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We discuss the Schwinger pair creation process for the system of massless Dirac fermions in the
presence of constant external magnetic and electric fields. The pair production rate remains finite
unlike the vacuum decay rate. In the recently discovered Dirac semimetals, where the massless
Dirac fermions emerge, this pair production may be observed experimentally through the transport
properties. We estimate its contribution to the ordinary conductivity of the semimetals.

I. INTRODUCTION

Recently the Dirac [1–6] and Weyl [7] semimetals were
discovered experimentally. This discovery is important
for the development of the inter - relation between the
condensed matter physics and the high energy physics
because those materials (as well as 3He-A [8]) are able
to serve as an arena for the experimental investigation of
various effects specific for the high energy physics [9–15].
The low energy effective theory of fermionic quasipar-
ticles in Dirac and Weyl semimetals has an emergent
relativistic invariance [8, 16]. Fermions in Dirac and
Weyl semimetals are charged, and they are influenced by
the external magnetic and electric fields. This extends
the possibility to observe various effects related to chiral
anomaly [3, 13, 17, 18].
The ordinary chiral anomaly is related to the spectral

flow of the one - particle Hamiltonian along the Lowest
Landau Level (LLL). This effect dominates if E/B ≪ 1.
The Schwinger pair creation process related to the re-
maining Landau levels represents the next approximation
of the expansion in this parameter. In the present paper
we consider this effect and estimate its contribution to
the total conductivity1. It is worth mentioning, that the
rate of the decay of vacuum and the rate of the Schwinger
pair creation process [19] are different quantities. Vac-
uum persistence probability is equal to the exponent of
the vacuum decay rate (with the minus sign). The pair
production rate contributes to this quantity only partly.
The vacuum decay rate (which is equal to the imaginary
part of effective action) was calculated in a number of
ways for the Dirac particles with finite mass m (see, for

∗ zubkov@itep.ru
1 Actually, the anomalous pumping of quasiparticles from vacuum
at the lowest Landau level may be considered as the degenerate
case of the pair production process, that occurs with probability
equal to 1.

example, [20, 21]). The corresponding pair production
rate in the presence of constant electric and magnetic
fields was calculated in [22] using the exact solution of
Dirac equation. In [23] the same result was reproduced
using the semi - classical technique. Because of the finite
values of masses of all existing charged particles and be-
cause of the smallness of the fine structure constant the
pair creation process has not been observed experimen-
tally so far.
In the present paper we present the derivation of this

rate using both approximate semiclassical method and
the method, which is based on the exact solutions of Weyl
equation. In this method the field - theoretical problem
of pair creation is reduced to the solution of the wave
equation in the presence of a certain potential barrier.
While considering this equation we encounter the signa-
ture of the so - called Klein paradox. The same problem
was encountered in [22], where Nikishov considered the
pair production rate for the massive Dirac fermion. In the
recent paper [26] the canonical field - theoretical formal-
ism was developed, in which the creation operators were
introduced for the specific states existing in the pres-
ence of the potential step, and the specific commutation
relations were postulated (see also, [27] and references
therein). Instead of following the methods of [22, 26],
we propose our own way to resolve Klein paradox within
the ranges of the pair creation problem. Our solution is
based on the identification of the incoming and reflected
waves opposite to the one of [22], which results from the
consideration of current as a response to external elec-
tromagnetic field (the result is related somehow to the
identification of waves of [25]).

II. RELATIVISTIC FERMIONS IN
DIRAC/WEYL SEMIMETAL

We consider the effective theory of the recently dis-
covered Dirac semimetals Cd3As2 and Na3Bi with two

http://arxiv.org/abs/1605.02379v2
mailto:zubkov@itep.ru
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Fermi (Dirac) points [1–3]. Near each of the two Fermi
points there is the pair of the left-handed and the right -
handed Weyl fermions. The action for the right - handed
Weyl fermion has the form [33]:

SR =
1

2

∫

d4x|e|[Ψ̄ieµbσbDµΨ− [DµΨ̄]ieµb σ
bΨ] (1)

Here

iDµ = i∂µ +Aµ(x) (2)

is the covariant derivative. It corresponds to the U(1)
gauge field Aµ. The left - handed fermion has the action

