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U"Université, B.P. 12, 76801 Saint-Etienne-du-Rouvray, France
23 Université Paris 18, Sorbonne Paris Cité, LAGA, CNRS (UMR 7539), F-93430, Villetaneuse, France

Abstract. Under the motivation of modeling a biofilm model, we introduce a system of semilinear elliptic
interface problem. We also propose a technique of decoupling a semilinear problem and apply the Nistche-
Extended Finite Element method to prove the existence and uniqueness of solutions and their convergent
properties.

1 Introduction

Biofilms are, generally, observed in aqueous media or in a media exposed to moisture. They can grow on any
type of natural or artificial surface. Biofilm structures give bacteria some environment to stay and grow. They
have both good and bad impacts for the human life and very important. Biofilm modeling in cooperation
with laboratory experience, therefore, has rising in recent years in order to study more about it. Further about
biofilm can be found in the works also refer to the works of Chopp and Duddu et al. [13, 7], Cogan et al.
[9, 8, 11, 10] and the work of Rittmann [27] for instance.

Under the motivation of modeling a biofilm model, we consider a system of semilinear elliptic equations of
two variables in two different regions separated by an interface. This model will be mentioned in more details
in section 2. Since it is difficult to work directly on a semilinear system we introduce an intermediary variable
to decouple the system into a system of a linear equation and a semilinear one.

As a motivation of biofilm, we always have in mind more general and complicated problems where the
biofilms can change their size because of other impacts. It means that the interface of the problem can move
with time. We are thus led to study on an unfitted finite element method in which the interface can cut the
mesh's element and doesn’t make the mesh change with it. This interesting idea has been studied in deep for
years with many recent methods.

There are many unfitted mesh based methods which have been proposed for recent years, one of them is
Immersed Interface Method (IIM) which is particularly designed for interface problems. The IIM is a sharp
interface method based on Cartesian grids [20]. The work of Li [21] gave an overview of this method and some
of its applications. However, when we work with discontinuous coefficients and singular sources, especially with
large ones, the accuracy obtained by using IIM is not so good. Other interesting approaches are using Extended
Finite Element Method (XFEM) [22, 3] and Nitsche based Finite Element Method (NFEM) [17]. XFEM is
an extension of the standard finite element method in which arbitrary discontinuous functions and derivatives
are added to the standard finite element approximation. A. Reusken and his coworkers had many contributions
when using XFEM for two-phase incompressible flows problems [16, 19, 25, 26, 23]. NFEM uses the idea of
Nitsche [24] to enforce weakly the interface condition in the weak forms. Note that, there is also relation
between XFEM and NFEM which is commented in [2]. In this paper we will use NFEM and its innovated
versions to work with the purpose of unfitted mesh. We use the name NXFEM to allude the relation of XFEM
and NFEM. NXFEM is also called “unfitted FEM" or “CutFEM" in some literatures.

In this article, we are using the Nitsche based one (NXFEM) which first introduced by Hansbo in [17].
The key idea of NXFEM is imposing weakly the interface conditions in the weak formulation by doubling all
basis functions whose support cut by the interface into two new ones. Hansbo borrowed this idea from the



method of Nistche [24]. Our purpose in this work is to use NXFEM for the semilinear problem in coupling
with the decoupling idea mentioned above. One drawback of NXFEM is that the conditioning of the stiffness
matrix is sensitive to the way interface cut the element. It's because there may be some ways in that the
ratio between two pieces of cut is very large, the stiffness matrix thus becomes very ill-conditioned. Thanks to
the Ghost penalty method proposed by Burman [5] and technique of removing small cut elements by Reusken
[25], we can handle this problem. However, we don't present this problem in this work, we just implicitly use
it in the implementation for the numerical section 6. In order to prove the convergence of NXFEM discrete
solutions to the continuous ones, we apply the idea of proofs in Discontinuous Galerkin Method proposed by
Ern and Di Pietro [12]. Their work actually relied on techniques inspired by the Finite Volume literature given
in the work of Eymard et al. [15]. Noting that, Ern and Di Pietro worked on the discontinuity on each side of
element mesh whereas we only work on the discontinuity of functions on the interface. The article is organized
as follows. Section 2 introduces the main model with some necessary assumptions on the coefficients and
functions. We also show the technique of decoupling our system, give the details in weak formulations and the
proof of existence and uniqueness of continuous solutions. In Section 3 we introduce the NXFEM settings and
we give assumptions on the meshes and the discrete formulations. The main part of this work is on Section
4 and Section 5 which give in detail about the existence and uniqueness of solutions of discrete problems and
their convergence to the continuous solutions. Finally, in Section 6 we present a numerical test case to validate
our approach.

