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1 Introduction sn this rtile we onsider the regulr nd semiregulr tilings of the iuledin plne y onvex regulr polygonsF here re three regulr tilingsX mde of polyominoes with vertex on(gurtion @4 4 AD polyimonds @3 6 AD polyhexes @6 3 AD see pigure IF pigure IX hree regulr tilingsF I yur tsk will e to ount horizontlly onvex @or rowEonvexA regulr nd semiregulr tilings with given numer of tilesF st is known tht the numer of horizontlly onvex polynominoes omposed y n squres follows the sequene s 1 = 1D s 2 = 2D s 3 = 6D s 4 = 19D s 5 = 61D s 6 = 196D etF IR nd the reurrent reltionship is s n = 5s n-1 -7s n-2 + 4s n-3 , for n ≥ 5. @IA he relted generting funtion is

S(x) = ∞ n=1 s n x n = x(1 -x) 3 1 -5x + 7x 2 -4x 3 .
@PA he reurrent reltionship for the numer of horizontlly onvex polyhexes is

h n = 6h n-1 -10h n-2 + 7h n-3 -h n-4 , for n ≥ 5 , @QA
with the generting funtion

H(x) = ∞ n=1 h n x n = x(1 -x) 3 1 -6x + 10x 2 -7x 3 + x 4 , @RA
nd the sequene looks like 1, 3, 11, 42, 162, 626, 2419, . . . ISF he reurrent reltionship nd the generting funtion is known for the numer of horizontlly onvex polyimonds s wellX

t n = 3t n-1 -4t n-3 + t n-4 + t n-5 + 3t n-6 -t n-7 , for n ≥ 8 @SA T (x) = ∞ n=1 t n x n =
x(1 -x)(2 -x -4x 2 + 2x 4 + 3x 5 ) 1 -3x + 4x 3 -x 4 -x 5 -3x 6 + x 7 . @TA with the sequene 2, 3,6,14,34,84,208,515,1272 por ounting the numer of horizontlly onvex semiregulr tilings we shll use the tehnique similr to QF st is essentil to de(ne the lyered struture of tilingsF here re might e di'erent possiilities to do soD therefore the shpe nd the numer of tilings my e di'erentF ithout going deep into the detils we ssume tht the de(nition of horiE zontlly onvex semiregulr tilings is intuitively ler nd very well orresponds to the de(nition of horizontlly onvex regulr tilingsF ht is eh lyerGrow is well onnetedF o simplify the resoning we my use nturl mp etween some omplex tilings nd more simple rikworkF por exmpleD there is the ijetion etween hexgonl tilings nd very stndrd plin rikworkD see pigure Q nd IQF (4,6,12) pigure PX emiregulr tilingsF gonsider the tiling with the vertex on(gurtion (4, 6, 12)F here exists nturl lyered struture omposed y two types of lyersX one lyer is omposed y sequene of squres nd hexgonsD nother lyer is omposed y sequene of squres nd otgonsD pigure UF gonsider the tiling with the vertex on(gurtion (3 2 , 4, 3, 4)F o see nturl lyered struture of this tiling we shll turn this tilingD ompre pigure P nd pigure VF e shll turn the tiling with the vertex on(gurtion (3 4 , 6) on pigure Pe in order to e le to see nturl lyered struture of itD pigure WF gonsider the tiling with the vertex on(gurtion (3, 6, 3, 6)F st n e deomE posed into eqully shped row lyersD see pigure IHF xeverthelessD the notion of lyer ontinuity requires some dditionl onsidertions whih we will not e disussing here leving reder to think out itF he lst tiling in the list is of type (3, 12 2 )D pigure PgF st looks like it is impossile to determine the lyered struture for itF rowever there exists ijetion etween tiling of type (3, 12 2 ) nd the one of type (3, 6, 3, 6)D pigE ure IHF hereforeD the prolem of ounting the numer of possile tilings of (3, 12 2 ) is somehow equivlent to the prolem of ounting the numer of tilings For n ≥ 6 the following equality holds 

