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This paper describes a new boundary condition for subsonic inlets in compressible flow solvers. The

method uses characteristic analysis based on wave decomposition and the paper discusses how to

specify the amplitude of incoming waves to inject simultaneously three-dimensional turbulence and

one-dimensional acoustic waves while still being non-reflecting for outgoing acoustic waves. The non- 

reflecting property is ensured by using developments proposed by Polifke et al. [1, 2]. They are combined

with a novel formulation to inject turbulence and acoustic waves simultaneously at an inlet. The paper

discusses the compromise which must be sought by the boundary condition formulation between con- 

flicting objectives: respecting target unsteady inlet velocities (for turbulence and acoustics), avoiding a

drift of the mean inlet velocities and ensuring non-reflecting performances for waves reaching the in- 

let from the computational domain. This well-known limit of classical formulations is improved by the

new approach which ensures that the mean inlet velocities do not drift, that the unsteady components

of velocity (turbulence and acoustics) are correctly introduced into the domain and that the inlet re- 

mains non-reflecting. These properties are crucial for forced unsteady flows but the same formulation

is also useful for unforced cases where it allows to reach convergence faster. The method is presented

by focusing on the expression of the ingoing waves and comparing it with the classical NSCBC approach

[3]. Four tests are then described: (1) the injection of acoustic waves through a non reflecting inlet, (2)

the compressible flow establishment in a nozzle, (3) the simultaneous injection of turbulence and ingo- 

ing acoustic waves into a duct terminated by a reflecting outlet and (4) a turbulent, acoustically forced

Bunsen-type premixed flame.
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. Introduction

Specifying boundary conditions for compressible flow simula-

ions is still a major issue in many fields such as astrophysics [4,5] ,

erodynamics and aeroacoustics [6–11] or combustion instabilities

nd noise [2,12–16] . The present paper focuses on a limited part

f this problem: the specification of inlet boundary conditions in

ubsonic compressible flows. Its objective is to construct a bound-

ry condition which should satisfy three properties: 

• P1 - Provide a well-posed formulation for the Navier–Stokes

equations as well as perfectly non-reflecting inlet properties
• P2 - Allow to inject plane acoustic waves
• P3 - Allow to inject three-dimensional turbulence
∗ Corresponding author.

E-mail address: daviller@cerfacs.fr (G. Daviller).
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It is important to satisfy P1, P2 and P3 simultaneously: the

apability to inject ingoing acoustic waves and turbulence at the

ame time on an inlet patch while letting outgoing acoustic waves

ross the boundary without reflection is crucial in many config-

rations. Well-known examples include the determination of the

ransfer function of turbulent flames [15,17] , the prediction of com-

ustion noise in gas turbines [18–20] or the evaluation of the

coustic transfer matrix of singular elements in turbulent flows

21–24] . All these studies require to introduce harmonic acoustic

orcing and turbulence on the same inlet boundary while letting

coustic waves propagate from the computational domain to the

utside without reflection ( Fig. 1 ). Similarly, studies of combustion

oise in gas turbines [20,25,26] require to perform simulations of

he noise produced by a jet forced simultaneously by turbulence

nd by acoustic waves generated in the combustion chamber. 

This paper uses characteristic boundary conditions 

3,4,27] which have become the standard approach in most



Fig. 1. An example where turbulence and acoustic waves must be introduced

through the inlet of a compressible simulation while acoustic waves reflected from

the computational domain must propagate without reflection through the same sur- 

face: the computation of the Flame Transfer Function of a turbulent flame [15] .

Fig. 2. Characteristic waves at a subsonic inlet (inlet at x = 0 ). 
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compressible solvers [11,28–30] . These methods use character-

istic analysis to decompose the Navier–Stokes equations at the

boundary 1 and identify waves going into the domain and waves

leaving the domain. Wave amplitudes can be expressed as spa-

tial derivatives of the primitive variables. The amplitudes of

waves leaving the domain depend only on the flow within the

computational domain: they can be computed using one-sided

derivatives of the resolved field inside this domain. Inversely, the

amplitudes of the waves entering the computational domain can

not be obtained by differentiating the field in the domain because

this would lead to an ill-posed problem: they must be imposed

using information given by the boundary conditions. Fig. 2 shows

that, for a subsonic inlet, only the outgoing acoustic wave L 1 

(see Section 2 for wave definitions) is leaving the computational

domain at speed u − c where u is the local convection velocity

and c the local sound speed. All other waves (the acoustic wave

L 5 at speed u + c, the entropy wave L 2 at speed u and the

two transverse waves L 3 and L 4 at speed u ) are entering the

domain and must be specified using the boundary conditions.

This paper focuses on the determination of these incoming wave

amplitudes. 

Section 2 recalls the basis of the NSCBC (Navier Stokes Char-

acteristic Boundary Conditions) technique applied to an inlet. The

specification of the incoming waves is presented in Section 3 and

a novel inlet condition able to satisfy properties P1–P3 is discussed

(called NRI-NSCBC for Non Reflecting Inlet NSCBC). Before perform-

ing any simulation, a simple theoretical approach is used to predict

the reflection coefficient of the standard NSCBC formulation and of

the new NRI-NSCBC condition for the injection of acoustic waves in

one dimension ( Section 4 ). These results are validated using a one-

dimensional simulation of a forced duct in Section 5 . The impact
1 Note that more sophisticated methods such as Perfectly Matched Layers [31–

3] can be used to make boundaries fully non-reflecting for multidimensional flows

n other fields such as electromagnetism or aeroacoustics. These methods are used

ainly in infinite domains while characteristic-based methods are usually preferred

n inlet/outlet/ configurations.

T  

b  

“  

c

r

f the NRI-NSCBC formulation is then illustrated through three ex-

mples 2 : 

• Section 6 shows that, for an unforced multi-dimensional

flow (a nozzle case), using the NRI-NSCBC condition allows

to eliminate acoustic waves and to converge much faster to

steady state, a crucial property for compressible flow solvers

which often remain limited by small time steps and long

computation times before convergence.
• Section 7 presents an example of simultaneous acoustic forc-

ing and turbulence injection in a three-dimensional channel

and shows that the NRI-NSCBC is able to satisfy Properties

1–3 simultaneously.
• Finally Section 8 proposes a DNS of a premixed turbulent

flame which is forced acoustically using both boundary con-

ditions formulations.