SL =
1

2

∫

d4x|e|[Ψ̄ieµb σ̄bDµΨ− [DµΨ̄]ieµb σ̄
bΨ] (3)

Here σ̄0 = 1, σ̄a = −σa for a = 1, 2, 3 while

iDµ = i∂µ −Aµ(x) (4)

The vierbein in the absence of elastic deformations is
given by

[e00]
−1 = |e| = vF , eia = f̂ i

a, ei0 = 0, e0a = 0 (5)

where vF is the average Fermi velocity, a, i, j, k = 1, 2, 3,

while f i
a = vF f̂

i
a has the meaning of the anisotropic Fermi

velocity with the 3× 3 matrix

f̂ = diag(ν−1/3, ν−1/3, ν2/3) = diag(f̂1, f̂2, f̂3) (6)

Here we take into account that the Fermi velocity has
almost the same values along the axes X and Y . We,
therefore, denote by ν the degree of anisotropy. In

practise in Cd3As2 [2] vF f̂1 ∼ vF f̂2 ∼ c/200 while

f̂3 ∼ 0.1f̂1. In Na3Bi [1] vF f̂1 ≈ 4.17× 105m/s, vF f̂2 ≈
3.63×105m/s ∼ c/800, while vF f̂3 ≈ 1.1×105m/s. Thus

here f̂3 ≈ 0.27f̂1.

III. LANDAU LEVELS AND THE
CORRESPONDING WAVEFUNCTIONS

Let us consider massless fermions in a uniform mag-

netic field ~H directed along the third axis. Dirac equa-
tion for the fermion with energy E is given by

EΨ = (vF ~α f̂ (−i∇− ~A) + A0)Ψ (7)

where ~α is in chiral representation, while A = (A0, ~A) is
the gauge field:

~α =

(

~σ 0
0 −~σ

)

, ~A =





0
Hy1
0



 , A0 = 0

In order to simplify the further expressions let us rescale
coordinates and components of the gauge potential. We

denote yi = vF f̂ix
i (i = 1, 2, 3, sum over i is not implied),

and H = 1
v2
F f̂1f̂2

B. The gauge potential does not depend

on coordinates transverse to y1. Hence, the solution of
Dirac equation is given by the plane wave

Ψ = ei(p2y2+p3y3−Ey0)

(

ξ(y1)
η(y1)

)

(8)

(Here y0 = x0 = t.) With the chosen representation Eq.
(7) splits into

Eξ = σ1(−iξ′) + σ2(p2 −By1)ξ + σ3p3ξ (9)

Eη = −σ1(−iη′)− σ2(p2 −By1)η − σ3p3η (10)

If E is replaced by −E , the equation for ξ transforms into
the equation for η, and vice versa. For the components
ξ1,2 we have equations similar to the one for the harmonic
oscillator

(E2 − p23 +B)ξ1 = −ξ′′1 +B2
(

y1 −
p2
B

)2

ξ1

(E2 − p23 −B)ξ2 = −ξ′′2 +B2
(

y1 −
p2
B

)2

ξ2

(11)

The solutions of the system are given by ξ1 = ψn(y1 −
p2/B) and ξ2 = anψn−1(y1 − p2/B). The corresponding

energy levels are Enp3 = ±
√

2nB + p23, n ≥ 0. ψn are
the oscillator wave functions (we assume ψ−1 = 0; Hn

are Hermite polynomials)

ψn(y) =

(

B

π

)1/4
1√
2nn!

exp

(

−B
2
y2
)

Hn(y
√
B) (12)

The values of an may be calculated via the direct substi-
tution of those solutions to (9). We use the properties of
Hermite polynomials and arrive at the following system
of equations

E − p3 = ian
√
2nB (13)

(E + p3)an = −i
√
2nB (14)

which is satisfied for E = Enp3 . The solutions of (9)
normalized to unity are

ξnp3(y1) =
1

√

1 +
(Enp3−p3)2

2nB

(

ψn

(

y1 − p2

B

)

−iEnp3−p3√
2nB

ψn−1

(

y1 − p2

B

)

)

Enp3 = ±
√

2nB + p23, n ≥ 1 (15)

ξ0p3(y1) =

(

ψ0

(

y1 − p2

B

)

0

)

, E0p3 = p3 (16)

