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Methods

Martin J. Gander * Laurence Halpern f Florence Hubert ¥ Stella Krell $

April 19, 2021

Abstract

Discrete Duality Finite Volume (DDFV) methods are very well suited to discretize anisotropic
diffusion problems, even on meshes with low mesh quality. Their performance stems from an accurate
reconstruction of the gradients between mesh cell boundaries, which comes however at the cost of
using both a primal (cell centered) and a dual (vertex centered) mesh, and thus leads to larger system
sizes. To solve these systems, we propose to use non-overlapping optimized Schwarz methods with
Robin transmission conditions, which can also well take into account anisotropic diffusion across sub-
domain interfaces. We study these methods here directly at the discrete level, and prove convergence
using energy estimates for general decompositions including cross points and fully anisotropic diffu-
sion. Our analysis reveals that primal and dual meshes might be coupled using different optimized
Robin parameters in the optimized Schwarz methods. We present both the separate and coupled
optimization of Robin transmission conditions and derive parameters which lead to the fastest pos-
sible convergence in each case. We illustrate our results with numerical experiments for the model
problem, and also in situations that go beyond our analysis, with an application to anisotropic image
reconstruction.

1 Introduction

Anisotropic diffusion problems arise in many applications, from geology [31] to medicine [11], but more
recently they play a major role in image reconstruction [32], pioneered by the Perona-Malik non-linear
partial differential equation [30], see also the fundamental contributions of the Slovak school [25, 29, 10].
With the ever increasing demand for high accuracy and rapid solution, and the availability of more
and more highly parallel computing systems, parallel algorithms to simulate such problems are in high
demand, in particular domain decomposition methods which are naturally parallel. Non-overlapping
optimized Schwarz methods form a class of such domain decomposition methods; for an introduction,
see [12, 13] and references therein. They were introduced for anisotropic diffusion problems at the
continuous level in [17], where their convergence was proved for a two subdomain decomposition using
energy estimates, and optimized transmission conditions between the subdomains were derived, also at
the continuous level. For a reduction of the anisotropic optimization of the transmission conditions to
an isotropic one, see [15, Section 5]. To use such algorithms on a computer, they have to be discretized,
and for anisotropic diffusion problems, discrete duality finite volume (DDFV) methods are well suited
because of their accurate gradient reconstruction. This has been beneficial in many situations: see [23, 3]
for diffusion problems with discontinuous coefficients, [6] for div-curl, [5] for advection-diffusion, [7] for
Stokes, and [24] for Maxwell problems, and [21] for image reconstruction. A first variant of a DDFV
optimized Schwarz algorithm for fluid mechanics can be found in [26, 4]; its convergence did however
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not reach the full potential of optimized Schwarz methods, due to the discretization technique used at
the interfaces. An improved treatment of the transmission conditions can be found in [18, 16], see also
[2] for a space-time variant, and a first application to anisotropic diffusion was tested in [17]. There has
however so far never been a convergence analysis of DDFV optimized Schwarz methods at the discrete
level for general decompositions, including cross points, and also the optimization of the transmission
conditions at the discrete level is lacking. In [17], it was discovered that the best working parameters in
the transmission conditions can differ substantially from the ones predicted by the continuous analysis for
anisotropic diffusion, and a similar discovery was made in [33, 34] for various discretizations of evolution
problems, see also [22]. We therefore study here for the first time non-overlapping optimized Schwarz
methods with Robin transmission conditions at the discrete level for DDFV discretizations of anisotropic
diffusion problems. We give a convergence proof using energy estimates for general decompositions into
many subdomains including cross points, and then optimize the transmission conditions at the discrete
level. Our analysis reveals an interesting, new interplay between the primal and dual mesh components of
the DDFV discretization and the optimized transmission conditions used in optimized Schwarz methods,
a feature which remained hidden in the continuous analysis in [17]. We derive optimized transmission
conditions, both when using separate parameters on the primal and dual mesh, or the same for both.
We then compare our discrete optimized transmission conditions to the ones obtained at the continuous
level in [17], and illustrate our findings using numerical experiments, both for model problems and
discretizations covered and not covered by our analysis, and an example in image reconstruction that
goes quite beyond, mixing different mesh types and containing cross points, with an application in image
reconstruction.

2 Optimized Schwarz for Anisotropic Diffusion

We are interested in the solution of anisotropic diffusion problems of the form

L(u) :=—=div(AVu)+nu = f inQ,
u = 0 ondQ,

where A is a symmetric positive definite matrix with L>° coefficients,

(z,y) € Qs Az, y) = @zzgzg fxﬁgiig) ,

and (z,y) € Q — n(z,y) > 0 is a given non-negative function in L. A DDFV discretization on arbi-
trary domains and meshes of the anisotropic diffusion problem (2.1), and the associated non-overlapping
optimized Schwarz solver were introduced in [17], and convergence of the Schwarz method was proved
at the discrete level for a two subdomain decomposition using energy estimates. We are interested here
in a complete discrete convergence analysis of the optimized Schwarz method with Robin transmission
conditions for general decompositions including cross points, and also an optimization of the discrete con-
vergence factor, since differences between the continuous analysis and discrete performance were pointed
out in [17].

2.1 Classical notation for DDFV schemes

DDFV discretizations need a certain amount of notation for which we follow [1]. A DDFV mesh T
consists of a primal mesh 91, the black triangles in the example in Figure 1 on the left, leading to a cell
centered (CC) scheme, and a dual mesh 9* U 990t*, for which we show only two light red cells in Figure
1 on the left, leading to a vertex centered (VC) scheme. The primal mesh 91 is a set of disjoint open
polygonal control volumes K C €2 such that UK = . We denote by 99 the set of edges of the control
volumes in 9 included in 0f), which we consider as degenerate control volumes. For all neighboring
control volumes K and L, we assume that 0k N JL is an edge of the primal mesh denoted by ¢ = K|L. To
each control volume and degenerate control volume K € 9t U 99, we associate a point xx € K, see the
black dots in Figure 1. This family of points is denoted by X = {zx, K € MU 9M}. Let X* denote the
set of vertices xx+ of the primal control volumes in 9, see the red squares in Figure 1. We split this set
into X* = X/, UX} , where X, N0Q =0 (filled red squares) and X , C 9Q (not filled red squares).

n
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Figure 1: DDFV notation. Left: primal mesh and example of an interior and a boundary dual cell.
Middle top: example of a boundary diamond cell. Middle bottom: example of an interior diamond cell.
Right: example of diamond cells associated with zx and zx~ in the interior and on the boundary.

For each zx+ we also introduce a control volume, see the light red polygons in Figure 1 on the left for
an interior and boundary control volume example, whose corners are the xy. All these control volumes
define the set 9t U 99t* of dual control volumes that forms also a partition of 2 into disjoint polygonal
control volumes.

Given the sets X and X*, we define the diamond cells D, ,- being the quadrangles whose diagonals
are a primal edge 0 = K|L = (2x+, .+ ) and a dual edge 0* = K|L = (z, z.), see Figure 1 in the middle
for two examples. The set of diamond cells is denoted by ®, and it has two disjoint subsets: the interior
diamond cells D € ©;,,; (e.g. Figure 1 middle bottom), and the boundary diamond cells D € D4 (e.g.
Figure 1 middle top) for which [xy«,z«] C 99, where z, € (zg+,x.+). The complete domain is also

formed by all the diamonds, ) = DU@D. To each diamond D € D, we associate a point xp € [xks, Tr+].
€

Let ®y be the set of diamonds with xy as vertex and Dy be the set of diamonds with xzx+ as vertex, see
Figure 1 on the right for examples.

For any primal control volume K € 9T U 09, we denote by my its Lebesgue measure, and similarly
use mg~ for the dual control volumes. For a diamond cell D with vertices (xx, k=, 21, 1+ ), we denote by
xp the center of the diamond cell D, that is the intersection of the primal edge ¢ and the dual edge o*,
mp its measure, m, the length of the primal edge o, m,- the length of the dual edge o*, and m,, . the
measure of 0k* N .