P (a) (4, 8 2 ) (b) (3 3 , 4 2 ) (c) (3 2 , 4, 3, 4) (d) (3, 6, 3, 6) (e) (3 4 , 6) (f) (3, 4, 6, 4) (g) (3, 12 2 ) (h)
g n = 5g n-1 -3g n-2 -5g n-3 + 7g n-4 -g n-5 . @UA e shll
h n = b n + c n + d n + d * n = b n + c n + 2d n , @VA g n = a n + b n + c n + d n + d * n = a n + h n . @WA Lemma 1. For n ≥ 2 the following equalities hold A d n = b n-1 , A c n = d n-1 .
Proof. A sf we dd to tiling from the set B t the top lyer t the right one squre then the resulting tiling will e from the set DF his proess n e reversedD pigure IPF herefore

d n = b n-1 for n ≥ 2F
A imilr resoning holds for dding the squre to the leftF king into ount the vemm ID for n ≥ 3 the equlity @VA n e written s

h n = b n + 2b n-1 + b n-2 . @IHA
sn order to simplify the following resoning we shll tke dvntge of the ijetion etween tiling of the type (4, 8 2 ) nd the rikwork from pigure QF he notion of otgons will e repled y riks of size 

a n = i n + j n + e n + e * n = i n + j n + 2e n . @IIA Lemma 2. For n ≥ 2 the following equalities hold A e n = i n-1 , A j n = e n-1 .
Proof. A ee pigure IRAF A imilr resoning s for the se AF king into ount the ove result we n rewrite @IIA for n ≥ 3 s

a n = i n + 2i n-1 + i n-2 .
@IPA e shll de(ne more susetsD see pigure ISF vet P denotes the suset of BD suh s the rightmost rik of the top lyer is pled on top of the leftmost element @rik or squreA of the suErowF Proof. sf the top lyer of tiling from P n ontins t lest Q elementsD then tking wy rik nd squre we otin tiling from P n-2 D see pigure ITF sf there is only one rik t the top lyer of P n D then this rik should e loted extly on top of the leftmost element of the suErowF king wy this rik we otin tiling from G n-1 F his proedure n e invertedF

+ +
pigure ITX ee vemm QF Lemma 4. For n ≥ 3 holds i n = q n + b n-1 .

Proof. he set I n \Q n ontins tilings suh tht the only squre from the top lyer is pled on top of the rightmost rik of the suErowF sf we tke wy this squreD we otin tiling from the set B n-1 D see pigure IUF his proedure n e invertedF Lemma 5. For n ≥ 3 holds q n = r n + i n-2 . Proof. he top lyer of tiling from the set B ontins odd numer of elementsF gonsider tiling from the set B n \P n F sf the top lyer ontins tree or more elementsD then it is possile to tke wy the rightmost squre nd rik in order to otin tiling from the set B n-2 D see pigure PHF his proedure n e invertedF gonsider tiling from the set B n \P n suh tht the top lyer ontins single rikF his tiling does not elong to the set P n D therefore the squre just elow this rik is not the leftmost element of the suErowF here should e W rik t the suErow nd n empty spe just on top of it where we n ple squre insted of the rikD see pigure PHF he resulting tiling is from the set A n F herefore there is ijetion etween 

A n nd B n \P n F hih mens tht for n ≥ 4 holds b n -p n = b n-2 + a n F + (a)
                       g n = a n + h n , @WA h n = b n + 2b n-1 + b n-2 , @IHA a n = i n + 2i n-1 + i n-2 , @IPA p n = p n-2 + g n-1 , vemm Q i n = q n + b n-1 , vemm R q n = r n + i n-2 , vemm S r n = r n-2 + p n-3 , vemm T b n = p n + b n-2 + a n , vemm U =⇒                    g n = a n + h n , h n = b n + 2b n-1 + b n-2 , a n = i n + 2i n-1 + i n-2 , p n -p n-2 = g n-1 , i n -i n-2 = r n + b n-1 , r n -r n-2 = p n-3 , b n -b n-2 = p n + a n . por n ≥ 4 h n -h n-1 = p n + a n + p n-1 + a n-1 . herefore g n -g n-1 = 2a n + p n + p n-1 . hen g n -g n-1 -(g n-1 -g n-2 ) = 2a n -2a n-1 + g n-1 . pinllyD for n ≥ 4 g n -3g n-1 + g n-2 = 2a n -2a n-1 . @IQA yn the other hnd a n -a n-1 = r n + b n-1 + r n-1 + b n-2 . hereforeD for n ≥ 5 a n -a n-1 -(a n-2 -a n-3 ) = p n-3 + p n-4 + p n-1 + a n-1 + p n-2 + a n-2 . hen a n -2a n-1 -2a n-2 + a n-3 = p n-1 + p n-2 + p n-3 + p n-4 . pollowing a n -2a n-1 -2a n-2 +a n-3 -(a n-1 -2a n-2 -2a n-3 +a n-4 ) = p n-1 -p n-3 +p n-3 -p n-5 = g n-2 +g n-4 . IH ytining g n-2 + g n-4 = a n -3a n-1 + 3a n-3 -a n-4 .
he right hnd side n e mnipulted using @IQAF hen for n ≥ 6