. Characteristic inlet boundary condition for subsonic flows

Consider a subsonic inlet ( Fig. 2 ) where the boundary plane is

he ( y, z ) plane. The velocity components to impose at this inlet

re ( u t , v t , w 

t ). These components can be steady or change with

ime when turbulence and/or acoustic waves are injected through

he inlet. Note that these fields are “target” values: they correspond

o the injected velocity signals which must be imposed at the in-

et, not necessarily to the values ( u, v, w ) which will be actually

eached during the computation because outgoing reflected waves

coming from the computational domain) also change the velocity

nd pressure field on the inlet patch ( Fig. 1 ). 

The Navier–Stokes equations at the inlet can be recast in terms

f waves propagating in the x direction, leaving the other two di-

ections unchanged: 

∂ρ

∂t 
+ d 1 + 

∂

∂y 
(ρv ) + 

∂ 

∂z 
(ρw ) = 0 (1)

∂(ρE) 

∂t 
+ 

1 

2 

(
u 

2 + v 2 + w 

2 
)
d 1 + 

d 2
γ − 1 

+ ρud 3 + ρv d 4 + ρwd 5 

+ 

∂

∂y 
[ v (ρe s + p)] + 

∂

∂z 
[ w (ρe s + p)] = ∇ (λ∇ T ) + ∇(u.τ )

(2)

∂(ρu ) 

∂t 
+ ud 1 + ρd 3 + 

∂

∂y 
(ρv u ) + 

∂ 

∂z 
(ρwu ) = 

∂τ1 j 

∂x j 
(3)

∂(ρv ) 
∂t 

+ v d 1 + ρd 4 + 

∂

∂y 
(ρvv ) + 

∂

∂z 
(ρw v ) + 

∂ p 

∂y 
= 

∂τ2 j 

∂x j 
(4)

∂(ρw ) 

∂t 
+ wd 1 + ρd 5 + 

∂

∂y 
(ρv w ) + 

∂

∂z 
(ρww ) + 

∂ p 

∂z 
= 

∂τ3 j 

∂x j 
(5)

here τ is the viscous stress tensor. e s and E are the sensible and

otal energies respectively: 

 s = 

∫ T

To

C v dT and E = e s + 

1 

2 

( u 

2 + v 2 + w 

2 ) (6)

he system of Eqs. (1) to (5) contains derivatives normal to the x

oundary ( d 1 to d 5 ), derivatives parallel to the x boundary (called

transverse terms”), and viscous terms. The vector d is given by

haracteristic analysis: 
2 Note that the present paper focuses on inlet boundary conditions: readers are

eferred to [2,34,35] which discuss similar methods for outlets.



d

w  

L  

c

L

L

L

L

3

 

p  

b  

w

d  

u  

d  

i  

e  

t  

d  

m  

t  

a

 

c  

p  

t  

(

s  

t  

s  

w  

f

L  

w  

w  

s

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 One aspect of this problem which is not discussed here is the need to also

incorporate transverse terms in the ingoing wave expressions [11,30,37] . At an inlet,

these terms play a limited role and they will be omitted throughout the present

paper.
4 A temptative explanation for this expression was actually proposed recently by
 = 

⎛
⎜⎜⎜ ⎜⎜⎜ ⎜⎜⎜ ⎝

d 1 

d 2 

d 3 

d 4 

d 5 

⎞
⎟⎟⎟⎟⎟ ⎟ ⎟⎟⎟⎠

= 

⎛
⎜ ⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 

c 2 

[ 
L 2 + 

1 

2 

( L 5 + L 1 ) 

] 
1 

2 

( L 5 + L 1 ) 

1 

2 ρc 
( L 5 − L 1 ) 

L 3 

L 4 

⎞
⎟⎟⎟⎟⎟⎟ ⎟⎟⎟⎟⎠

= 

⎛
⎜⎜ ⎜ ⎜⎜⎜ ⎜⎜⎜⎝

∂(ρu ) 

∂x 

ρc 2 
∂u 

∂x 
+ u 

∂ p 

∂x 

u 

∂u 

∂x 
+ 

1 

ρ

∂ p 

∂x 

u 

∂v 
∂x 

u 

∂w 

∂x 

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(7) 

here c is the local speed of sound given by c 2 = γ p /ρ and the

 i ’s are the amplitudes of characteristic waves propagating at the

haracteristic velocities u − c, u and u + c: 

 1 = (u − c) 

(
∂ p 

∂x 
− ρc 

∂u 

∂x 

)
(8) 

 2 = u 

(
c 2 

∂ρ

∂x 
− ∂ p

∂x 

)
(9) 

 3 = u 

∂v 
∂x 

and L 4 = u 

∂w 

∂x 
(10) 

 5 = (u + c) 

(
∂ p 

∂x 
+ ρc 

∂u 

∂x 

)
(11) 

. Specification of incoming waves

For a subsonic three-dimensional inlet, the problem is well

osed if four conditions are imposed [3,36] . In a characteristic

ased method such as NSCBC, this means that the four incoming

aves L 2 , L 3 , L 4 and L 5 must be imposed. The outgoing wave L 1 

oes not depend on the boundary conditions and can be computed

sing one-sided derivatives of the field inside the computational

omain. Therefore, the solution can be advanced in time on the

nlet, using the system of Eqs. (1) to (5) for boundary values if an

valuation for L 2 to L 5 can be found. The principle of NSCBC is

o evaluate these wave amplitudes as if the flow was locally one-

imensional and inviscid (LODI). LODI equations provide an esti-

ation of the wave amplitudes L i which is usually chosen so that

he physical boundary condition is satisfied. Usual LODI equations

re: 

∂ρ

∂t 
+ 

1

c 2 

(
−L 2 + 

1 

2 

(L 5 + L 1 ) 
)

= 0 (12) 

∂u 

∂t 
+ 

1

2 ρc 
(L 5 − L 1 ) = 0 (13) 

∂v 
∂t 

+ L 3 = 0 (14) 

∂w 

∂t 
+ L 4 = 0 (15) 