2 The model setting

Let us consider a convex polygonal, Lipschitz and bounded domain € in R? such that Q = Q; U Q5. These
two regions are separated by a sufficiently smooth interface I". We consider the following stationary problem
(2.1) which is a system of semilinear equations.

-V - (aVu) +vg(u) = f, inQ,
=V (BVv) = Avg(u) = f, in Q,

[u] = [aVau] =0 onT, 2.1) Q .
v=Vuav=0 onT,

u=1u on 012, Q
V=7 on 0.

Here, n denotes the unit normal at a given point on I" pointing from € to {29, and the restriction of u on:

e each subdomain §; of Q for i = 1,2 at a point z on I" as in (2.2) where n pointing from Q; to (.

is defined by
up(z) = lim u(z — en),
e—0 (22)
ug(z) := lim u(z + en),
e—0
Then,
e the Jump is defined as
[[u]] = u1|p — u2|1". (23)

We also take the following special form of g, f., f,, ¥ which are agreed to a biofilm’s model, i.e. there is no
bacteria outside the biomass region ;.



(u) = g1(u) in 4, I = Jup inQu, o fo, in _— 71 on OO\T,
g 0inQe. 7" 1 uwin .77 J0inQs |0 on 92\I.

Assumption (A) We suppose that @, A > 0,7; > 0 and two diffusion coefficients «, 8 are assumed to be
piecewise constants a = a; > 0,8 = 5; > 0in Q; for i = 1,2. In general, we have oy # g, 81 # (2. We also
assume that functions g, f,, f, are such that

f’ll?f’U € L2(Q)7

g measurable with respect to x € Q and 0 < w <&(x) € LY(Q).
u

2.1 A weak formulation
We introduce the space H”(£;,) defined as,

H*(Q,UQy) = {v e L3(Q) : v; € H¥(SY) for i = 1,2},
for k = 1,2 where v; = v|q,, which is endowed with the norm:

||u||§{k(912) = Hu”%ik(sh) + ||UH%V¢(QQ)-

From system (2.1) we derive three uncouple systems for which the weak form is easier to deal with. On
letting w = u + ‘5 v, we are able to decouple the system (2.1) into three separated problems (2.4), (2.5) and
(2.6) as follows:

V- (aVw) = fu = fut+ tfo inQ;i=12,
[w] = [aVaw] =0 onT, (2.4)
w:w::ﬂJr%fD on 0f2.

-V - (BVv) = dvg(w — %v) =f, inQ,i=1,2
v=Vav=0 onT, (2.5)
v="7 on 0N.

u=w-— %v. (2.6)

From the definition of w the following result is easy to check.

Proposition 1. If w,u and v are solution of (2.4)-(2.6) then u,v and is solution of (2.1). Conversely,
if u,v is a solution of (2.1) then w,v and u are solutions of (2.4)-(2.6).

A weak formulation of (2.4) reads as
{ Seek w € {s € H'(Q)} such that s = w on 9 and
(@Vw, Vo)a = (fu.p)a, Ve € HY(Q).

On enforcing weakly the interface conditions owing to the Nitsche technique, a weak formulation of (2.5)
reads as:

(2.7)

Seek v € V such that v = v on 02 and
(2.8)

BV, Vo) = (q(v), p)a = (fo, ), Ve € Vo.
Next, we need to verify the equivalence between the weak problems (2.4), (2.5) and the decoupled system
(2.7), (2.8). Indeed,



Proposition 2. If (w,v) is a solution of (2.4)-(2.5) then it is also a solution of (2.7)-(2.8). Conversely,
if the weak solution (w,v) of (2.7)-(2.8) belongs to H*(QY), then it solves (2.4)-(2.5).

Proof. The first statement can be obtained easily from the derivation of weak formulations. We now prove
that if (w,v) solves (2.7, 2.8) and w,v € H?(2) then it also solves (2.4, 2.5).
First, consider problem (2.7) and w € H?(2) is a solution of it, we have w = w on 99 and

(aVw,Ve)a = (fu,@)a, Ve € Hy(Q).

Performing integration by parts on the («Vw, V)q,, backwards on each subdomain 2;, we have

—(V - (@Vw), ), + {[aVauw], fol)r = (fu,0), Ve € Hy(Q). (2.9)

We choose ¢ =0 on I', (2.9) becomes

—<V'(OZVIU),QO>QH = <fwa</7>ﬂa VQDEH(%(Q)H{QOZOOD F}

We could argue in each subdomain §2;,

—V - (aVw) = f, a.e. on ;.
Now back to (2.9) we have

([aVaw], {od)r =0, Vo e Hy(2)N{p#0onT}

This implies, [aVaw] = 0 on I'. To sum up, we have shown that w solves (2.7) and w also satisfies all
conditions of problem (2.4).