In DDFV, a variable uy is associated with all primal control volumes K € 9t U 99, and a variable
ug~ is associated with all dual control volumes K* € 91" U 99*. We denote the approximate solution on
the mesh 7 by ur € R7, where

Ur = <(UK)KE(DJTUBSDT) . (UK*)K*e(zm*uam*))- (2.2)

Following [23, 9], we define a consistent approximation of the gradient operator denoted by V?® : u, €

R” = (VPur), o € (R?)? by

1
72mD

VPu, [(ur, — ug)Ngp, + (upr — ugs )Ngep<], VD €D, (2.3)

with Ny, := (2, — o) and Ng«+ := (2, — 2¢)*, where for any vector (z,y), (z,y)* = (—y,z). We

also define a consistent approximation of the divergence operator denoted by div” : &p = (ép)peo €



(R%)® s div' ¢én € R7 by

1
divién = — Z (ép,Niw), VK € M, and diviép =0, VK € 99N, (2.4a)
MK Ben,
. 1
divi &g = -~ D (€0, Nieps), VK* € M UOM”, (2.4b)
K DD,

For ur € R” and fr € R7, we denote by L7 (ur, fr) = 0 the linear system

—div® (A27 VQUT) + nrux = fx, V K €M, (2.5a)
—div® (A V2uy) + ne-tgs = fir, ¥ KF € M, (2.5b)
ux =0, VKeIM, ug» =0, YV K* € 09", (2.5¢)

where for smooth functions A, f and n we use pointwise evaluations
Ap = (Ap)pep, Ap = A(zp),
( Jx )Ke(gmuagm) ) (fK*)K*e(m*Uam*)); fio = fzx),  frr = flax),

(

For non-smooth functions, mean values of the functions can be used. We also recall the fundamental
discrete duality property satisfied by these operators,

(
(

nK)Ke(DﬁuamT) (nK*)K*E(m*Uam*)>7 M= n(@k), M = (@)

(divTén, ur) - (Z My divEpuk + Z Mer dive f@uK*> =— Z mp(ép, VDUT) = (o, VQUT)D
KEM K* e~ De®
(2.6)

2.2 DDFYV on Composite Meshes

In the case of a general domain decomposition into many subdomains = U;_1 ... s€; including cross
points, we consider for each subdomain 2; a DDFV mesh 7; = (901; U0, 9 UM ), and the associated
diamond mesh ©;. We assume that 2, is covered by the primal mesh 9i;, so that 9t = UM, can be
taken as the primal mesh of a DDFV mesh 7T associated to 2. This induces that the interface I';j; between
the two sub-domains ©; and ; is covered by primal boundary edges of 001; or 99;, and that corner
points are located at the centers of their dual cells.

For Q;, we denote the set of neighboring indices by I; := {i such that I'j; # 0} where I';; is the
interface between §2; and €2;. We denote by

D;r, ={D € ®;, DNTj; # 0} the diamond cells intersecting I';;,
OM;r, :={K € IM;, KNTj; # 0} the boundary primal cells intersecting I'

Jiy
OM 1, iy = {K* € O, K*NT; # 0} the interior boundary dual cells intersecting I'ji,

OM; p = {K € IM;, KNI # P} the boundary primal cells intersecting 02,
OM = {K* € M, K*NOQ # 0} the boundary dual cells intersecting 0.

We call the set of all interface diamond cells
Djr = Uier,Djr,-
The set of all boundary primal cells not located on a Dirichlet boundary is called
OMyr := Uier,OMy 1,
The set of all boundary dual cells not located on a Dirichlet boundary is called

* R *
693’(_771'*71‘”15 — Uie[j (993?j7pi7int.



Figure 2: Left: example of a mesh for €, with dual cells crossing I's3 and I'4;. Right: example of a
composite mesh associated to the domain decomposition Q = U}_,€; on the left, with the notation for
the interface I'y; with boundary primal and dual cells.

Finally, at cross points Cj, i.e. for i,k € I such that I';; N T'ji = {Cjx}, see Figure 2,
let
oM ¢, = {k* € OM, wyr = ik }

J

denote the dual cross point cells, and we define the cross point and interface sets

O, ¢ o= Uner, 0 s O = O, U O .
We assume that the meshes 7; are compatible in the following sense:

1. If ¢ € I;, then the two meshes 7; and 7; have the same vertices on I'j;. This implies in particular
that the two meshes have the same degenerate control volumes on I'j;, that is 99, r, = 0M; r, .

2. The edges o, whose center is denoted by z;, can be assimilated to a primal degenerated boundary
control volume for both meshes, i.e. L C 09t; N OM;.

We next define the DDFV discretization for the transmission conditions of Robin type. We associate
e one unknown per interior and boundary primal and dual cell u,, € R7;,
e one flux unknown 9~ = w;K per interface interior dual cell K* € 997

Ty int

e two flux unknowns 1/1;-,}(* and 1/15-“’}(* per cross point dual cell K* € 99 - .

We denote by ¥, € RO r the collection of all flux unknowns Yy« for inner dual interface cells.
Given fr, € RY UG UOM hr, € ROM5.rUOMS e and p, p* two positive constants, we denote by



L7 (ur;, %7, fr;, hr;) = 0 the linear system for u,, € R7:, Yy, € R?™ir given by

—div® (AQVQUTJ,) + nxux = fx, VKE 9:)’{]., (2.73)
—div™ (Ao VPur,) + it = fe, VK* € MY, (2.7b)

1 ) )
,mK*( Z(ADVDUT].,NK*L*HmUK*wK*) et = fior, VKT € OMp 0, (2.70)

DED

1 .
S (AD TPt M) gy e gy W) b = e V€O, (270
K D e, ’ *

o

1
mi (ADVDuTj,NKL) + puy, = hj7L, VL € 89171]»;, (2.78)
Ve + P us = Ry, VKT € OM 04y (2.76)
wf,w + prug = hiK* and w;K* + pruge = hé»,K*, VK" €M ¢, 5 (2.7g)
ug =0, VK € OM, p, U = 0, VK* € OM p, ( )

where we added the subscript j in the interface data h; to denote this is data for subdomain €2;. Equations
(2.7a)-(2.7d) correspond to an approximation of the equation after integration on 9t;, 9} and OM.
Equations (2.7e)-(2.7g) are related to the Robin transmission conditions on 990 r and 097} .. Finally,
equation (2.7h) corresponds to the homogeneous Dirichlet boundary condition on 9f2.

Theorem 2.1 (Well-posedness of the DDFV subdomain problems). For any fr, € RPGUMGUOMG e g

hy, € Ram%puaf)ﬁ;r, there exists a unique solution (ur,,vr;) € R7 x ROPGrY9Mie of the linear system

ETj(uTja,(/)Tjaijath) = O

Proof. By linearity, since the number of unknowns and the number of equations coincide, it is sufficient
to prove that if £77 (ur,,%+,,0,0) = 0, then u,; = 0 and ¢, = 0. We multiply equation (2.7a) by myux
and equations (2.7b)-(2.7d) by my+ux~ and sum these identities over all the control volumes in 9t; and
M5 UM 1. Reordering the different contributions over all diamond cells, we obtain

2 Z mD(ADVDuT],,VDuTj) —‘rp(UTj,uTj)agij
De®;

: ) : (2.8)
+p" (ur;, ur,)oms . + Z Mg Ny Uy + Z My Nyex U= = 0,
KEM, K* €M UMY -

where

(ur;,vr; )oom; p = Z mc,uLvL:Z Z MUV, (2.9)

LEBEUIJ"F ite Leam]"ri
(wrys vr,Joms . = g g M. Uk Vs + E (M1 +Mgr Juevies. (2.10)
i€l K* €M K* =K}, €0 -

Since all the terms are positive, we obtain if 7 > 0 from the last two terms in (2.8) that u,, = 0. If
n =0, we get first from (2.8) that u,; vanishes on the boundary 99, r UOM 1, since p > 0 and p* > 0.
Furthermore, since A is coercive, (2.8) also shows that VDuTj vanishes, and thus u;; = 0 because a
DDFYV Discrete Poincaré inequality proved in [1] gives

Z mKuf( + Z mK*ui* <C Z mD\VDuTjF

KEM K* €M UM - De®

as soon as ur; vanishes on part of 99; and part of 893?;?. We finally obtain ¢;-, = 0 using the transmission
conditions (2.7f) and (2.7g), which are homogeneous. O



Figure 3: Left: new unknowns needed to describe the DDFV scheme on Q as the limit of the Schwarz
algorithm. Right: splitting of the diamond cells at the interfaces.

