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Abstract

We establish small-time asymptotic expansions for heat kernels of hypoelliptic Hormander
operators in a neighborhood of the diagonal, generalizing former results obtained in particular
by Métivier and by Ben Arous. The coefficients of our expansions are identified in terms
of the nilpotentization of the underlying sub-Riemannian structure. Our approach is purely
analytic and relies in particular on local and global subelliptic estimates as well as on the
local nature of small-time asymptotics of heat kernels. The fact that our expansions are valid
not only along the diagonal but in an asymptotic neighborhood of the diagonal is the main
novelty, useful in view of deriving Weyl laws for subelliptic Laplacians. In turn, we establish
a number of other results on hypoelliptic heat kernels that are interesting in themselves, such
as Kac’s principle of not feeling the boundary, asymptotic results for singular perturbations
of hypoelliptic operators, global smoothing properties for selfadjoint heat semigroups.
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1 Introduction and main result

1.1 Framework

Let n and m be nontrivial integers. Let M be a smooth connected manifold of dimension n. Let
Xo, X1,..., X, be smooth vector fields on M and let V be a smooth function (potential) on M
that is bounded below. Setting X = (Xo, X1,..., X, ), we define the Hérmander operator

A=Y X7+Xo-V (1)

i=1

where X is seen as a derivation operator and V is the multiplication by the potential. In view of
involving the case of magnetic fields, the drift vector field Xy can even be assumed to take complex
values.?

Let p be an arbitrary smooth (Borel) measure on M. We assume that the operator A on
L?(M, ), of domain D(A) C L*(M, ) encoding some possible boundary conditions whenever
M has a boundary, generates a strongly continuous semigroup (etA)t20 on L?(M, i) (see Lemma
3.1.1 in Section 3.1.2 for some sufficient conditions). We denote by ea ,, the corresponding heat
kernel defined on (0, +00) x M x M, associated with the operator A and with the measure p (see
Appendix A).

We set D = Span(Xj, ..., X,,). Under the strong Hérmander condition

Liey(D) = Lieg(X1,..., Xm) =T,M Vg M (2)

the operator A is subelliptic? (see [24]) and the heat kernel e, is smooth on (0, 4+00) x M x M.

The objective of this paper is to establish a small-time asymptotic expansion of the heat kernel
en,, at any order near the diagonal. Our study is in the line of well known results [7, 38] establishing
such expansions along the diagonal. The first main novelty here is that our expansion is valid, not
only along the diagonal, but in an asymptotic neighborhood of the diagonal. This fact is actually
instrumental in view of deriving local and microlocal Weyl laws for general subelliptic Laplacians,
which will be done in the forthcoming papers [12, 13].

The second main novelty is that we identify the functions in the small-time asymptotic expan-
sion of the heat kernel in terms of the so-called nilpotentization of the sub-Riemannian structure
(M, D, g) where g is a metric on D defined thanks to the vector fields X7, ..., X,,.

Compared with the approach of [7] which is probabilistic (Malliavin calculus), our proof (done
in Part II) is purely analytic and relies in particular on local and global subelliptic estimates, on
local and global smoothing properties of heat kernels, on the finite propagation speed property for
sR waves and on the Kannai transform, and on the local nature of hypoelliptic heat kernels (Kac’s
principle). Our paper is entirely selfcontained: even for the several tools (such as uniform local
subelliptic estimates) that are straightforward extensions of known results, we provide at least a
sketch of proof.

Sub-Riemannian structure. Complete reminders on sub-Riemannian (sR) geometry are given
in Section 2. Attached with the m-tuple of vector fields (Xi,...,X,,), there is a canonical sR
structure (M, D, g), where D = Span(Xy,...,X,,) and ¢ is a positive definite quadratic form on
D. Given any q € M, the sR flag at ¢ is the sequence of nested vector subspaces {0} = Dg C Dy =

IThis requires some obvious slight changes for instance when considering a scalar product.

2Actually, the weaker assumption Lieq(Xo, X1,...,Xm) = TyM for every ¢ € M (called weak Hormander
condition) is sufficient to ensure subellipticity. The stronger assumption (2) is however required to derive our main
result.



D,cD;cC...C Dy ¢ i@ = T, M defined in terms of successive Lie brackets, and r(q) is
the degree of nonholonomy at q. Setting n;(¢) = dim D}, the integer Q(q) = >2;_; i(ni(q)—ni-1(q))
coincides with the Hausdorff dimension when ¢ is regular, i.e., when the integers n;(-) are constant
in an open neighborhood of ¢. The point ¢ is said singular When it is not regular.

The nilpotentization of (M, D, g) at ¢ is the sR structure (Mq Dq,g ) defined as the metric
tangent space of M (endowed with the sR distance) in the sense of Gromov-Hausdorff. In a local
chart of privileged coordinates around g¢, M?is a homogeneous space identified to R™ (with a sR
isometry), endowed with dilations 6.(z) = (awl(q)xl, cen sw"(‘”:vn), for e € R and = € R™, where
wi(q) = i(ni(q) — ni—1(q)) (SR weights). We have D4 = Span(X?, ..., X%) where X¢ is the limit
of 6% X; in C'™ topology as € — 0. We also define the (constant) nilpotentized measure 119 on R”
as the limit of M%(S;u as € — 0. Finally, we define the sR Laplacian A% = 37 (X7)? and we

denote by €7 = ez, ;, the heat kernel generated by IXE D(Aq) — LQ(M\‘?, ).

C*> topology. We recall that the set C°°(R") of smooth functions on R™ is a Montel space,
i.e., a Fréchet space enjoying the Heine-Borel property (meaning that closed bounded subsets are
compact), for the topology defined by the seminorms p; ;(f) = max{|0*f(z)| | |z| <1, |of < j},
(i,4) € N2. We speak of the C°°(R") topology.

Let W be an arbitrary open subset of the manifold M. Covering W with charts, the set C°° (W)
of smooth functions on W is endowed with the C°° topology (in charts), making it a Montel space.

We say that a sequence (fi)reny in C° (W) converges to 0 in C'*° topology if fi converges
uniformly to 0 on any compact subset of W, as well as all its derivatives. A sequence (X )ren of
smooth vector fields on W converges to 0 in C* topology if all its coefficients (in charts) converge
to 0 in C'*° topology.

Throughout, we denote by C2°(W) the set of smooth functions of compact support on W.

Notations. Throughout the paper, we use in the various estimates the notation Cst(-), standing
for a generic positive constant depending on the parameters indicated in the parenthesis.
The integral of an integrable function f on M with respect to the smooth measure 1 is denoted

by [y f(q)du(q).

1.2 Main result

Theorem A. Let g € M be arbitrary (regular or not). Let ¢, : U — V be a chart of privileged
coordinates at q such that v¥4(q) = 0, where U is an open connected neighborhood of q in M and
V' is an open neighborhood of 0 in R™. We assume that Xg is a smooth section of D over M. We
also assume that supy <y r(q') < 400 (this is always satisfied if U is compact).

Then, given any N € N*, in the chart® we have the asymptotic expansion in C*°((0,+o00) x

VxV)
N

2[99 e (£7,8:(2), 82 (@) = @(r, 0! + 30 £ () + oo ) )

i=1

as e — 0, € # 0, where the functions f! are smooth and satisfy the homogeneity property
fl(r,z,2') = e7Me| 49 f(e%r, 6:(2), 6 (a"))

for all (t,xz,2") € (0,+00) x R™ x R™ and for every e # 0.

3This means that the left-hand side of (3) is |¢|2() en,u(e?r, Vg H(8e (2)), w;l(ég (z"))).-



Taking T = 1, € = \/t and setting al(z,2') = fI(1,2,2"), it follows that, given any N € N, in
the chart we have the asymptotic expansion in C°(V x V)

N
1194072 en u(t 8 5(2), 6 (") = €L, 0") + ) 172 (w,a") + o(|t1N?) (4)
i=1

ast — 0, t > 0, where the functions al are smooth and satisfy agjfl(O, 0) =0 for every j € N*.

Moreover, if q is reqular, then the above convergence and asymptotic expansion are also locally
uniform with respect to q, and the functions €, fI and al depend smoothly (in C™ topology) on q
in any open neighborhood of q consisting of reqular points. If the manifold M is Whitney stratifiable
with strata defined according to the sR flag (i.e., the growth vector (ni(q), ..., ny(q)(q)) is constant
along each stratum) then the latter property is satisfied along strata.

The fact that the asymptotic expansion (3) is in C*°((0, +00) x V' x V) means that the asymp-
totics are uniform with respect to (7,2, z’) on any compact subset of (0,+00) x V' x V as well as
for all derivatives. In particular, for all k € N, o = (a1,...,a,) € N* and = (S4,...,5,) € N,
we have

lim [¢] (042K s @50 (950508 .0, (21, 8. (2), 8. (o)) = (940506 ), )

e#0
uniformly with respect to (7,z,2’) on any compact subset of (0,400) x V x V. Here, given a
function e depending on three variables (7,y,y’), the notation 9 (resp., 02, 93) denotes the partial
derivative with respect to 7 (resp., to y, to y').

As a particular case, take x = 2’ = 0 in the expansion (4) given in Theorem A and set
¢j(q) = a3;(0,0). Since a3; ;(0,0) =0 and ¢, '(0) = ¢, we obtain the following corollary.

Corollary 1.2.1. Given any N € N, for every q € M,
tQ(q)/Z eA,M(tu q, q) = /e\q(lv 07 0) + C1 (q)t +---+ CN(Q)tN + O(tN)

ast — 0, t > 0. Moreover if q is reqular then the functions c; are smooth locally around q.

We thus recover the main result of [7] (see also [38]), which is a small-time expansion of the heat
kernel along the diagonal. Here, additionally to those well known results, we provide a geometric
interpretation of the coefficients of this expansion, in function of the nilpotentization at ¢: the
main coefficient is €%(1,0,0) > 0, but the other coefficients ¢;(¢) are also given by convolutions of
the heat kernel e? = e Ra,par 88 made precise in the proof of the theorem in Part II (see in particular
Proposition 6.2.1 in Section 6.2, and see Section 6.3).

Moreover, the expansion stated in Theorem A is established in an asymptotic neighborhood of
the diagonal, which is instrumental to derive the microlocal Weyl law for general equiregular sR
structures, or to establish local Weyl laws for singular sR structures (see Section 1.3).

Remark 1.2.1. In Theorem A, we have assumed that X is a smooth section of D over M. If
Xo(q) € D, for every ¢ € M but cannot be written as a combination of the vector fields X;,
i=1,...,m, with smooth functions a;, then the asymptotics of the heat kernel in small time along
the diagonal may degenerate and be exponentially decreasing (see [8, 9]).

We have the following generalization if Xy is not a smooth section of D. We assume that X
is a smooth section of D? over M, meaning that

Xo(q) =D ai(@Xi(e) + Y bij(@)[Xi, X;](q)  VgeM (5)
i=1 =1



where the a; and b;; are smooth functions on M. In local privileged coordinates around g, it is then
possible to write Xy = Xéfm + Xéfl) + Xéo) + -+, where Xék) is homogeneous of degree k (see
Section 2.5.3). Therefore, defining on R™ the vector field )?g = Xé_2) (in the local coordinates),
which is homogeneous of order —2 (and not of order —1), we have £26* Xy = Xg+£Xé71) +52Xé0) +
R ENXSN_Q) +0(|e|V) at any order N, in C* topology. Then Theorem A is still valid provided
that A? be replaced with A9+ )/fg . In other words, under the assumption (5), the asymptotics of
the heat kernel of A is given by the heat kernel of the operator A9+ )/fg , which is a first-order
perturbation of ﬁq, homogeneous of order —2. This is in accordance with results of [9].