IV. SEMICLASSICAL CONSIDERATION OF
SCHWINGER PAIR CREATION IN THE

PRESENCE OF EXTERNAL MAGNETIC FIELD

For n 6= 0 the pair creation process can be considered
as the tunneling problem in an electric field of limited
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spatial extent L. In the present section we follow the ap-
proach of [23]. However, our consideration differs from
that of [23]. It appears that the vacuum decay rate (un-
like the pair production rate) is divergent in the mass-
less limit. This prompts, that the proper investigation
of the massless case may require the direct consideration
of massless Dirac equation rather than taking the formal
limit of the expressions obtained in the massive case. Be-
sides, the consideration is complicated somehow due to
the anisotropy.
We add to the system considered in section III the

electric field E = 1
vF f̂3

Ẽ directed along the third axis in

the region 0 < y3 < L̃ = vF f̂3L (that is 0 < x3 <= L).
In the time-independent gauge the component A0 takes
the form

A0 =











0 for y3 ≤ 0

−Ẽy3 for 0 < y3 < L̃

−EL for L̃ ≤ y3

(17)

We imply that both H and E are not negative. The
consideration of the opposite case is similar.
Motion of the particle that belongs to the Dirac sea

(E = Enp3 < 0) with p3 > 0 and n ≥ 1 starts at y3 < 0.
L is assumed to be large enough, so that E + EL > 0.
Weyl equation for the left-handed particles receives the
form

(E −A0)η = iσ1∂1η − σ2(p2 −By1)η + iσ3∂3η (18)

Let us try to find its solution in the form

η =

(

ψn

(

y1 − p2

B

)

f1(y3)
ψn−1

(

y1 − p2

B

)

f2(y3)

)

(19)

Using properties of the oscillator wave functions men-
tioned above we come to

(E −A0)f =
√
2nBσ2f + iσ3∂3f (20)

Instead of y3 we introduce the dimensionless length z

z = (E + Ẽy3)

√

2

Ẽ
(21)

zL = E
√

2

Ẽ
, zR = (E + EL)

√

2

Ẽ
(22)

ẑ =











zL for z ≤ zL
z for zL < z < zR
zR for z ≥ zR

(23)

and a =
√

nB
Ẽ
. Next, we have

(σ1∂z +
ẑ

2
σ2 − a)f = 0 (24)

The Schrodinger-type equation follows

(∂2z +
ẑ2

4
− a2 +

i

2
σ3∂z ẑ)f = 0 (25)

In order to use the semiclassical methods the turning
points ±z0 = ±2a should be sufficiently distant, which
means that a ≫ 1. As a result we neglect the term
i
2σ3∂z ẑ, and obtain the semiclassical transition probabil-

ity Dnp3 =
∣

∣

∣

f(z0)
f(−z0)

∣

∣

∣

2

:

Dnp3 = exp

(

−2

∫ z0

−z0

dz
√

a2 − z2/4

)

= exp
(

−2πa2
)

(26)
It may be interpreted as the exponential factor in the
probability that the pair particle - hole is created at the
n - th level.
In order to have the incoming wave that corresponds

to the negative energy we need zL < −2a, while in order
to have the outgoing wave with positive energy we need
zR > 2a. Together these requirements give

EL−
√
2nB > |E| >

√
2nB (27)

Hence, the values of p3 should satisfy 0 ≤ p3 ≤ p(c),
p(c) ≈ EL. To obtain the overall semiclassical probabil-
ity for the creation of pairs, we integrate over the n-th

Landau level with the density of states HL1L2|
4π2 , where

L1, L2 are the corresponding sizes of the sample, and the
sum is over all levels

N = L̃
∑

n

∫ +p(c)

0

dp3
2π

HL1L2

2π
exp

(

−2πn
B

Ẽ

)

(28)

Here we substituted L̃ = T , where by T we denote the
overall duration of the process.
Recall, that the same consideration may be applied

to the right-handed particles. Finally we come to the
expression for the pair production rate in the unit volume
at the n - th Landau level:

ρ̇n =
dN

V dt
=
EH

2π2
exp

(

−2πnvF ν
−4/3H

E

)

(29)

In order to rewrite this expression in covariant form let
us introduce the notations:

S =
1

4
FijFklg

ikgjl

P =
1√−g

1

8
FijFklǫ

ijkl (30)

where

gij = eiae
j
bηab =









1/v2F 0 0 0
0 −ν−2/3 0 0
0 0 −ν−2/3

0 0 0 −ν4/3









and ηab is metric of Minkowski space while g is the inverse
determinant of matrix gij . Notice, that

√−g = |e| = vF .
Using these notations we rewrite Eq. (29) in the form

ρ̇n =
dN

V dt
=

√−g |P|
2π2

exp

(

−2πn
|P|√

S2 + P2 − S

)

(31)
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V. EXACT CONSIDERATION OF SCHWINGER
PAIR CREATION IN THE PRESENCE OF

EXTERNAL MAGNETIC FIELD

The two independent solutions of Weber’s equation
(25) in the region zL < z < zR may be written in the
form (for the second component of f):

M(a, z) = exp

(

i
z2

4

)

Φ

(

a2i

2
,
1

2
,−i z

2

2

)

(32)

N(a, z) = z exp

(

i
z2

4

)

Φ

(

1 + a2i

2
,
3

2
,−i z

2

2

)

(33)

where Φ is the confluent hypergeometric function. For
the first component of f the two independent solutions
are M∗ and N∗. We can show that

(

∂z − i
z

2

)

M = a2N∗ (34)
(

∂z − i
z

2

)

N =M∗ (35)

And the general solution of Eq. (24) is given by

f =

(

AM∗ + aBN∗

BM + aAN

)

(36)

At z < zL and z > zR the solutions of Eq. (24) are the
plane waves propagating in opposite directions

g = AL,Rχ+e
ikz +BL,Rχ−e

−ikz

k = kL,R =

√

z2L,R

4
− a2

χ± =
1

N±
L,R

(

i(±k − zL,R

2 )
a

)

(37)

with N±
L,R =

√

a2 + (±k − zL,R

2 )2

In the region z < zL there are both the incoming wave
and the reflected wave, while for z > zR there is only the
outgoing one, which means that

eikzχ+ +Re−ikzχ− = f at z = zL, k = kL (38)

Teikzχ+ = f at z = zR, k = kR (39)

The phase factors may be absorbed by the redefinition of
T and R, which gives

(

M∗
R aN∗

R
aNR MR

)(

A
B

)

=
T

N+
R

(

i(kR − zR/2)
a

)

(40)

(

M∗
L aN∗

L

aNL ML

)(

A
B

)

=

(

1
N+

L

i(kL − zL
2 )− R

N−

L

(kL + zL
2 )

a(1/N+
L +R/N−

L )

)

We have zR ≫ 1. Let us also suppose, that |zL| ≫ 1.
(The region with |zL| ≫ 1 dominates in the integral over
momenta for the pair production rate if the system size

is sufficiently large, such that L
√

E
vF f̂3

≫ 1.) Then we

have the asymptotic expressions:

MR,L ≈
√
π

Γ((1 − ia2)/2)
e

π
4 a2

ei(z
2/4− a2

2 logz2/2)

NR,L ≈ ∓i√π√
2Γ((2 − ia2)/2)

e
π
4 a2

ei(z
2/4− a2

2 logz2/2)(41)

Under the same conditions Eq. (40) is simplified. We
derive

|T |2 =
1

exp
(

2πnvF ν−4/3H
E

)

− 1
(42)

and

|R|2 =
exp

(

2πnvF ν
−4/3H

E

)

exp
(

2πnvF ν−4/3 H
E

)

− 1
(43)

One can see, that

|R|2 = 1+ |T |2 > 1

which is related to Klein paradox and does not allow to
interpret |R|2 as the reflection probability. The same

refers also to |T |2, which may become larger, than unity
at sufficiently smallH . The possible removal of this para-
dox was explained in [24] (for the modern development
of this approach see [26]). Nikishov [24] proposed to con-

sider |T |2 as the so - called relative pair production prob-
ability. In order to calculate the absolute pair produc-
tion probability he proposed to multiply this value by the
quantity |C|2, which is related to |T |2 as follows:

|C|2 + |C|2 × |T |2 = 1 (44)