∂ p 

∂t 
+ 

1 

2 

(L 5 + L 1 ) = 0 (16) 

The difficult question and the differentiating factor between

haracteristic methods is the specification of the ingoing wave am-

litudes L 2 , L 3 , L 4 and L 5 as a function of the chosen inlet condi-

ions. For example, for a constant velocity inlet, the LODI equation

13) would suggest that the incoming acoustic wave amplitude L 5 

hould be equal to the outgoing wave L but this approach is often
1 P
oo simple for unsteady cases. 3 For the sake of simplicity, the pre-

entation is limited now to an isentropic inlet where the entropy

ave L 2 is set to zero. Using Eqs. (13)–(15) , the LODI expression

or such an isentropic inlet is to write the incoming waves as: 

 5 = −2 ρc 
∂u 

t 

∂t 
, L 3 = −∂v t

∂t 
and L 4 = −∂w 

t

∂t 
(17)

hich allows to inject an unsteady signal of components ( u t , v t ,

 

t ). Unfortunately, Eq. (17) does not work in practice for three rea-

ons: 

1. For a steady inlet ( u t = v t = w 

t = constant), this condition

is perfectly reflecting as the ingoing waves L 3 , L 4 and L 5

are all exactly zero: the solver knows that the inlet velocity

is constant but it has no information on the values of the

target velocities so that, in multidimensional configurations,

the mean inlet velocities usually drift because of transverse

and viscous terms present in the system of Eqs. (1) to (5) .

This is usually corrected by adding a linear relaxation term

to the target values u t , v t and w 

t as proposed initially by

Rudy and Strikwerda [36,38] . For the normal velocity u , the

ingoing acoustic wave L 5 becomes:

L 5 = ρc 

(
−2 

∂u 

t 

∂t 
+ 2 K(u − u 

t ) 

)
(18) 

while the two transverse waves are written: 

L 3 = −∂v t

∂t 
+ 2 K(v − v t ) and L 4 = −∂w 

t

∂t 
+ 2 K(w − w 

t ) 

(19) 

Terms such as (u − u t ) are called “relaxation” terms [36,38] .

They do not have a theoretical basis 4 : they offer the simplest

linear correction form which can be added to the NSCBC

theory to avoid a drift of mean values as it forces the instan-

taneous velocity u to go to its target value u t with a relax-

ation time 1/ K . Independently of its exact form, this term in

Eq. (18) is sufficient to avoid drifting mean inlet speed val-

ues when K is “sufficiently” large but it also deteriorates the

non-reflecting character of the inlet as will be shown later.

Transverse waves ( L 3 and L 4 ) raise no difficulty as they are

not associated to any axial acoustic wave and will not be

discussed any more in the rest of the paper. 

2. An interesting issue in the correction term (u − u t ) of

Eq. (18) is how to choose the “target” value u t . A simple

choice would be u t = ū + u t + where ū is the target mean ve-

locity and u t + is the target unsteady velocity (either acous-

tic or vortical) imposed on the inlet patch. A better choice

was proposed in [1,2] who pointed out that outgoing acous-

tic waves (inducing velocity fluctuations which will be called

u −) may also reach the inlet when they propagate from the

computational domain to the inlet and should be accounted

for in u t . Fortunately, these outgoing waves can be evalu-

ated in the limit of plane, low-frequency waves using the

outgoing wave amplitude L 1 which is readily available in all

NSCBC methods. Therefore, the proper way to account for u −
is to add it to the target velocity to have u t = ū + u t + + u −.

A last issue linked to Eq. (17) is the choice of the relax-

ation coefficient K (units: s −1 ). The proper scaling for K is
irozzoli and Colonius [10] , leading to a similar expression.



Fig. 3. Typical behavior of the solution for the classical NSCBC inlet condition

( Eq. (18) ) as a function of the reduced relaxation coefficient σ = KL/c. L is a typ- 

ical domain length of the domain and c the sound speed. The shaded area is the

desired operational zone.
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Table 1

Comparison of the classical NSCBC and the NRI-NSCBC conditions. ū is the

mean target velocity, u t a is the target acoustic fluctuation, u t v is the target vor- 

tical fluctuation and u − is the reflected velocity fluctuation reaching the inlet

from the computational domain.

Boundary Transverse Axial

condition Waves L 3 and L 4 Wave L 5 

NSCBC L 3 = − ∂v t 
∂t

and L 4 = − ∂w t 

∂t
L 5 
ρc 

= −2 
∂u t a 
∂t 

− 2 
∂u t v 
∂t 

+2 K[ u − ( ̄u + u t a + u t v )] 

NRI-NSCBC L 3 = − ∂v t 
∂t

and L 4 = − ∂w t 

∂t
L 5 
ρc 

= −2 
∂u t a 
∂t 

− ∂u t v 
∂t 

+2 K[ u − ( ̄u + u t a + u t v + u −)] 

t  

n  

t

 

w  

t  

l  

f  

I  

t  

P  

2  

S  

w  

a  

r  

b  

t  

v  

t  

N

 

t  

f  

o  

t  

w  

t  

c  

b  

s  

a  

e  

w

u  

E  

b

 

t  

t  

t

the reduced factor σ = KL/c where L and c are a character-

istic length and a typical sound speed of the domain respec-

tively [36,38] . Choosing an adequate value for K is a critical

issue in many cases. Very large values of σ can lead to an

unstable solution and a divergence of the simulation even in

a stable flow ( Fig. 3 ) because the wave amplitude becomes

too large as soon as the velocity deviates from its target

value: such instabilities are purely numerical and are due

to the boundary condition. On the other hand, low values

provide non-reflecting characteristics but will let the mean

solution to drift from its target mean value ū because of vis-

cous and transverse terms affecting the solution in the sys-

tem of Eqs. (1) to (5) . Therefore, there usually is a range of

σ values which provide both non drifting and quasi non-

reflecting properties. Rudy and Strikwerda suggest that this

occurs near σ = 0 . 25 but in practice, wide ranges of σ have

to be tested by NSCBC users, leading to inefficient trial and

error procedures. In some cases, large values of K are used,

leading to inlets where the velocity is totally fixed but the

boundary is fully reflecting. 

3. Another and more surprising problem was pointed out by

Prosser [39] and confirmed by Guezennec and Poinsot [40] .