g n-2 + g n-4 = a n -a n-1 -2(a n-1 -a n-2 ) -2(a n-2 -a n-3 ) + a n-3 -a n-4 = g n -3g n-1 + g n-2 2 -(g n-1 -3g n-2 + g n-3 ) -(g n-2 -3g n-3 + g n-4 ) + g n-3 -3g n-4 + g n-5 2 = g n -5g n-1 + 5g n-2 + 5g n-3 -5g n-4 + g n-5 2 .
hih mens

2g n-2 + 2g n-4 = g n -5g n-1 + 5g n-2 + 5g n-3 -5g n-4 + g n-5
.

pinlly g n = 5g n-1 -3g n-2 -5g n-3 + 7g n-4 -g n-5 .
his ompletes the proof of the theorem IF he le I ontins (rst few vlues for the sequenes used in the heorem IF le IX pirst few elements from the sequenes of the heorem IF Exercise 3. Using the methodology of Theorem 1, prove the formula @QA for the number of horizontally convex polyhexes.

n a b c d i j e p q r h g 1 1 1 0 0 0 0 0 0 0 0 1 2 2 1 3 0 1 1 0 0 2 0 0
5 Some auxiliary calculations using power series Exercise 4. Using denitions, prove the formulas for the following innite geometric progressions

A ∞ k=1 v k = v 1 -v , A (2 + 2u) ∞ k=1 u 2k = 2u 2 1 -u .
Exercise 5. Using integration and dierentiation of formal power series prove

A ∞ k=1 (k-1)v k = v 2 (1 -v) 2 , A ∞ k=1 kv k = v (1 -v) 2 , A ∞ k=1 k(k-1)v k = 2v 2 (1 -v) 3 .

II

Exercise 6. Using results from exercises 4 and 5 prove

A ∞ k=1 ku k v k-1 = u (1 -uv) 2 , A ∞ k=1 (kv + 1)u k v k-1 = u + uv -u 2 v (1 -uv) 2 , A ∞ k=1 k 2 u k v k-1 = u + u 2 v (1 -uv) 3 , dA ∞ k=1 k(kv + 1)u k v k-1 = u(1 + v -uv + uv 2 ) (1 -uv) 3 .
Exercise 7. Prove the following formulas

A ∞ k=1 (ku + (2 + u)(k -1)) u 2k = u 3 (1 -u) 2 , A ∞ k=1 (u+2k+2uk)u 2k = u 2 (2 -u) (1 -u) 2 , A ∞ k=1 k 2 u + (k -1)(2k + u(k + 1)) u 2k = u 3 (1 + 2u -u 2 ) (1 + u)(1 -u) 3 .
vet us de(ne generting funtion of three vriles

H(u, v, y) = p,q,m h(p, q, m)u p v q y m .
he vlue of the prtil derivtive with respet of vrile y t point y = 1 we denote y

χ(u, v) = ∂ ∂y H(u, v , y) y=1 . 
he forml term y term di'erentition of the following series results in

∂ ∂y y k H(u, v, y) y=1 = ∂ ∂y p,q,m h(p, q, m)u p v q y m+k y=1 = p,q,m (m + k)h(p, q, m)u p v q = p,q m (m + k)h(p, q, m) u p v q ,
for ll integer k ≥ 0F yn the other hnd using the rule of produt di'erentition