2.3 DDFV Schwarz Algorithm for Anisotropic Diffusion

We can now present the optimized Schwarz algorithm discretized by DDFV: for f,, € R™Y™;V9M -

and an arbitrary initial guess hO € ROM.rUOM; - , 7 €{1,---,J}, the algorithm performs for iteration
index £ =0,1,2,... and ¢ € I; the two steps:

1. Compute the subdomain solutions (ufﬁ;l, w%l) e R x R by solving for j = 1,2,...,J

LT]( Z+17¢Z+17f7j7h’§'j) :O (211)

2. Compute the new values h?ﬁ;l to be transmitted to neighboring subdomains,

1
it = - (ApVPult! Niw) + puftt, VL € 0y p,, Vi € I, (2.12a)
Wit = =gt pruftl VKT € 0N 4y, VLT € My St e = =, Vi€ I, (2.12D)

R =~ 4 prulll, VKT € O o, VLT € O ¢ st wye = e, Vi€ I (2.12¢)

We can now prove convergence of the non-overlapping DDFV optimized Schwarz algorithm with Robin
transmission conditions. We denote by T = (9%, 091, M*, 0M*) the DDFV mesh constructed from the
primal discretization of the sub-domain Q;: 91 = UIMN;.

Theorem 2.2 (Convergence of the DDFV Schwarz algorithm). The iterates of the optimized Schwarz
algorithm discretized by DDFV defined by (2.11)-(2.12) converge as £ tends to infinity to the solution u,
of the DDFV scheme (2.5) on .

Proof. The crucial step of the proof consists in rewriting the classical DDFV scheme (2.5) on 2 as the
limit of the Schwarz algorithm. To this end, we introduce new unknowns near the interface I'j;, see
Figure 3:



for all K € M; and K* € M, we set ug® 1= ux and us 1= U,
for all K € OM; p and K* € OM} &, we set ug” := 0 and us := 0,
for all L = Kj|Ki € 827)1]4713 = 89ﬁi,pj, define

mDi uK]‘ + mD]‘ uK,;

u® = u>® = ,
L i,L o
so that Ay, VPu3e N ) = = (45, V2053, N,), with D; € Djp and by € Dip, with Ay, =

Ap, = Ap as xp;, = xp, = 1.

for all K* € 9MM* such that - € Ty, i.e. K* =K UK} with K} € O, and K € 0D 1y,
set U?OK] = Ujgs 7= Ugee and

M=
D
g = Vi = ‘ma,<* 2 (409Pu5 Ny ) + e = )
K;
1 My >
= A VPu® N — — (pge s — fr)- 2.13
o 2 (0 1) = e we = fie). (233)

Equation (2.13) comes from equation (2.5b), in which we have split the terms from K and K7,
noting that my- = Mg + my:.

At a cross point ¢, we denote by I, the set of indices of the subdomains that intersect in that cross
point. The cross point is the center of a dual cell K* that is split in the domain decomposition. We
define for each subcell K C Q;, j € I. an unknown u; K 1 U We also have to introduce for all

j € I. additional unknowns 1/}j K and 1/1 = in such a way that

k,
*@ij’KO; = Z (ADVDUTJ'7NK*L*)_ mK;nK*Uj,K* + mKJ*fK* = bj~

mU;‘, LZJJ K +m, k
’ De®D
J

According to the DDFV scheme (2.5), >°;.; b; = 0. We denote by n. the cardinal of I.. Now

imposing w;K = wl ey these fluxes must satisfy a linear system of the form By = b with B an

ne X ne matrix, b = (b;)jer. and 1) the vector of w;;o after selection of n. out of the 2n,. possible
R

ones, see [20] where this technique to treat cross points was introduced. For example, in the case
ne =4, I. = {1,2, 3,4} with Q; arranged clockwise, we can take

2,00 M2 0 0 —My1
1Ky 1.k} 4,K%
¢3°° Mgz Mys 0 0
v=| 3% B= (2.14)
Ve | 0 —My3 M4 0
‘iKg 2,}(’2k 3,K§
o0
0 0 —Mya meg1
w4 K4 03,K§ U4,KZ

The rank of B is equal to n, — 1 and b € ImB since del = 0. Therefore, ¥ exists but is
not unique. The v at the cross point will thus in general not converge in the optimized Schwarz
algorithm, which does however not affect the convergence of the u, see [20].

e Therefore, we can define

1
Wi =—— (ApVPus® Ny,) + puss, VL € 0M; r,, Vi € I, (2.15a)
R = — Ui + P U5, VK € 0N 1 4y, VLT € OME 1 iy 8.6 @ier = v, Vi € I, (2.15b)
hods = =l 4 prus., VKT € 0 o, VL € OM; ¢ st wyee = @00, Vi € I (2.15¢)



We have constructed (u3%,37) from the solution u, of the DDFV scheme (2.5) on 2 such that
ETj(u?;7¢%7ij7h%) = O

Observe that the errors eff! = uft! — w3 | WL = i+l — 92 satisfy

L7 (e, Wit 0, HY ) =0, (2.16)
with
H!, = meU(ADVDe?”, Nio) +pel,, VL€ M r,.Vie L, (2.17a)
Hf o = =i 4 pie) o, VK" € OMp, iy, VL* € OMp iy 8.1 Ty = @y, Vi € I, (2.17b)
Hit = —Wll +ptel ., VK* € 00 0, VL* € O] ¢ s.b. @ = @y, Vi € I (2.17¢)
For j = 1,---,J, we multiply equation (2.7a) associated to the scheme (2.16) by mgex and equations

(2.7b)-(2.7d) by my-ex~ and sum these identities over all the control volumes in M; and M7 U OM 1.
Reordering the different contributions over all diamond cells, we obtain

23 mp(ApVPe V) £ 3 man(efi)P + Y mene (i)

DeD; KEM K* €M UOM? 1.
D _¢+1 £+1 641 041
_ E (ApV eT'*JT N — g M Uit €)1 (2.18)
LEOM K*€OMS 1 .y

§ k41 . 041 _0+1 __
— (ma.;c.K* \I/j,K* + mo.z \I/j,K* )e 0.

. =
o IK

U *

K 7Kik€89ﬁj~c

Now we apply the identity —ab = % ((a —b)? —(a+ b)2), used for such estimates in [27, 8], to the four
terms
k041 i 041
(ADVDeg—tl,NKL)GEIl, Mo« \I’f;-flegjﬁ, mal_cyk* ‘Ilj,Kj_ 6?:’;, myi \I/Z + e“_l

! b Laxr Gl

the transmission conditions appear, for example

m i
) il+1 ¢+1 _ Tjxx i,0+1 x 0+1\2 i,0+1 x 0+11\2
Mo e Zis e = T (Tjace + P ej0c)” = (=¥ +p7€55)7 )

and thus using (2.17c), we get

m i
i, 0+1 1 Tjx* j l i, 0+1 1
Mo \Ijz + 65—}- _ 7,K ((7\1137}(* +p*ef7K*)2 o (7\111 + +p*6€+ )2) )