In the classical NSCBC approach, to inject a perturbation u t ,

the incoming wave is expressed as:

L 5 = −2 ρc 
∂u 

t 

∂t 
(20)

This is a correct formulation to inject acoustic waves but

Prosser [39] used a low Mach number expansion of the

Navier–Stokes equations to show that the proper expression

to inject vortical perturbations was different and that the

factor 2 had to be suppressed to have: 

L 5 = −ρc 
∂u 

t 

∂t 
(21)

The fact that the factor 2 of Eq. (20) used for acoustic

wave injection must be removed for vorticity injection in

Eq. (21) was confirmed by the analysis of Polifke et al.

[1] and tests [40] show that indeed, Eq. (21) is the proper

wave expression to inject vortical perturbations (isolated

vortices or fully developed turbulence) but raise a simple

question: which expression ( Eqs. (20) or (21) ) should be

used in practice? The present paper shows that they actu-

ally must be combined as discussed below. 

These recent results suggest a generalized formulation for inlet

boundary conditions which is the basis for the NRI-NSCBC condi-

tion described here 5 In this formulation, ingoing perturbations are

split into two separate components which are superposed to the

incoming wave amplitude: the vortical fluctuation, corresponding
5 The reviewing phase of the present paper showed that this result could have

been obtained also by combining results proposed by the group of Pr Polifke

1] with the work of Pr Prosser [39] . c
o a signal u t v and the acoustic fluctuation corresponding to a sig-

al u t a . Each component is handled individually and superposed in

he incoming wave as follows: 

L 5 

ρc 
= −2 

∂u 

t 
a 

∂t 
− ∂u 

t
v

∂t ︸ ︷︷ ︸
I

+ 2 K[ u − ( ̄u + u 

t 
a + u 

t 
v + u −)] ︸ ︷︷ ︸

II

(22)

here part I of expression (22) combines a term 2 ∂u t a / ∂t to in-

roduce acoustic waves and another one ∂u t v / ∂t to inject turbu-

ence, each of them with the correct factor (2 for acoustics and 1

or turbulence). Part II of expression (22) is the relaxation term.

t is introduced to avoid drift and is not proposed by the charac-

eristic theory. It includes u t a and u t v but also u − as suggested by

olifke et al. [1] . This formulation allows to use exact terms for

 ∂u t a / ∂t and ∂u t v / ∂t (satisfying properties P2 and P3 introduced in

ection 1 ) while providing an expression for the relaxation term

hich should be zero as long as non acoustic terms remain small

t the inlet (satisfying property P1). This should allow to use large

elaxation factors K avoiding the drift of mean values while still

eing non reflecting for all normal acoustic waves: the relaxation

erm in Eq. (22) becomes non zero only when viscous and trans-

erse terms become non negligible on the inlet. For all other cases,

he relaxation term ( II ) is zero and Eq. (22) reduces to the exact

SCBC approach for L 5 : L 5 = −2 ρc
∂ ut 

a 
∂ t

− ρc 
∂ u t v 
∂ t 

. 

In the expression of the incoming wave L 5 ( Eq. (22) ), the acous-

ic velocity u − associated to the reflected wave reaching the inlet

rom the computation domain must be evaluated. In the case of an

utlet, Polifke et al. [1,41] used a method called CBF (characteris-

ics based filter) to obtain a plane averaged value for the outgoing

ave amplitude. This requires introducing a series of planes near

he oulet of the computational domain where the outgoing wave

an be evaluated. CBF is precise but can be difficult or impossi-

le to implement in cases where the domain outlet has a complex

hape or typically at an inlet as studied in the present work. Here

n alternative technique is used where u − is evaluated locally at

ach point of the inlet patch from the time integral of the acoustic

ave amplitude L 1 which is available in NSCBC: 

 − = 

1

2 ρc 

∫ t

0

L 1 dt (23)

xpression (23) for u − avoids using the PWM approach [1] and can

e used in any code using NSCBC boundary conditions. 6 

The following sections compare the new NRI-NSCBC formula-

ion to the classical NSCBC conditions [3,12] . Table 1 summarizes

he wave expressions which will be used for both boundary condi-

ions. 
6 In practice, for certain cases, Eq. (23) must be high-pass filtered to remove any

ontinuous component.
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. Theoretical analysis of reflection coefficients in one

imension 

A first method to analyze the differences between the standard

SCBC and the NRI-NSCBC conditions is to consider a simple case

 Fig. 4 ) such as the inlet of a configuration where waves can be

ssumed to be one-dimensional. No vortical perturbation is intro-

uced: u t v = 0 . The inlet patch has a constant mean velocity ū and

s submitted to an acoustic harmonic forcing at pulsation ω with

 target amplitude u t a . A reflected wave inducing an acoustic per-

urbation u − associated to a wave amplitude L 1 also reaches the

nlet so that the exact velocity fluctuation at the inlet should be

 

t 
a + u −. At this point u − could be any signal: the only assumption

s that u − is a reflection due to the acoustic forcing and that it is

herefore a harmonic signal at pulsation ω too. 

This case allows to derive analytically, what the inlet velocity

ill be in a code using the boundary conditions of Table 1 . To ob-

ain this result, the two ingoing wave formulations of Table 1 are

athered in a single notation for this case with acoustic forcing

nly and no turbulence injection ( u t v = 0 ): 

L 5 

ρc 
= −2 

∂u 

t 
a 

∂t 
+ 2 K[ u − ( ̄u + u 

t 
a + αu −)] (24)

hen α = 0 , the standard NSCBC condition is obtained while α =
 yields the NRI-NSCBC condition. The reflected wave (amplitude

 1 ) creates an acoustic velocity u − which reaches the inlet and in-

eracts with the inlet boundary condition. In general, u − is never

ero: reflected waves are found at the inlet of most compressible

omputations. 