With the same technique, we can easily obtain the same result for problem (2.5) and (2.6). Indeed,
from (2.8) and for any ¢ € H}(Q2), we have

—(V-(BVv), ©)a., + ([BVav], {e})r + ([l {8Vnv})r — (a(v), ¥} = (v, 0)a
Choose ¢ = 0 on I" then

—(V - (BV), @), — (av), ) = (fo, p)a, Vo e {v € Hy(Q),%»=0o0nT}.
This implies —V - (8Vv) — q(v) = f,. Thus,

([8Val, o) + (Lol {8Vavhr =0, Vo € {¥ € Hy(Q),4 #0on T}, (2.10)
Don’t forget that ¢ € Hg(2) or we have [] = 0, this leads to

([BVnv], fedir =0, Vo e {¢ € Hy(), #0onT},

or we have

[BVav] =0, onT. (2.11)

Replace (2.11) in (2.10), we get



([¢], {Vavh)r =0, Vo € {¢ € Hy(Q),9 #0on T[] # 0 on T}

or

{B8Vav} =0, onT. (2.12)

Coupling (2.11) and (2.12), we have V,v = 0 on I'. To sum up, we have shown that v solves (2.8) and
v also satisfies all conditions of problem (2.5). [ |

Proposition 3. Under assumption (A), the problem (2.7)-(2.8) has a unique solution.

Proof. If f,, € L*(2) and thanks to [6], problem (2.7) has unique solution in H? on each subdomain and
further,

H'LUHHl(le) + ||w||H2(Q12) < O||fw||L2(Q12)'
It’s also known in [18, Theorem 2.1] that the semilinear problem (2.8) has unique solution in V if

fo € L*(Q) and g(x,u(z)) satisfies

g measurable w.r.t z € 1 and 0 < ag(ax,u) < &(z) € LHQ). (2.13)
u

3 A NXFEM approximation

3.1 The discret setting

Triangulation. Let hx be the diameter of each element K in 7Tj and h := maxge7, hx. Based on the
location of interface T', we also define the set of triangles covering each subdomain ; by 7,! := {K € T}, :
KNQ #0} and Gy, :={K € T, : KNT # 0} is the set of all cells that are intersected by I". For each
K € Gy, let T :=T'N K be the part of I in K. For each K € Ty, let K; := K N$); be the part of K in ;.
For any part, e of 2, we denote by |e| the measure of e.

///\\ ///\\ ('//\\ //\

(@) Th- (b) Gh. (e) Ty (d) 7;2.

Figure 1: Illustration of the triangulation.

Assumption 1. The triangulation is non-degenerate, i.e. h—;( < C,VK € Ty, for some C > 0 where hg
and px are the diameter of K and the diameter of the largest ball in K respectively.

Assumption 2. For K € G, I’ cuts each element boundary OK exactly twice and each open edge at
most once.



Assumption 3. Let ' j, be the segment connecting the intersection points between I' and 0K , we assume
that Tk p, is the function of length on T'i in the local coordinates (3.1).

I {(xay) <z < ‘FK,h‘vy = 0}7

T ={(z,9):0<z < |Tgnl,y=20dx)} (3.1)

Definition 1. Let v be a scalar-valued function defined on 2 and assume that v is smooth enough to admit
on all part of the interface a possibly two-valued trace. The average of v is defined as

{ul = k1w + Kouzlr, (3.2)
where weight parameters k1, ko satisfies Y k; = 1,K; > 0.

Lemma 3.1. With the jump and average operators defined in (?7) and (3.2) and u,v two discontinuous
functions across I', we easily have,

[uv] = [ul§v} + fuBlv] + (k2 — w)[u]v] and
fuvl = fup{vl + rirefu][o].

We introduce the finite element spaces V' = V}! x V;2 and V,0 defined as:

Vi i={un, € L3(Q) : vpla, € H() and v | € PHK),VK € U; T}, i=1,2. (3.3)

VY= {wv, € Vi 10, =0 on 00}, (3.4)

Remark 3.1. Note that, V;/' C H'(Q12) and the functions in V' are no need to be continuous across the
interface.

We recall below the norm used in [17] and some results established in [17].

HUH%/z = Z hf<1||v||%2(rK)’ ||U|\31/2 = Z hKHU||%2(rK)~ (3.5)
KeGy KeGp
Proposition 4. For u € V[, |||[_1/2 defined in (3.5) and k; = |‘If{i‘|, the following inverse inequality
holds,
IVaul2, /s < ClVullizq,,)- (3.6)

Definition 2 (Interpolant). Consider an operator E; : H*(Q;) — H?(Q) such that (E;w)|q, = w and
|Eiw|so < Clwlsq,, YweH*(Q),s=0,1,2.