O JKT TRK 4p* JK* JoK*
Summing now over all iteration indices £ = 0, ..., %4, — 1 and subdomain indices j = 1,...,J we get
R * * M . J— .
for all K* = Kj; € O] - using Moi = Myi
lmaz—1 J 1 lmaz—1 J
_ Bl 041 _ _ 3,0 w0 \2 i0+1 * 0+142
= D D ome G = e D Mo (—(—‘I’z‘,w e )T (S T )
£=0 j=1 =0 j=1
_ 1 (W0, 4 e )2 (— Wl et )2
T a2 (= W5k + P ) + (ZWFE™ + pTei)” )
j=1
Similarly,
lmax—1 J 1
. k41 041 _ Z T * 0 \2 _ \pktmax * Llimax\2
> mor Vi e = 1pr 2o Mok ( (Z5ke P )" + (L + plesi) )
(=0 j=1 j=1



For all k* € oM

% Iints We have

lmac—

41 i+1 _
S S

=0 j=1

etnax max
( K*+peJK*) + (=0 +pejK*)2),

and for all L € 99 r, we have

Lmax

—1 J J

1

S S AP N S (TP, o ) - T Pl N ).
=0 j=1 j=1

Gathering theses contributions, we obtain

maz_l J émuz —1 J enzam_l ]
D _¢+1 D é 1 0+1\2 0+1\2
2 E E E mp(ApV-e + ,V + )+ E E mgni (et + E Mee e (€t )
(=0 j=10€D, (=0 j=1KeM; £=0 j=1K*eM UM} |
1 < 1 <
} : Dir L } : é
+7 H_ A@ v J,I‘e 7T1,a'r _,_p Loz H \I} max _,_p e mai‘
4p . ( 7, T7 ) 8m7r‘ 69ﬁ T 4p* 8gﬁ agﬁfr
j=1 j=1 7
1 4 ( D 0 ) 0 2 1 4 0 0
< — E H— Ao, V7iTel n;)+ pe E H—\II + pregon
—= j,T T oM, r | . * T oM * .
4p = J PClloom; r 4p = E ar oo

where |[|.[lgon, . and |[|.[|oan . are the norms associated to the scalar products defined in (2.9) and (2.10).
This shows that the total discrete energy stays bounded as the iteration index ¢ goes to infinity, and
hence the discrete H' norm of ee+1 converges to zero as ¢ tends to infinity for all j. In other words, the

iterates u’ , of the optimized Schwarz algorithm discretized by DDFV defined by (2.11)-(2.12) converge
as £ tends to infinity to ug . Coming back to the construction of uz, we obtain the convergence to u,
the solution of the DDFV scheme (2.5) on Q. Note that the estimate only gives a bound on the discrete
fluxes \If T, and in practice the discrete fluxes do not converge at cross points, because the flux system
there is not full rank, see (2.14). O

3 Optimization of the Robin Transmission Conditions

We now present for the first time a discrete optimization of the Robin parameter in the transmission
conditions of the DDFV Schwarz algorithm (2.11), (2.15a)-(2.15¢) in order to understand why the opti-
mized parameters from the continuous analysis in [17] sometimes give suboptimal performance for high
anisotropies. As in the continuous case, we focus on a two subdomain decomposition, and will use the
same parameters also at cross points. There are also cross point formulations where this is not advised,
see [19].

3.1 Discrete Subdomain Solutions

To obtain a discrete convergence factor, we use the typical approach in optimized Schwarz methods
to consider a domain € := (—a,a) x (0,b) decomposed into two non-overlapping subdomains ; :=
(—a,0) x (0,b) and Qs := (0, a) x (0,b), with the interface ' := 9Q; N IN,. We use a rectangular grid, so
that the DDFV discretization away from the interface I' leads to two interlaced five point finite difference
schemes. The mesh size is denoted by (hy, hy). To simplify the notation compared to the general DDFV
scheme, we use for the dual (vertex centered) unknowns aligned with the interface star indices, u{,’f* "

These are associated with the dual cells shown in dashed Figure 4, whose centers are squares (B or
), and the superscripts j and £ stand for the domain and the iteration. For the primal (cell centered)

unknowns, we use indices without stars, u/: . These are associated with the primal cells whose centers

are bullets (e or o for interface cells), see Flgure 4. Additional primal unknowns ul’ o located at o in

Figure 4, and also additional flux unknowns Wl* are needed on the interface I We study directly the

eITOT Uy, — u{,fn which satisfies the same algorithm as u?;, but with zero source term and boundary
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------- Lol el ] sl sl ol o Fe Tt ntl
] [N S ] ] W= 0 ]
——— [ ———————t n*+1
] ] Uy, In ] ] ] Uy by ]
""""" ¢-cf-t-fF-t-F-¢- e sl e ks Rk Sk Rk S dalete b
e e e e . |q/;1f wi;‘| B . S . . . S E—. | n*
--------- pfs i s SRR ST NS0 530 S
— [t —— 1 n*—1
m*=4m*=3 m*:2m*:1m*:0. .m*:Om"zlm*:2m*:3m*:4
Ql Q2
Figure 4: Notation for the rectangular DDFV configuration.
conditions, and for simplicity we still call it u/:* . At each iteration £ = 1,2, ..., in the left domain €,

the values in the primal cells and the values in the dual cells, denoted Wlth a star *, are related by two
recurrence relations. We assume here that A;, = 0, so that the two recurrence relations are decoupled,
the study of the fully anisotropic case is substantially harder and will be tackled in future work. For
m > 1 and m* > 1, we have

Avs (4 2 Ayy (3l N 0

h2 (um+1 n 2u£n n =+ um 1 n) =+ hf, ( Uy, n+1l 2uj + um n— 1) - 77“%’1,17, - 07
Agsy (000 J.t Js J,t J,t _
hgl (um*+1,n 2um* n* + um *—1,n* ) h?} (um*,n*+ - 2um ,n* + um ,n* —1) - num*,n* =0

x

(3.1)
In order to obtain the primal equation in (3.1) for m = 1, we introduce uf)i which is linked to the

‘
interface primal unknowns uj ", by

; 1
wy’ = =Wl +udt). (3:2)
2T 2

On boundary dual cells, the additional fluxes wfl’f are used, given by

; hyAge , 5 ; Ayyhy
hywi’f + . (ujl’*e n* ug)’*én*) + ==

( h:rhy 1,0
hg ' ’ 2hy

UO;)n* = 0. (3.3)

Ve J,¢
i1~ 2Uge e UG e 1) =)

We can now express the transmission condition on I" for (7, ) (1,2) or (2,1). The Robin transmission
conditions on T for dual cells are expressed with the fluxes /., see (2.7f) and (2.15b),

n*

Rl prudl e = — T gl (3.4)

and on primal cells the discrete Robin conditions are, see (2.7¢) and (2.15a),

2 ; 2
h—IAm(uJ;n —ul n) —|—pu];n = h—IAm(ullfn - u%g ) —|—pu11/n L (3.5)

The equations (3.1-3.5) completely describe the original Robin DDFV optimized Schwarz algorithm from
Section 2 for the specific two subdomain decomposition. We see that in the case of Cartesian meshes
with A,, = 0, the optimized Schwarz algorithm for the primal and the dual meshes are decoupled. For

the primal unknowns, the interface is at m = %,

Az (5,14 1,4 uu 1,¢ 1,0 1.4 _
h2 (um+1,n - 2um n + ’me 1 n) + ( m,n+1 - 2“ + um n— 1) nu m n 07

2 i,0—1 i,0—1 i,0—1
EAME(uln *Uln )+pccu1n .