Assuming that all quantities fluctuate at pulsation ω and ex-

ressing all variables as f (t) = Re [ ̂  f exp (−iωt)] , it is possible to

ombine Eqs. (24) and (13) to obtain the velocity fluctuations u ′ =
 − ū at the inlet. To do this, L 1 is obtained from u − using: 

∂u −
∂t 

= 

1

2 ρc 
L 1 so that ˆ L 1 = −2 iωρc ̂  u − (25)

Eq. (13) can then be used to obtain the inlet velocity fluctua-

ions ˆ u ′ using Eq. (24) for L 5 and Eq. (25) for L 1 : 

∂u 

∂t 
= − 1

2 ρc 
(L 5 − L 1 ) (26) 

hich leads to: 

ˆ 
 

′ = 

ˆ u 

t 
a + 

Kα − iω

K − iω 

ˆ u − (27) 

Eq. (27) conveys two messages: 

• In general, the inlet velocity fluctuation û′ is not equal to the

acoustic forcing amplitude imposed on the boundary ˆ u t a . For

both boundary conditions ( α = 0 or 1), the only cases where

ˆ u ′ is equal to ˆ u t a corresponds to situations where no outgoing

wave reaches the inlet ( ̂  u − = 0 ). 
ig. 4. Characteristic waves at a subsonic inlet (inlet at x = 0 ). The acoustic forcing 

nduces a velocity fluctuation u t a . A longitudinal acoustic wave (amplitude u −) is 

eaching the inlet from the computation domain.

E  

p  

α  

n  

d  

f  

F

h

• The exact solution is that the inlet velocity should be the sum

of the acoustic contributions coming from left and right: ˆ u ′ =
ˆ u t a + ˆ u −. When α = 1 (NRI-NSCBC condition), Eq. (27) shows

that this property is always satisfied. For the standard NSCBC

condition ( α = 0 ), the conclusion is opposite: the inlet velocity

ˆ u ′ is never equal to its theoretical value except in rare cases

where K = 0 or ˆ u − = 0 . 

Knowing ˆ u ′ , it is also possible to express the inlet wave L 5 : 

ˆ 
 5 = 

ˆ L 

t 
5 + R 1 ˆ L 1 with R 1 = 

K(1 − α)

K − iω 

(28)

here ˆ L 

t 
5 

= 2 iωρc ̂  u t a is the target forcing wave and R 1 can be

iewed as the reflection coefficient of the boundary condition: it

easures how much of a left going wave L 1 reflects into the ingo-

ng acoustic wave L 5 . When α = 1 (NRI-NSCBC), R 1 is exactly zero:

he inlet is truly non reflecting and the injected wave ˆ L 5 contains

nly the imposed wave ˆ L 

t 
5 
. For the standard NSCBC condition ( α =

 ), R 1 is never zero: the inlet is reflecting and any outgoing wave

eaching it will be reflected back into the domain, making the inlet

ffectively more and more reflecting as K is increased. Note that, in

his case, the reflection coefficient R 1 in Eq. (28) matches the ex-

ression obtained for the reflection coefficient by Selle et al. [34] ,

olifke et al. [1] and Pirozzoli and Colonius [10] . 

. A one-dimensional duct with inlet acoustic forcing

The two boundary conditions of Table 1 are tested first on a

ne-dimensional duct of length L ( Fig. 5 ) forced acoustically at its

nlet ( x = 0 ) and terminated by a fixed pressure outlet ( p ′ = 0 at

 = L ). This is a direct application of the results of Section 4 where

 − will be specified: the inlet forcing is harmonic and corresponds

o a velocity fluctuation ˆ u t a . The outlet is fully reflecting so that in-

oing waves will reflect at x = L into outgoing waves ( u −) and in-

eract with the inlet condition at x = 0 . For all test cases presented

n this section and the following ones, the compressible Navier–

tokes equations are solved using the fourth-order TTGC scheme

on regular meshes [42] ) in the AVBP solver [43,44] . Time advance-

ent is fully explicit and a CFL number of 0.7 is used for all runs. 

Since the outlet reflection coefficient is −1 (to ensure p ′ = 0 ),

he ratio between L 1 and L 5 is known ( L 1 / L 5 = − exp (2 ikL ) where

 = ω/c is the wave number). Therefore the ratio I between the

ave amplitude which the boundary condition should impose ( L 

t 
5 
)

nd the wave which will actually be imposed ( L 5 ) by Eq. (24) can

lso be expressed as: 

 = 

ˆ L 5 

ˆ L 

t 
5

= 

1 

1 + R 1 exp (2 ikL ) 
(29) 

 is a deterioration index: when it is equal to unity, the boundary

ondition is perfect, the injected wave is the one imposed by the

ser and the inlet velocity is u = ū + u t a + u − which is the exact so-

ution. Any non unity I value indicates that the relaxation term in

q. (24) is perturbing the inlet boundary condition and making it

artially reflecting. Obviously for the NRI-NSCBC condition where

= 1 and R 1 = 0 , I is equal to unity for all K values while it is

ot for the standard NSCBC approach. To check this result, one-

imensional simulations of the configuration of Fig. 5 were per-

ormed for σ = 0 , 2 and 5 at three forcing frequencies (10 0, 20 0
ig. 5. Tests of inlet boundary conditions for a one-dimensional duct forced by a

armonic wave at the inlet and terminated by a pressure node at x = L . 



Fig. 6. Comparison of the quality index I ( Eq. 29 ) in log scale, for the pulsated duct of Fig. 5 : analytical result ( Eq. (29) ) vs compressible simulations. (a) standard NSCBC

method, (b) new NRI-NSCBC method. Lines: analytical solutions; symbols: simulations.
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and 500 Hz). The results obtained in terms of the index I as a func-

tion of the reduced relaxation coefficient σ are displayed in Fig. 6 .

The simulations match exactly the analytical result of Eq. (29) and

confirm that for the NSCBC standard formulation, the deterioration

index I can reach large values more than 20 for σ = 5 ), indicating

that this method is much less accurate than the new NRI-NSCBC

condition which offers a unity I index for all values of the relax-

ation coefficient σ . These results confirm the analysis of Polifke

et al. [1] who pointed out the importance of taking u − into ac-

count in the relaxation term. 

