θ), is given by Eq. (1) [START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF]:

= = f θ n n s S n f θ s θ S ( ) . . . ( ). ( ) θ B θ m (1)
where n θ is the number of bundles oriented at θ, n B is the number of fibers in a bundle, s is the surface of an ellipse of θ, S is the total surface, f θ ( )

m
is the volume fraction of fibers in the bundle oriented at θ, and s θ ( ) is the surface of a bundle (widely described and calculated in [START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF]). Fig. 3 shows the obtained distribution of the orientation of the SMC in study. The orientation of the fibers is predominant due to material flow during thermocompression.

Mechanical behavior and damage analysis methodology

Monotonic and cyclic tensile tests are performed on samples described in Fig. 1. Longitudinal and transverse strain gages are placed on the specimen surface. Maximum care was taken during the collage of the gages and false tests were not retained. Tensile tests are performed at a constant displacement rate of 5 mm/min. Tensile fatigue tests are conducted for three imposed maximum strains: ε = 0.50%; ε = 0.64%; ε = 0.8% with a loading rate of R = 0.1 and where E is the Young's modulus during cyclic loading and E 1 is the original Young's modulus measured at the first cycle.

Moreover, interrupted fatigue tests are performed in order to characterize the evolution of the damage mechanisms occurring at the local scale during cyclic loading. A representative observation area was previously marked on the SEM observation surface and analyzed qualitatively and quantitatively after each interruption. The observation area is chosen to be large enough (5 × 2.4 mm 2 ) to be statistically representative of the average microstructure in terms of fiber content and distribution of orientation (shown in Fig. 3).

In the next sections, we present a qualitative and quantitative analysis of the local damage due to cyclic loading. Finally, the macroscopic loss of stiffness is related to the local damage state evolution.

Qualitative analysis of local damage mechanisms during fatigue loading

The fatigue damage of composite materials generally goes through two stages: initiation and propagation. SEM micrographic investigations are carried out on the marked area, as described above, for all imposed deformations, and crack initiation at the fiber/matrix interfaces (Fig. 3) appears. Fiber-matrix interfaces present relatively low mechanical strength and are consequently transformed into preferential sites for micro-cracking. Under tension loading, such microcracks are generally perpendicular to the loading direction. Besides, this mechanism is known as predominant in SMC composites [START_REF] Jendli | Anisotropic strain rate effects on the fibre-matrix interface decohesion in sheet moulding compound composites[END_REF][START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF][START_REF] Tamboura | Evaluation de la tenue en fatigue du composite SMC R42[END_REF][START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF][START_REF] Fitoussi | Experimental methodology for high strain-rates tensile behaviour analysis of polymer matrix composites[END_REF][START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF][START_REF] Shirinbayan | Coupled effect of loading frequency and amplitude on the fatigue behavior of Advanced Sheet Molding Compound (A-SMC)[END_REF][START_REF] Shirinbayan | Multi-scale experimental investigation of the viscous nature of damage in Advanced Sheet Molding Compound (A-SMC) submitted to high strain rates[END_REF][START_REF] Shirinbayan | High strain rate visco-damageable behavior of Advanced Sheet Molding Compound (A-SMC) under tension[END_REF][START_REF] Jendli | Multi-scales modeling of dynamic behaviour for discontinuous fibre SMC composites[END_REF]. As in monotonic loading, fiber-matrix interface debonding always begins at the most disoriented fibers versus loading direction (Fig. 4a), and it progressively develops in all directions of reinforcement (Fig. 4b).

After the stage of initiation described above, interfacial microcracks coming from adjacent fibers merge into one larger microcrack (Fig. 5a). At this stage, each bundle may contain several perpendicular crossing microcracks (Fig. 5b). Then, decohesion spreads through the matrix, always in a direction almost perpendicular to the tensile direction, in order to join other microcracks coming from other fiber-matrix interface debonding (Fig. 5c). Coalescence leads to relatively long cracks compared to the fiber diameter. Finally, as observed by Shirinbayan et al. [START_REF] Shirinbayan | Multi-scale experimental investigation of the viscous nature of damage in Advanced Sheet Molding Compound (A-SMC) submitted to high strain rates[END_REF] for monotonic loading, the coalescence of these large microcracks leads to the final failure by the pseudo-delamination between bundles (Fig. 5d).

Quantitative analysis of local damage mechanisms during fatigue loading

Quantitatively relating the evolution of the crack densities at the local scale to the residual macroscopic properties of the composite during cyclic loading is of particular interest to build an accurate micromechanical model. This is the aim of this section.