∂ ∂y y k H(u, v, y) y=1 = kH(u, v, 1) + χ(u, v). herefore for ll integer k ≥ 0 kH(u, v, 1) + χ(u, v) = p,q m (m + k)h(p, q, m) u p v q . @IRA sn prtiulr for k = 0 χ(u, v) = p,q m
mh(p, q, m) u p v q . @ISA IP Generating functions for the number of horizontally convex tilings of type (4, 8 2 )

Theorem 2. The number of horizontally convex tilings of type(4, 8 2 ) can be computed using the following generating functions

G(x) = n g n x n = 2x(1 -x) 3 (1 + x) 1 -5x + 3x 2 + 5x 3 -7x 4 + x 5 ,
and

G(u, v, 1) = (1 -uv) 3 (u + v + 2uv) 1 -2u -9uv + 4u 2 v -4uv 2 -u 3 v + 14u 2 v 2 -uv 3 -6u 3 v 2 + 4u 2 v 3 -13u 3 v 3 -4u 3 v 4 + u 4 v 4 ,
where x is the total number of tiles (squares and octagons), u the number of octagons, v the number of squares.

sn order to prove this theorem we shll use the susets AD BD CD DD D * D H nd G de(ned in etion RF sn ddition we denote a(p, q, 0)D b(p, q, m)D c(p, q, m)D d(p, q, m) nd d * (p, q, m) " the numer of tilings in eh suset AD BD CD D è D * orrespondinglyD whih ontin p otgons nd q squresD nd the top lyer ontins m otgonsF pollowing the de(nitions we note tht the top lyer of tiling from the set B ontins m otgons nd m -1 squres for m ≥ 1F he top lyer of tiling from the set C ontins m otgons nd m + 1 squres for m ≥ 1F he top lyer of tiling from the set D or D * ontins m otgons nd m squres for m ≥ 1D lso d(p, q, m) = d * (p, q, m) due to symmetryD whih lso mens tht generting funtions relted to the sets D nd D * re the smeF vet us onsider the following generting funtions of three vriles with u ounting the numer of otgonsD v ounting the numer of squres nd y ounting the numer of otgons t the top lyerF

A(u, v, y) = p,q a(p, q, 0)u p v q , B(u, v, y) = p,q,m b(p, q, m)u p v q y m , C(u, v, y) = p,q,m c(p, q, m)u p v q y m , D(u, v, y) = D * (u, v, y) = p,q,m d(p, q, m)u p v q y m . ine A(u, v, y) does not depend on yD then A(u, v, y) = A(u, v, 1) nd ∂ ∂y A(u, v, y) = 0.
Lemma 8. For all p ≥ 1, q ≥ 0, m ≥ 1 holds b(p, q, m) = d(p, q + 1, m) = c(p, q + 2, m).

Proof. ee the proof of vemm ID pigure IPF IQ prom vemm V follows

D(u, v, y) = vB(u, v, y), C(u, v, y) = v 2 B(u, v, y). hen H(u, v, y) = B(u, v, y)+C(u, v, y)+D(u, v, y)+D * (u, v, y) = (1+2v+v 2 )B(u, v, y), @ITA G(u, v, y) = A(u, v, y) + H(u, v, y) = A(u, v, y) + (1 + 2v + v 2 )B(u, v, y).
xote tht in our resoning we do not need to (nd the ext expression for threeE vriles funtion G(u, v, y)F st is su0ient to (nd the vlue of this funtion t y = 1F es eforeD denote

χ(u, v) = ∂ ∂y H(u, v, y) y=1 .
Proof of Theorem 2.

pirstD we shll otin the reurrent reltions for a(p, q, m)D b(p, q, m)D h(p, q, m) nd then we shll ompose the generting funE tionsF vet us strt with the set AF ke squre nd ple it on top to some initil tiling of type GF his type of opertion is impossile if the initil tiling ws from the set AF sf the initil tiling ws from the set H nd its top lyer ontins lredy m otgonsD then this type of opertion n produe m di'erent tilings from AF hereforeD for ny p nd q a(p, q + 1, 0) = m m h(p, q, m).