In contrast, if Xy is not a smooth section of D? then the asymptotics in small time may be

completely different, and the heat kernel along the diagonal may even decrease exponentially as
e — 0 (see [9]).

Remark 1.2.2. We have stated Theorem A in terms of the heat kernels ea , and e? = €Ra ga-
But, as explained in Appendix A, the smooth measure e (¢, ¢,q") du(q’) on M does not depend on
i, but only on the operator /. The same remark holds for the smooth measure €?(t, z, 2') du%(x")
on M7 ~ R™. Tt would therefore be more natural to express Theorem A in terms of Schwartz
kernels. We keep however the statement in this form, because the concept of heat kernel is familiar
and is probably the most standard in the literature.

Anyway, it is useful to note that using Schwartz kernels would avoid nilpotentizations of mea-
sures. Moreover, this explains why small-time expansions of heat kernels along the diagonal have
no interesting meaning in singular sR cases: what has to be considered, there, is the small-time
asymptotics of e (¢, ¢, q) du(g), which is related to the trace of e'® f (see Appendix A) and does
not depend on p nor on the nilpotentization of u at the point g.

1.3 Using Theorem A to obtain Weyl laws

In the forthcoming papers [12, 13], we will establish local and microlocal Weyl laws for sR Lapla-
cians in regular and in singular cases. Let us give a flavor of these results, thus explaining how
Theorem A can be used to reach this objective.

Considering the general framework of Section 1.1, we assume here moreover that M is compact
without boundary and that A = Agp is selfadjoint (it is a sR Laplacian: see Sections 2.2 and
3.1.1).

Since Lie(D) = T'M, the operator A is subelliptic, has a compact resolvent and thus has a
discrete spectrum 0 = A\ < Ao < -+ < Ag - — F00. Let (¢r)ren- be an orthonormal eigenbasis
of L?(M, 1) corresponding to these ordered eigenvalues. The spectral counting function is defined
by N(A\) = #{k € N* | Ay < A} for every A € R.

Equiregular cases. We prove in [12] that, if (M, D, g) is equiregular, i.e., if every point of M is
regular, then

ou
/M enu(t,q,q)f(q) du(q) = Ju (Lot’g()/)éf(q) e +0 (tg/%>

ast — 0, t > 0, for every continuous function f on M, where Q is the Hausdorff dimension of
M (local Weyl law). Actually, we establish a small-time expansion at any order, by using the
complete statement of Theorem A (asymptotic expansion at any order). In particular, the spectral
counting function has the asymptotics

f]\{[ gq(la 07 O) d:u(q) )\Q/Q
e T(Q/2+1) '



The above limits are an easy consequence of Theorem A along the diagonal (and thus, already
follow from [7, 38]). Indeed, taking 2 = 2’ = 0 and & = v/t in Theorem A, we obtain

y e(1,0.0) v zr0.0)d Vo € M
ean(t,a,a)dula) ~ o dule) = €'(t,0,0) dulq) q € M.

t>0

The result follows by dominated convergence.

In turn, this result puts in evidence an intrinsic sR measure that we call the Weyl measure, of
which there exists a local and a microlocal version. The local Weyl measure wa is the probability
measure on M defined by

. 1
[ rdws = tim s S [ flofan vrecoan

AL <A

whenever the limit exists for all continuous functions f, i.e., wa is the weak limit of the sequence of
probability measures ﬁ D oaeen |k [? 1 (Cesaro mean) as A — +00. The above argument shows
that, in the equiregular case, the local Weyl measure exists, does not depend on p, is a smooth
measure on M and its density with respect to u is

_ e’(1,0,0)
fM €7(1,0,0)dp(q’)

Accordingly, the microlocal Weyl law Wy is the probability measure defined on the co-sphere
bundle S*M by

dp(q)-

dwna(q)

. 1
/S*MGCZWA = lim W Z <Op(a)¢k7¢k>L2(M”u)

A=+
o <A

for every symbol a of order 0, whenever the limit exists for all symbols a of order 0 (here, Op
denotes any quantization operator). We prove in [12] that, in the equiregular case, the microlocal
Weyl law exists and we provide its explicit expression, showing in particular that W is supported
on (D"~ where 7 is the degree of nonholonomy. This generalizes to equiregular cases a result
obtained in [15] in the three-dimensional contact case.

Establishing this result instrumentally relies on the fact that, taking 2’ = 0 in Theorem A, we
obtain that, for every ¢ € M, in the chart where ¢,(¢) = 0,

2@ e (€%, 0-(2),0) d?(x) ~ @U(1,x,0) di(x)

e#0

uniformly with respect to = on any compact subset of 4(U).

Singular cases. Famous singular sR structures are given by the Grushin case in dimension two
or by the Martinet case in dimension three. They are chiefly studied in [12]. One of the main tools
is the fact that, taking z = z’ in Theorem A, we obtain that, for every ¢ € M, in the chart where
¢q (Q) = 07

lim [¢]%9 en (€%, 6c(2), 6 () = (1, 2, z)

e#£0

uniformly with respect to x on any compact subset of 1,(U). For instance, in the Grushin (resp.,
Martinet) case the asymptotics of the spectral counting function is Cst AIn A (resp., Cst A% In \) as
A — +o00; this fact is known for the Grushin case (see [37]) but is new for the Martinet case. We
even obtain two-terms asymptotic expansions of the local Weyl law, with intrinsic coefficients, by
using the complete statement of Theorem A (asymptotic expansion). In [13] we prove that, in some



sense, the occurence of a (power of a) logarithm in the spectral counting function is the highest
possible complexity. More precisely, we establish that, given any sR structure whose singular set
is Whitney stratifiable,

In* ¢
/ enu(t,q,q)f(q) du(q) ~ Cst't—’y|
M

ast — 0, t > 0, for every continuous function f on M, with k € {0,1,...,n} and v € Q such that
v = Q;‘* , where Qcq is the Hausdorff dimension of the equiregular region of M. Moreover if £ =n
then v = Q;q. As a consequence the asymptotics of N(A) is Cst \Y In" X\ as A — +oc: this gives

the maximal complexity, for instance no term Inln A appears in the asymptotics.

1.4 Structure of the paper
The paper is structured as follows.

We provide in Section 2 some reminders in sub-Riemannian (sR) geometry. In particular, we
recall the instrumental concept of nilpotentization, much relying on sR dilations that are used in
our main result. Also, for the sake of completeness, in Section 3.1.2 we recall sufficient assumptions
ensuring existence of the hypoelliptic heat kernel.

The paper is then split into two parts. The reason is the following.

While our main result, Theorem A, states a small-time asymptotic expansion of the heat kernel
near the diagonal at any order, obtaining only the limit, i.e., only the first term, is much less
difficult than obtaining the complete expansion.

Actually, the mathematical techniques and results that are required to obtain the limit are
purely of a local nature, and thus, do not require lengthy developments. Since the result is already
interesting (in particular, for obtaining Weyl laws), in Part I we establish Theorem B, which is
Theorem A at the order zero. Part II is then devoted to establishing the complete statement of
Theorem A, which is surprisingly much more difficult and requires results of a global nature, as
explained in detail at the beginning of Part II.

The two parts, as well as the sections therein, are redacted independently enough one from each
other, in order to allow several possible levels of reading. For instance, the reader only interested
in the limit result may read only Part I (and Appendix B.1 on local subelliptic estimates). Besides,
a reader, even though not interested in the complete asymptotic expansion, may however find in
Part II (and in Appendices B.2 and C on global subelliptic estimates) a number of tools of interest
to deal with global issues.

Structure of Part I. This part is concerned with local issues, sufficient to prove Theorem B.
Section 3 in Part I is devoted to establishing some general facts on hypoelliptic heat kernels:

e In Section 3.1, we gather some remarks on Hérmander operators (intrinsic formula of integra-
tion by parts on a domain with boundary, symmetry properties, with Dirichlet or Neumann
boundary conditions), useful in order to state a general result for existence of semigroups
(Lemma 3.1.1).

e In Section 3.2, we establish two general results for parameter-dependent hypoelliptic heat
kernels:

— In Section 3.2.1, we prove that the small time asymptotics of hypoelliptic heat kernels
is purely local: this reflects the famous Kac’s principle of not feeling the boundary. Our
version (hypoelliptic Kac’s principle, Theorem 3.1) is moreover uniform with respect to
parameters.



— In Section 3.2.2, we give a general result for singular perturbations of hypoelliptic op-
erators (Theorem 3.2): assuming that the Hérmander operator depends continuously
on some parameter 7, we prove that the corresponding heat kernel depends as well
continuously on 7.

Section 4 is dedicated to proving Theorem B, which corresponds to proving the limit in Theorem
A. As said before, this proof only requires to use local tools. As sketched at the beginning of Part
I, the argument starts by applying the Trotter-Kato theorem to the operator A® = 267 A(6: ).,
which converges to A7 in O topology, before using uniform local subellipticity (Appendix B.1)
to infer strong convergence properties.

Structure of Part II. This part is devoted to establishing the complete statement of Theorem
A. In contrast to the proof of Theorem B, the proof of Theorem A requires global smoothing
properties.

Since the proof is quite lengthy, in Section 5 we give the idea of our approach to the proof and
we list a number of properties that are required. We point out the main difficulties, in order to
motivate the developments done in Section 6 and in Appendix.

Theorem A is proved in full detail in Section 6. The proof starts by applying iteratively the
Duhamel formula but, as explained in Section 5, getting the complete asymptotic expansion out
of it raises serious difficulties and requires global considerations. To facilitate the reading we have
organized this section as follows:

e The operator A7 adequate modification of the operator A® with a “damping” parameter
v > 0 so as to be (uniformly) at most polynomial at infinity, is defined and analyzed in
Section 6.1. In particular, the key lemmas 6.1.1 and 6.1.2 state strong global convergence
properties of A% to AY that are required in our proof (and which do not hold for A® that
converges to A only in C*° topology).

e In Section 6.2, and more precisely, in Proposition 6.2.1, we prove that e!2”" has a small-time
asymptotic expansion with respect to € at any order, in the sense of (uniformly) smoothing
operators. The proof of this proposition is delicate and uses in an instrumental way, as
explained and motivated in Section 5, the global smoothing properties established for e*2’

in Appendix C, and those established for ¢/~”" in Appendix B.2 thanks to (uniform) global

subelliptic estimates.

e Taking Schwartz kernels in Section 6.3, we obtain the asymptotic expansion of the heat
kernel.

e The end of the proof, in Section 6.4, consists of applying the localization theorem (hypoelliptic
Kac’s principle).

As noted in Section 5.3, in the particular case where M = R", all vector fields X; are polynomial
and A is selfadjoint, it is not necessary to resort to the modified operator A7, and the global
results established in Appendix C are sufficient to achieve the proof of Theorem A.

Structure of Part III (appendix). We have gathered in the appendix the following material.

In Appendix A, we recall some known facts on Schwartz and heat kernels. In particular, we
point out the meaningful fact that Schwartz kernels do not depend on the measure while heat
kernels do.