3.6
;%Am(u; u1 n) + PccU (3.6)
x 2,71 3

s
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This corresponds to a discrete optimized Schwarz algorithm with Robin transmission conditions for a
cell centered (CC) 5-point finite difference discretization of the anisotropic diffusion problem (2.1), with
the interface through the middle of the cells, and we therefore use now p.. = p for the optimization
parameter. For the dual unknowns, the interface is at m = 0,

Ap 1,0 yy 1, Le 1,6 e
hlff (u *+1n* T 2um* ,n* + um* 1,n* ) + ( m* n*+1 2’(}, *n* + Uy 'n,* ) MUy, nx 0,
Awx (1,5 Jt Ayyhae ¢ 3,C
R (UGS e — U e ) — 2hZ (Ugx e 11 2uo* -+ uf nio1) M be Uo* . +Pvcuo* . (3.7)
_ A, i,0—1 i,0—1 Ayyhg ¢ i0—1 i,0—1 i,0—1 2 b l—1 i,0— 1
= — 5 (Ugs pr — UP ) + 3hz (Ugs px 1 = 2Uge e+ Uge e q) — 1) ; Ugs v + Doclige ,

This is also a discrete optimized Schwarz algorithm with Robin transmission conditions, but for a vertex
centered (VC) 5-point finite difference discretization of the anisotropic diffusion equation (2.1), with the
interface on the boundary of the cells, and we therefore use now p,. = p* for the optimization parameter.
The energy estimate convergence proof in Section 2 implies that each of these algorithms separately is
convergent. In contrast to the common continuous approach (a few exceptions are [28, 33, 34] and [22]),
we optimize parameters in the transmission conditions at the discrete level here, and we start with a
separate analysis for the primal (CC) and the dual (VC) components of the DDFV optimized Schwarz
algorithm, before tackling the coupled problem with p,. = pee, which will need a new theoretical result
on best approximation problems.

3.2 Discrete Convergence Factor

Since the domain is bounded in the y direction, y € (0,b) with homogeneous Dirichlet boundary condi-
tions, that is in the index n and n*, we use a discrete sine series expansion in the y variable to compute the
convergence factor for each sine mode, and study the existence and uniqueness of a set of best transmission
parameters p,. and p.. that are minimizing the convergence factor over a given set of frequencies.

We expand for n € {1,..., N} and m € {1,..., M} with Nh, = b the grid function u,, , in a discrete
Fourier sine series,

k
maz . hy
U = Z U (k) sin (kmr?),
k=1
with a slightly different k,,,,, depending on if the scheme is primal or dual, since the number of gridpoints
differs by one,

i
hy

(3.8)

L L 1 for the dual scheme,
maw for the primal scheme.

The Fourier coefficients are functions of the variable k: uf;f, <« a%f(k) and ult, P a2 (k), which is
discrete in this case, but we will optimize over a continuous set for k to sunphfy the analysis, since this
makes a negligible difference for the resulting parameters [28, Subsection 4.2]. Introducing the Fourier

sine expansion into the difference equation satisfied by u., ,, we obtain by a direct calculation

Ayy Ayy . o kmhy ) . h,
h2 (um n+1 — 2um,n + um,n—l) —NUmn = — %:(475 sin ( 2% ) + n)um(k) Sin (knﬂ-#) (39)
To simplify the notation, we define the quantities
_ AAyy o kmhy — h2
alk) == 7o sin ( 5% ),  w(k):= A (ak) +n). (3.10)

Y

Then the discrete grid function w,, , is a solution of either of the two equations (3.1) if and only if the
corresponding Fourier coefficients ., (k) satisfy for each k the recurrence relation in the m variable

Uma1 (k) — 20 (k) 4 tm—1(k) — piiny, (k) = 0. (3.11)
The characteristic equation of the recurrence relation,

M =2\ +1—pA=0, (3.12)
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has two positive distinct roots, which are inverses of each other. For fixed k, denoting by A(k) the root
that is smaller than 1,

Ak) =1+ @ —\/ (k) +

the grid function w,, is a solution of either of the two equations in (3.1) if and only if 4,,(k) is a
linear combination of A(k)™ and A(k)~"™. We rewrite now the transmission conditions on the Fourier
coefficients. On the primal cells we obtain

<1, (3.13)

A ) ) . . A o o o L
gt — i)+ B v alh) = 5 —agth + BT v agth,
xT €T
and on the dual cells we obtain
Ape s i h v v A o if— h il— if—
(067 = W)+ S (k) 4 Mg+ puciy = =57 (g — e ) — G (alk) + )iy pcige
T xT

Introducing the notation p :=p :I , we obtain for the system of transmission conditions in Fourier

gl gy Decpagf | gt il i Dee nif—1 | nijb—
(4" — )‘*‘7(“{) +a7") = (4 1—u0 1)"‘7(“1 1—|—u0 1)’
(3.14)

NS NN DY N AN RN N AN NS BT N | Hoie—1 | -~ ~id—1
U= — U + Slgs + Pocliys = —(Qg. — Uy- )—§u0* + Poclige -

3.3 Unbounded domain in the x direction

We start by considering an unbounded domain in the z direction, Q = (—a,a) x (0,b) with a = co. By
Parseval’s relation, for v/, to be in L*(Ry+ x [0,b]) in (z,y) for any j, ¢, there exist coefficients CJ-*(k)
and D7*(k) such that _ _
it = CHAR)™, @bl = DIk (k)™ (3.15)
Inserting this into the transmission conditions (3.14) we obtain for j =1,2,4 # j and [ > 1,
(L= 2+ 214 X)CH = (—(1=X) + B (14 )0,
(L= A+ 5 4 o)DM = (=(1= ) = &+ o) DM,

We now introduce the notation
v(k) == —In (k) > 0, (3.16)

which lets us write the transmission conditions in Fourier in compact form: solving (3.12) for p and
introducing it into the following expression, we find

1— )2 1—-A
1—&-%—/\2 ) =sinhr and m:tanhg, (3.17)

which gives for the transmission conditions

(2 tanh g =+ ﬁcc)cj’z - (—2 tanh g + ﬁcc)cive_l,
(sinh v + Poe) D7 = (= sinh v + Poe) DV

Writing this iteration in matrix form over two iteration steps, we obtain

C’j,e Cj’e72 Pece oo(pcca V) 0
< Dt ) = Rd,oo(pccapvcay) ( D=2 y Rd,oo(pccapvcal/) = 0 Puc,oo(pvcﬂ/) 5
(3.18)
with the convergence factors of the vertex centered and cell centered schemes given by
p*fcc,oo(’/> p*fvc,oo(y)
JV) = L . yV) 1= ———————=
pCC,OO(p ) p + fcc’oo(l/) pU(‘,OO(p ) p + fvc,oo(y) (319)
fee,o0(V) 1= ZAT“;’ tanh %, foe,oo(V) == "}\L“;’” sinh v.
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3.4 Bounded domain in the z direction

Outer boundary conditions can have an influence on the convergence of Schwarz methods, see for example
[14], and we therefore now also study the case of a bounded domain, Q = (—a,a) x (0,b) with a = Mh, =
M*h, < oo, which leads to slightly more complicated formulas. The Fourier coefficients of the sine
transformed grid function are then of the form

*

Wb’ = CPURINR)™ + CHA(R)A(R) ™™, Al = DV (k)A(R)™ + DP(k)A(k) ™™ .

m*k

With the notations in Figure 4, the Dirichlet boundary conditions are enforced in both subdomains as

1
upren =0, E(UM,n +un41,n) =0.

This gives the relations between the coefficients C, D and their tilde counterpart,
CP (k) = =NMALCH k), DI (k) = =AM D (k),

which leads to the Fourier coefficients

@l = CHRAR)™ = XR)PMFIT™), @l = DY (R)AGR)™ = A(R)2M—™).
Inserting these expressions into the transmission conditions (3.14) we get after simplification using again
(3.16)
(2 tanh(g) coth(Mv) + pee)CP = (—2 tanh(g coth(Mv) + pee)CH 1,
(sinh(v) coth(Mv) + poe) D7 = (—sinh(v) coth(Mv) 4 p,) D51

We thus also get a matrix iteration similar to the unbounded case in (3.18), namely

Cj,@ Cj7é_2 Pce M(pcc M, V) 0
< Dj’é ) :Rd,M(pcc,Mapvc,Ma V) (Dj,ZQ ) Rd,M(pcc,JVIapvc,Ma V) = 0 Poe. M (pvc,Ma V)

(3.20)
with the convergence factors of the vertex centered and cell centered schemes for the bounded case given
by

pa(pv) = L Jeeatl) poent(p) = P Tvert ()
- ’ D + fCC’M(V)’ " ’ p + f'uc,M(l/) ' (321)
feent(v) = 24z tanh § coth(Mv),  fuen(v) = 4= sinhv coth(Mv).