por single squre we hve a(0, 1, 0) = 1F end (nllyD

A(u, v, y) = v + v ∂H(u, v, y) ∂y y=1 = v + v χ(u, v). @IUA king into ount @ISAD otin v + vχ(u, v) = v + p,q m mh(p, q, m) u p v q+1 = v + p,q a(p, q + 1, 0)u p v q+1 = A(u, v, y).
vet us work now with the set BF gonsider tiling from the set B whih onsists of single row with k otgons nd k -1 squresF his row n e pled on top of some initil tiling of type GF sf the initil tiling ws from the set AD then this opertion n e produe k di'erent tilingsF sf the initil tiling ws from the set H nd its top lyer ontin lredy m otgonsD then we re le to produe m + k di'erent tilingsF his wy it is possile to produe ny tiling from the set B ut the ones tht re mde of single rowF hereforeD for ny p nd q holds b(p + k, q + k -1, k) = k a(p, q, 0) + m (m + k) h(p, q, m). 

(p + k, q + k -1, k)u p+k v q+k-1 y k = ∞ k=1 u k v k-1 y k + ∞ k=1 u k v k-1 y k p,q
ka(p, q, 0) + m (m + k)h(p, q, m)

u p v q = ∞ k=1 u k v k-1 y k + ∞ k=1
u k v k-1 y k (kA(u, v, 1) + kH(u, v, 1) + χ(u, v)) .

prom @IUA follows

B(u, v, y) = ∞ k=1 u k v k-1 y k + ∞ k=1 u k v k-1 y k (kv + kvχ(u, v) + kH(u, v, 1) + χ(u, v)) = H(u, v, 1) ∞ k=1 ku k v k-1 y k + (1 + χ(u, v)) ∞ k=1 (kv + 1)u k v k-1 y k .
king into ount @ITA we otin some reltions for generting funtion H(u, v, y) H(u, v, y) 1 + 2v + v 2 = H(u, v, 1) ∞ k=1 ku k v k-1 y k +(1+χ(u, v)) ∞ k=1 (kv+1)u k v k-1 y k . @ * A prom here we n ompose system of equtions for H(u, v, 1) nd χ(u, v)F he (rst eqution n e otined y sustituting y = 1 in @ * AF he seond eqution n e otned y di'erentition of @ * A with reltion to y nd sustituting y = 1F

               H(u, v, 1) (1 + v) 2 = H(u, v, 1) ∞ k=1 ku k v k-1 + (1 + χ(u, v)) ∞ k=1 (kv + 1)u k v k-1 , χ(u, v) (1 + v) 2 = H(u, v, 1) ∞ k=1 k 2 u k v k-1 + (1 + χ(u, v)) ∞ k=1 k(kv + 1)u k v k-1 .
xow we shll use the omputtions mde in ixerise TF he system of equtions n e rewritten s

           H(u, v, 1) 1 (1 + v) 2 - u (1 -uv) 2 = (1 + χ(u, v)) u + uv -u 2 v (1 -uv) 2 , (1 + χ(u, v)) 1 (1 + v) 2 - u(1 + v -uv + uv 2 ) (1 -uv) 3 = H(u, v, 1) u + u 2 v (1 -uv) 3 + 1 (1 + v) 2 .
prom the (rst eqution otin

1 + χ(u, v) = H(u, v, 1) (1 -uv) 2 -u(1 + v) 2
(1 + v) 2 (u + uv -u 2 v) . @ * * A

  semiregulr tilings with vertex on(gurtions (4, 8 2 )D (3 3 , 4 2 )D (3 2 , 4, 3, 4)D (3, 6, 3, 6)D (3 4 , 6)D (3, 4, 6, 4)D (3, 12 2 )D (4, 6, 12)D see pigure PF3Horizontally convex semiregular tilings

  etween tilings nd retngulr plin rikworkF gonsider the tiling with the vertex on(gurtion (4, 8 2 )F st n e nturlly trnsformed into plin rikwork omposed y retngles nd squresD pigE ure QF hereforeD we n use the nturl lyered struture nd relted notion of rowEonvexityD pigure RF of type (4, 8 2 )F Exercise 1. Find a dierent layered structure for the tiling of type (4, 8 2 ).gonsider the tiling with the vertex on(gurtion (3 3 , 4 2 )F here exists nturl lyered struture omposed y lyer of squres nd nother lyer of tringlesD pigure SF Exercise 2. Find other layered structures for the tiling of type (3 3 , 4 2 ).