In Appendix B, we establish subelliptic estimates and smoothing properties for hypoelliptic
heat semigroups:
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e Local estimates in Appendix B.1, uniform with respect to some parameters: although these
are standard (adding dependence with respect to parameters is straightforward), we give
sketches of proofs, in order to prepare the reader to global estimates.

e Global estimates in Appendix B.2, uniform with respect to some parameters, established for
parameter-dependent Hormander operators whose growth at infinity is at most polynomial,
satisfying a uniform polynomial Hérmander condition.

In Appendix C, we derive a number of more precise and stronger global smoothing properties
in the case where the operator A is a (selfadjoint) sR Laplacian, in Sobolev spaces or iterated
domains with polynomial weight. Our arguments are based on the Kannai transform combined
with the finite speed propagation property for sR waves and on upper exponential estimates for
the sR heat kernel.

2 Reminders: sub-Riemannian (sR) structure

Attached with the m-tuple of vector fields (X1, ..., X,,), there is a canonical sub-Riemannian (sR)
structure. This section consists of reminders in sR geometry (see the textbooks [2, 6, 21, 27, 32,
39, 41]), which are useful in our analysis.

2.1 Sub-Riemannian metric

The sR metric g associated with (X7,...,X,,) is defined as follows: given any ¢ € M and any
v € Dy = Span(Xi(q),...,Xm(q)), we define the positive definite quadratic form g, on D, by

gq(v) = inf {Z u? ’ v = ZulXZ(q)} )

The triple (M, D, g) is called a sub-Riemannian structure (see [6, 11]). When D has constant rank
m on M with m < n, D is a subbundle of TM endowed with the Riemannian metric g, and the
frame (X1,...,X,,) is g-orthonormal. But the rank of D may vary (i.e., D is a subsheaf of T M)
and the above definition encompasses the so-called almost-Riemannian case, for which m > n and
rank(D) < n at some singular points.

More formally, a sR structure on M can be defined by an Euclidean vector bundle E over M
and a smooth vector bundle morphism o : E — TM, with D, = o(E,) and g4(V) = inf{HuH%q |
uw € By, o(u) =V} for every ¢ € M. When E = M x R™ and o(z,u) = Y~ u; X;(x), we recover
the definition of a sR structure attached with the m vector fields X,..., X,,.

A horizontal path is, by definition, an absolutely continuous path ¢(-) : [0,1] — M for which
there exist m functions u; € L'(0,1) such that ¢(t) = i~ ui(t)X;(q(t)) for almost every ¢ € [0, 1].
The metric g induces a length on the set of horizontal paths, and thus a distance dsg on M that
is called the sR distance.

The cometric ¢g* associated with (Xi,...,X,,) is the nonnegative quadratic form on T*M
defined as follows: given any ¢ € M, g7 is the nonnegative quadratic form defined on T;M by
95(&) =211 (€, Xi(q))?. Note that $g4(v) = SUDgers ar ((¢,v) — $9;(v)) (Legendre transform).

Given any smooth function f on M, the horizontal gradient V,f of f is the smooth section of
D defined by g(V4f, X) = df. X for every smooth section X of D. We have V,f =>"" (X, f)X;.
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2.2 Sub-Riemannian Laplacian

We denote by div, the divergence operator associated with the smooth measure p on M, defined
by Lxp = div,(X) p for every smooth vector field X on M. Here, Lx is the Lie derivative along
X. The sR Laplacian Agg is defined as the differential operator

Agf=divy(Vef) =Y (XPf +divu(X)Xif)  VfeC®(M). (6)

=1

Its principal symbol is the cometric g*. The sR Laplacian is a particular instance of a Hormander
operator: we have Agg = A with Xo = >, div,(X;)X; and V = 0.
Let €2 be an open subset of M. By integration by parts, we have

(AR, V) [2(Quu) = —/ 9(Vgu,Vgv)du +/ vd (1w, upt) Yu,v € C*(M)
Q o9

where 1y, is the interior product of p and V u. We infer the sR Green formula

(AsrU, V) 12 (0,0) = (U, DsRY) L2(Q,0) —i—/ vd (nguu) —/ ud (LngH) Yu,v e C(M).
o o0

Hence, Agr is symmetric and dissipative on C*°(Q) in the two following cases:
e Dirichlet case: f = 0 along 0€;
e Neumann case: vy, ru = 0 along 0€.

In these two cases, Agg has selfadjoint extensions; moreover, if the manifold 2 endowed with the
induced sR distance is complete then Agg is essentially selfadjoint (see [15]) and thus has a unique
selfadjoint extension. We speak then of the Dirichlet (resp., Neumann) sR Laplacian, which is
defined on the maximal domain that is the completion in L?*(Q, i) of the subset of f € C>(Q)
satisfying f = 0 (resp., tv,rp = 0) along 0€2.

Note that, if 2 = M is compact or if 2 = M = R"™ or if one considers Dirichlet boundary con-
ditions then the adjoint of X; in L*(Q, u) is X = —X; —div,(X;) and then Ay = — Yo XX

2.3 Sub-Riemannian flag

We define the sequence of subsheafs D* of TM by D° = {0}, D' = D = Span(X1,...,X,,) and
D¥+1 = D* 4+ [D, D¥] for k > 1. Under the strong Hérmander condition (2), given any point
q € M, we have the flag

— o _nl 2 rla)—1 . B
{0}—DqCDq—DqCDqC...CDq(q) QDq(Q)—TqM

where r(g) is called the degree of nonholonomy at q. We set n;(q) = dim D]. The r(g)-tuple of
integers (n1(q), ..., N (q)(q)) is called the growth vector at g, and we have n,)(q) = n = dim M.
By convention, we set ng(q) = 0. We define the nondecreasing sequence of weights w;(q) as follows:
given any i € {1,...,n}, there exists a unique j € {1,...,n} such that nj_1(¢) + 1 < i < n;(q),
and we set w;(q) = j. By definition, we have wi(q) = --- = wn,(¢) = 1, and wy,,_,41(q) = --- =
Wy, (q) = j when n;(q) > n;_1(q). We also have wy, ,41(q) = --- = wy,(q) = 7(¢q). Note that
Nw, (q) =n;(g) for j =1,...,r and that wn,(¢) = j if (and only if) n;(q) > n;—1(q).
Given any q € M, we set

T

Qg) =) i(ni(g) — ni—1( sz

i=1
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If g is regular then Q(q) is the Hausdorff dimension of a small ball in M containing ¢ endowed
with the induced corresponding sR distance (see [21]).

A point ¢ € M is said to be regular if the growth vector is constant in a neighborhood of ¢;
otherwise it is said to be singular. The sR structure is said to be equiregular if all points of M are
regular; in this case, the weights and the Hausdorff dimension are constant as well on M.

We recall that, at a point ¢ that is regular, with degree of nonholonomy r(q), A is locally
hypoelliptic and even subelliptic with a gain of regularity 2/r(¢), meaning that if Af = g with
g of Sobolev class H*® locally at q then f is (at least) of Sobolev class H*t2/7(@) locally at ¢ (see

2.4 Sub-Riemannian isometries

Given two sR structures (My, D1, ¢g1) and (Ma, D2, g2), of respective cometrics g; and g3, a (local)
sR isometry ¢ : My — M, is a (local) smooth diffeomorphism mapping g; to g5.

Note that, if M is a Lie group equipped with a left-invariant sR structure, then the left action
is a sR isometry on M.

2.5 Nilpotentization of the sub-Riemannian structure
2.5.1 First definition

Let ¢ € M be arbitrary. The nilpotentization of the sR structure (M, D, g) at ¢ is defined as the
metric tangent space of M (endowed with its sR distance) in the sense of Gromov-Hausdorff (see
[6, 21]). Tt is identified, with a sR isometry, to the sR structure (]\/Zq,ﬁq,ﬁq) defined hereafter,
where MY is a smooth connected manifold of dimension n (as a topological space, M? is the usual
tangent space to M at q), D9 = Span()?f, ..., X%) with smooth vector fields )?f, ., X% on M
(defined hereafter) called nilpotentizations at ¢ of the vector fields X1,..., X,, at ¢, and the sR
metric g? is defined, accordingly, by

§g(v):inf{2ul2 ‘ U:Zuif(f(:v)} Va € M4 Vv € DY,
i=1 i=1

The metric g7 induces a distance d?; on MY,

To define (]\//7 a ﬁq, g7), it suffices to define one of the elements of the equivalence class under the
action of sR isometries. A standard description consists of using charts in M of so-called privileged
coordinates, and then to identify M9 ~ R™ with a sR isometry, as follows.

2.5.2 Privileged coordinates

We first recall the notion of nonholonomic order (see [6, 27, 39] for details). Given a germ f
of a smooth function at ¢, given k¥ € N and integers ji,...,jx in {1,...,m}, the Lie derivative
Lx,, -+ Lx;, f(qg) is called a nonholonomic derivative of order k. By definition, the nonholonomic
order of f at g, denoted by ordy(f), is the smallest integer k for which at least one nonholonomic
derivative of f of order k at ¢ is not equal to zero. Given a germ Y of a smooth vector field at g,
the nonholonomic order of Y at ¢ is the largest integer k such that ord,(Ly f) > k + ord,(f), for
every germ [ at q.

A family (Y7,...,Y},) of n vector fields is said to be adapted to the flag at ¢ if it is a frame of
T,M at q and if Y;(q) € DZ;”(Q), for every i € {1,...,n}.

A system of privileged coordinates at ¢ is a system of local coordinates (x1,...,2,) at ¢ such
that ordgy(z;) = wj(q), for every i € {1,...,n}. Note that we must have d:ci(Dg“(q)) # 0 and
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dz;(DY 7YY = 0, meaning that d,, € DY@\ DY D71 at ¢ (ie., privileged coordinates are
always adapted to the flag).
An example of privileged coordinates at ¢ is given by

(T1,...,%n) —> €xp <Z xiZf> (q) (7)

i=1

where (Z1)1<i<n is a frame of vector fields that is adapted to the flag at g.
Privileged coordinates can be obtained from any system of adapted coordinates by a triangular
change of variables (see [27]).

2.5.3 Dilations and nilpotentization of smooth sections of D

We consider a chart of privileged coordinates at ¢, that is a smooth mapping v, : U — R", where
U is a neighborhood of ¢ in M, with 1,4(¢) = 0, inducing local coordinates = 14(¢) in which the
vector fields (14)+«X; (i =1,...,m) have a nilpotent approximation )A(f with the following precise
meaning. In these local coordinates, for every ¢ € R, the dilation J. is defined in R™, according to
the flag at ¢, by

de(z) = (swl(q)xl, . ,aw”(Q)xn) Vo = (z1,...,2,) € R™

Note that, denoting by m the Lebesgue measure on R™ (given by dm = dx; ---dz,), we have
5tm = |e|2@m for every € # 0.