We now recall the convergence factors for the continuous algorithm from [17],

_ 7f¢,a(7”) _ 7fc,00("‘)
PealPr) = FNE: Peco(P:T) = FEEG (3.22)
fea(r) = Aggrcoth(ar), feoo(r) = Aggr,
where
7wk
r(k) = \/nAm—l—(b)QdetA. (3.23)

It is because we introduced the quantity v(k) in (3.16) that the discrete convergence factors have a
very similar form to the continuous ones from [17], only the functions f which are summarized in Table
1 change. For small h, and hy, v is equivalent to rh;, and for a = Mh,, ar is equivalent to Mwv.
The functions for the continuous and discrete problems are equivalent at first order. We need to find
parameters p in the transmission conditions which minimize the convergence factors p(k) in modulus
over all frequencies k, and we investigate two options: the first is to use two parameters p.. and p,. and
optimize separately the convergence factors p.. for the primal and p,,. for the dual equation. The second,
which is a first step toward the fully anisotropic problem, is to use p,c = pee, and to minimize the spectral
radius of the iteration matrix R(k) for all k.
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Continuous Discrete CC Discrete VC
feoo(r) = Aggr feeoo(V) = 2‘%” tanh g foe,co(V) = %;T sinh v
fea(r) = Agyr coth(ar) feem(v) = 2’%:” tanh § coth(Mv) | foem(v) = f}L—T: sinh v coth(Mv)

2 T
r= Aiz \/nAm + (%’“)2 det A | v = —log <1 + @ — £/ u(k) + “(Z)2> (k) = :; (4’2§y sinz(kZZy) +1)

Table 1: Functions involved in the various convergence factors

3.5 The best approximation problem: separate optimization

Since with our change of variables (3.16) all convergence factors are of the same form, we define a general
minmax problem for a continuous function f of s on K = [Smin, Smax),

for F(p,s) := LK and G(p) := sup,exc [F(p,s)],

opt opty — ; . Sopt (324)
find p°?* € R such that G(p°?") = inf,cr G(p) = §°P".

Following ideas in [12], we now solve this minmax problem for rather general functions f with the help
of several lemmas.

Lemma 3.1. If f is the identity function, then problem (3.24) has a unique solution, given by
POpt = v/ SminSmax, 6Opt = F(POpt, Smin) = —F(POpt7 Smax)~ (325)

Proof. If p is outside K, then moving p toward K decreases F' uniformly, so the best p must be in
K. But then G(p) = max(|F(p, $min)|, |F (P, Smax)|), and the minimum of G is thus attained when
F(p, Smin) = —F (D, Smax), which gives (3.25). O

Lemma 3.2. If f is a positive monotonic function, then Problem (3.24) has a unique solution, given by

popt = f(smin)f(smax)7 5opt = F(popta Smin) = 7F(popt’ Smax)-

Proof. This proof is obtained from Lemma 3.1 by the bijective change of variables f. O

Lemma 3.3. Both for the unbounded and bounded domain case, the functions f(r) associated with the
continuous convergence factors, and f(v) associated with the discrete cell centered and vertex centered
convergence factors, are positive monotonic functions.

Proof. For the unbounded case, we see from the first line in Table 1 that the functions are increasing.
For the bounded case, for f.,, we only need to check that the function scoth s is increasing, which we

see directly by writing its derivative in the form % > 0. For fyc m, we differentiate in v to find

, A % coshvsinh(2Mv) — M sinh v
fvc M(V) - 12
" hy sinh”(Mv)

Differentiating the numerator again we find

1
M coshv(cosh(2Mv) — 1) + 3 sinh v sinh(2Mv) > 0,
which shows that the numerator of f}.,/(v) is increasing, and since it is zero for v = 0, it must be
positive. Hence the function fyc as is increasing. For fe. as, its derivative is
, Agy sinh(2Mv) — 2M sinhv
fcc,M(Z/> = 212 2 :
hy  2sinh®(Mv) cosh® v

A series expansion of the numerator shows that this quantity is positive for M > 1,

V2n+1
sinh(2Mv) — 2M sinhv = Y 2M((2M)*" —1)—— > 0,
> e

which concludes the proof of the lemma. O
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It remains to apply the lemmas to the functions f for the different cases to obtain

Theorem 3.1. The best performance of the Robin Schwarz algorithm both in the unbounded and bounded
domains, in the continuous case with s := r and in the discrete cases with s := v is attained for
poPt = \/f kmin)) f(8(kmaz)), where f is given in Table 1, and the associated convergence factor is

V1 (5(kmax)) =+/f (s(kmin)) o , .
then bounded by ‘\/f(s(kmaw))+\/f(s(kmm)) . Here, kpin =1 and kpay is defined in (3.8).

3.6 Coupled Optimization

We suppose now that the optimization parameters p.. and p,. for the primal and dual problems are equal
t0 P, Pec = Pue = P- The convergence speed is then governed both in the bounded and unbounded case
by the spectral radius of the corresponding iteration matrix R, that is

pa(p,v) = max(|pec(p, V)|, |poe(p, v)])-
We thus obtain for two functions fi(= f..) and fa(= fuc) the general best approximation problem
b - f]( _ _
, F(p,v) = max;(|Fj(p,v)|), G(p)= sup [F(p,v)l,

v)
p+ fiw) veK (3.26)
find p?* € R, G(p°*') = mf G(p) =: 0°P", K = [Vmin, Vimax)-

for Fj(p,v) =

Lemma 3.4. If fi and fy are positive increasing functions of v, and fo > f1, then there exists a unique
solution p°Pt of (3.26) given by

_ U v opt _ \/fZ(Vmax) - \/fl(l/min)
- \/fl( mm)fQ( max)7 ) \/fz(ymax) n \/fl(y . (327)

Proof. Since §°P* < G(p = 1) < 1, p°?* must be positive, since G(p < 0) > 1. We next evaluate the
maximum in the function F: for positive p, we obtain

(p—f1<u)>2_(p—f2<u>)2 _ 4p(fa(v) = L)) ~ [1(0) fo(v))
p+ fi(v) p+ f2(v) (p+ i) (p+ f2(v))? ’

which shows that

RUIP iy < JROIRG).
e 1 VRO

Now for all v, we have by assumption that fo(v) > fi(v), and therefore p < /f1(v)f2(v) implies
p < fo(v), and p > \/f1(v) f2(v) implies p > f1(v). The function f defined by f(v) = /f1(v)f2(v) is

increasing therefore bijective, and we can thus write F' from (3.28) without the modulus,
J2\W) 7P
F(p,v) = { J2( W}; (3.29)

We next show that if p°P* exists, it must lie in f(K): if p < f(vimin) then for all v € K, p < f(v), and
therefore
fa(v) =

f2(v) +p’

which is an increasing function of v over K, and therefore reaches its maximum at vy ax:

F(p,v) =

f2(Vmax) —p

G(p) = F(pa Vmax) = fQ(Vmax> —|—p
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Now G is a continuous decreasing function of p on (—o00, f(Vmin)) and reaches its minimum at f(Vmin)-
A similar argument holds for p > f(Vmax) and (f(Vmax), +00). Therefore the minimum of G over R is
reached over f(K). Then by compactness and continuity, there exists p°* € f(K), §°P* € (0, 1) solution
of the minmax problem.