  of type (3 3 , 4 2 )F gonsider the tiling with the vertex on(gurtion (3, 4, 6, 4)F here exists nturl lyered struture omposed y two types of lyersX one lyer is omposed y sequene of squres nd hexgonsD nother lyer is omposed y sequene of squres nd tringlesD pigure TF

  the tiling of type (4, 8 2 ) with combinatorial proof vet G denotes the set of ll possile horizontlly onvex tilings of type (4, 8 2 )F vet G n e suset of G with the numer of tiles nD let g n = |G n |F Theorem 1.

  estlish the proof y series of vemmsF pirst of llD let us de(ne severl susets of G sed on the shpe of the top lyerD pigure IIX A AX the top lyer onsists of single squreY A BX the top lyer the numer of otgons is lrger thn the numer of squres y IY A CX the top lyer ontins t lest one otgon nd the numer of otgons is less thn the numer of squres y IY dA D or D * X the top lyer ontins the equl numer of otgons nd squresD with the rightmost (gure either squre or otgon respetivelyF S mapping (3, 12 2 ) to (3, 6, 3, 6) pigure IHX ilings (3, 6, 3, 6) nd (3, 12 2 )F gonsider lso the set H = B ∪ C ∪ D ∪ D * D whih ontins t lest one otgon on its top lyerF xote tht G = A ∪ HF henote y A n D B n D C n D D n D D * n nd H n the susets of AD BD CD DD D * è HD ontining he numer of tiles nF elso a n = |A n |D b n = |B n |D c n = |C n |D d n = |D n |D d * n = |D * n | nd h n = |H n |F hue to the symmetry we note tht d n = d * n F prom the ove de(nitions follows

  U + pigure IRX eltionship etween E n nd I n-1 F vet Q denote the suset of ID suh tht none of the squres of the top lyer re pled on top of the rightmost rik of the suErowF vet R denotes the suset of QD suh tht the rightmost rik of the suErow is pled on the leftmost element of the suEsuErowD tilings from the set R ontin t lest three lyersF yn the pigure IS we mrk y xxx the position where it prohiited to ple squreF es usulD p n = |P n |D q n = |Q n |D r n = |R n |F For n ≥ 3 holds p n = p n-2 + g n-1 .

  set Q n \R n ontins tilings suh tht it is possile to tke wy squre nd rik t the right side of the suErow nd to otin tiling from the set I n-2 D see pigure IVF his proedure n e invertedF+ xxx pigure IVX ee vemm SF Lemma 6. For n ≥ 4 holds r n = r n-2 + p n-3 .Proof. sf the squre from the top lyer of tiling from the set R n is pled extly on top of the leftmost rik then it is possile to tke wy tht top squre nd the leftmost rik with squre from the suErow in order to otin tiling from the set P n-3 F sf the squre from the top lyer is not pled on top of the leftmost rik of the suErowD then it is possile to tke wy the leftmost rik nd squre in order to otin tiling from the set R n-2 D see pigure IWF his proedure For n ≥ 4 holds b n = p n + b n-2 + a n .

  top layer contains three or more elements (b) top layer contains a single brick pigure PHX ee vemm UF Proof of the theorem 1. vet us put together the otined reurrent reltionsX

  IRend for the tilings from B mde of single row we hve b(k, k -1, k) = 1F sing @IRAD otinB(u, v, y) = p,q,m b(p, q, m)u p v q y m = k b(k, k -1, k)u k v k-1 y k + p,q,k b