Given any vector field X on M that is a smooth section® of D (i.e., X(q) = Y-, ai(q)Xi(q)
at any point ¢, with smooth functions «;), the nilpotentization X9 at q of X is the (nilpotent and
complete) vector field on R™ defined in the chart by

X4 = lim 67 X.
40
Actually this convergence is valid in C*° topology (uniform convergence of all derivatives on com-

pact subsets of R™). Note that X9 is homogeneous of order —1 with respect to dilations, i.e.,
A&;)A( 7 = X for every A # 0, and that the nonholonomic order of X — X9 at ¢ is nonneg-
ative. Actually, setting X¢ = 67X and writing in C* topology the Taylor expansion X =
XED 4 X0 4 XM 4.0 around 0, where X ®) is polynomial and homogeneous of degree k (with
respect to dilations), we get that X¢ has a Taylor expansion at any order N with respect to €, in
C™ topology:

X =0 X = X9+ eX® 4 2XD 4o NYWN-D 4 o(Jg]V) (8)

with X4 = X(=1) (see also [5, Lemma 1]), i.e., setting X° = X9 for & = 0, X¢ depends smoothly
on ¢ in C'*° topology. We also have R

X =X"4¢eZ° (9)
for every € € R with |¢] small enough so that we are in the chart, where Z° is a smooth vector
field depending smoothly on ¢ in C'"*® topology.

4Note that we consider a smooth section of the subsheaf D, otherwise there are some difficulties: take M = R2,
D spanned by X1 = 9, and X2 = x68y, and the vector field X = xzﬁy.

14



2.5.4 Definition of the nilpotentization of the sR structure

In the above chart, we define M7 ~ R", endowed with the sR structure (denoted by (1\7 4, DY, 97))
induced by the vector fields )A(f , i =1,...,m. This definition does not depend on the choice
of privileged coordinates at ¢ because two sets of such coordinates produce two sR-isometric sR
structures. This is due to the fact that, since transition maps of charts of privileged coordinates
are triangular with respect to the flag, the nilpotentization of any transition map is a sR isometry
(see [6, Proposition 5.20]). Note that the nilpotent sR structure (Mq D4, 34) is homogeneous with
respect to the above dilations and that the corresponding sR distance is homogeneous of order
1. Moreover, the growth vector of D9 coincides with that of D at ¢, and Lie(X7{,... Xq) is a
nilpotent Lie algebra of step 7(q).
It follows from the definition of the sR metric that

g'=lime?0g and  GUX(x),Y(x)) = g4(X(q),Y(q))
e#0
for every x € R", for all vector fields X and Y on M that are smooth sections of D.
Another useful geometric identification of (M D ,g7) is the following. Fixing a chart of
privileged coordinates at g, let G, be the (nilpotent) Lie group of diffeomorphims of R™ generated
by exp(tX}), for t € R and i = 1,...,m. Its Lie algebra is

q)

go = Lie(X7,...,X2) = @D (DY) /(D)

T

—~

i—1

N
Il
-

it is nilpotent, graded, and generated by its first component D4, In other words, G, is a Carnot
group (see [39]). Under the strong Hérmander condition (2), G, acts transitively on R™. Defining
the isotropy group Hy, = {¢ € G, | ¢(0) = 0}, of Lie algebra h, = {Y € g4 | Y(0) = 0},
we identify MY to the homogeneous (coset) space G,/H,. If q is regular then H, = {0} and thus
M ~ G, is a Carnot group endowed with a left-invariant sR structure.

Remark 2.5.1. Carnot groups are to sub-Riemannian geometry as Euclidean spaces are to
Riemannian geometry. However, there is a major difference, which is of particular importance
here. In Riemannian geometry, all tangent spaces are isometric, but this is not the case in sub-
Riemannian geometry: given two points ¢; and g2 of M, the nilpotentizations (M @ pao ,g%) and

(M a2 D , §72) of the sR structure respectively at ¢; and g2 may not be sR-isometric, even though
the growth vectors at q; and ¢z coincide.” There are many algebraically non-isomorphic (and thus
non-isometric) n-dimensional Carnot groups, and even uncountably many for n > 5 (due to mod-
uli in their classification). We refer to [4, 35] for a complete classification of rigid and semi-rigid
Carnot algebras.

Note that, in dimension three, if the growth vector is (2,3) then we have a unique model that
is the Heisenberg flat case in the equivalence class of sR-isometric Carnot groups.

2.5.5 Nilpotentized sR Laplacian

Let ¢ € M be arbitrary. Associated with the sR structure (1\7‘1, D1, 97), we define on C'* (1\7‘1) the

differential operator
m

~q Sav2
AT=3 (X1 (10)

=1
5 Actually, the flags of two sR structures coincide at any point if and only if the sR structures are locally Lipschitz

equivalent, meaning that the corresponding sR distances satisfy c1d2(q,q") < di1(q,¢’) < cad2(q, q") for some uniform
constants ¢; > 0 and c2 > 0.

15



2.5.6 Nilpotentization of measures

Let us define the nilpotentization of a smooth measure p on M. Let ¢ € M be arbitrary. Using the
bijective correspondence between smooth measures and densities, the measure ;1 induces a volume
form that we consider at the point ¢. Then, the canonical isomorphism®

r(q) *
AMTFM) ~ A" ( D D’;/D{;‘l)
k=1

induces a measure ¢ on Moa. Using a chart 1, of privileged coordinates at ¢, and using the
isometric representation M9 ~ R"™, the measure 1 on R™ is given in the chart by

1
= lho BEC RO

where the convergence is understood in the vague topology (i.e., the weak star topology of C.(M)’,
where C.(M) is the set of continuous functions on M of compact support). According to this
definition, if u and v are two smooth measures on M, with y = hr, where h is a positive smooth
function on M, then 1?7 = h(q)P?. Equivalently, this means that

dp uq
ha) = Lia) = & (11)
In particular, the nilpotentizations at ¢ of all smooth measures are proportional to the Lebesgue
measure m on M9 ~ R". Note that, if ¢ is regular, then 7i? is a left-invariant measure on the
Carnot group M 7; in this case, Miis a nilpotent Lie group and thus is unimodular, and hence 1%
coincides with the Haar measure, up to scaling.
In passing, note that, applying (11) to the measure v = Hg that is the spherical Hausdorff

measure and using the fact (proved in [1]) that @Q(B\q) =290 we obtain that the density at ¢

of p with respect to the spherical Hausdorff measure is h(q) = dff_‘fs (q) = ﬁ;gf,‘j).

Remark 2.5.2. Let ¢ € M be arbitrary, and let u be an arbitrary smooth measure on M.
Endowing M? with the measure 1%, we claim that

divaa(X9) =0  Vie{l,...,m}. (12)

2

As a consequence, we have ()A(f )= -X I, where the transpose is considered in L? (1\7 7, 07). It

follows that
~ m o~ m ~
Rr=yRE=)-
i=1 i=1
Due to the cancellation of the divergence term, there are no terms of order one (compare with the
general formula for a sR Laplacian, given, e.g., in [14]).

Let us prove (12). Following [27, page 25|, we write qu(x) = Y71 aij(x)0y; in a chart of
privileged coordinates. By definition, J,, is homogeneous of degree —w;(q), and since )/ff is
homogeneous of degree —1, it follows that a;; is a homogenous polynomial of degree w;(q) — 1.
Since z, is of weight greater than or equal to w;(q) for k > j, a;; does not depend on variables

xy for k > j. It follows that 0,,a;; = 0, and hence divza ()/f ) = 0 (recall that 119 is equal, up to
constant scaling, to the Lebesgue measure on R"™).

6Indeed, following [3], considering a basis (e1,...,en) of TyM that is adapted to the flag, that is, such that
e; € D;Ui(q), the wedge product e; A --- A e, depends only on e; mod D;Ui(Q)fl. This induces the canonical
isomorphism.
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Part 1
Proof of the limit in Theorem A

This part is devoted to proving the following result (first term in the complete asymptotic expansion
stated in Theorem A).

Theorem B. Let ¢ € M be arbitrary (reqular or not). Let ¢, : U — V be a chart of privileged
coordinates at g such that 1¥4(q) = 0, where U is an open connected neighborhood of ¢ in M and
V' is an open neighborhood of 0 in R™. We assume that X¢ is a smooth section of D over M. We
also assume that sup iy r(q") < +00. Then, in the chart, we have

lim [e] %9 ea (€%, 6c(2), 6c (a')) = (¢, @, 2") (13)
e#0

in C*((0,400) x V x V) topology.

Moreover, if q is reqular, then the above convergence is locally uniform with respect to q, and
the function e? depends smoothly (in C*° topology) on q in any open neighborhood of q consisting
of regular points. If the manifold M is Whitney stratifiable with strata defined according to the
sR flag (i.e., the growth vector (n1(q),...,n.q)(q)) is constant along each stratum) then the latter
property is satisfied along strata. R

When Xo is a smooth section of D? over M, the above statement remains true, replacing /\9
with A1+ X{ (see Remark 1.2.1).

Sketch of proof. In few words, the proof goes as follows (see Section 4 for all details).
Assume first that M = R". For every i € {0,...,m}, the vector field X = €0} X; converges to

X7 in C* topology as ¢ — 0. Hence the operator

AT =200 =Y (X5)? +eXE —e2(82V)

I

i=1

i=1
corresponding heat kernel

converges to A7 = S ()?3)2 in C* topology. By the Trotter-Kato theorem (see [18, 10]), the

e(t,m,a") = [e] 4D e (€%, 8e(2), 8e (")) (14)

converges to €7 in a weak topology, but actually convergence is true as well in C*°((0, +00) x R™ x
R™ topology because, by uniform local subellipticity of (A®).c—c, 0], the family (€).c—c,.c0) 18
uniformly bounded in the Montel space C*°, for some g9 > 0 small enough.

On a general manifold, we follow the above argument in a local chart around ¢, extending the
vector fields X; by 0 outside of a neighborhood of g. The relation (14) is then not exactly true,
but, thanks to the fact that the small-time asymptotics of hypoelliptic heat kernels is purely local
(Kac’s principle), the relation (14) remains true with a remainder term O(|e|*°) as e — 0, and we
conclude as well.

As one can see, in the above argument, we only use local results:

e local subellipticity estimates and local smoothing properties for hypoelliptic heat kernels,
uniform with respect to some parameters: these are well known results, but for completeness
(and in order to prepare global estimates), we give statements and proofs in Appendix B.1;
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e local nature of the small-time asymptotics of hypoelliptic heat kernels (Kac’s principle),
uniform with respect to parameters: this is established in Theorem 3.1 in Section 3.2.1.

In turn, we state in Theorem 3.2 (in Section 3.2.2) a general convergence result for hypoelliptic
heat kernels depending on parameters: this is a singular perturbation theorem for hypoelliptic
operators, generalizing existing singular perturbation results for elliptic operators.

3 Some general facts for hypoelliptic heat kernels

3.1 Hormander operators, semigroups and heat kernels
3.1.1 Preliminary remarks on Hoérmander operators

In this section, we make some remarks on Hérmander operators, which are useful in view of defining
the domains of such operators and then show existence of semigroups, as done in Section 3.1.2.
Let 2 be an open subset of M.

Integration by parts with a Héormander operator. We consider the differential operator A
is defined by (1). By integration by parts, we compute

(A Pz == D _IXif 32 + /asz fd(yp)
=1

L 2 [ . ) ) .
+ 3 /Q f (; (Xi(le,u(Xi)) + (div,(X5)) ) —div,(Xo) — 2V> dp (15)
with N
Y = Z <X7,f - %fdiVH(Xi)> X, + %on- (16)

i=1
Of course, if 9Q = () then there is no boundary term. When 0Q # (), the boundary term
/. o0 f d(ty ) is equal to zero in the two following cases:
e Dirichlet case: f = 0 along 09;

e Neumann case: ty = 0 along 0f).