To determine p°Pt € f(K), we consider F' now as a function of v,

p— 1) ifr< 1

F(p,v) = flé”g”’ = (3.30)
Lv)—p if v > f~(p).
fa(v) +p -

Hence F(p,v) is decreasing in v on [Vmin, f~1(p)], and increasing in v on [f~1(p), Vmax), and therefore

G(p) = max (1 (0), g2(p)) With g (p) = W and ga(p) =

f2(Vmax) — D
f2 (Vmax) + p
As g; increases, go decreases, and looking at their values at 0 and oo, it easy to see that there exists p°P!

such that G(p) = ga(p) for p < p°?t and G(p) = g1(p) for p > p°Pt. Hence, the minimum is reached at
p°Pt, that is at equilibrium, g1 (p°*) = ga(p°P'), and p°P* = \/ f1 (Vmin) f2(Vmax), Which leads to

opt \/fQ(VmaX) - \/fl(l/min)
G(p°P') = .
(p ) \/fZ(Vmax) + \/fl (Vmin)

O

Theorem 3.2. The best performance for the DDFV Robin Schwarz algorithm for a single parameter
Dee = Pue = D 1S obtained for

Dt =\ Fecso (nin) fueo (V). (3.31)

where o € {M, 00} for either the bounded or unbounded case from Table 1, and the convergence factor
v Foe.o(Umax) =/ Fee,a (Vimin)
V/ foea Wmax) )/ fec.o (Vmin)

is then bounded by where Vimin = V(kmin), Vmax = V(kmaz) With Ky = 1 and
kmae = 7= — 1.
Proof. 1t suffices to notice that for all v > 0, fec.o (V) < foe,a(V), as we can see from Table 1, since

sinh

cosh

v
2

fee,a(V) < foeaV) <= 2tanhg < sinhy < 2 < 2sinh g cosh% < cosh? g > 1,

v
2

which clearly holds. Then apply Lemma 3.4 with fi = feco and fo = foca- O

4 Numerical Experiments

We now test our optimized DDFV Schwarz algorithms numerically, both for cases covered by our analysis
on rectangular meshes with two subdomain decompositions, and more general meshes and decompositions
including cross points.
4.1 Experiments Covered by our Analysis
We study as our first model problem

-V (AVu) +u =0, in Q=(-1,1) x (0,1),

with the two subdomains €y = (—1,0) x (0,1) and ©; = (0,1) x (0,1), and use rectangular meshes, for
which our fully discrete analysis holds. We determine numerically optimized parameters p™*™ by running
our implementation to find the parameter which gives the best performance. We simulate directly the
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Figure 5: Isotropic rectangular mesh called m22 on the left, and anisotropically refined rectangular mesh
in the z-direction called anisox4yl in the middle, and in the y-direction called anisoxly4 on the right,
each for the corresponding second lines in Table 2.

Continuous Analysis Discrete Analysis Numerically Best
A, Ay (|2 oo [P28e oo | P28E 0 | PR 0 | P2 | P2 [ Poins [ Potns [Pl oclPapo 1t (P2 P2 P v
Azz =1, Ayy =1, 7 =1, mesh m22
273273911 [ 852 [ 9.12 [ 853 [[ 6.03 | 8.59 | 6.04 | 8.60 | 8.54 | 8.55 6.04 | 8.59 8.27
2_4,2_4 12.87112.47(12.89 1248 || 8.61 |12.20| 8.62 |12.22| 12.18 | 12.20 || 8.61 | 12.18 11.79
27°,27°[[18.21 [17.92[18.23 | 17.94 ([ 12.20 [ 17.27[ 12.22 [ 17.29] 17.26 | 17.29 | 12.20 | 17.20 | 16.26
276 2-6[[25.75|25.54 [ 25.78 | 25.58 || 17.27 [ 24.43 [ 17.29|24.46 | 24.42 | 24.46 | 17.24 | 24.32 | 22.13
Ape =16, Ayy =1, 7 =1, mesh m22
273 273([36.43[34.08 [ 44.26 [ 41.41 ][ 28.54[29.16 [ 34.76 [ 35.52] 29.42 | 35.83 || 34.71 | 35.49 | 35.01
2=4 274 51.50 | 49.86 [ 62.57 | 60.59 || 40.44 | 41.59 ] 49.16 | 50.56 | 41.69 | 50.68 || 49.11 | 50.48 | 49.59
277, 27°[72.82 | 71.68 [ 88.48 | 87.09 || 57.22 | 58.95 | 69.53 | 71.63 | 58.98 | 71.67 || 69.37 | 71.38 | 68.66
276, 2-6[[102.99/102.18[125.13|124.15[[ 80.93 | 83.41 [ 98.34 [101.35| 83.42 |101.36 || 98.02 [100.94 | 96.45
Aze =16, Ay, =1, n =1, mesh anisoxly4
273 27°([72.82 | 71.68 [ 88.48 | 87.09 || 48.82 | 69.07 [ 59.33 | 83.95 [ 69.05 | 83.91 || 59.23 | 83.57 | 80.07
2~% 276[[102.99|102.18[125.13[124.15[[ 69.08 | 97.71 [ 83.94 [118.73] 97.70 [118.72 | 83.73 [118.14| 109.80
2- ,2_7 145.64(145.07]176.96|176.27|| 97.71 |138.19(118.73|167.91| 138.19 | 167.91 || 118.20 | 166.69 | 148.52
2= 278[1205.97|205.57]250.26|249.77([138.19|195.44]167.91|237.46] 195.43 | 237.46 || 167.15 [ 235.69 | 192.65
Ao =1, Ayy =16, n = 1, mesh m22
273,273]135.60[33.30 [ 35.60 [ 33.30 [ 12.37[63.59 [ 12.37[63.59 [ 51.02 | 51.02 [| 12.37 | 63.44 | 48.41
2=4 274 50.35 | 48.75 [ 50.35 | 48.75 || 19.07 | 84.09 ] 19.07 [ 84.09 | 78.62 | 78.62 || 19.06 | 83.70 | 74.03
275, 27°[71.20 | 70.08 [ 71.20 | 70.08 || 27.71 |116.29] 27.71 |116.29[ 114.24 | 114.24 || 27.68 |115.37| 103.04
276, 2-6][100.69] 99.90 [100.69 99.90 || 39.47 |163.47| 39.47 |163.47|162.73 | 162.73 || 39.41 |161.89| 135.74
Aze =1, Ay, =16, n = 1, mesh anisox4yl
27°,273([35.60 | 33.30 [ 35.60 | 33.30 || 23.59 | 33.50 [ 23.59 [ 33.50 | 33.36 | 33.36 | 23.55 | 33.45 | 32.25
276 2=4'50.35 | 48.75 [ 50.35 | 48.75 || 33.67 | 47.67 | 33.67 | 47.67 | 47.62 | 47.62 || 33.63 | 47.54 | 45.88
2-7,275[71.20]70.08 [ 71.20 | 70.08 || 47.73 [ 67.52 | 47.73 | 67.52 | 67.50 | 67.50 || 47.63 | 67.17 | 63.33
278 276[[100.69] 99.90 [100.69] 99.90 || 67.54 | 95.53 | 67.54 | 95.53 | 95.52 | 95.52 || 67.32 | 94.96 | 85.93
Table 2: Theoretically and numerically optimized parameters p for various anisotropic diffusions and
meshes.
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Figure 6: Meshes not covered by our discrete analysis used with refinements for Table 3.

error equations, and start with a random initial guess to make sure all error components are present.
We use the three meshes shown in Figure 5, which we refine by dividing the mesh sizes by 2 several
times. We show in Table 2 the corresponding results, including our theoretically optimized parameters
at the continuous and discrete level from Theorem 3.1 and Theorem 3.2. For the cell centered and
vertex centered schemes, we use for the optimized parameters the same notation as in Table 1 for the
corresponding functions: p%t _ and p°’  for the unbounded domain optimized choice, and pifM and

cc,00 ve,00

pZﬁfM for the bounded domain optimized choice. For the DDFV results, we use pgfl;vm and pfﬁ;u o for the
theoretical optimized parameters from Theorem 3.2. For the optimized parameters from the continuous
analysis, there is also a small influence on the value depending on the use of a cell centered scheme or
a vertex centered scheme, since the cell centered scheme uses one more grid point in the interior, which
increases the estimate kmay, see (3.8), and we use poPt _ pobt opt and p%  for the corresponding