6. Faster convergence for unforced compressible flows

The capabilities of the NRI-NSCBC can be illustrated in a sec-

ond test, to demonstrate that it allows faster convergence in multi-

dimensional, compressible, unforced flows because acoustic waves

are perfectly evacuated through the boundaries while avoiding a

drift of mean values, thanks to a large value of the inlet relaxation

coefficient K . For an unforced flow ( u t a = u t v = 0 ), the inlet wave of

Eq. (22) becomes: 

L 5 = 2 Kρc[ u − ū ] for NSCBC (30)

and 

L 5 = 2 Kρc[ u − ( ̄u + u −)] for NRI − NSCBC (31)
Fig. 7. Geometry of nozzle used for convergence tests to steady state. 
he test case is a two-dimensional subsonic nozzle ( Fig. 7 ) where

he inlet Mach number is 0.014, corresponding to an inlet velocity

f 5 m/s. The outlet condition is p ′ = 0 . The initial condition corre-

ponds to a zero velocity field and constant pressure and temper-

ture everywhere in the domain, including on the inlet patch. The

hape of the nozzle is given by (unit m): 

 = 

⎧⎪ ⎪ ⎨ 

⎪⎪ ⎩ 

0 . 02 

[
1 . 0 − 0 . 661514 e 

(
−ln 2(x/ 0 . 6) 2 

)]
, x < 0 

0 . 02 

[
1 . 0 − 0 . 661514 e 

(
−ln 2(x/ 6) 2 

)]
, x ≥ 0 

(32)

hen the simulation begins, the inlet boundary condition starts

odifying the inlet variables. The objective of the test is to mea-

ure the physical time required for the simulation to reach steady

tate and to check whether acoustic modes of the configuration are

riggered. 

This flow is a good prototype of many compressible simulations.

he initial conditions (zero velocity everywhere) combined with

he inlet condition (which ramps rapidly to its target value) can

enerate strong perturbations and acoustic waves: with the stan-

ard NSCBC conditions ( Fig. 3 ), low values of K lead to mean val-

es which do not converge to the target values or drift away from

hem. On the other hand, large values of K avoid drifting mean
The domain length is L = 0 . 6 m. The sound speed is c = 345 m/s. 



Fig. 8. Typical behavior of the solution for the new NRI-NSCBC inlet condition as a

function of the reduced relaxation coefficient σ = KL/c. L is a typical domain length 

and c the sound speed. The shaded area is the desired operational zone.
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alues but induce reflections and undamped acoustic waves which

elay convergence. With NRI-NSCBC, this problem disappears: it is

ossible to use large values of K and still be non reflecting so that

onvergence is reached very fast. Fig. 8 summarizes this observa-

ion and can be compared to Fig. 3 . 

Fig. 9 displays a typical time evolution of inlet velocity and

ressure for a reduced relaxation coefficient σ = KL/c = 0 . 017 .

ince this coefficient is small, the inlet velocity ( Fig. 9 , left) in-

reases slowly and no acoustic waves are triggered. However, con-

ergence is reached after a long time for both methods (NSCBC in

olid line and NRI-NSCBC in dashed line). 

To increase the convergence speed, the natural solution is to

ncrease the inlet relaxation factor: Fig. 10 shows the solutions for

 reduced relaxation coefficient σ = KL/c = 17 . The inlet velocity

apidly reaches its target (5 m/s) but acoustic oscillations are trig-

ered using the classical NSCBC method (solid line) because acous-

ic waves are trapped within the domain: pressure and velocity os-

illate at 150 Hz which is the frequency of the first mode of the

etup with u ′ = 0 at the inlet and p ′ = 0 at the outlet. Inversely,

he NRI-NSCBC method gives a solution (dashed line) which is sta-

ilized after one acoustic time. 

Increasing the relaxation coefficient even more (as often done

y NSCBC users when they observe an oscillating inlet velocity)

oes stabilize the inlet velocity ( Fig. 11 , left) but makes the inlet

ven more reflecting, leading to pressure inlet excursions which

ctually grow in time ( Fig. 11 , right) and a boundary condition

hich is ill posed and will eventually lead to full divergence. NRI-

SCBC, as expected, is only weakly affected by the increase of σ
nd leads to a stable solution rapidly. This simple example reveals

nother interesting feature of the NRI-NSCBC condition, which pro-

ides fast convergence to steady state, using large relaxation coef-

cients, a useful property in all compressible solvers. 

. Simultaneous injection of turbulence and acoustic waves

hrough a non-reflecting inlet 

This test case corresponds to a situation where an inlet ( x = 0

n Fig. 12 ) is used to inject both turbulence and an harmonic
Fig. 9. Inlet velocity (left) and pressure (right) time evolutions for 
coustic wave into a square section channel. The domain is a three-

imensional parallelepipedic box where the outlet is fully reflect-

ng (imposed pressure: p ′ = 0 at x = L ). Therefore, the inlet is sub-

itted to three waves: 

• vorticity waves associated to the turbulence injection u t v ,
• an ingoing acoustic wave associated to the acoustic forcing

u t a ,
• an outgoing acoustic wave reflected from the outlet and

propagating back to the inlet u −.

The mesh is a pure hexahedra grid with 392 × 98 × 98 points

orresponding to a domain size of L = 4 × 1 × 1 mm. The mean in-

et velocity is homogeneous in the x = 0 plane: U = 100 m/s. Pe-

iodicity conditions are applied in the two transverse directions y

nd z . Very large values of the relaxation coefficient K are used in

oth NSCBC and NRI-NSCBC: K = 2 . 10 6 s −1 corresponding to a re-

uced coefficient σ = KL/c = 23 . The inlet is submitted to two si-

ultaneous outside excitations: 

1. Three-dimensional turbulence: the RMS velocity of the in-

jected turbulent field is u t v ,RMS 
= 5 m/s and its most ener-

getic wavelength is 0.5 mm. The turbulence spectrum has a

Passot Pouquet expression [45] .

2. One-dimensional planar acoustic wave: the acoustic forcing

is a longitudinal harmonic wave introduced at the domain

inlet, at a frequenc f = 260 kHz with a peak amplitude of

u t 
a,peak 

= 2 m/s.

Note that the ratio between the two excitations levels can be

xed arbitrarily and is configuration dependent. It is measured

ere by the ratio of the excitation velocities u t v ,RMS 
/u t 

a,peak 
= 2 . 5 .