In particular, we have defined here the Neumann boundary condition for the Hérmander operator
A: the interior product of 1 and of the vector field Y (defined by (16)) is zero along 92. Note
that

i=1

where V, f is the horizontal gradient of f.

Symmetry properties of Hérmander operators. Recalling that the differential operator A
is defined by (1) and that Agg is defined by (6), we have

A=NAgr+X,-V with X,=X,— Z div, (X;) X;.

i=1
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Integrating by parts, we compute

w(Xyv) du — /Q wo(div, (X() + V) du

+/ vd(nguu)—i-/ uvd(LX[/)u,u)
o0

(Du,v) 20 = — /Qg(Vgu, V) dp — /Q

[219)

and we infer the Green formula for Héormander operators:
<Au7 U>L2(Q,u) - <u7 A’U>L2(Q,u) + /Q (’U(X(/)U) d:u - u(X(l)’U)) dlu

+/ Ud(nguu) —/ ud(ngUu) Yu,v € C*(M).
90 90

For the operator A to be symmetric on C*°(£2), there are two necessary conditions:

e The term [, (v(X{u)dp — u(X{v)) du must be zero, which is the case if and only if X} =0,
i.e., XO = EZl leu(Xz)Xz on €.

e The boundary term must be zero. This is the case for Dirichlet boundary conditions. For
Neumann boundary conditions, using the fact that X = 0 by the first item and thus that
the vector field Y defined by (16) coincides with the horizontal gradient, we see then that the
Neumann boundary condition for the Hormander operator coincides with the sR Neumann
boundary condition.

Therefore, in the Dirichlet as in the Neumann case, the Hormander operator A is symmetric on
C>(Q) if and only if X = >, div,(X;)X; on Q. In this case, A = A g — V has selfadjoint
extensions; moreover, if the manifold €2 endowed with the induced sR distance is complete then A
is essentially selfadjoint on C2°(£2) and thus has a unique selfadjoint extension.

3.1.2 Hypoelliptic semigroups and heat kernels

We consider the operator A : D(A) — L?(€, ) defined on a domain D(A) that is assumed to be
dense in L2(€, u) and for which (A, D(A)) is closed. When 02 # (), the domain D(A) encodes
some possible boundary conditions on 0f).

According to Section 3.1.1, given a sufficiently regular function f, we speak of the Dirichlet
boundary condition when f = 0 along 912, and of the Neumann boundary condition when ¢ty = 0
(interior product of  and Y') along 99, where Y is defined by (16).

Let g € M be arbitrary. Let p be an arbitrary smooth measure on M. We set D(Aq) ={fe€
L2(M9,7i9) | A4f € L2(M9,7i9)}. According to Section 3.1.1 and Remark 2.5.2, since (Mq,HgR)
is complete (indeed, sR balls of small radius are compact, and M9 is invariant under dilations),
the operator A7 : D(AY) — LQ(J\//I‘I, 1?) is selfadjoint.

Lemma 3.1.1. Under any of the following assumptions:
(A) A :D(A) — L%(Q, u) is selfadjoint (see Section 3.1.1);

(B) the functions div,(Xo), div,(X;) and X;(div,(X;)), i = 1,...,m, are bounded on 2, and we
have Dirichlet or Neumann boundary conditions whenever 0Q # 0);

the operator (A, D(/\)) generates a strongly continuous semigroup (e!2);>o on L*(Q, ).
The operator (A%, D(A?)) is selfadjoint and generates a strongly continuous contraction semi-
group (e"2") 10 on L*(M?,7i%).
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Proof. Under Assumption (A), it follows from Sections 2.2 and 3.1.1 that A = Az — V with V
bounded below and thus there exists C' > 0 such that A — C'id is dissipative.

Under Assumption (B), by integration by parts, we have the formula (15). The integral on 9%
is zero in the case of Dirichlet or Neumann boundary conditions. Hence there exists C' > 0 (not
depending on f) such that ((A — Cid)f, f)r2(q,u) < 0 for every f € D(A), and thus A — C'id is
dissipative in L?(Q, ). The same result holds for its adjoint.

Now, since the operator A — C'id in L?(Q, u1) is closed and dissipative as well as its adjoint, it
follows from the Lumer-Phillips theorem (see, e.g., [18, 40]) that it generates a strongly continuous
contraction semigroup (et(A_Cid))t>0. Then, the operator /A generates a strongly continuous
semigroup (e'*)¢>0, and we have e!® = Ctel(A=CId),

The operator A7 on L2(]\/4\ 7,09) is closed, selfadjoint and dissipative, and thus it generates a
strongly continuous contraction semigroup (e*2");0. O
Hypoelliptic heat kernels. Under the assumptions done in Lemma 3.1.1, since Lie(D) = T M
(which implies Lie(ﬁq) = T]\/qu, both operators 9, — A and 9, — A1 are hypoelliptic and therefore
the corresponding heat kernels exist and are smooth: given any smooth measure g on M, we
consider the heat kernel ea , defined on (0,+00) x Q X €, associated with the operator A and

with the measure y, and the heat kernel e? = ez, fa defined on (0, 400) x M4 x 1\7‘1, associated

with the operator A% and with the measure 1? (see Appendix A for reminders on heat kernels).
Smoothness follows from the fact that ea , is solution of Pea , = 0, with P =20, — (A)y — (A*) g
that is hypoelliptic.

When V is bounded on M, it follows from the maximum principle for hypoelliptic operators
(see [10]) that ea , and €? are positive functions. Since —A? is selfadjoint, €? is also symmetric.
Note also that, using the formulas in Appendix A, we have the homogeneity property

el(t,x, x') = |e| 2D 29(et, 6.(x), 6-(2)) (17)

for all (t,z,2") € (0,400) x R™ x R™ and for every ¢ # 0 (where we have identified M4 ~ R™).
In Theorem A further, we will establish an asymptotic relationship between the heat kernel
en,, and the nilpotentized heat kernel 7.

Probabilistic interpretation. It can be noted that, when Q2 = M and V = 0, the heat kernel
e, is the density of the probability law of the solution to the stochastic differential equation on
M in the Stratonovich sense

dxyq = \/52 Xi(z1,4) 0 dw; + Xo(w,4) dt
i=1

with 29, = ¢, where (w})i<i<m is a m-dimensional Brownian process realized as the coordinate
process on {u € C([0,1],R™ | u(0) = 0} under the Wiener measure (see [7]): the solution to
Oyu — Au =0 for t > 0, u(0,q) = f(q) with f € L?(2, u), is then given by

ult,q) = / ennlt 0,V 1(¢) duld) = Ef (z1.0).

7Actually, the following weaker Hérmander assumption is enough to ensure hypoellipticity of 9; — A: T'M is
spanned by the vector fields (X;)1<i<m, ([Xi, Xj])o<i,j<m» ([Xi, [Xj, Xk]])o<i,j,k<m> ete.
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3.2 Two general results for parameter-dependent hypoelliptic heat ker-
nels

This section can be read independently of the rest.

Let M be a smooth connected manifold. Let m € N* and let I be a compact set. For every
7 € K, let ™ be a smooth density on M, let XJ,X7,..., X be smooth vector fields on M and
let V7 be a smooth function on M, all of them depending continuously on 7 in C'* topology. We
consider the second-order differential operator

AT =N (X)) + X5 -V

=1

Throughout the section, we assume that the Lie algebra Lie(X7,..., X ) generated by the vector
fields is equal to T,M at any point ¢ € M, with a degree of nonholonomy that is uniform with
respect to 7 € K (uniform strong Hormander condition).

3.2.1 Local nature of the small-time asymptotics of hypoelliptic heat kernels

Let 1 and Q5 be two arbitrary open subsets of M, assumed to be manifolds with or without
boundary. We still denote by ™ the volume induced on each €2;.

For i = 1,2, we define the operator AT on L?(2;, u7) as follows. Let D(AT) be a subset of
{u e L2(Qi,u7) | (ATu)jq, € L*(Q,p7)}, standing for the domain of A] and encoding possible
boundary conditions on 9f2; if ; has a nontrivial boundary. We now consider the operator
AT : D(AT) = L*(Q, u7) defined by ATu = (ATu)q, for every u € D(AT).

In other words, we consider here the operator A” on different subsets €2;, with some boundary
conditions. For instance, one can take 2y = M and €25 an open subset of M with Dirichlet
conditions on 9€),.

We assume that A7 generates a strongly continuous semigroup (etaf)tgo on L?(Q, u™), satis-
fying the uniform estimate

||6tAI L(L2(Q,17)) < Cst et Vi >0 Vre K

for some C' > 0. By an obvious (parameter-dependent) generalization of Lemma 3.1.1, we note
that this is the case if V7 is uniformly bounded below on 2 U Q5 with respect to 7 and if, for
1=1,2:

(A,) either AT : D(AT) — L?(Q;, u7) is selfadjoint for every 7 € K,

(B7) or the functions div),(X(), div,(X]) and X7 (div},(X7)), j = 1,...,m, are bounded on €,
uniformly with respect to 7, and we have Dirichlet or Neumann boundary conditions (see
Lemma 3.1.1).

Let €] (t,q,q") = enr u7(t,q,q') be its heat kernel, defined on (0, +00) x ; x ;. Note that e]
is symmetric whenever A7 is selfadjoint.

The following fact was noticed in [28]: extending the heat kernels by 0 for ¢ < 0, by hypoel-
lipticity of the operator 9y — AT (under the Lie algebra generating assumption), it follows that
el (t,q,q") vanishes at infinite order as ¢ — 0 for fixed ¢ and ¢’ such that g # ¢’. This observation
inspired to us the result below.

Hereafter, given a function e depending on three variables (¢, ¢, q’), the notation 9y (resp., da,
03) denotes the partial derivative with respect to ¢ (resp., to ¢, to ¢').
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Theorem 3.1. For all (k,a, ) € N x N4 x N¢, we have
(070395 ¢7)(t, q,q') = (070505 eT)(t,q.q') + O(t™)

ast — 0, t > 0, uniformly with respect to T € K and to q and q' varying in any compact subset
of Q1 N Qy. This means that, for all (k,a,B) € N x N x N, for every t; > 0, for every compact
subset K C Q1 N Qq, for every N € N*, we have

(080505 (e — e5))(t, q,¢')| < Cst(k, a, B, t1, K, N)tN
vt € (0,t1] V(¢,¢) e Kx K ¥Vt ek.

This result reflects Kac’s principle of “not feeling the boundary”, showing that the small-
time asymptotic behavior of the heat kernel is purely local. Moreover, we establish here a uniform
parameter-dependent version, which is possible thanks to the uniform subelliptic estimates obtained
in Appendix B.

Proof. Let 7 € K be arbitrary. Let € be an open subset of Q1NQy. We set w™ (t,q,q") = eI (t,q,q¢')—
el (t,q,q"), for all t € R and (q,¢') € Q x Q. The function w” is smooth on (0, +00) x Q x Q, and
actually (extending by 0 for ¢ < 0) we are going to prove that it is smooth on R x © x Q, with
uniform estimates with respect to 7 € .

On Q x Q, we consider the differential operator (A7), = A7 ® id, meaning that given any
smooth function g on Q x €, the function (A7),g designates the partial derivative, using the
differential operator A7, of the function g, with respect to q. Accordingly, we consider the operator
(A7) =id® (AT)".