Let I, be the standard P finite element interpolation operator and define
v = (I yvr, I qu2) where Iy v = (InEivi)|g, - (3.7

3.2 Discrete formulations

The discrete form of problem (2.4) we introduce is the following:

Seek wy, € VhF such that wy, = w on 90

awn(Wh, on) = Kuwn(pn), Ven € V;?,



where

awh(Wh, on) = (@Vwn, Vor)a,, — ([wr], {aVaerir — ({aVawn}, [on])r + (([wa], [en])r,
Kun(en) = (fuw, on)a-

The discrete form of problem (2.5) we introduce is the following:

Seek vy, € VhF such that vy, = ¥ on 90

(3.9)
avn(Vh, o) — (q(vn), n)a = Kon(en), Veon € V2,
where,
avn(Vn; n) = (BVon, Von)a,, = ([vnl, £8Vaen})r — ({8Vavn}, [en])r
+0{on}, fonir + Orima(fonl, [onl)r, (3.10)
Kuon(en) = (fo, on)-
Proposition 5. For u,v € V' and the norms [lz, (-l =1 defined as in (3.5), we have

(w,v)r < ully o]y (3.11)

Proof. Thanks to Holder’s inequality and Schwarz’s inequality, we have

o) = Y (hptuhio)e, < 7 (g s Ihgollzan) e
TeGH TeGH
: :
< (Sreanh ul3aer) * (Srecuhrllolamn )™ = lully oy
|

Proposition 6 (Consistency). If w,v solve the continuous problems (2.4), (2.5) respectively then w,v
also solve the discrete problems (3.8), (3.9) respectively.

Proof. For w, using the same technique given in [17, Lemma 1], we are able to get

awn(w, on) = Kun(en), Yeon € V2.

For v solving (3.9), it’s even easier because of the condition of v on T" (v = Vv = 0). After put v into
ayh, all terms on the interface will disappear and we get instantly the result. |

Proposition 7. The following estimates hold
(1) awn(wn,n) < Cllwnllyllenlly, for all wy € Vi and ¢y, € V),
(i) awn(wp,wp) > Cllwyll?, Yo € VI for all wy, € VT,

where ||-|||, is defined by

2
lonlly = 1VorllZ2 () + 1€ Vavn 2y 2 + [Tonll3 - (3.12)
Proof. The estimates (i) and (ii) can be obtained from [17, Lemma 5]. |

Theorem 1. The discrete problem (3.8) has unique solution in VL.



Proof. Thanks to the Lax-Milgram theorem. |
Theorem 2. The discrete problem (3.9) has a solution vy, € ViF.

Proof. Given @), € V;I', consider the problem : Find vj, € V;I' such that

avh(Vn, on) — (@(0h), en)a = (fo, pr)a, Ven € V2, (3.13)

We can obtain the continuity of a,j thanks to Holder’s inequality and (3.11),

|avh (vas on)| < [(BVUR, Von)a| + [(Ton], {8Vaen vl + [({BVavr}, [en])r|
+10(fvn}, {on}ir] + 10s1 52 ([vn], [on])r]
< ClVunllLz@u) Vel + Cllva]ll s 8Vaen Bl -1

+ CI{BVnon}l— 1 lenllly + Cli{on Rz I en Bl 2 (r)
+ Cllonlls Nendll
< Cllonll;llenllys

where ||-|||, is defined by
2
lonllz = IVoRlIZ2 () + IHBVavn 321 2 + 1[ondl13 2 + [Hon 22 (r) (3.14)
Using the same technique as in the proof of [17, Lemma 5] with any & > 0, we have

1
avh(Vhs vp) > §Hﬁl/2vvh|\%2(ﬂl2) + CllonlZ200,\1)

1 2C1Bmax L
- ( - I) 182V on1Z 20y + g”{{ﬁv“”h}}”Z—%

2 &
3
s (wmz—) TEATE T S L,
TeGy hT

By choosing £ = 4CBmax (Cr is the coefficient in the inverse inequality (3.6)) and 6 > ﬁ, we
have

aun(vnsvn) = Clloall3. (3.15)

Thanks to Lax-Milgram theorem, it is easily to check that (3.13) has unique solution in V;'. From
this, we define the operator T by

T : vf — v
Op, > T(0x) = vp, solving (3.13)

Owing to (3.15),
aun(vn,vn) = Cllonlls = ClVonllZsa,,)-

Besides that,

(q(n),vn)0s + (fo,vn)a < [{@(On), vr)a., + (fosvn)al

avh(vh7vh) ==
< allzzllvnllzz ) + I follzz@)llvnll 2 ) < ClIVURl L2 (010)-

Therefore ||Vop|r20,,) < C (thanks to Poincaré’s inequality), then T' is bounded in V;/. Take R
“large enough”, T maps Br = {vy € V}I : |lunll12(0.,) < R} to Bg. It’s enough to prove that T is



continuous to conclude by the Brouwer fixed point theorem (cf. [4]). Indeed, let {9}'},, be a sequence in
VI such that 97 — ©),. Putting v = T(7). Because T is bounded in V;I', thanks to Bolzano-Weierstrass
theorem, there exists a subsequence, also denoted v}, converges to a quantity so-called z; € VhF. What
we need to do now is to prove that zj, is a solution of (3.13). Take ¢, € V)2, we have

avh(v}?a@h) - <Q(@}T;)7<ph>912 = <fv790h>9'