Fig. 13 displays fields of Q-criterion [46] for the standard NSCBC

left) and the NRI-NSCBC approaches (right), showing a usual de-

aying turbulent field. The same figure displays a pressure field

n one plane, revealing that the axial plane acoustic forcing can

e identified on the pressure signal. These qualitative results re-

uire more analysis to see the influence of the boundary condition.

ig. 14 shows the FFTs of pressure (left) and velocity (right) at the

nlet ( x = 0 m). 

The two velocity spectra (right image) of Fig. 14 are close

nd both boundary conditions (NSCBC and NRI-NSCBC) produce

nlet fluctuations which match the spectra of the target veloc-

ty u t very well, confirming that the turbulent signal is correctly

ntroduced. Note that no discrete peak is visible at the acoustic

orcing frequency ( f = 260 kHz). For the conditions chosen here

 u t 
a,peak 

/u t v ,RMS 
= 0 . 4 ), the acoustic forcing is not strong enough to

ominate the turbulent forcing. For pressure (left image), however,

he two spectra differ: both exhibit a peak at the acoustic forc-

ng frequency (and its first harmonic) but the NSCBC results also
σ = KL/c = 0 . 017 . NSCBC: solid line. NRI-NSCBC: dashed line. 



Fig. 10. Inlet velocity (left) and pressure (right) time evolutions for σ = KL/c = 17 . NSCBC: solid line. NRI-NSCBC: dashed line. 

Fig. 11. Inlet velocity (left) and pressure (right) time evolutions for σ = KL/c = 170 . NSCBC: solid line. NRI-NSCBC: dashed line. 

Fig. 12. Simultaneous injection of three-dimensional turbulence (velocity ampli- 

tude u t v ) and one-dimensional acoustic forcing (velocity amplitude u t a ) at the inlet 

of a domain with reflecting outlet ( p ′ = 0 ). 

 

 

 

 

o  

n

 

a

u  

w  

o  

j  

d  

a  

a  

t  

l  

t  

f  

t  

a

reveal multiple other peaks due to non physical resonances. It is

interesting to compare the pressure field obtained in the LES with

the analytical solution corresponding to a forced inlet at frequency

f and an outlet condition p ′ = 0 . In a laminar flow (in the absence
Fig. 13. Simultaneous injection of isotropic homogeneous turbulence and acoustic 

(95 ≤ u ( m / s ) ≤ 105) and fluctuating pressure in the range −1 . 2 e − 2 ≤ p/p ∞ − 1 ≤ 1 . 2 e − 2
f turbulence injection), taking into account the correction due to

on-zero Mach number, this solution is: 

p ′ (x, t) = ρcu a 

(
e −ik + x − e −i (k + L + k −(L −x )) 

)
e iωt (33)

nd 

 

′ (x, t) = u a 

(
e −ik + x + e −i (k + L + k −(L −x )) 

)
e iωt (34)

here k + = ω/ ( c + u ) , k − = ω/ (c − u ) and ω = 2 π f . The variance

f pressure p ′ 2 can be obtained by p̄ ′ 2 = p a p 
∗
a / 2 , with p ∗a the con-

ugate complex of p a . Fig. 15 shows variations of 
√ 

p ′ 2 along the

uct axis for both boundary conditions and compares it to the an-

lytical solution of Eq. (33) . The NRI-NSCBC captures perfectly the

nalytical solution showing that for these conditions ( u t /u a = 2 . 5 ),

he unsteady pressure field is only weakly affected by the turbu-

ence injection and that the NRI-NSCBC condition does not alter

his property. On the other hand, similarly to the case of acoustic

orcing in a laminar flow ( Section 5 ), the classical NSCBC formula-

ion modifies the acoustic field structure and fails to capture the

nalytic solution. 
wave. Isosurface of Q criterion Q = 2 . 5(U/L ) 2 colored by the axial velocity 

 in one plane. Left: NSCBC, right: NRI-NSCBC. 



Fig. 14. Simultaneous injection of isotropic homogeneous turbulence and acoustic wave. Spectra of pressure (left) and velocity (right) at the domain inlet x = 0 m, y = z = 

0 . 005 m. Solid line: NSCBC, dashed line: NRI-NSCBC. The arrows indicate the frequency ( f a = 260 kHz) at which the acoustic wave is introduced. The triangles on the right 

image correspond to the spectra of the injected turbulence target signal u t v . 

Fig. 15. Pressure perturbation structure along duct axis: field of
√ 

( p ′ 2 ) vs x . Solid 

line: NSCBC, dashed line: NRI-NSCBC, symbols: analytical solution.
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Fig. 16. Physical domain used for the DNS. At the inlet, a double hyperbolic tan- 

gent profile is used to inject fresh gases in a sheet ≈ 8 mm high, surrounded by a 

coflow of burnt gases. Top-bottom (along y ) and left-right (along z ) boundaries are

periodic. The isosurface is a typical view of T = 1600 K. 
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. A turbulent, acoustically forced premixed flame

The last example is a direct numerical simulation (DNS) of a

toichiometric, premixed turbulent flame stabilized in a slot-burner

onfiguration. The inlet is forced by turbulence and by an harmonic

coustic wave introduced simultaneously, a usual situation for ex-

mple to study Flame Transfer Functions in thermoacoustics. 

The DNS is performed with the explicit, compressible solver

AVBP) for the 3D Navier–Stokes equations with simplified ther-

ochemistry on unstructured meshes [43,47] . A Taylor–Galerkin fi-

ite element scheme called TTGC [42] of fourth-order in space and

ime is used. The acoustic CFL number is 0.7. The outlet bound-

ry condition is handled using an imposed pressure, NSCBC ap-

roach [3] with transverse terms corrections [37] . The inlet is

reated either with the standard NSCBC formulation or with the

ew NRI-NSCBC approach. Other boundaries are treated as peri-

dic. 