As the fiber-matrix interface appears to be a weak point of the composite, special attention has been paid to fiber-matrix interface debonding. In need of simplification, the number of orientation families represented in Fig. 3 is reduced to six: 10°, 30°, 45°, 60°, 80°and 90°. Each bundle of fibers within the observation area is mapped and assigned to one of these six orientation families. Since every bundle was originally cut from the same roving, each bundle contains the same number of fibers, that is = n 200

B

. After each fatigue test interruption, SEM observations are performed in order to determine the number of debonded fibers inside each bundle. Therefore, it is possible to define a local interface damage indicator for each fiber family of orientation during fatigue as:

= * d N ( ) θ n n n d θ B θ
where n d θ is the total number of fibers presenting a broken interface contained inside the total number of bundles presenting the considered orientation θ (being n θ ), and N is the number of applied cycles. The evolutions of this interfacial damage indicator as a function of the number of cycles, for three values of the maximal imposed deformations (ε = 0.50%; ε = 0.64%; ε = 0.8%), are reported in Fig. 6. Independently of the imposed fatigue strain, the obtained results quantitatively confirm that the largest and fastest local damage is associated to the most disoriented fibers versus the loading axis (θ = 90°). Indeed, independently of the imposed maximum strain, nearly 80% of the fibers oriented perpendicularly to the loading axis are submitted to debonding. Slightly disoriented fibers (θ = 10-15°) contribute to damage only after an incubation period varying between 10 4 and 10 5 cycles and depending on the imposed maximum strain (Fig. 6). A great influence of the loading condition on the threshold and kinetics of damage can be noted. Indeed, the increase in fiber-matrix interface damage is more severe when the imposed maximum deformation is greater.

As already noted, to simplify the experimental work, only six families of the fiber orientation are analyzed. However, for micromechanical modeling purposes, it is important to get a precise description of the crack density evolutions for other intermediate orientations. For this, we can describe the evolution of the interfacial crack densities according to the number of cycles by the following form:

= - d A ln N B ( ) θ N θ θ (2)
where A θ and B θ are material parameters identified by fitting the curves of Fig. 5 for each θ orientation, and N indicates the number of cycles. Therefore, threshold values can be derived by: = ( )

N exp th θ B A θ θ
. In Section 4.2, the identified values of A θ and B θ for = °θ 90 and = °θ 45 will be used for the identification of the local cyclic fiber-matrix interface failure criterion.

Micromechanical modeling

The selection of a suitable model is mainly linked to the composite architecture. Thus, it is essential to consider the volume fractions of reinforcements, their size and the material symmetries. All the presented models adopt the Eshelby's equivalent inclusion method, except for the Voigt and Reuss bounds. Therefore, the reinforcement of ellipsoidal geometry is analytically taken into account. This geometry is characterized by the ratio l/d, where l and d are respectively the length and diameter of reinforcement. Accordingly, we can distinguish several forms: Long fibers if (l/d) tends to infinity.

• Short fibers if 10 < (l/d) < 50.

• Particle if 1 < (l/d) < 5.

• Disk if (l/d) tends to 0.

To choose the model that will give the best estimate of effective properties, the morphology of the material must be considered. For example, the least descriptive approach is that of Voigt or Reuss. Their simplicity is due to the fact that it takes into account only very few microstructural parameters. Indeed, it is only used when access to microstructural information is restricted. For instance, spatial distribution, orientation of reinforcement and its shapes are not opted for in this type of model. Only the elasticity tensors and volume ratios of each phase are used. Furthermore, the Hashin and Shtrikman model is limited to a few forms of reinforcement (long fibers, small disks, spherical reinforcement). In addition, bounded models, Voigt and Reuss or those of Hashin and Shtrikman, only provide a framework for the effective characteristics. Homogenization in a dilute solution is restricted to low volume ratios of reinforcement, which does not allow the consideration of different reinforcement interactions [START_REF] Baptiste | Damage micromechanics modelling of discontinuous reinforced composites[END_REF].

Among the different estimates, the self-consistent and Mori and Tanaka approaches have a larger scope given their ability to estimate the properties of materials with relatively big reinforcement ratios.