The left hand side of this equation was interpreted as
the sum of the probability that no pairs are created |C|2
and the probability Dnp3 = |C|2 × |T |2 that one pair
is created in the given state. The origin of this factor
was not described in [22]. In [26] the modification of the
canonical quantization for the field theory in the presence
of potential steps was proposed, in which such factor |C|2
appears in a natural way. To the best of our knowledge no
rigorous derivation of this heuristic rule exists. However,
it allows to reproduce the result of Schwinger [20] for
the vacuum decay probability of the massive Dirac field
obtained originally in the essentially different formalism.
Here we propose alternative and very simple expla-

nation of the Nikishov’s prescription. Let us restrict
ourselves by consideration of the left - handed fermions.
(The consideration of the right - handed ones is similar.)
We look at the electric current density (equal to the spin
current density with the minus sign) at both sides of the
potential barrier. Right to the barrier, where the wave
with the amplitude |T |2 appears, the electric current of
the left - handed particles is given by

jT = −f+σ3f = |T |2 (45)
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while left to the barrier, there are the incoming and the
reflected waves. If those two waves are considered sepa-
rately, the corresponding currents are given by

jR = −f+σ3f = |R|2 , ji = −f+σ3f = −1 (46)

Therefore, the interpretation of the components of the
spinor left to the barrier is inverse to the naive one. Al-
though the wave vector for the first component of the
spinor is positive, the corresponding current is directed
to the opposite direction. That’s why, this is the reflected
rather than the incoming wave. (This corresponds to the
change p → −p in the antiparticle region proposed in
[25].) Thus, we should normalize our solution in such a
way, that the amplitude of the second component of the
spinor left to the barrier is equal to unity. This gives
immediately the transition coefficient

Dnp3 =
|T |2

1 + |T |2
= exp

(

−2πnvF ν
−4/3H

E

)

(47)

which coincides with the semiclassical expression ob-
tained in the previous section. Notice, that the same
expression may be obtained if the formalism of [26] would
be applied to the consideration of the given problem.
Recall, that this is the Hamiltonian formalism, which is
based on the specific choice of the in and out states in
the presence of the potential step and on the postulation
of the corresponding commutation relations.
The total pair production rate Γ includes the contribu-

tion of anomaly that originates from the lowest Landau
level:

Γ =
2

V T

∞
∑

n=1

∫

dp3
2π

T
HL1L2

2π
Dnp3 +

EH

4π2

=
EH

4π2
cth

(

πvF ν
−4/3H

E

)

(48)

One can see, that as well as Eq. (3) of [23] our Eq. (48)
gives the pair production rate that is not vanishing in the
limit H → 0. Thus, our results also confirm the corre-
sponding expression obtained in the case of the vanishing
magnetic field [23].

VI. PAIR PRODUCTION RATE AND VACUUM
PERSISTENCE PROBABILITY

Vacuum persistence probability of any 4-volume Ω =
∆V∆t under the conditions described above is given by
[20], [22], [23]

P = e−wΩ (49)

where

w =
EH

4π2

∞
∑

k=1

1

k
cth

(

k vF ν
−4/3H

E

)

exp

(

− kπm2

vF ν2/3E

)

(50)

and m is the Dirac mass. One can see, that w diverges
in the limit m→ 0, which makes the vacuum persistence
probability equal to zero. Of course, this is not a surprise
since the spectral flow of the one particle Hamiltonian
provides the definite appearance of the pairs of the left
- handed and the right - handed particles on the lowest
Landau level. As a result the vacuum definitely cannot
survive.

Nevertheless, this result does not imply necessarily,
that the pair production rate is infinite. Indeed we have
seen in the previous section, that it is given by the finite
expression of Eq. (48) that gives the first term in the
sum over k in Eq. (50). According to Nikishov [22] the
vacuum decay rate should be calculated as

2 ImL ≡ w =
2

V T

∞
∑

n=1

∫

dp3
2π

T
HL1L2

2π
log(1−Dnp3)

+
1

V T

∫

dp3
2π

T
HL1L2

2π
log(1 −D0p3) (51)

For the massless caseD0p3 = 1, which means, that on the
lowest Landau level the pair is created with the proba-
bility equal to unity. As a result the imaginary part of
the effective lagrangian is formally divergent.