Methane/air chemistry at 1 bar is modeled using a global 2-

tep scheme fitted to reproduce the flame propagation properties

uch as the flame speed, the burned gas temperature and the flame

hickness [48] . This simplified chemistry description is sufficient

o study the dynamics of premixed turbulent flames. Fresh gases

re stoichiometric: the laminar flame speed is S 0 
L 

= 40 . 5 cm/s. The

ame thicknesses are δ0 
L 

= 0 . 34 mm (based on the maximum tem-

erature gradient) and δ1 = 0 . 7 mm (based on the distance be-

L 
ween reduced temperatures of 0.01 and 0.99). The mesh is a ho-

ogeneous hexahedra grid with a constant element size �x = 0 . 1

m, ensuring 7–9 points in the preheat zone and 4–5 in the reac-

ion zone. With this resolution, the temperature and heat release

rofiles given by the DNS code match perfectly the results given

y a specialized one-dimensional flame code (Cantera) for a lami-

ar premixed flame. The domain size is 512 cells (5,12 cm) in the

 direction and 256 cells (2,56 cm) in the y and z ones, for a total

f 33.55 million cells ( Fig. 16 ). The fresh gas injection channel has

 height h = 8 . 53 mm ( h/δ0 
L 

≈ 25 ). 

The inlet stream is a central flow of stoichiometric fresh gases

urrounded by a coflow of burnt gases at low injection velocity. In-

et temperatures are 300 and 2256 K in the fresh and burnt gases,

espectively. The temperature and composition of the burnt gas

oflow corresponds to the products of an adiabatic combustion of

he fresh gases. Mean inlet velocity profiles are imposed as: 

 (x = 0 , y, z) = u co + (u in − u co ) 

(
1 + tanh 

(
y − h 

2 δ

))

×
(

1 − tanh 

(
y − 2 h 

2 δ

))
(35) 

here u in = 10 m/s is the maximum speed in the fresh gases,

 co = 0 . 1 m/s is the minimum speed in the coflow of hot gases

nd δ is the momentum thickness of the shear layer ( δ = 0 . 08

m) corresponding to a vorticity thickness of 0.36 mm. Turbu-

ence is injected in the fresh gases only. The RMS velocity of the

ncoming flow is 1 m/s and the integral length scale is l F = 2 mm.

he spectrum of the injected turbulence corresponds to a Passot–

ouquet form [45] . Acoustic forcing is introduced at the inlet on

he fresh gas stream. The forcing frequency is f a = 1 kHz and

he forcing amplitude is 2 m/s. For both NRI-NSCBC and NSCBC



Fig. 17. Flame response at four instants of the acoustic forcing period ( f a = 1 kHz). Temperature field and isolevels of vorticity. 

Fig. 18. Pressure spectra for NSCBC (solid line) and NRI-NSCBC (dotted line) at the

domain inlet. The f a arrow corresponds to the acoustic forcing at 1 kHz. The three

other arrows are the first three longitudinal eigenmodes of the computational box

at 4350, 12500 and 19500 Hz. The spectral resolution is 70 Hz.
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conditions imposed at the inlet, the value of K is the same: K =
10 0 0 0 0 s −1 (leading to σ � 15). A series of 4 snapshots showing

the flame response to turbulent and acoustic forcing is displayed

in Fig. 17 . Mushroom-shaped flame structures are created at 1 Khz

as expected for acoustically forced flames [49] . These structures are

separated spatially by u in / f a = 1 cm and interact with the injected

turbulence. 

The two DNS of Fig. 17 , obtained by NRI-NSCBC and NSCBC, are

obviously different but it is difficult to say which one is the best.

A more quantitative result can be obtained by looking at the pres-

sure spectra at the domain inlet in Fig. 18 . The spectra observed for

NRI-NSCBC corresponds to the expected result: a discrete peak at

the acoustic forcing frequency f a superimposed on broadband tur-

bulent noise. On the other hand, for NSCBC, three additional high-

level peaks also appear: they are due to the excitation by the flame

of the eigenmodes of the computational domain. It is possible to

verify that these modes are indeed acoustic modes by using an

Helmholtz solver [50] taking into account the mean temperature

distribution in the domain and the boundary conditions (imposed

inlet velocity and imposed outlet pressure). The frequencies pre-

dicted for the first three acoustic modes given by the Helmholtz

solver are marked by arrows in Fig. 18 . The three acoustic modes

which are excited when NSCBC is used are the longitudinal 1/4

wave (at 4350 Hz), 3/4 wave (at 12500 Hz) and 5/4 wave (at 19500

Hz) modes. Their frequencies, computed with the Helmholtz solver,

match the frequencies observed in the LES with a 5 percent accu-

racy. These modes interact with the flame response at the acoustic

forcing frequency ( f a = 1 kHz) and make the NSCBC run difficult

to interpret: measuring the flame response at f a = 1 kHz would be
mpossible for the NSCBC run because this response is polluted by

he three acoustic eigenmodes forced by the boundary conditions.

learly, NSCBC fails to inject acoustic forcing and turbulence with-

ut exciting the cavity modes of the computational domain while

RI-NSCBC succeeds in this task. 

. Conclusions

This paper has described a new boundary condition for sub-

onic inlet, based on a combination of the formalism proposed by

olifke and coworkers [1,2] to account for outgoing acoustic waves

nd an extension of the method of Guezennec et al. [40] to intro-

uce both turbulence and acoustic waves simultaneously. The ap-

roach can be summarized in the expression of the ingoing wave:

L 5 

ρc 
= −2 

∂u 

t 
a 

∂t 
− ∂u 

t
v

∂t 
+ 2 K[ u − ( ̄u + u 

t 
a + u 

t 
v + u −)] (36)

here u t a is the velocity of the injected acoustic wave, u t v is the

xial velocity of the turbulent signal, ū is the mean target velocity,

 is a relaxation coefficient and u − is the velocity of the outgoing

ave which is estimated locally using the outgoing wave ampli-

ude L 1 : 

 − = 

1

2 ρc 

∫ t

0

L 1 dt (37)

nalysis and tests show that this NRI-NSCBC condition performs

etter than the standard NSCBC approach: it allows to use large

alues for the relaxation coefficient K and to obtain non-drifting

ean values and non reflective capabilities simultaneouslyecor.

ests were performed for one-dimensional acoustic forcing in a

uct, for flow establishment in a compressible nozzle, for simul-

aneous injection of acoustic waves and turbulence in a three-

imensional channel terminated by a fixed pressure outlet and fi-

ally for a turbulent premixed flame forced acoustically. For all

ases, NRI-NSCBC captured the expected solution accurately sug-

esting that this could become a standard approach in compress-

ble codes. 
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