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ON THE RADIUS OF ANALYTICITY OF SOLUTIONS TO SEMI-LINEAR
PARABOLIC SYSTEMS

JEAN-YVES CHEMIN, ISABELLE GALLAGHER, AND PING ZHANG

ABSTRACT. We study the radius of analyticity R(¢) in space, of strong solutions to sys-
tems of scale-invariant semi-linear parabolic equations. It is well-known that near the ini-
tial time, R(t)t_% is bounded from below by a positive constant. In this paper we prove
that lilt“fi}i(glf R(t)tié = 00, and assuming higher regularity for the initial data, we obtain an
improved lower bound near time zero. As an application, we prove that for any global solu-
tion u € C([0, 00); H? (R?)) of the Navier-Stokes equations, there holds litrgg)lfR(t)f% = 00.
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1. INTRODUCTION

We consider the following system of N equations on RT x R%:

(SP) {@ﬂiffawn with Py(U) % 7 4;(D)(UY) for jin {1,..., N}

where A; (D) are homogeneous Fourier multipliers of degree 8 € [0,2[, and U = (Uj)i1<j<n.

N
The order of the nonlinearity is k > 2 and we have written U’ = H Ufj. An important
j=1
property of a such a system is its scaling invariance: if a function U satisfies (SP) on a time
interval [0, 7] with the initial data Uy, then the function Uy defined by

Un(t,z) € reU(\2t, ax)

satisfies (SP) on the time interval [0, A\=2T] with the initial data U def AUy(\-) for
def 2— 03

k-1
Note that « is positive, and in the following we shall assume that a < d/k. For example for
the Navier-Stokes equations there holds § = 1 and k = 2, while for the cubic heat equation

there holds § = 0 and k = 3. In both cases a = 1. The scaling invariant Sobolev space for the

initial data is H%it (R?), with sei def 4 — a, recalling that H*(R?) is defined by the following

norm, for s < d/2:
e ([ 1Pt )

where f: F f is the Fourier transform of f.

The question of solving the Cauchy problem for systems such as (SP) in scale invariant
spaces has been widely studied. We shall make no attempt at listing all the results on the
subject but simply recall the typical so-called Kato-type theorem, which may be proved by a
Banach fixed point argument (see for instance [1, 7, 9, 13, 14] among others)
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Theorem 1.1. Assume o € |1/k,d/k] and define Scyit def d/2 — «. Then, for any 6 € [0, o],
for any initial data Uy belonging to H®rtt9(R%), a positive time T exists such that the
system (SP) has a unique solution U in the Kato space K% such that

def

1
1.1 = P .
(1.1) U1z f»lglgtP!\U(t)HHsCm% <00

&

Moreover, if § is positve, a constant ¢ exists such that T > C||U0||1_{scm+6'

The goal of this article is to analyze the instantaneous smoothing effect of (SP): let us recall
that in [5], the analyticity of smooth periodic solutions to the Navier-Stokes equations (NS) is

proved, in the sense that if v solves (NS) then eV ~*Ay(t) is a smooth function for some o > 0.
This result was extended in [3, 8, 11, 12] where it is proved for instance that

T
/ €] (sup eV 0t €)1) de + / / €3 (VPEla(1, €))) dédt < oo,
R3 t<T 0 R3

which shows that the radius of analyticity R(t) of v(t) is bounded from below by v/t. Note that
the above condition is equivalent to the fact that eV ~*Av(t) belongs to E° N EZ, where El

denotes the space of vector fields V' such that
def |15 (3+2
L S TN
This type of result is also known to hold in the more general context of (SP) (see [4, 10] for
instance) and may be stated as follows.

Theorem 1.2. The solution constructed in Theorem 1.1 is analytic for positive t with radius
of analyticity R(t) greater than /t.

The purpose of this work is the proof of the following improved theorem.

Theorem 1.3. (a) If § is positive, the solution constructed in Theorem 1.1 satisfies
R(t
lim inf *) > 26
t—0

R 2
t2 \/— log(t”U0||;;[Scrit+6)

(b) If 6 = 0, then, for any positive € small enough, we have

R(t
lim inf - *) >2V1—¢.
t—0 ti\/—log(HesTAUoHKf)
t
In particular lim R(l ) =00
t—0 3

We remark that in the case of three-dimensional incompressible Navier-Stokes system

Ou+u-Vu—Au+Vp=0, (t,r) € RT x R3,
(NS) < divu=0,
U‘t:():’u,(),

where v = (u',u?,u%) denotes the velocity of the fluid and p the scalar pressure function,

part (a) of Theorem 1.3 coincides with Theorem 1.3 of [8]. Moreover, the main idea used to
prove Theorem 1.3 can be applied to investigate the radius of analyticity of any global solution
of (NS). More precisely we can prove the following result.