Noticing that the heat kernels have been extended by 0 for ¢ < 0, both kernels e] and e} are
solutions of the same differential equation (0; — (A7)g)e = d(g,¢)(t, q) in the sense of distributions,
for any fixed ¢ € Q, where the distribution pairing is considered with respect to the measure
dt x dp"(g) on R x . Hence (0y — (A7)g)w™ = 0 on R x Q x Q. Using that ear ,-(t,q,¢") =
enzu(t,q',q), both e and ef are also solutions of (0; — (AT)r)e = d(0,4)(t,¢’) in the sense of
distributions, for any fixed ¢ € . Hence (0; — (A7);)w”™ = 0 on R x Q x Q. Setting P, =
(AT)g + (AT)y — 20, we infer that Prw™ =0 on R x 2 x €. At this step, for any 7 fixed, we infer
by hypoellipticity of P, that w” is smooth, and since w” vanishes for ¢t < 0, it follows that w” is
flat at ¢ = 0. This gives the result, for 7 fixed.

But in order to ensure uniform estimates with respect to 7, we have to elaborate further
arguments. In order to use the uniform local subelliptic estimates (63) established in Section
B.1.1, as an initialization, we need to prove that w” is bounded, uniformly with respect to 7, for
some weak enough Sobolev norm. To this aim, let us first establish a rough norm estimate, valid
for both heat kernels, and uniform with respect to .

Lemma 3.2.1. For every t1 > 0, for every open subset V. C Q of compact closure, there exists
p € N* such that

Hez('a'a')|‘L§°(07t1)xH;P(V)XL§/(V) gCSt(thV) Vre K Vi € {1,2}
In the norm above, and in the proof hereafter, the Sobolev spaces are considered with respect
to the density u7.

Proof of Lemma 3.2.1. Let t; > 0 be arbitrary. As in the proofs of Lemma 3.1.1 (Section 3.1.2)
and of Corollary B.1.1 (Appendix B.1.2), we first note that HetAZHL(LQ(Qi)) < Cst(ty), for every

t € [0,t1]. Besides, we set A, = a(id — Ag)'/?, where Ag is any second-order elliptic operator on
Q; (for instance, a Riemannian Laplacian if M is Riemannian) and a is a smooth positive function
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on §2; chosen such that there exists p € N* large enough so that A_? is Hilbert-Schmidt (as an
operator on L?(€;)), ie., |[A;?|zg < 400 (see also the proof of Corollary B.1.1 in Appendix
B.1.2 for the existence of such an integer p). It follows that the operator A;Pe!®7 on L%(Q;) is
Hilbert-Schmidt, and its Hilbert-Schmidt norm is bounded uniformly with respect to 7 € K and
to t € [0,1]. Since ||A;Pe!™ || gs = [[(Aa)gPel (2, ')”Lﬁ(ﬂi)xLﬁ,(m)v the conclusion follows. O

Now, let ¢ and ¢’ be arbitrary smooth functions compactly supported in (—t1,¢1) X X , with
¢’ = 1 on the support of (. From Lemma 3.2.1, there exists s < 0 such that ||¢'wT || g+ (—¢, ;) xox0) <
Cst(t1,¢’). Applying Theorem B.1 to the family of operators P, (in particular, applying to w” the
uniform estimates (63) that follow from this theorem), we infer that, for every k € N, the norm
QW || frko ((—t1,41)x2x ) is uniformly bounded with respect to 7 € K. Using Sobolev embeddings,
the theorem follows. O

Remark 3.2.1. Note that a quite similar result has been established in [25], without parameter
dependence and under completeness assumptions.

3.2.2 A general convergence result for hypoelliptic heat kernels

We keep the notations and assumptions done at the beginning of Section 3. We assume that A7
generates a strongly continuous semigroup (e'®");>0 on L2(Q, u7), satisfying uniform estimate

||6tATHL(L2(Q7MT)) < Cst e“t vt >0 vVr ek

for some C' > 0. Like in Section 3.2.1, we note that this is the case if V7 is uniformly bounded
below on M and if either (A,) or (B;) is satisfied. We denote by e” = ear ,~ the associated heat
kernel, defined on (0, +00) x € x €.

Theorem 3.2. The heat kernel €™ is smooth on (0,4+00) x Q X Q, for every 7 € K, and depends
continuously on T € IC in C*°((0,+00) x Q x ) topology.

Proof. Let 1y € K be arbitrary. The differential operator A7 is the limit of A7 in C*° topology as
T — Ty, meaning that A7 f — A" f as 7 — 79 uniformly on any compact subset of M, for every
smooth function f on M.

By the Trotter-Kato theorem (see, e.g., [18, Chapter III] or [0, Chapter 3]), e!®" f — 2™ f
in L?(Q, u™) as 7 — 79, for every t > 0 and every smooth function f on Q with compact support,
and the convergence is uniform with respect to ¢ on [0,¢;], for every ¢; > 0. Taking the Schwartz
kernels (see Appendix A), it follows that, given any 0 < tp < ¢; and any compact subset K of
), €™ converges to €™ in C~°([tg,t1] x K x K) as 7 — 7 for the weak-star topology. Here,
C~>°([to, t1] x K x K) is the topological dual of the Fréchet Montel space C*([to, 1] x K x K).

By Corollary B.1.1 in Appendix B.1.2, applied with L™ = A7, the family (e”),ex is uniformly
bounded in C*°([tg,t1] x K x K). Therefore, thanks to the Heine-Borel property, we conclude that
e” converges to e™ in the Fréchet Montel space C>°((0,+00) x Q x Q) as 7 — 7. O

Remark 3.2.2. We note that A7 is a singular perturbation of AY. One can find in [33] (see also
[26]) a number of results on singular perturbations of elliptic operators, i.e., when AP is an elliptic
operator. Here, our results can be seen as some singular perturbations of hypoelliptic operators.

For example, Theorem 3.2 can be applied to the situation where A7 = A® + 7A R, with A°
being hypoelliptic and A being a Riemannian Laplacian if M is Riemannian: this is an elliptic
perturbation of a hypoelliptic operator. We thus recover results established in [412, Theorem 7.2]
(see also [20]) in the particular case where A is a contact sR Laplacian.

Note also that, when the considered operators are selfadjoint and of compact resolvent, using
the max-min principle, our results imply convergence of the spectrum of AT (eigenvalues and
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eigenfunctions) to that of A% (as in [19, 20, 42]). We do not give details. This convergence is
of course not uniform in general because the leading term in the short-time asymptotics of heat
kernels may differ: for instance when A% is a 3D contact sub-Riemannian Laplacian then the
short-time asymptotics is like 1/t2, whereas for 7 # 0, assuming that A7 = A? + 7Ag as above,
the short-time asymptotics is like 1/t3/2 (asymptotics in the Riemannian case).

4 Proof of the limit in Theorem A

In this section, we prove Theorem B, which is Theorem A at the order zero.

4.1 Preliminaries

Throughout, we assume that X is a smooth section of D over M. Each time this is required, we
will indicate the modifications that must be done when X is a smooth section of D? over M.

Let g9 > 0 be small enough such that §.(V) C V for every € € [—¢£¢,e0]. We first extend the
vector fields (1))« X; (which are defined in the neighborhood V' given by the chart) to R™. Let W
and W5 be open subsets of R™ of compact closure such that Wi C Wy C Wo C V and such that
d:(W1) € Wy and 6.(Wa) C W for every e € [—ep,e0]. Let x be a smooth function of compact
support on R™, such that 0 < x < 1, x(z) = 1 if # € W and x(z) = 0 if x € R" \ Wa.

Hereafter, we will use the measure 1? on R™, which coincides, up to a constant scaling, with
the Lebesgue measure on R™.

Definition of A (local version of A in the chart). We define
Y;:X(wq)*Xi, 1=0,...,m,

so that V; = (¢4).X; on Wi and Y; = 0 on R™ \ Wy. Similarly, we define the function v on R”
by v = x(¢4)+V, and the measure v on R™ by (v, f) = ()., X f) for every f € CO(R™). Setting
Y = Yy, Y1,...,Y,,), we consider on C*°(R") the differential operator

A:iyﬁJrYo—v.
i=1

The operator A (resp., the measure v) is the extension to R™ (by 0) of the local version of A
(resp., of p) in the chart. As we are going to see, in the proof of Theorem B, the way we extend
does not have any impact on the local asymptotics of the heat kernel, thanks to the localization
result stated in Theorem 3.1 (Section 3.2.1).

Since the vector fields Y; are of compact support, setting D(A) = {f € L2(R",v) | Af €
L2(R™,v)}, it follows from Lemma 3.1.1 that the operator (A, D(A)) generates a strongly con-
tinuous semigroup (etg)go on L%(R™,v). By hypoellipticity (see Corollary B.1.1), the Schwartz
kernel of etg, restricted to (0,4+00) x Wy x Wi — (0, +00), has a continuous density with respect
to v, which is the smooth function

e=ex , :(0,+00) x Wi x Wi — (0, +00).

4.2 Definition of the vector fields Y;°

For every € € [—¢eq,¢e0] \ {0}, we set
1

€ — _ —  &* € _ *y/ L
Ve = |a|9(‘1)5sy’ YS =¢eblY;, i=0,...,m. (18)
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Using that §. = 0=\ = 0xd<, we observe that

YE=ASYSY, i=0,....m,  YA>0  Vee[-Aeo, Ao\ {0} (19)

When Xj is a smooth section of D? over M, we modify the definition of Y by setting Y =
£267Yp, and we have the homogeneity property Y§ = )\26on5/ A,

Note that Y7 is nontrivial on d_ ' (W1) = 8y /. (W1) which is a neighborhood of 0 increasing to
R™ as ¢ — 0. For every i € {0,...,m}, Y7 converges to )A(f in C*°(R™,R") as ¢ — 0 (see Section
2.5 and Remark 1.2.1). Actually, using (8), we have the expansion

V=6 = X0+ eV, O + 2y o 4 N 461N (20)

in C*° topology, where Yi(k) is polynomial and homogeneous of degree k (with respect to dilations),
and )A(Zq = Yg(fl), i.e., setting ;' = )/ff for ¢ = 0, Y7 depends smoothly on ¢ in C'*° topology.

Since Y;° converges to )A(Zq , as well as all its derivatives, on any compact, since the m-tuple
()?f, ..., X4) satisfies the Hormander condition, using that [YF,YF] = e%0:[V;, Yj], it is clear that
the m-tuple (YF,...,Y?) satisfies the uniform strong Hérmander condition (as defined in Section
B.1.2) on Wy, for € € [—¢p, &g, provided that g9 be small enough.

Moreover, we have v® — 9 for the vague topology as e — 0. Actually, the density of v with
respect to the Lebesgue measure of R™ converges in C*° topology to the density of 17 with respect

to the Lebesgue measure of R™ (which is constant).

4.3 Definition of the operator A®

Differential operator A°. For every € € [—eg,£0] \ {0} we define on C*°(R") the differential
operator _
A =25 A (0,).. (21)

Using (19), we have the homogeneity property
NS = NGNS (0)).  YA>0 Ve €[—Xeo, Aeo] \ {0} (22)

Using Appendix A, we have

AT =N (e02Y:) + 200V — 2 (02v) = 3 (V1) + V5 — & (0%v). (23)

i=1 i=1
When X is a smooth section of D? over M, the definition of A¢ is modified as follows:

AN Z (YEY + Y —e2(8v).