IS

ustituting this reltion into the seond eqution nd performing some tehnil lultions we otin

prom @IUA nd @ * * A follows

ell tht G(u, v, 1) = A(u, v, 1) + H(u, v, 1)D then

his (nishes the proof of the theoremF e use mthemtil softwreD for exmple IUD to otin the power series of two vrile sed on the ove generting funtions A(u, v, 1) = v + uv + 2u 2 v + 3uv 2 + 4u 3 v + 13u 2 v 2 + 3uv 3 + 8u 4 v + 41u 3 v 2 + 33u 2 v 3 + uv 4 + . . . G(u, v, 1) = u + v + 2u 2 + 4uv + 4u 3 + 14u 2 v + 6uv 2 + 8u 4 + 42u 3 v + 42u 2 v 2 + 4uv 3 + 16u 5 + 113u 4 v + 192u 3 v 2 + 68u 2 v 3 + uv 4 + . . .

hese oe0ients re oviously the sme s in le IF st is esy to otin now nother proof of heorem IF Proof of Theorem 1, as Corollary from Theorem 2. sing heorem PD for G(x) holds

ine the right hnd side is polynomilD then the left hnd side should e the sme polynomilF herefore the sequene g n follows the reurrent reltion of the Sth orderX

IT he hrteristi eqution for the ove reurrent reltion is @see UA

his eqution hs rel roots nd the lrgest root is x max ≈ 4, 058206109671F ine this root is not root of the numertor of the generting funtionD then we n otin the following symptoti oundry 4.0582 n ≤ g n ≤ 4.05821 n F vet us point onto the prtiulr sustitution v = 1D

he term w n is numer of horizontlly onvex tilings of type (4, 8 2 ) ontining n otgonsF e ssume tht w 0 = 1 orresponds to the se of single squreF he (rst few vlues in this sequene re w 1 = 16D w 2 = 228D w 3 = 3328D w 4 = 48612D w 5 = 710032F his sequene stis(es the reurrent reltion of the Rth orderX

with the hrteristi eqution

his eqution hs rel roots nd the lrgest root is u max ≈ 14.6059427255653F he symptoti oundry is 14.6059 n ≤ w n ≤ 14.606 n 7 Generating functions for the number of horizontally convex tilings of type (3 3 , 4 2 ) henote y F the set of ll possile horizontlly onvex tilings of type (3 3 , 4 2 ) nd y F n the suset of F D suh tht the numer of elements @tringles nd squresA is nF elso denote f n = |F n |F sn order to simplify the nnoune of the theorem let us introdue the followE ing polynomils of two vriles

Theorem 3. Generating functions for the number of horizontally convex tiles of type (3 3 , 4 2 ) are

where S(u, v) and R(u, v) are dened just above, the variable u counts the number of triangles in given tiling, v the number of squares.

pollowing the methodology we developed in previous setions let us de(ne six susets of F depending on the shpe of the top lyerD refer to pigure PIF

Proof of Theorem 3. e shll e using some helpful funtions of three vriles (u, v, y)D where u ounts the numer of tringlesD v ! numer of squresD y ! the numer of free slots t the top lyerD tht is the length of the top side of top lyer ssuming the side length of n element equls to IF hese funtions a(p, q, 0)D b(p, q, m)D c(p, q, m)D d(p, q, m)D d * (p, q, m) nd e(p, q, m) ounts the numer of elements in their orresponding setsF emrk tht due to symmetry d(p, q, m) = d * (p, q, m)F vet us look into more detilsX

e(p, q, m)u p v q y m . yviouslyD A(u, v, y) does not depend on y @the top side length is zeroAF herefore

Proof. A sf we dd tringle of the type to the right of the top lyer of tiling of type A or B the we otin tiling of type DF he top side length will inrese y IF his opertion n e invertedF hereforeD for ll p ≥ 1D q ≥ 0D m ≥ 0 holds d(p + 1, q, m + 1) = a(p, q, 0) + b(p, q, m)F IV + + pigure PPX ee vemm WF A sf we dd two tringles of type one to the right nd nother to the left to the top lyer of tiling of type A or BD then the otined tiling will e from the set CD pigure PPF he top side length will e inresed y PF his opertion n e invertedF hereforeD for ll

king into ount the ft tht the tringle orresponds to the monomil uyD from vemm WA follows

@IWA ell tht we do not need to onstrut the omplete expression for F (u, v, y) s funtion of three vrilesD it is su0ient to (nd this expression for y = 1D iFeF F (u, v, 1)F vet us introdue the following nottion for the vlue of prtil derivtive of E(u, v, y) for y = 1 ∂E(u, v, y) ∂y y=1 = (u, v).

sn order to onstrut tiling tht elongs to the set A we tke the tringle nd ple it to the top of some initil tilingF his is only possile for the initil tiling from the set EF hereforeD for ll pD q holds a(p + 1, q, 0) = m m e(p, q, m).

por single tringle we hve a(1, 0, 0) = 1F pinllyD

a(p + 1, q, 0)u p+1 v q = A(u, v, y) .