With assumptions like in 3, (¢(9}), ¥n)a., — (¢(On), ©n)o,,. Moreover, v} — zj implies

BV, Von)a,, = (BVzn, Von)a,,,

Ior] = Lznlllz2 ey = NlvR = 2alllz2 @y Z lI(v

2

)

< CZ I (vry = 2zn)la: 2@,y — 0,
=1
2
IR = €2n Iy = 1D mi(vk = 2n)la, o — 0.
i=1
H{BVavr } = {8Vnzn 72
2
<CY 18V (v] = zn)lall7em) < CZZ 15V (0] = z0)|0u 72 (o)
=1 i=1 K
- | KT
illl'k n
< CZZK/ZQ‘FKHVn(’U — Zh |Q |2 CZZ ‘K|2 HVII(’Uh - Z}L)|Qz|‘%2(Kl)
=1 K =1 K
<CZZHV i)l e CZIIV i)l Tz, — 0

=1 K

In the estimate [|[{8Vav}}} — {{ﬁvnzh]}HLz (r)> we have used the fact that [I'x| < g, K| < h3,|K| >
Ch?;. And therefore, a,n (v, ¢n) — avn(zn, ¢n). Finally, we get,

avh(zhv @h) - <q(7~}h)7 §0h>Q12 = <f1)7 QOh>Qv
or zy, solves (3.13). Sum up, we conclude that T admits a fixed point z;, = T'(z;,) which solves the problem
(3.9). N
4 A convergence result

In this section, we are going to show that the solution of discrete problems (3.8) and (3.9) converges to the
solution of the weak problems (2.7) and (2.8) respectively. In order to do that, we have to define some operators
defined on the interface and also their convergence result in V;I'.

Definition 3 (Lifting operator). For vy, € V', let Ly, : L*(T') — [VY]? such that

Vo e V1P, (Lalvnl)s 0o, == ({e} - n, [on])r. (4.1)
We observe that the support of £;, consists of two subdomains of which I' is part of the boundary 0%;, or
supp(Lp) = QU Qy = Q.

The following discrete gradient operators will play an important role in the analysis.



Definition 4 (Discrete gradient operators). For all vy, € VI, let Gy : ViF — [VF]? such that,

Qh(vh) = V’Uh - ,Ch(ﬂ’l]h]]). (42)
. . _ [ HY(Q) ifo=a o [ H}Q) ifo=a .
Symbolic notations. Let V, = v ifo—3 " V> = Vo ifo—3 " and we define a
symbolic norm ||-|| which stands for ||-|||;,4 = 1,2 given as below
2
21" = 1V2l72 @) + ITZNE + 1o Vaz b2y + sll€2RZe @), (4.3)
where ¢ = a,0 = f are corresponding to |||, |||, respectively and p = 0,4 = 1 are corresponding to

-1l -1l respectively.

Theorem 3. Let I} : V, N H?(Q42) — VI be the interpolation operator defined in (3.7), then
llv— Irv|l < Chlvllrz(ary), Yo € Vo N H?(Q42). (4.4)

Proof. Look back to definition of norm ||-|||, there are 4 terms. For the first 3 terms, using the result given
from the proof of [17, Theorem 2], we have

V2172 (.0 + LR + 1o Vazh2 s < CR|vliZ2q,,), Vo € Ve N H?(Qu2),

where z = v — Ijv. For the last term,

2 2 2
=B 2y = 1) mazillzay < Y llzilleay < O lzill L2 onn
=1 =1 =1

2

< CY |Vaille) = ClIVEI 2@ < ChlvllL2(04)-
i=1

|
Proposition 8. Let ||||7% and Ly, be defined in (3.5) and (4.1) respectively, we have the boundedness for

the lifting operator Ly as following
14 ([orDlliz2@1e < Cllloalls,  Yon € Vy - (4.5)

Proof. Coming from the left hand side of (4.5), we have

1L (Ton)1Fe2 0z = LR TonD)} - 1, [onl)r < CILLR [on]) Hliz2y2 Tonl Il 22y
< C (sallLa(TonD e lizzye + w2l Ln(EonDlos Nz ) ITendlize