=1

Convergence of A\® to A4, Since eY§ — 0in C*°(R™,R™), the differential operator A defined
by (10) is the limit of A€ in C'*° topology as ¢ — 0, meaning that A°f — Alf in C® (R™) as
e — 0, for every f € C°(R"). Defining A = A for ¢ = 0, A® depends smoothly on € in C*
topology.

We could give an asymptotic expansion of A in C* topology, as we will do further in Section
6.1.3 for an appropriate modification of A%, but we do not give it because it will not be useful.
Indeed, we will see further that the C*° topology is not strong enough to establish the complete
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asymptotic expansion stated in Theorem A. Anyway, the limit in C°° topology suffices to establish
Theorem B.

When X is a smooth section of D? over M, we have Y§ = £26:Yy = XJ + e¥ " + o(fe])
where X{ is homogeneous of order —2 (see Remark 1.2.1 for the details). We obtain in this case
that A® — A%+ X{ in C* topology as & — 0.

Semigroup generated by A®. Setting D(Af) = {f € L>(R",v) | A®f € L*(R", 1)}, using
(21), the operator (A%, D(/\®)) generates a strongly continuous semigroup (e/“");5¢ on L2(R™, 1),
satisfying -

57T (6, = e VE>0 Ve € [—eo,e0] \ {0}

Since HetA”L(L2(Rn7U)) < Cst et for every t > 0, for some C' > 0, it follows that the semigroup

€ . . . € 2
(e"™")i>0 satisfies the uniform estimate [|e'®"||1(r2(rn 1)) < Cste“s ™.

Heat kernel e¢ of A°. By hypoellipticity (see Corollary B.1.1), the Schwartz kernel of e'®”,
restricted to (0,400) x Wi x Wy, has a continuous density with respect to v, which is the smooth
function

et = epns pe (O,+OO) x Wi x Wy — (O,+OO)

Using (21) and the formulas (60) of Appendix A, we have

e (t, x, ') = || LDe(?t, 6. (), 0. (2'))
Ve € [—e0,e0) \ {0}  V(t,z,2") € (0,+00) x W1 x Wy. (24)

Convergence of e¢° to ¢?. Recall that the nilpotentized heat kernel is the smooth function
€l =e€xq 04" (0,400) x R™ x R™ — (0, 400), defined as the continuous density with respect to 14

of the Schwartz kernel of et2”,
Applying the general convergence result stated in Theorem 3.2 (in Section 3.2.2) with K =
[—e0,e0], T=¢, Q =Wy, u” =v° and L™ = A®, we obtain that

e — e in C%((0,400) x Wi x W1). (25)

e—0

When Xy is a smooth section of D? over M, the result remains true provided that A9 be replaced
with A7+ X{.

Remark 4.3.1. The above argument yields a convergence that is much stronger than the con-
vergence on semigroups provided by the Trotter-Kato theorem (which is only pointwise). We do
not know if this could have been established by general results on analytic semigroups. Indeed,
although the strongly continuous contraction semigroup (e!®");>o is analytic of angle 7/2 (this
follows, e.g., from [18, Chapter II, Corollary 4.7], because the operator A? on L2 (R™) is nonpos-
itive selfadjoint and thus has a real nonpositive spectrum), given any € > 0, we do not know if
the strongly continuous semigroup (e'*");>o on L?(R") is analytic with an angle that would be
uniform with respect to ¢ in general (unless, of course, we are in the case where A¢ is selfadjoint).
Actually, there are hints (see [17]) showing that the operator A may fail to be uniformly sectorial.®
Note also that A% — A7 s not A-bounded in general and that A is not an elliptic operator. This
is why, instead of using classical integral representations of analytic semigroups, we used the fact
(proved in Section B.1.2) that e!*" is uniformly locally smoothing.

8We thank Martin Hairer for a discussion on this subject.
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4.4 End of the proof of Theorem B
We already know that e® is related to € by the formula (24), which gives as well

(080505 ene o) (t,w,2') = |e| SV TR (0t BwidlD (ka8 o) ex | )(t, 0c(x), 0(2'))  (26)

for every € € [—ep, 0]\ {0}, for all (t,z,2') € (0, 4+00) x Wi x Wy and for all (k,a, ) € Nx N% x N?,
where we have set & = (a1,...,a5) and 8 = (B1,...,0n). Let us now relate € with e ,. This
is done thanks to the localization result stated in Theorem 3.1 (Section 3.2.1). Recalling that A
coincides with A in the chart, Theorem 3.1 gives, in the chart,

eau(et,0:(2),0:(2)) = e , (£, 6:(x), b: (")) + O(le] ™) (27)

in C*° topology. The limit (13) in C*° topology then follows from (25), (26) and (27).

Case ¢ regular. Let us assume that ¢ is regular, meaning that there exists an open subset U of
M on which the flag is regular. Let us make vary ¢ in U. We first remark that it is possible to
choose, at the beginning of the proof, a chart v, depending smoothly on ¢: for instance, one may
use the map (7) that is obtained with a frame of vector fields Z! adapted to the flag and depending
smoothly on ¢. With such a choice, Y;* depends smoothly on ¢, and the convergence of Y;® to X s
uniform as well with respect to g. Similar properties hold for all convergences under consideration
in the proof. Since all our results on subelliptic estimates (Appendix B) and localization of the
heat kernels (hypoelliptic Kac’s principle, Theorem 3.1) are valid uniformly with respect to ¢ in
this regular neighborhood, we can keep track of the regularity with respect to ¢ in the entire proof
above, and smoothness with respect to ¢ of all the coefficients of the expansion follows.

Part 11
Proof of the complete asymptotic
expansion in Theorem A

Theorem B is a weaker version of Theorem A, in which we have obtained the limit, i.e., the first
term of the expansion with respect to €. The full version of Theorem A states an asymptotic
expansion at any order with respect to e.

5 Idea of the proof

Surprisingly, the proof of Theorem A, done in Section 6, is much more difficult than the (quite easy)
one of Theorem B done in Section 4. Deriving the complete expansion indeed requires significant
additional work. In particular, as we explain hereafter, it requires to use global smoothing estimates
(established in Appendix C and in Appendix B.2) and to consider an adequate modification A7
of the operator A®, which complicates significantly the analysis.

Hereafter, we explain our proof approach and we point out the main difficulties, in order to
motivate some of the developments that will follow.
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5.1 Duhamel formula

Consider the operator A® defined by (21) in Section 4. As in [5], the starting point is the Duhamel
formula

—~ t ~
etAE _ etAq +/ e(t—s)A‘E (AE _ Aq)esAq ds
0

for t > 0. Setting
it+1
Ei(t): {ShLl :(51,---75i+1)€ (0,—|—OO)1+1 ’ Zsk_t} V’L'GN*,
k=1

given any N € N* we obtain by iteration

N
elA" — etA Z/ 1B (A° — Aq)e@&q s (AF = Aq)esiﬂﬁq dsitl
=1 (1)
+/ e1OT (A = A)es2 BT (A5 — Na)esn+2BT ggN+2 - (9g)
En+1(t)

Besides, using an expansion in homogeneous terms, we have an asymptotic expansion at any order
A=At e+ -+ eV Ay +eNTIRSY (29)

where A;, i € N*, and R%,, are second-order differential operators. Moreover all derivations A;,
for i =1,..., N, have polynomial coeflicients with a degree that is bounded by some power of N.
Of course, we must be careful with the topology taken for the convergences and for the asymptotic
expansions, and by the way, this is one of the main problems, because the C'* topology, which
was considered previously, will not be sufficient. Let us explain why.

Using (28) and (29), for the moment in a formal way, we obtain

¢ = B eCy (1) + - + eNCN (1) + NP () (30)
where each operator C;(t) is a finite sum of terms Z;(¢) for some i € {1,..., N}, where Z;(t) is
defined by

Iz(t) _ / eslﬁqul 6828‘1 . AJI 65i+1£q dsi+1 (31)
i (1)
with ji,...,jn € {1,..., N}, and where the remainder term P% ,,(¢) is a finite sum of terms

eFTi(t), e*TF(t) and €FKC5(t) with k,i € N, £ < (N +1)%, 1 < i < N, and JF(t) and K5(t) are
defined by

Ji (t) = /E o eslAfo 287 - B g1 B dsit1 (32)
i(t

Ki(t) = / 1A By AT Bg et A gt (33)
=0

where each BJE» is a second-order derivation, either equal to some A;, i € {1,..., N}, or to Rii1
All operators above are defined as convolutions, i.e., iterated compositions involving the oper-

SiAq SlAE

ators e and e , and derivations A; and Rf,; in-between. For instance, we have

t =N = t — P
Ci(t) = / e(t_S)Aq.AlesAq ds, Ca(t) = / e(t—s)A1 (AgGSAq + A1Cy (8)) ds.
0 0
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Only the terms K3 (¢) (involved in the remainder P5,(f)) contain e$18" as a first term in the

convolution. Note that A is selfadjoint but A is not selfadjoint in general.
The basic idea is then to take Schwartz kernels in (30), in order to obtain the expansion of the
heat kernel e® with respect to ¢.

Although apparently simple, at least in a formal way, establishing rigorously the expansion
at any order appears to be difficult and technical. The main difficulty is to give a sense to the
expansion (30) with respect to some appropriate topology. The asymptotic expansion (30) will be
written in the sense of smoothing operators (see Proposition 6.2.1 in Section 6.2), i.e., operators
that map continuously any Hj, (R™) to any H, l’f)c(R"), with a norm that is uniformly bounded with

respect to €. More precisely, let 0 < ty < t; be fixed. We would like to prove that

Ix1Zi (t)x2l L (m @), 5% (7)) < Cst(N, X1, X2, 7, ks o, t1)
vVt € [to,tl] VXl,XQECgO(Rn) Vi, ke ViE{l,...,N} (34)

and that there exists €9 > 0 such that

X1 TN 1 E)X2ll L (as @ny, mr @)y + IX1IK N1 X2l Lz @ry, mE @)y < Cst(N, X1, X255 by to, t1)
Vit € [to, tl] VX17 X2 € CSO(RH) Vj, kel Ve € [—EQ, 80]. (35)

To prove these smoothing properties, we will prove that the chain of compositions appearing
in the integrals (31), (32) and (33), involving the operators e*©" and €512 and the derivations
A; and Ry, 4, is performed in the scale of Sobolev spaces with polynomial weight Hf (R™) (whose

NG

definition is recalled in Appendix B.2), and that at least one of the operators %D and e

enjoys a strong smoothing property, able to map continuously any Hg (R™) to Hg/l (R™) for any
o/ € R and for some appropriate 8 € R (and this, uniformly with respect to ¢).

Here, in contrast to Section 4, local subelliptic estimates are not enough and global subelliptic
estimates are required, in order to establish such global smoothing properties. Since the derivations
appearing in the chain of compositions can be arbitrary (they have no specific relationship with
the operators A% and AF), the use of Sobolev spaces with polynomial weight Hg (R™) appears to
be relevant.

Hereafter, we list the properties that we will have to establish in order to prove (34) and (35).

Note that (34) involves operators e**" and derivations A;, not depending on &, while (35) involves

also the operator e512" and the derivation R 11 for which we will have to establish properties that
are uniform with respect to . As we will see in Section 5.3, this will raise a significant additional
difficulty.