IW

vet us onstrut tiling from the set BF vet us tke single row tiling from B with top side length k @nd ottom side length k + 1AF vet us ple it on top of some initil tiling from F in order to rete new tiling of F F his is possile only if the initil tiling elongs to the set EF sf this initil tiling hs the top side length mD then we re le to produe m + k new tilingsF his wyD we re le to produe ny tiling from B ut singleErow tilingF hereforeD for ll pD q holds b(p

end for singleErow tiling of B holds b(2k + 1, 0, k) = 1F sing @IRAD otin

vet us onstrut tiling from the set DF vet us tke singleErow tiling from D with the top side length k nd ple it on top of some initil tiling in order to onstrut new tiling from F F his is only possile for the initil tiling from the set ED nd if the initil tiling hs the top side length m thn we re le to produe m + k -1 new tilingsF por ll pD q holds d(p + 2k + 1, q, k) = m (m + k -1)e(p, q, m).

por singleErow tiling from D holds d(2k, 0, k) = 1F sing @IRAD otin

vet us onstrut tiling from the set EF vet us tke singleErow tiling from E with the top side length k nd ple it on top of some initil tiling in order to onstrut new tiling from F F his is only possile for the initil tiling from the set HD nd if the initil tiling hs the top side length m thn we re le to produe m + k -1 new tilingsF por ll pD q holds e(p, q

por singleErow tiling of type E holds e(0, k, k) = 1F sing @IRA otin

prom @IVA tking into ount @ ‡A nd @ † †A otin

@ † † †A sing @ ‡ ‡AD @ † † †A otin the system of equtions for H(u, v, 1)D χ(u, v)D E(u, v, 1) nd (u, v)F wo equtions ome from the sustitution y = 1F wo more re otined from di'erentition y y nd sustitution y = 1X

PI sing omputtions from exerises R!U rewrite the system s

prom lst two equtions otin

ustituting these into the (rst two equtions otin generting funtions

where R(u, v) ws de(ned t the eginning of the setionD

prom @ †A nd @ ‡ ‡ ‡A otin

where

pinllyD from @IWA otin F (u, v, 1)F PP ustituting u = v = xD everything eomes very simpleF sndeedD

his ompletes the proof of the heoremF e use online mthemtil softwre to otin the power series for ove generting funtionsF

+ 10uv 5 + v 6 + 2u 7 + 47u 6 v + 146u 5 v 2 + 228u 4 v 3 + 194u 3 v 4 + 85u 2 v 5 + 12uv 6 + v 7 + . . . elso E(x) = x + 2x 2 + 5x 3 + 13x 4 + 34x 5 + 94x 6 + 266x 7 + 751x 8 + 2093x 9 + 5793x 10 + . . . , H(x) = x + 2x 2 + 4x 3 + 11x 4 + 32x 5 + 92x 6 + 255x 7 + 698x 8 + 1925x 9 + 5362x 10 + . . . , A(x) = x + x 2 + 3x 3 + 9x 4 + 26x 5 + 71x 6 + 194x 7 + 539x 8 + 1511x 9 + 4222x 10 + . . . , F (x) = 3x + 5x 2 + 12x 3 + 33x 4 + 92x 5 + 257x 6 + 715x 7 + 1988x 8 + 5529x 9 + 15377x 10 + . . . Corollary 1. The sequence f n satises the recurrent relation of 10th order:

hese re equl polynomilsD therefore the reurrent reltion @PHA holdsF he orresponding hrteristi eqution is

x 10 -7x 9 + 20x 8 -30x 7 + 16x 6 + 20x 5 -32x 4 + 6x 3 + 11x