<C (/@1||Eh([[vh]])|ﬂl 20012 + "‘2||£h([[vh]])|92||[L2(aﬂz)]2) ITvrlll 22y

(A) 1 _1
< ¢ (mh A ILa(ToDlen ez + roh™ LA (D los lizcae ) IEonllery

< Ol La([nl)liz2@umzh ™~ 2 1 [ondll 2oy
< CllLn(fon) iz 1 Tonlll .-

In above estimate, the reason (A) comes from following estimate owing to the trace theorem and [1,
Theorem 1.3],

10



lvnllz2 00y < ClIVURllz2(n < Cdi Mlvnllz2(a,) < Ch™ [|vall 220y, (4.6)

where d; := sup, ,cq, |z — y[| which is the diameter of the domain Q; satisfies an assumption on the
domain that there exists C; > 0 such that d; > C;. |

Proposition 9. For the discrete gradient operator Gy defined in (4.2),
1) Yor € VT 1Gh(vn) lip2(010)2 < Cllvall.
2) Gn(I}p) — Ve strongly in [L?(12)]? for all o € V2

Proof. a) Using the definition (4.2) of G, and the triangle inequality coupling with the boundedness (4.5)
of L, we have

1Gr (o)l (L2 (@202 = Von — La([va]) 122 (@12)2
< C||Vonllz(0.0) + CllLL(TvrD 122 (1012
< Cl[Vonlz2(ai) + Clllvellly < Cllvall.

b) For all p € V2,

1Gn(I5¢) — Vol < IVULe) — Lu([1he]) — Veolli2 )2
=[[VIre —¢) = Lo([(Lre — @)Dl L2 (212))2
S CIVULe = @)l L2(@1s) + CILL([Tre — @)Dz ()2
< Clize — ol + CllIRe — )]l 1
< CllIze = ¢ll < Chllellrz(a.,)-
||

Proposition 10. Let {vy}, be a sequence in V' and assume that this sequence is bounded in the ||-||-norm.
Then, the family {vp}n is relatively compact in L?(Q).

Proof. We will borrow the idea of proofs in the work of [12] and [14]. While the authors of [12] work on
Discontinuous Galerkin Method in which they consider the discontinuity throughout faces of all elements
of the mesh and the authors of [14] work on Finite Volume Method, our work will focus only on the zone
around the interface.

For v € LY(R?), define a space BV := {v € L'(R?) : ||v||py < +00} where

2
vy = Zsup{/ﬂp vOipda;p € C°(R?), ||| Lo r2) < 1}
1=1

Extending the functions v, by zero outside € and for all ¢ € C°(R?) with ||¢|| L (r2) < 1, integrating
by parts gives us

/W(vh)aﬁpdx = /Q(vh)aiapdx = /Ql(”h)al'@dx'f‘/ﬂz(vh)@wdx
— —/le(ei V(on))pdr+ > /T(ei'n)[[ﬂhﬂwds.

TeGH r

Holder’s inequality and the fact that [¢]|feere) < 1 will give us
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—/Q (ei - V(vn))edz < [[V(vr)llLr @) @l @is) < IV (0R) L1 (@)

> /F (e m[onlpds < D [onlllwiwepllelzewn < D Mloallziwr).-

TeGy, T TeG, TeG,

Applying Hoélder’s inequality again,

[Vonllzi @) < 122 @) IVURI L2 (01) < CV VR L2 (010)

1 _1
SoMlondliwry = > 1hEhg? [oalllzr s

TeG) TeG
1
2 2
< | D2 hrltlFe > hptllvalllze g
TeG) TeG
< Clllonllly,

in which we have used that |[T'r| < hr and the non-degenerate property of the mesh, h% < C|T|.
Therefore, [p.(vs)0;0dz < C|lup|| or we have

lovpllsBy < C|lon]| < C.

From [14], for all y € R?,

Cllvn(- +y) — vnllr ey < ylllovallsy < Clyl,

where |y| is the Euclidean norm of y. From this and thanks to Kolmogorov’s Compactness Criterion,
we have that {v;};, is relatively compact in L'(R?). Besides that, Poincaré’s inequality helps us

lvrllzzey = lvnllLz) = llonllL2(@.) < ClIVURllLz@.,) < Cllonll < C,

or {vp} is also bounded in L?(R?), hence it is also relatively compact in L?(R?). Finally, we have
{vn}n is relatively compact in L?(€2) because vy, has been extended by zero outside . [ ]

Theorem 4. Let {v,} be a sequence in ViI'. Assume that this sequence is bounded in ||-||-norm. There
exists a function v € V, such that as h — 0, up to a subsequence, v, — v strongly in L*(Q) and
Gn(vp) — Vv weakly in [L%(Q)]2.