Corollary 1.1. Let u € C([0, 00); H%(R?’)) be a global solution of (NS). Then one has

t
(1.2) lim inf R(l ) =00
t—oo ¢35
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2. PROOF OF THEOREM 1.3

We shall perform all our computations on the approximated system

oU — AU = P, (U . def
I AL DL pE PR WIIE
o= ’ £eNN
6=k
for j in {1,..., N}, and where we have written 1p(q,) for the characteristic function of the
ball B(0,n) def {¢e RY: €] < n}. The system (SP,,) is an ordinary differential equation in

all Sobolev spaces. All the quantities we shall write are defined in this case, and we neglect
the index n in all that follows. We also skip the final stage of passing to the limit when n
tends to infinity.

Let us consider three positive real numbers 7', A and € which will be chosen later on in the
proof. Motivated by [8], we define

A2 -
) 4 F1 (s PR G (g, )

The main point is that the function U, behaves like a solution of a modified system (SP)
_A%(k-1)
where the viscosity is ¢ instead of 1 and the non-linear term has a factor e 41-9) . We shall

make this idea more precise in what follows.

(2.1) Uu(t, x

The key ingredient used to prove Theorem 1.3 will be the following lemma.

Lemma 2.1. Let U, be defined by (2.1). Then for any p in |max(2/a, k), co[, there exists a
positive constant Cy . such that

2

A% k=1
(2.2) 1Uallcp < 1€ Uollcp + Cie (7 [Uallicp ) Wl -

Proof. A solution of (SP,)) satisfies

~ 2~ t ’ 2 ~ ~
(2.3)  |Ut9)] < e Uy ()| +C /0 e ORI ([T )| 5 % [U)]) (£)dt .

k times

Let us observe that
A2 1

gt el
41—-e)T VT
Thus by definition (2.1), we infer from (2.3) that

—|¢? < —el¢)*.

Ua(t,€) < e Ty (6)| + C / (=P i w“f'f'mﬂ(rw Nk % |UE)])(€)dt.
k times

Notice that

(’U(t/)’**|ﬁ(t,)|)(£) /Z €= (

k times

Ew

O(t€0)))dey ... d.

k
and using that, for any (§;)1<;<k in (R%)* such that ij = ¢, there holds el¢l < H &l we

j=1
infer that
~ ~ M- [t , ~ ~
(2.4) Ualt,&) < 1P To(&)] + Ce T / =N 12 (U (t) % - % Ua (1)) (€)dt
0

k times
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Let us recall the following result on products in Sobolev spaces: for any positive real number s,
smaller than d/2 and greater than d/2 — d/k, there holds

= T1CUNRRRTES | (2

Now let us choose p in [1, 00| such that
2 d
(2.6) 0<5<a and set spd:e Serit + — ==+ - —«.

Notice that R N
Uyt % xUy(t') = (QW)kdf(U(f(t/)) .

-~
k times

The assumption that a < % implies that a < % + % and s, > % - %, so (2.5) ensures that

(Oalt) x5 Talt))(€) < el EDG0)) pr )0 with () gy = 1.

k times

As a(k — 1) = 2 — 3, plugging the above inequality in (2.4) gives

A2(k—1)

~ ) ([t s
Oa(t, €) < 6P| To(€)] + Che /0 et g =+ 2= £y ) U (¢ |y it

1
By multiplication of this inequality by t»|£|*” and by definition of the norm || - HKg in (1.1),
we get, for any ¢ in the interval [0, T,

l - l 2.,
tr | Ua(t,€) < tv€re =" Ty (&)

A2(k—1) 1 [t ,
il A P R e e
ToJo ()7
k—1
If we assume that p is greater than k, the function y€ [0, o0] — yl_Te*Ey is bounded, we
infer that for any ¢ in the interval [0, 77,

1 -~ 1 _ 2, =
to €7 Ua(t, €) < tr[€]*re "1 Ty (¢)]
A2(k-1) 1 [t 1 1
4 e WD Ul [ S
0 (t_t’) p tp

Taking the L2 norm with respect to the variable & gives, for any ¢ in the interval [0, 77,

1 Lo etA 22(k-1) k
tr|Ua(@)[ e < t7 (|2 Uollor + Crce 10 [|Ualep -

Taking the supremum with respect to ¢ in the interval [0, 7] gives (2.2). O
Let us now turn to the proof of Theorem 1.3.