The material of our study has a volume fraction lower than 30%. This points us to the Mori and Tanaka model which is more suitable for such a reinforcement rate. Moreover, this model has the advantage of separately seeing a continuous matrix phase in which reinforcement is directly embedded, unlike the self-consistent approach which does not distinguish the phases in-between. Besides, this model has the advantage of analytical resolution, unlike the self-consistent model. In view of these elements, we consider that the Mori and Tanaka model is the most appropriate and will be retained for the rest of this study.

Basic equations

The micromechanical multi-scale modeling is based on the Mori and Tanaka approach [START_REF] Jendli | Micromechanical analysis of strain rate effect on damage evolution in sheet molding compound composites[END_REF]. Several authors, such as Fitoussi et al. [START_REF] Fitoussi | Experimental methodology for high strain-rates tensile behaviour analysis of polymer matrix composites[END_REF][START_REF] Fitoussi | A statistical micromechanical model of anisotropic damage for smc composites[END_REF][START_REF] Ayari | Two hybrid approaches to fatigue modeling of Advanced-Sheet Molding Compounds (A-SMC) composite[END_REF], and Jendli et al. [START_REF] Jendli | Multi-scales modeling of dynamic behaviour for discontinuous fibre SMC composites[END_REF], have proposed to introduce damage into this approach through the identification of local damage criteria. Indeed, basic equations allow computing composite stiffness and average stress fields in different phases. Fiber-matrix interface stresses can be easily derived, as detailed hereafter. The matrix and the fibers are considered isotropic.

The composite stiffness tensor is given by the following expression:

Q Q = + 〈 〉 + 〈 - 〉 -- C C I f I f S I [ ( ( ) ) ] Comp m 1 1 (3) 
where Q 〈 〉 denotes the average, C m and S are respectively the stiffness tensor of the matrix and the Eshelby tensor [START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF], and Q is a pseudo- localization tensor defined for each family of fiber orientation "θ" as:

Q = - -- - - C C S I C C C (( )( ) ) ( ) θ m θ θ θ θ m 1 (4)
where C θ represents the stiffness tensors of the reinforcement oriented at °θ (see Fig. 7). Note that for SMC composites, we can consider that all the fibers are contained in the plane of the plate. Therefore, each family of reinforcement is characterized only by its orientation in plane θ.

The aforementioned theory leads also to the expression of the local stress tensor in reinforcement as follows

Q Q = + - + 〈 - 〉 σ C I S I I f S I ε ( ( ) )( ( ) ) θ m θ θ i m p (5)
Using the continuity condition of the normal stress at the interface, the average stress in the "θ" fiber family is used to compute the normal and shear interfacial stresses, σ n and τ respectively, at each point lo- cated at the fiber-matrix interface (defined by φ,see Fig. 7).

Note that the interfacial stresses, σ n and τ , can be computed on each interfacial point defined by angle φ, as illustrated in Fig. 10.

Local damage modeling

Therefore, we can define an interfacial failure probability computable at each fiber-matrix interface point defined by the fiber Fig. 6. Evolution of interfacial micro-cracking during fatigue tests for different fiber orientations and applied macroscopic strains; ε = 0.50%, ε = 0.64%, ε = 0.8%. orientations θ and φ (see Fig. 7):

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ = - ⎛ ⎝ ⎜ -⎛ ⎝ ⎛ ⎝ ⎞ ⎠ + ⎛ ⎝ ⎞ ⎠ ⎞ ⎠ ⎞ ⎠ ⎟ P θ φ exp σ σ τ τ ( , ) 1 r m 0 2 0 2 (6)
where m is a statistical parameter related to the microstructure scatter. Normal and shear stresses σ n and τ depend on the macroscopic applied stress, aspect ratio, volume fraction and orientation of the considered fibers and the elastic properties of the matrix and the fibers.

A given damaged state can be defined as a microstructure containing:

(1) Active fibers (noted f n act ) contributing to the composite reinforcement and including two populations: the undamaged fibers (noted f n nd ) and a part of the damaged ones, which partially help in composite reinforcement. Their contribution is defined by a reduction coefficient, "k", applied to the amount of debonded fibers (2) Micro-cracks to be introduced (noted f n mc ).

Hence, at each calculation step, n, the determination of the local interface failure probabilities (Eq. ( 9)) allows the description of the local damage state by the following equations:

= - * - f P f (1 ) n nd r n n nd 1 (7) 
∑ = + = - f f k P f . n act n nd i n r i i nd 1 1 (8) = + - - f f h P f . . n mc n mc r n n nd 1 1 (9) 
Note that the reduction parameter "k" has been evaluated by finite element calculations performed on a representative cell containing a partially debonded fiber and which is equal to 0.5. Actually, "h" is the ratio between the volume of the introduced zero stiffness penny shape (representing an interfacial micro-crack) and the fiber volume evaluated by geometric considerations.