Proof. Thanks to the Proposition 10 and Rellich’s theorem, there exists a function v € L?(2) and a
subsequence, also denoted by vy, such that v, — v strongly in L?(£2). Moreover, the Proposition 9 gives
us the boundedness of Gj, in [L?(Q2)]?, thus there exists a new subsequence, again denoted as vy, and
w € [L?(Q)]? such that Gp(vy) — w weakly in [L%(©2)]2. What we need to do is to prove that w = Vu.
Indeed, for all ¢ € [C2°(£2)]? (note that, [¢] =0 on I and ¢ = 0 on 99),

<gh(vh)’ <P>le - <vvh - ‘Ch([[vhﬂ) >912

= (Von, pla = (La(lvnl), 0)0.
o0 @la+ [ [one - m]ds = (CallonD), o

12



= —(vn, V- p)a + ([onl, {o} - n)r — (La([on]), ©)as,
=—(vp, V- 9)q.

Observe that when h — 0, (v, V - ©)q — (v, V - p)q because of the strong convergence of vy, in L2(Q).
As a result,
<Wa§0>9 = }llii%<gh(vh)730>912 = 7<U7v ) §0>Qv Vo € [CSO(Q)]Q

If we can prove that [v] = 0, we can obtain w = Vo, hence v € V,,. Indeed, considering the relation,

velllzzay = o2z | < ITon = o]l 22y
< |[(vn = v)la, 2y + (v — )]s |20

Using the relation (4.6), we have

1(on = v)le;llL2r) < l(on = v)la:llz200:)
< Cd;HI(vn = v)lallzz@:) < Cll(vn = v)le, |2
Thus,
valllz2y = o]l 2] < CZ [(vn = v)la |20
i
which tends to zero because v, — v in L?(€2). This implies
[Tvalllz2ry = oDl (r)- (4.7)

Besides that, vy, is bounded in ||-||-norm,

W Ilondlzey = D R ITondlZeeny < D bt lTondliZecen)
TeGy, TeGH

2
= ITva]lI} < llonll® < C,

which yields that as h — 0,

[[ve]ll 22y — 0. (4.8)
From (4.7), (4.8) we have [|[v]||z2(ry = 0. This yields [v] = 0. |

Now, we have all needed tools to consider the convergence of the solutions of discrete problems to a solution
of the weak problems.

Theorem 5. For {wp}n,{vn}n be the sequence of discrete solutions generated by solving discrete prob-
lems (3.8),(3.9) respectively, there exist solutions w,v solving (2.7),(2.8) respectively such that as h — 0,
(wh,vp) — (w,v) strongly in L?(Q).

13



Proof. Using 7, (3.15), Holder’s inequality and Poincaré’s inequality, it is inferred that,

w2 < Cawn(wn, wn) = Kun(wi) < Cllwpl|z2) < ClVwnlr2@) < Cllwsll,

llonll3 < Cavn(vn, vn) = Cla(on), va)a + C{fo, vn)a
< llallzz@llvnllzz@) + [ foll 2@ lvall L2 @)
< C||k| (o) (mesh(2))2(| Vs 2() + ClVonll L2y < Cllvall,-

Hence, {wp }1, {vn}n are bounded in ||-|||;-norm and |[|-||,-norm respectively. Thanks to 4, there exist
w* € HY(Q) and v* € V such that, as h — 0, up to a subsequence, wy, — w*, v, — v* strongly in L?(Q)
and Gy, (wy) — Vw*, Gy (vy) — Vo* weakly in [L?(Q)]2.

We want to prove that w* and v* are solutions of problems (2.7),(2.8) respectively. In deed,

(i) For all p € H}(Q),

auwn(wp, Iip) = (@2 Gn(wn), a2 G (L59) )0z + Jun(wh, i) = Fi + Fa,

where

Py = (a3 Gh(wh), a2 Gr(I;¢)) e,
Fy = jun(wn, Iip) = C([wnl, el — (a2 La([wa]), o2 Lr (L)), -

From the weak convergence of Gj(wp) to Vw* and the strong convergence of Gp(Ij¢) to Ve (cf.
Lemma 9), as h — 0, we have F; — (aVw*,V¢)q,,. We show that F5 — 0 also. Indeed,

[C(Twal, Unel)el < Cllwalll s [TZnellls < Cllwnlly 17re — €]l +
< Cllwally i fme = ¢lll, = 0,

(a2 Ly, ([wn]), a2 Lo ([Zz]))r] < ClLHTwnD) iz ey 1£a (LoD 22 (0102
< C[wall 3 15D, — O

because wy, is bounded in [|-||; and owing to 3 and Proposition ??prop:sys-liftOperBound .
Besides that, we also have Ky (I;;¢) = Kuwn(p). It’s because

| Kwn(In9) = Kun(0)| = [Kuwn(Ire — @) < | fwlli,co.0lllne — @l
< CIVUIre = o)Lz < Cllge = ¢ll; — 0.