VII. CONTRIBUTION TO CONDUCTIVITY
DUE TO THE PAIR CREATION (THE IDEAL
NON - INTERACTING SYSTEM AT T = 0)

Particle is created with energy E ′ = E + LE
(counted from the level −EL) and momentum p′3 =
√

(E + LE)2 − 2nB. In order to calculate the values of
momentum p′′3 carried by the hole, let us use equation
d
dt〈p3〉 = Ẽ3. If the tunneling does not occur, then the
evolution in time of the given occupied state is governed
by this equation. If we start from the state with mo-
mentum p3, its average over the given state is changed
with time. We take into account that the overall dura-
tion of the process T is equal to length L divided by the
Fermi velocity vF ν

2/3, which is the velocity of the given
particle: T = L̃. Therefore,

〈p′′3〉 = p3 + ẼL̃ (52)

As a result, the positive energy of the hole (created to-
gether with the electron) may be estimated as:

〈E ′′〉 ≈
√

(EL)2 + E2 + 2EL
√

E2 − 2nB ≈ EL+ |E|
(53)

The Schwinger pair creation costs energy. Suppose, that
the single pair of particle with energy E + LE and hole
with energy ≈ |E| + EL is created. This requires energy
2LE. In the ideal system the created pairs do not annihi-
late. Therefore, their number and the filling factors of the
excited states are increased with time. In general case,
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the Pauli principle affects the whole process2. Let us as-
sume, that we are at the beginning of the pair creation
process, when the filling factors of the excited states are
still small. Then we may neglect the Pauli interdiction.
The total energy needed to produce

∆N =
EH

4π2

(

1+2

∞
∑

n=1

exp

(

−2πvF ν
−4/3H

E

)

)

L1L2L3∆t

pairs is equal to j(1)EV∆t, where j(1) is the contribution
to the total electric current related to the pair production
process. As a result, we have

j(1) = 2L
EH

4π2
cth

(

π vF ν
−4/3H

E

)

(54)

(Here we considered the contribution of one Dirac
fermion.) Of course, this expression is to be modified
in the real systems.

VIII. A ROUGH CONSIDERATION OF
PARTICLE - HOLE PLASMA

In practise the quasiparticles interact with each other.
Besides, there are the finite temperature fluctuations.
During the competition of the Schwinger pair creation
and the annihilation of pairs during the collisions of
quasiparticles the particle - hole plasma is formed.
In [4] only the pairs of the left - handed and the right

- handed quasiparticles were considered. Their accumu-
lation was described by the kinetic equation

dρ0
dt

= −ρ0
τ0

+
1

4π2
HE (55)

where ρ0 is the density of pairs (left - handed particle plus
right - handed antiparticle) incident at the lowest Landau
level. The first term in the right hand side describes the
impact of the collisions with change of chirality. Those
collisions may occur between the fermionic quasiparticles,
or between the fermionic quasiparticles and impurities,
or between the considered fermionic quasiparticles and
the other excitations existing in the semimetals. The
corresponding average scattering time is denoted by τ0.
The second term describes generation of the chiral charge
due to the chiral anomaly. The solution of Eq. (55) at
t≫ τ0 gives

ρ0 =
τ0
4π2

HE (56)

2 Each state cannot be filled by more than one fermion. At the
later stages of the pair creation the filling factors of the excited
states (holes at E < 0 and particles at E > 0) become finite,
and we have to take into account Pauli interdiction while consid-
ering the pair production process and the corresponding energy
balance.

The lowest Landau level dominates if vFH ≫ E. The
correction to Eq. (55) due to the pair production at
the higher Landau levels may be estimated as well. As
a result the system of equations for different densities
should appear. However, we do not consider here this
complication and will concentrate on the corresponding
contribution to conductivity. We introduce the extra re-
laxation time scale τ1 ≪ τ0 that corresponds both to the
processes with annihilation of the particles and the anti
- particles of the same chiralities, and to the scattering
without change of chirality of the fermionic quasiparticles
on each other, on impurities, and on the other excitations
existing in the semimetals. In order to be able to apply
the considered above formalism to the calculation of the
pair production rate we need

Eτ1 ≫
√
2H (57)

In this case instead of the length of the sample entering
Eq. (54) we substitute the mean free path3, that is given
by vF ν

2/3τ1. In general case the scattering time τ1 may
depend on the densities of the quasiparticles and thus on
E and H . For simplicity we neglect here such a depen-
dence. This gives the following correction to conductivity