Monotonic tensile loading simulation

A tensile test is performed and simulated using this formalism. The orientation distribution determined in Section 2.1 issued as input data. At each increment of deformation, the interface failure probability is computed for each fiber orientation family, and the three heterogeneity populations described above are evaluated in order to determine the corresponding damage state as well as associated macroscopic stiffness and stresses. Finally, stress-strain curves and relative stiffness losses are plotted. Fig. 8 presents a comparison between the experimental and simulated results. For more details, [START_REF] Laribi | Fast fatigue life prediction of short fiber reinforced composites using a new hybrid damage approach: application to SMC[END_REF][START_REF] Jendli | Multi-scales modeling of dynamic behaviour for discontinuous fibre SMC composites[END_REF] can be consulted.

Mostly, this simulation allowed the identification, by inverse engineering, of the fiber-matrix interface strength defined by σ 0 and τ 0 . Indeed, for monotonic loading simulation, contrary to fatigue modeling (next paragraph), interface strength values σ 0 and τ 0 remain constant during loading. Therefore, these values should be considered as the initial ones in fatigue simulation, as described in the next section.

Micromechanical fiber-matrix interface cyclic damage modeling

Main idea

The experimental results obtained on SMC composites under fatigue loading show that a repeated applied stress leads to progressive diffuse damage of fiber-matrix interfaces. Indeed, at a local scale, the interface (or interphase) zone is submitted to local cyclic loading. Every interface location is submitted to a specific cyclic variation in local normal and shear stresses (σ,τ). The local amplitude can be evaluated by Eqs. ( 5)- [START_REF] Van Paepegem | Fatigue damage modelling of composite materials with the phenomenological residual stiffness approach[END_REF]. Thus, the local cyclic interfacial loading depends, among other factors, on the microstructure, the imposed macroscopic loading and the local orientation of the considered fiber.

As a consequence, we can consider that the local interface-interphase stresses (σ,τ) undergone cyclically by the interface zone may modify the limit stresses (σ 0 , τ 0 ) as a result of two local phenomena:

(a) The local strain hardening of the polymer zone located on and just around the fiber (including sizing) (b) The redistribution of the local stresses due to the diffused damage on the other interfacial sites

The first phenomenon is well known for glassy polymers, but it may also be observed for thermosets under several conditions such as confined cyclic loading and local self-heating [START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF][START_REF] Shirinbayan | Coupled effect of loading frequency and amplitude on the fatigue behavior of Advanced Sheet Molding Compound (A-SMC)[END_REF]. It is generally associated to the reinforcement of the mechanical response resulting from large deformation up to the yield stress and macromolecular rearrangement. It may be influenced by intrinsic factors like the molecular structure, the cohesion energy, the molecular weight and the morphology. The morphological aspect is frequently one of the most important factors. On the other hand, strain hardening is also strongly influenced by extrinsic factors such as the temperature, the stress amplitude and the strain rate [START_REF] Robert | Strain hardening of polymer glasses: effect of entanglement, density, temperature, and rate[END_REF]. For confined cyclic loading like that imposed to fiber-matrix interface zones during fatigue loading, strain hardening may highly increase [START_REF] Jain | A statistical treatment of the loss of stiffness during cyclic loading for short fiber reinforced injection molded composites[END_REF]. The result is a local rise in the yield and failure stresses or the strain of the interface-interphase, which leads to an apparent growth of the fiber-matrix strength.

Moreover, the experimental results shown previously emphasize a diffusive nature of the local damage in SMC composites. In other words, when an interface breaks, the local stress is systematically redistributed on other undamaged locations. Consequently, the average interfacial stresses of the undamaged fibers progressively increase during fatigue damage, which goes with an amplification of interface-interphase material strain hardening.

Therefore, in order to take into account the local effect of cyclic loading on the fiber-matrix interface apparent resistance, we may consider that the associated local failure criterion requires a progressive increase in the interfacial strength parameters σ 0 and τ 0 . This evolution should be relative to: 

Fatigue damage prediction procedure

Since the evolution of the interfacial strength parameters are identified, we may use the micromechanical damage model presented above to predict fatigue damage. To this end, we propose an algorithm shown in Fig. 9: The input data include the elastic characteristics of the Fig. 8. Experimental and simulated stress-strain curves for SMC composite. different phases, the fiber orientation distribution (Fig. 3), the initial interfacial strength parameters σ 0 and τ 0 (identified in Section 3.3), the imposed macroscopic cyclic strain ε imp , and the current number of im- posed cycles N .