In short, for all ¢ € H} (1),

aw(w*a 90) A awh(w}u Ilit(p) = Kw(bt@) — Kw((p)' (49)

The remaining thing to be verified is the boundary condition w* = w on 0. It’s easy to obtained
thanks to the strong convergence of wy, to w in L?(2) and the trace theorem.

In one word, w* is a solution of discrete problem (3.8). Since the solution of this problem is unique
(cf. 3), we also have that the whole sequence {wy,};, strongly converges to w* in L%(Q).

(ii) Similarly, for all ¢ € Vj,

avn (vn, T ) = (B2Gn(vn), B2Gh(L50)) s + Jon (0n, 1),
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where

Jon(ny Inp) = Ok1k2([on], [Ie])r + O(fonl}, {LneR)r
- <ﬁ%£h([[vh]]),B%Eh(ﬂl}t@ﬂ»ﬂlz

With the same technique as in a, in a notice that,

|(ond, {2 B)rl = [({on} £ — Liebirl (e} =¢=0o0nT)
< Clllvallzlle = Lelly = 0,

we have

avh(vhv IZ‘P) - <ﬁvv*7 V90>Q12'

We want also that (g(vp), If¢)a — (¢(v*), )q. Indeed,

a(vn), I p)a — (q(v™), p)al
= [{q(vn), Iy p)a — (a(v™), Ip)a + (a(v"), Iy p)a — (q(v™), p)al
< Kq(vn) = q*), Iie)al + [{g(v™), I — @)al.

With the same assumptions for ¢ as in 3, q(z,vn(x)) — q(z,v*(z)), a.e. in L?() and we will get
(q(z,vp(x)), IFp(x))a — (g(z,v*(x)), I} ¢(z))o thanks to convergence dominated theorem. Moreover,

(a(v™). I = al < lallzz@ 1 e = @lliz(o) < Ikl (mes(2))?| e = ¢l 20

< CIVUre = o)llrz) < CllIEe — @lly — 0.

Again, we do similarly get K, (I;¢) = K,(p) and v* = ¥ on 9Q. We get finally that v* satisfies

<BVU*,V(,O>912 - <Q(v*)7@>ﬂ — avh(vhvlft(p) - <q('Uh)7I}>:<P>Q = th (IZ@) — K’U(@)a

or v* is a solution of discrete problem (3.9). Since the solution of (3.9) is unique (cf. 3), we also have
the strong convergence of v;, to v* in L?(). [ |

5 A numerical test

We consider the problem (2.1) in which a domain Q = [0,1] x [0, 1] with an interface is a circle centered at
the origin with a radius 9. The boundary condition and the source term f,, f, are determined from the exact
solutions

2
r
—_ i < 2 212
a1 = 70“ — 7o) if r <o,
u(x,y) = s s v(z,y) = Ieh
Tt = T . otherwise
— 904 9 otherwise, 0 ’
(65) (6751

where 7 = /22 + 42,79 = 0.6. Notice that the exact solutions satisfy interface conditions in equation
(2.1). The coefficients of this test are taken as a; = 1,0 = 100, 37 = 0.5.
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uh

(b) A numerical solution wp,.

vex vh

(¢) An exact solution v. (d) A numerical solution vy,.

Figure 2: An exact solution and a numerical solution of u, v in a fine mesh.

(a) An exact solution w. (b) A numerical solution wy,.

Figure 3: An exact solution and a numerical solution of w in a fine mesh.
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Numerical solutions wup, v, in comparison with the exact solutions u,v are given Figure ?7fig:chap4-
solutions-uv (here we are showing the solutions in 3D view with the z-index is the value of solutions at points
on Oxy). You can see, with a smooth mesh, we obtain almost the same results for both exact and numerical

solutions.
For a reference, we also plot the two solutions of w = u + %v as in Figure ?7fig:chap4-solutions-w.

The corresponding L? norm errors and convergence rates of w — wy, and v — vy, are given in 1 and 4.
h |lw —wpl||g2 | order | ||v—wvp|L2 | order

1.34x 107t | 7x1073 2.5 x 1073

6.9x1072 | 21 x1073 | 1.82 | 594 x107* | 2.14

349 %1072 | 533 x 1074 | 2.01 | 1.16 x 107* | 2.40
1.76 x 1072 | 1.38 x 10~% | 1.93 | 2.57x 10~° | 2.18

Table 1: L2 norm errors of the solutions with different mesh sizes.

—4 I
—o— Wy
—e— V) (®
—6|
3
5
O
% 8| |
=
—10 | |
| | | |
—4.5 —4 -3.5 -3 -2.5 -2

log(h)

Figure 4: The convergence of numerical solutions to exact solutions of the system.
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