σ(1) ≈ NDvF ν
2/3τ1

H

2π2
×
[

cth

(

π vF ν
−4/3H

E

)

−πvF ν−4/3H

E

(

1− cth2
(

π vF ν
−4/3H

E

)

)]

(58)

Here ND is the number of Dirac points of the given
semimetal. In particular, for Cd3As2 and Na3Bi ND = 2.
At vFH ≫ E this expression gives the contribution of
chiral anomaly, which differs essentially from the expres-
sion obtained in [4].
In [4] it was argued, that σ(1) ∼ H2 (for the discussion

of this issue see also [5, 16–18, 30, 31]). [4] appeals to the
semi - equilibrium pattern, in which the chiral chemical
potential µ5 is generated that is related to ρ0 for T ≫ µ5

as follows: µ5 =
6 v3

F

T 2 ρ0. Next, the expression for the
chiral magnetic effect [29] j = µ5

2π2H was applied, which

gives σ(1) ∼ H2. However, it was demonstrated recently
that the equilibrium chiral magnetic effect in the real
semimetals does not exist [32].
Here we propose the alternative model, which is based

on the simple energy balance: the energy needed to pro-
duce the pairs should be taken from the work Ej per-
formed by the electric field. In order to apply this bal-
ance we should be able to neglect Pauli interdiction. To
do this we need that the filling factors are small for the
states, in which the pairs are created. This occurs for

T ≪ vFEτ1 (59)

3 This mean free path is taken along the common direction of
electric and magnetic fields, which are directed here along the
third axis.
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when the Fermi distribution for those states gives
1

evF Eν2/3τ1/T+1
≪ 1. Being created with the energy

2vFEν
2/3τ1 the pairs are thermalized and those states

become almost empty again. Thus the energy balance
gives Eqs. (54) and (58). In the opposite limit, when
T ≫ vFEτ1 the Fermi distribution gives the filling factor
≈ 1/2. The creation of particles/holes is not prohibited
completely in these states. However, Pauli principle re-
duces the pair production rate. Then the contribution
to conductivity may still be given by Eq. (58) with the
reduction factor.

Finally, let us recall, that in addition to σ(1) there
exists the ordinary Ohmic contribution to conductivity
σ(0), which is not related directly to the pair production
process, and which is caused by existence of the thermal
charge carriers.

IX. DISCUSSION

In the present paper we calculated the pair produc-
tion rate using the solution of the corresponding quan-
tum mechanical problem. Unlike the approach of [26] we
do not attempt to construct the specific axiomatic quan-
tum field theory with unstable vacuum. According to
our point of view this is not needed as a matter of prin-
ciple for the consideration of the dynamics of electrons
in solids, which are exhaustively described by the multi -
particle quantum mechanics. In the vicinity of the Fermi
point in Dirac semimetals this quantum mechanics is de-
scribed approximately by massless Dirac equation, that
is the couple of the Weyl equations.

We suppose, that the exhaustive consideration of the
contribution of the pair creation to conductivity will re-
quire essential efforts. This consideration should include

the application of the contemporary methods of kinetic
theory. Nevertheless, we expect, that our approximate
consideration is relevant for the description of the system
at least in the region of parameters given by Eqs. (57),
(59). This approximate consideration is based on the
synthesis of the solution of the simple quantum mechan-
ical problem (with the interaction between the quasipar-
ticles neglected) and the phenomenological consideration
of the non - equilibrium pair creation process based on
the application of the notion of the mean free path of
the quasiparticles. The specific dependence of Eq. (58)
on electric and magnetic fields may, in principle, be ex-
tracted from the dependence on these fields of the total
conductivity. This may allow to observe for the first time
the Schwinger pair production in the three - dimensional
systems in laboratory. (Previously the similar possibility
to observe the Schwinger pair production in graphene was
discussed extensively - see, for example, [34, 35] and refer-
ences therein.) In principle, the Schwinger pair creation
takes place also in the condensed matter systems with
gapped fermions. For example, it is present in the Dirac
insulators that may be described effectively by the low
energy theory with massive Dirac fermions in a certain
approximation. In this case, however, unlike the case of
Dirac semimetals the pair production probability is sup-
pressed essentially by the exponential factor containing
the fermion mass just like in the high energy physics,
where all known charged fermions are massive.
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