Interfacial stress fields σ θ φ τ θ φ ( , ), ( , )

N N may be calculated for each fiber-matrix interface location θ φ ( , ). Thus, the maximum value of the interfacial failure probability can be determined for each fiber orientation in order to compute the new corresponding volume fractions of the fibers remaining undamaged. At the same time, the density distributions of active fibers (still contributing to the composite stiffness) and interfacial microcracks are computed. Hence, a first step homogenization, including active fibers only, is performed. Then, second-step homogenization allows determining the whole damaged composite, including active fibers and fiber-matrix interface micro-cracks for the considered number of cycles and the imposed macroscopic strain. After incrementation, a new value of the applied number of cycles is defined, and this procedure is repeated.

Fiber-matrix interface cyclic damage criterion identification

Based on the above algorithm, we propose to identify the evolutions of σ 0 and τ 0 as a function of σ, τ and N. Accordingly, we analyze the local interfacial stress state under tensile fatigue loading. Fig. 10 illustrates the evolution of the normal (Fig. 9a)) and shear (Fig. 9b)) stresses computed using the Mori and Tanaka model for a tensile stress of 1 MPa magnitude applied to the SMC composite in study. It can be easily observed that the maximum values of the normal and shear stresses are observed for = °θ 90 , = °φ 0 and = °θ 45 , = °φ 0 , respec- tively.

Thus, we suggest a two-step identification procedure using the reverse engineering method based on the above algorithm and the density evolutions of the interfacial cracks determined experimentally for = °θ 90 and = °θ 45 populations of fibers. The first step is assigned to the identification of the evolution of σ 0 on the basis of the density evolution of the interfacial cracks determined experimentally for the most disoriented fibers = °θ ( 90 ). Indeed, in ac- cordance with the stress fields of Fig. 10, tensile damage always begins in this location. Moreover, the interface damage of 90°oriented fibers is the most intensive: Near final failure, more than 80°of these fibers show broken interfaces. It is noted that debonding is always observed at the interfacial point defined by = °φ 0 (see Fig. 4a)). At this point, = τ 0. Therefore, for a given fiber orientation, the corresponding fibermatrix interface failure probability is given by: 

⎜ ⎟ = - -⎛ ⎝ ⎞ ⎠ σ σ Pr 1 exp[ ( )] θ N N 0 N 2m (10) 
Moreover, from Eq. ( 2), the probability can be rewritten as:

= * - * -+ - °°°°P r (N) A ln( ) 1 A ln(N 1) B 90 N 90 N N 1 90 90 (12) 
Finally, the evolution of σ 0 is derived from Eqs. ( 13) and ( 15) as follows: 

= - °σ σ [ Ln(T )] 0 N N 90 N ( ) 1 2m (13) 
Once the evolution of σ N 0 is identified, we may consider the evolution of the shear stress threshold τ 0 during fatigue loading. To this aim, the experimental interfacial damage evolution of fibers oriented at 45°s hould be considered in reverse engineering identification. Indeed, it may be observed that for this fiber orientation, each interfacial location is submitted to both normal and shear stresses. Furthermore, since the maximum shear is observed on the 45°oriented fiber interfaces, the local cyclic effect discussed in Section 4.1 should be maximal for this orientation. Like the σ N 0 identification, the τ N 0 evolution can be derived from Eq. (2), Eq. ( 9) and Eq. ( 14) applied to the 45°oriented fibers: 

= ⎡ ⎣ ⎢ - -⎛ ⎝ ⎞ ⎠ ⎤ ⎦ ⎥ °( ) [ ] τ τ ln(T ) σ σ 0 N N 45 N 2 1 m N 0 N 1 2 (15) 
Finally, identified σ N 0 and τ N 0 should be validated by comparing between the density evolutions of predicted and experimental fibermatrix microcracks during fatigue for other orientations (namely 10°, 30°, 65°and 80°). The good correlation depicted in Fig. 11 validates our approach.