CCC,OO7 cve,00 cce,a)’ cvc,a
values. Finally, we denote by pg{ffnum, f};fnum and pgfl;v,num the value of the parameter which worked
best in the numerical experiments by minimizing the numerical convergence factor p,,m, of the method.
The numerical convergence factors pp.m were computed by dividing the error after 100 iterations by the
initial error and taking the 1/99-th root, and we denote the optimized value by p2”! . There are several
interesting observations: first, we see that our new discrete bounded domain analysis very well predicts the
numerical behavior, both for the cell centered and vertex centered discretizations and the combined DDFV
scheme. Second, we see that for the Laplace case on an isotropic mesh, the bounded and unbounded
analyses give similar results, and the vertex centered scheme performs like predicted also by the continuous
analysis, while the cell centered scheme works best for a slightly smaller value of the parameter, which
is very well captured by the discrete analysis. In the anisotropic case with isotropic mesh, there is a
substantial difference between the continuous and discrete analysis, and the continuous parameters work
less well with strong diffusion along the interface direction, A, = 16. There is also a big difference
between the cell centered and vertex centered discretizations then, the former needs a much smaller, and
the latter a much larger optimized parameter than predicted by the continuous analysis. This is very well
captured by our new discrete analysis. With strong diffusion across the interface, A,, = 16, the difference
between the bounded and unbounded domain analysis becomes important, but the difference between
cell centered and vertex centered discretization is negligible. Finally, if one adapts the discretization
to the anisotropy with a corresponding anisotropic mesh, then the continuous analysis becomes more
appropriate again, the marked discretization differences above diminish, though the bounded versus
unbounded domain analyses importance remains. To conclude, for anisotropic diffusion, it is important
to have optimized parameters for the discretization employed, and taking into account the subdomain
sizes, especially when the anisotropy is large.

4.2 Experiments not Covered by our Analysis

We next study a two subdomain decomposition for DDFV discretizations where our analysis does not hold
any more. We show the meshes used in Figure 6, namely a triangular mesh, a non-matching rectangular
mesh, and a general polygonal mesh. We show in Table 3 the results we obtained as a function of
the mesh size at the interface h,, and we now also show the numerically optimized convergence factors
pgzjiv’num, and for the non-matching rectangular mesh a heuristic formula pg’;;v’ M(%) for a theoretical
value with the corresponding numerical pqqfy num. For the triangular mesh, we see that the discrete

bounded domain analysis from Table 2 still gives quite a good prediction p%}v u of the numerically

better performing parameter indicated by pgsjtpv num 10 Table 3, it is just a bit too large. For the non-
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Triangular mesh non-matching rectangular mesh General polygonal mesh
hy p;z;v num p?lz;'u num p?iz;v M (h?y) ‘ Pddfv,num H pfi)fijtcv num ngjiv num p;z;v num p;ZJt‘v num
A =1, Ayy=1,7=1
273 7.14 0.36862 14.96 0.65728 15.48 0.65150 7.86 0.47536
21 10.03 0.50431 21.18 0.74192 21.76 0.73881 11.52 0.58273
2°° 14.02 0.61881 29.96 0.80624 29.77 0.80620 16.01 0.67410
26 19.55 0.70966 42.37 0.85492 39.07 0.84919 22.74 0.74700
App =16, A =1,7=1
2-3 28.97 0.36842 62.07 0.55472 46.24 0.53020 28.74 0.40197
2-1 41.01 0.50141 87.78 0.63339 74.94 0.58622 44.78 0.53487
277 57.99 0.62145 124.15 0.72350 107.78 0.6909 61.77 0.63437
26 78.78 0.71177 175.57 0.79615 150.21 0.76996 83.59 0.71457
Ape=1,A,, =16, n=1
273 33.89 0.46124 98.21 0.82432 110.73 0.81007 38.30 0.61290
2-1 47.83 0.58546 140.66 0.85607 153.64 0.85031 57.51 0.68985
2-° 67.16 0.68884 199.58 0.88194 188.27 0.87939 81.14 0.75575
26 93.52 0.76320 282.47 0.91427 220.13 0.89859 112.62 0.81342

Table 3: Heuristically and numerically optimized parameters p for different non-conforming and non-
rectangular meshes, and corresponding numerical contraction factors.

matching mesh however, it seems that the artificially cut mesh size %y visible in the middle in Figure
6 needs to be used in the discrete formulas to get a good prediction, both h, and h, must be divided
by 3, which leads to parameters close to the best performing ones numerically. Finally, for the general
polygonal last mesh, our discrete rectangular mesh analysis give rather good predictions. To conclude,
the new discrete optimized parameters work also outside their scope of validity, and for non-matching

grids, the smallest artificially created mesh size at the interface should be used in the theoretical formulas.

4.3 Image Reconstruction Application

We finally show an application of anisotropic diffusion for image reconstruction. Our domain embedded
in the rectangle (—2,2) x (—1, 1) is shown in Figure 7. It represents a 2D section of a model underground,
where in the refined mesh region at the bottom there is a salt dome of interest for oil recovery. On the
top we have the surface of the earth, with a flat part and a downward sloped part. We decompose the
domain into four subdomains, three rectangular ones and the top right one is triangular, and mesh them
using different meshing techniques. In the center the decomposition has a cross point. We generate an
artificial image @ (x,y) in this domain with several layers, shown in Figure 8 at the top on the left. We
then add random noise to this image to obtain ug(z,y), which leads to the image on the top right in
Figure 8. To remove the noise, one can use a time dependent diffusion equation of the form

8tu($7yvt) =V- (A(a:,y)Vu(a:, y7t))v u(x,y, O) = uo(x,y),

and take one or a few time steps of a Backward Euler method to smooth the high frequency noise. If one
does one step with the time step At = 0.1 on the mesh in Figure 7, and uses isotropic diffusion, A = 1,
we obtain the result shown at the bottom left of Figure 8. We see that all sharp boundaries have also
been diffused, together with the noise. To avoid this, we choose now anisotropic diffusion, with

10
A(o 1e—5>

except in the region —1 < y < —0.75 and —0.3 < z < 0.3 where we chose
le—5 0
(")
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Figure 7: Domain for the image reconstruction example for a salt dome. The computations are done
with a 3 times more refined mesh.

Figure 8: Top left: original image without noise. Top right: image with random noise. Bottom left:
reconstructed image using isotropic diffusion. Bottom right: reconstructed image using anisotropic dif-
fusion.



This choice is well adapted to our image, since in the special zone, the boundaries are vertical, where in
the rest they are horizontal, and we do not want to diffuse across the sharp interfaces, only along them.
The reconstruction computed with our algorithm is shown at the bottom right in Figure 8. We clearly
see that anisotropic diffusion is very well capable of preserving sharp edges in the noise removal process.
In a more realistic situation one would need to use in the anisotropic diffusion tensor the gradient of u to
determine the diffusion directions to avoid. Using the Robin parameter p = 0.05, our algorithm needed
14 iterations to converge to a tolerance of le — 3, whereas with p = 0.01 it took 45 iterations, and with
p = 1.5 it took 213 iterations. This illustrates well the importance of a good choice of the parameter p.

5 Conclusion

Discrete Duality Finite Volume methods (DDFV) are a recent class of powerful discretizations for
anisotropic diffusion problems. They reach high accuracy also on distorted meshes and for high anisotropies
due to excellent gradient reconstructions. DDFV methods require however more unknowns than classical
finite volume methods, and therefore good solvers are needed. Optimized Schwarz methods (OSM) are
excellent candidates for this task, since they are naturally parallel, and their performance can also be
tuned for highly anisotropic diffusion. We proved convergence of a non-overlapping Schwarz method with
Robin transmission conditions for a very general decomposition of a DDFV discretized anisotropic diffu-
sion problem into many subdomains including cross points, and also discovered that the Robin parameter
can be optimized separately for primal and dual grid components in DDFV. We derived such asymptot-
ically optimized parameters that are easy to use in practice, and showed in numerical experiments that
very good convergence speeds are achieved, also for the concrete application of image reconstruction.
This application shows however also a further research direction, namely how the optimized parameters
should be adapted to highly variable coefficients, a case not covered by the present analysis. Also higher
order transmission conditions of Ventcell type should be investigated which can further accelerate OSMs.
Finally, one should also study the preconditioning capabilities of our OSMs for Krylov methods, but these
topics will be addressed elsewhere.
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