Proof of Theorem 1.3. Let U and U, be determined respectively by (SP,,) and (2.1). We make

the following induction hypothesis

A2
(2.7) HUaHKg, < Ck,seiél(lis) with Cke =

with C}, . being determined by Lemma 2.1. As long as this induction hypothesis is satisfied,
Inequality (2.2) becomes

4
(2.8) Vall iy < 512 Tollxc
4



Now let us distinguish the case when Uy belongs to the space H%it+9 from the case when Uy
belongs only to the critical space H®eit,

(a) The case when Up belongs to the space Heritto,
We first observe that

3
(2.9) 12 Uoll . < CopT2 Vol rocesets

Let us define

2

dof 2 , def [ Cre \°

.00 00l s with e ()
4,p

By definition of T.(Uy), we have that for any T' < T.(Up),

J
205’pT2 ”lj’OHI-IScrit""‘S S ck,E'

Now let us define
AT def V26(1 —¢) log% <77§
THUOH;{scritM
Then for T' < T.(Uyp), we deduce from the Ineqalities (2.8) and (2.9) that
A\

4 s s __ AT
HUa”Kg < §Cg,pT2 ||U0HHScric+5 < QCg’pT2 ”UOHHScrit+5 =cpee -9,

This in turn shows that (2.7) holds for T' < T, (Up). Furthermore, according to (1.1) and (2.1),
there holds

o [ XVTPOD)| e < o

2
As ¢ is less than «, taking p = 5 ensures that

VT < To(Us), R(T) > V/Z5(1 — &)T* logh <77

TNUol 3 s
This inequality means exactly that
R(T
lim inf 1) >/20(1—¢).
T—0

R 2
T3 \/— log(THUO Hgscriﬁé)

Due the fact that ¢ is arbitrary, we conclude the proof of part (a) of Theorem 1.3.
(b) The case when Uy belongs to the critical space H *erit.

Let us use the fact that in this case

(2.10) Jim 20| gz = 0.
Then we consider 7. (Up) such that

etA
(2.11) e Toll gy, < ek

For any T' < T (Uyp), let us define

def 1 1 Ck,e
Ar 291 — 2)3 10g3 ()
2[|es*2 ol g»

Then it follows from Inequality (2.8) that

4 _
HUaHKg S g”estAUOHKgﬂ < 2”€€tAU0||K§1 = Ck‘,se 4(175)‘
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This shows that (2.7) indeed holds for T' < T.(Uy). Furthermore, according to (1.1) and (2.1),
there holds

T HeATﬁlD\U(T)HHSCm% < e

By definition of Az this means in particular that

N

T

N

1 Ck,e
T<T, T)=2(1- 22 QB U )
VT < E(U0)7 R( ) = ( 6) 08’ <2H€€tAUO‘K§>

This inequality means exactly that for any small strictly positive €, we have

1 2
lim inf — R(T) > lim 2(1 — <) (1— 08 e > :
1507 7% /1o (o2 Unl ) T log(2]e* Uil )

N

which together with (2.10) ensures part (b) of of Theorem 1.3. This completes the proof of
the theorem. O

3. PROOF OF COROLLARY 1.1

Let u € C’([O,oo);H%(R?’)) be a global solution of the Navier-Stokes system (NS) with
initial data ug. Then it follows from [2] that this solution is unique, so that applying Theorem
2.1 of [6] yields

(3.1) lim [|u(t)],, =0.

t—o0
Moreover, for any tg > 0, u verifies
ou+u-Vu—Au+ Vp =0, (t,x) €]ty, co[xR3,
(NSy,) divu =0,
U|t:t0 = u(to)

Similar to (2.1) we denote

__ A% _ttg  yttp
(3.2) Ua,to(t,l') d:ef]_-—l(e I(1—e) T0+/\ ﬁ\f”a(t’g”)’
and
def 1
lully . sup (¢ =to)rllu®)], 3z ).
T tefto,to+T] ERAN

Then along the same line to proof of Lemma 2.1, we deduce that
2

A
(3:3) ltatollicy . < [1e5 % ulto)llp |+ Cee™3 latolir -
By (3.1), we can choose tg so large that
Ce
Juttol 3 < 57
etA

with K. being determined by [[e**Zug ||z < KEHU()HH%.

Let us make the induction assumption that

2

—A . def 1
. a <ce *® .
(3.4) || ,toHKf T < ce -9 with ¢
0>

4C.
Then as long as the induction assumption is satisfied, we infer from (3.3) that

4 c(t—to)A —to)A
Hua:to”KfOI < gHee(t to) U(tO)HKfmT < 2=t u(tO)HKfOI < 2K uto)ll 3 < ce

So that for any 7" > 0, we define

AT def 2(1 - 5)% log

D=

(et )
2K-[ulto)l| ;)
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we have

2
M

ool < 2Kclulto)l, 3 < ce” 10,

This in turn shows that (3.4) holds for any 7' > 0. (3.4) in particular implies that

TH|| VTPl (g + T)|| 3oz <.

As a result, it comes out

ST
D=
[SIE

VT, R(to+T)>2(1—¢)2Tzlog

(e,
2ty )

from which we infer that

liminf B+ T) . B+ T)
T—c0 to+ T T—oc0 \/T

N |=
N[

>2(1—¢)2log

This together with (3.1) ensures (1.2). This finishes the proof of Corollary 1.1. O
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