Stiffness reduction prediction

Local criterion analysis

The main idea of our approach is to reflect fiber-matrix interface strain hardening during cyclic loading. Because this phenomenon arises at a local scale, this evolution should be independent of imposed macroscopic loading. Indeed, Eqs. ( 16)- [START_REF] Shirinbayan | Effect of a post-fatigue damage on the residual dynamic behavior of advanced-SMC composites[END_REF] clearly convey that the interfacial strength evolution is related to local interfacial stresses (σ N and τ N ) which increase together with the applied number of cycles. Since the local interfacial stress undergone at the first cycle depends on the macroscopic applied strain, it is judicious to plot the evolution of identified σ N 0 and τ N 0 during fatigue as a function of -σ σ N 1 and Fig. 13. Comparison of model and experimental curve for evaluation of relative modulus per number of cycles for SMC, imposed amplitude: 0.64%, 0.8% and 0.87%.

τ τ N 1 , where σ 1 and τ 1 are the first cycle fiber-matrix normal and shear stresses, respectively. Fig. 12 shows these evolutions for three values of the macroscopic applied strain: 0.64%, 0.8% and 0.87% for θ = 0°and θ = 45°.

Therefore, as a first approximation, one may propose a mathematical form to the evolutions of fiber-matrix interface failure criterion parameters during fatigue:

= * - σ a σ σ exp(( ) ) N N b 0 1 = * - τ c σ σ exp(( ) ) N N d 0 1
where a, b, c and d are material parameters to be identified.

Stiffness reduction prediction

Fatigue tests performed at several values of the imposed macroscopic strain allow plotting the evolution of the stiffness reduction during cyclic loading. Fig. 13 illustrates the comparison between simulated stiffness reduction and experimental stiffness decrease for the three imposed strain levels (0.64%, 0.8% and 0.87%).The predicted Young's modulus reduction agrees well with the experimental observations.

Conclusion

The dominant damage mechanism of SMC materials is interfacial decohesion. Under fatigue loading, it leads to the degradation of the mechanical properties, i.e. progressive reduction in stiffness. A formulation of a micromechanical damage constitutive model is presented to predict stiffness reduction as a function of the number of fatigue cycles and the local stress state. This model is based on a quadratic interfacial criterion expressed in terms of normal and shear local stresses at the fiber-matrix interface associated to their corresponding failure values. In order to reflect the effect of repeated loading at a fiber-matrix interface scale, the local normal and shear failure stresses should progressively increase in order to take into account the coupled effect of the local stress redistribution caused by damage and strain hardening of polymers located at the interface zone.

Therefore, this work principally aims to identify the mathematical form of the evolution of the proposed fiber-matrix interface failure criterion parameters during fatigue. To this end, an original inverse engineering methodology is proposed based on an accurate and complete experimental description of the interfacial damage, coupled to a micromechanical predictive damage model adapted to cyclic loading. It is shown that the identified local fatigue damage criterion can be simply represented by an exponential increasing shape as a function of the gap between the current local stresses (i.e. for the considered number of cycles) and the local stresses undergone during the first applied cycle. This expression should be considered as a representative of the fibermatrix strain hardening fatigue effect in short fiber reinforced composites. Thus, the identification of the criterion should be based on a simple reverse engineering using only macroscopic stiffness reduction during tensile fatigue. Hence, there is no more need to perform a complete local damage experimental analysis.

Moreover, it should be mentioned that this criterion is independent of the macroscopic tridimensional applied loading, as a consequence of its local nature. Therefore, it may be identified on the basis of simple tensile cyclic loading results and be applied to a real structure design for anisotropic stiffness reduction prediction.

At the end of the paper, the proposed approach is validated through a comparison between experimental and simulated losses of stiffness for several values of a maximal imposed strain.
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 1 Fig. 1. (a) Specimen dimensions for tensile and fatigue tests, (b) Elliptic form of fiber appearing at surface.
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 34 Fig. 3. Fiber orientation distribution in matrix of SMC R42 composite.
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 5 Fig. 5. Microcracks spreading under cyclic loading; (a) from one fiber to its neighbors; (b) multi-cracking of bundles; (b) and (c) from one bundle to its neighbors; (d) final failure by pseudo-delamination between bundles.
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 7 Fig. 7. Definition of normal and shear interface stresses, σ n and τ , respectively.
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 9 Fig. 9. Micromechanical fatigue damage prediction algorithm.
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 10 Fig. 10. Distribution of normal (a) and shear (b) stresses for 1 MPa magnitude tensile loading.

Fig. 11 .Fig. 12 .

 1112 Fig. 11. Comparison between experimental and simulated density evolutions of fiber-matrix interface microcracks for several orientations.
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