5.2 Requirements to prove (34)

To prove (34), we observe that, inside the integral (31), at least one of the real numbers s, is such

that s, > tﬁo We want the corresponding operator e»2” to be globally smoothing. To this aim,

we will need to establish the following property:

(P1) Global smoothing property in Sobolev spaces with polynomial weight: there exists ko € N such
that

21, ) < Cstla,a, 6,m)

o (n o/ n
(Hﬁ (R )’Hﬂ/kO*kO(\a\+\ﬂl\)(R )

Va,o',B € R V1o € (0,1) V1 € [19,1].
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A% gains differential regularity, with

In other words, in positive times (79 < 7 < 1) the operator e”

a controlled loss of polynomial weight regularity. R
Besides, all other operators in the composition in the integral (31) are either es2" | with

0 < s; < 1 or derivations A;. The second-order derivations A; for i = 1,..., N, because they have

polynomial coefficients with maximal degree, say, N ¢ for some ¢ € N*, and thus map continuously

any Hg(R") to HE:JQ\VZ (R™). Concerning e**", we require the following property:

(P2) Continuity with controlled loss in the Sobolev spaces with polynomial weight, including time

zero: there exist 8y > 0 and k; € N such that

||efﬁqllL( <Cst(a, )  VYaeR VB=py  Wrelol].

HyEm M L ®Y)
Note that, in contrast to (P1) which is a smoothing property in positive time, (P3) is stated on
the time interval [0, 1], including time zero. The property (P2) is inferred from the following two
properties that we will establish:

(P3) Let ﬁg:;R be the completion of C2°(R™) for the norm [|(x)% (id — Aq)kUHLQ(Rn), which is the

domain of (id — &q)k polynomially weighted with the power § of the sR Japanese bracket
(see a precise definition in Appendix C.2). We have

HeTﬁqHL(ﬁg;jﬁ) < Cst(k, B) Vr € ]0,1] Vk e Z V5 > 1.

(P4) Continuous embeddings: there exist ¢ > 0 and Ny € N such that
n ~Na-sR o n
HE oy R™) = DY = HES (0 inoR™)  VEEN  VBER

and by duality, H; 27 v (R") < DU H %, v (R™) for all k € N and 8 € R.
The smoothing property of Z;(t) follows from (P1), (P3) and (Py4) (the full detail of the argument
will be given in Proposition 6.2.1, but one can already note the important fact that 8 must be
taken large enough).

The property (P4) follows from global subelliptic estimates, that we establish in Appendix B.2
for general Hormander operators whose coefficients (as well as their derivatives) have a growth at
infinity that is at most polynomial (of course, there, the polynomial property is crucial). Actually,
in Appendix B.2 we will establish (P4) for the domains ﬁg 5 of (id — &q)k polynomially weighted
with the power 8 of the usual (not sR) Japanese bracket (see their definition in Appendix B.2.1).
But, since we have the inequality Cst|| - || 54 < |- ||.ﬁ?,zR < Cst|| - ||73;,a forall j € Zand a >0

(see (76) in Section C.2), (P4) follows.
The property (P1) is inferred from (P4) and from the following property:

/r(a)

(P}) Global smoothing property in the iterated domains with polynomial weight: there exists kg € N
such that

12 (mom mpemy < Cst(i, k. B,70) Vi k€Z  VB=1 Ve (0,1)  Vre [l
(Bt pr)
While (P} ) is a smoothing property (valid for positive times), the property (P3), which must hold

also at 7 = 0 but does not provide any gain of regularity, is equivalent to the fact that (etgq)tgo is
a semigroup on the weighted Hilbert space L% (R™), for every 8 > 1. These facts are not obvious.
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We prove (P}) and (P3) in Appendix C (more precisely, see Proposition C.2.1 in Appendix C.2)
by using upper exponential estimates of the heat kernel of the nilpotent sR Laplacian A,

At this step, we have realized that, to prove that the operators x1Z;(t)x2 are smoothing, we
have to establish some properties for the operator ﬁthhat are of a global nature. To prove them,
we will use the instrumental facts that the operator A? is selfadjoint and polynomial. This is the
objective of Appendix C. Selfadjointness allows us to use the spectral theorem.

Remark 5.2.1. It seems unavoidable in general to use Sobolev spaces with polynomial weight
HE (R™), in the above chain of arguments. Indeed, the second-order derivations A; can be arbitrary,

in the sense that they “cannot be factorized” by A% and thus they do not map an iterated domain
of AY to another in general.

5.3 Requirements to prove (35)

Let us now search what properties are required to prove (35). Compared with the operator J;(t)
defined by (31):

e in the definitions (32) and (33) of J£(t) and KZ(t), the derivations in-between can be either
Aj or Riy 115

e in the definition (33) of K5(t), we have a final composition by the operator e*°“" in the
integral.

Note that, in contrast to Aq, the operator A€ is not selfadjoint in general.
In order to perform a reasoning as above, it would be desirable that there exist £ € N and
€0 > 0 such that:

(i) HR§V+1”L(Hg(Rn),HZ:;e(Rn)) < Gst(a, B) Va,f e R Ve € [—€o, &0);

(ii) the operator ;€™ satisfy the properties (Py) (global smoothing in the Sobolev spaces with
polynomial weight) and (P2) (continuity with controlled loss, including time zero), uniformly
with respect to € € [—eg, 0]

However, except in the following particular case, we are going to see that these properties are not
satisfied in general, which raises a serious difficulty that we will show how to overcome.

A particular case. It is interesting to note that (i) and (ii) are satisfied under the following
additional assumptions:

o M =R";
e the vector fields Xg, X1, ..., X, are polynomial;
e the operator A defined by (1) is selfadjoint (see Section 3.1.1).

Indeed, under these assumptions the coefficients of A% are polynomial, and thus the homogeneous
expansion (29) is exact for N large enough, i.e., R3; = 0, hence (i) is satisfied. As for (ii), since
AF® is also selfadjoint, all results established in Appendix C can straightforwardly be extended
to such a one-parameter family of operators. In particular, Proposition C.2.1 and continuous
embeddings give (ii).

Hence, under the above additional assumptions, the results established in Appendix C are
sufficient to conclude that x1 75, (t)x2 is smoothing and then complete the proof of Theorem A.
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Difficulties in the general case. But in the general case where either the vector fields are not
polynomial at infinity, or A is not selfadjoint, the properties (i) and (ii) may fail and we have to
proceed differently.

First of all, when A is not selfadjoint, we cannot use the results of Appendix C, but this
difficulty is bypassed in Appendix B.2, where we establish some global smoothing properties for
general hypoelliptic Hormander operators (not necessarily selfadjoint) depending on a parameter.

However, this can only be done under the crucial assumption that the growth at infinity of
the differential operator is at most polynomial, with a degree that is uniform with respect to the
parameter. This requirement of being at most polynomial at infinity is the main constraint. The
results of Section B.2 cannot be applied to ¢!2”, because the growth at infinity of the vector fields
X¢ is not at most polynomial uniformly with respect to ¢, in general (see Example 6.1.1 in Section
6.1.1).

This serious flaw is due to the fact that Y;® (defined by (18)) converges to )?Zq only in C*
topology as € — 0, i.e., Y, converges uniformly, as well as all its derivatives, to )?lq only on every
compact subset of R”. But this convergence is not global in general.

Adding a “damping” parameter . To overcome this defect of convergence, we introduce
in Section 6.1 a slightly different operator A7, depending on an additional (fixed) parameter
~v € (0,1), which satisfies A®7 — A? as e — 0 in a much stronger sense, and whose growth at
infinity is uniformly at most polynomial.

To do so, we replace each vector field Y7 with an adequate modification Y;””7: we define the
vector field ¥;"7 such that, roughly speaking, Y7 = )?Zq outside of the sR ball ﬁgR(O, 1/€7) and
Y7 = Y7 inside the ball. In the key Lemma 6.1.1, we establish that, while Y;* converges uniformly
(as well as all its derivatives) to X 7 only on every compact, for appropriate (small enough) values
of 7, Y converges to X 7 globally, on the whole R", as ¢ — 0, and the convergence is even valid in
any space LP, p € [1,+00], as well as all its derivatives. This much stronger convergence property,
obtained thanks to the adequate modification using the parameter +, is instrumental in our proof.
By the way, we think that it could be useful for other purposes.

The parameter  can be viewed, in some sense, as a “damping” parameter: Y7 is an adequate
modification of Y, which is sufficiently damped (but not too much) to be of polynomial growth
at infinity, uniformly with respect to ¢.

The construction of A% is done in Section 6.1. We will prove that the family of vector fields
Y”" satisfies a uniform polynomial strong Hérmander condition if v > 0 is chosen small enough
(see Lemma 6.1.2), thus allowing us to use the uniform global subelliptic estimates established in
Section B.2.

Note that, to ensure the validity of the global subelliptic estimates, it could seem sufficient to
consider the above truncation on a ball B (0,1) of fixed radius, rather than on a ball B, (0,1/¢7).
But then, the end of the proof of Theorem A would fail; more precisely, the application of the
final localization argument (hypoelliptic Kac’s principle) would fail (see Section 6.4). So, we
underline that it is important to take v > 0 small and thus keep the equality Y;7 = Y valid on
a neighborhood of 0 increasing to R™ as € — 0.

With this modification in mind, we go back to Section 5.1 and we apply the Duhamel formula,
replacing A® with A®7. This is what we will do in Section 6.2, and we will obtain the expansion
(30) with A®7 instead of A®.

We will then want to prove (35) with A®7 replacing A®. Recalling (i) and (ii) as desirable
properties, what we will be able to establish is:

(P5) We have A&7 = A4 AT + 2 A7+ 4 eNAY + EN(lf’Y)H’W(‘?)R;}ll and there exist
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Bo > 0 and g > 0 such that

Ry ) < Cst(a,8)  Va,BeR Ve € [—eo,e0]

I (Fg@®n), HG2 (BR7)

(Pg) Global-to-local smoothing property: there exist ko € N and «p > 0 such that

TAEY H

IIx1e L(H;UQQ(R"),Hﬁ(R")) < Cst(a, 8, 70) Yo, 8 > ag V71 € (0,1) Y7 € [10, 1].

We note that, in contrast to the asymptotic expansion (29) of A¢, the introduction of the
damping parameter v implies a loss in the power of ¢ for the remainder term, in the asymptotic
expansion of A®7 given in (P5). The property (Pg) is proved in Appendix B.2.2, thanks to the fact
that a uniform polynomial strong Hérmander condition is satisfied as soon as 0 < v < W
(see Lemma 6.1.2).

We show in Proposition 6.2.1 that the properties (P5) and (Pg) are sufficient to conclude.

5.4 End of the proof

Finally, we will take Schwartz kernels in Section 6.3, in order to obtain an expansion at any order
of the heat kernel €= associated with A7, in function of the heat kernel é? of e!2”.

To conclude, it will remain to relate the heat kernels e*¥ and ea ,. As in Section 4, the local
nature of the small-time asymptotics of heat kernels (hypoelliptic Kac’s principle), established in
Theorem 3.1 in Section 3, will be instrumental there and will be applied several times (as in the
proof of Theorem B). First, by localization, small-time asymptotics of ea ,, and of the heat kernel
of a representation of A in a chart are the same. Second, the heat kernel e° is directly related
to the kernel of the local representation by homogeneity. Unfortunately, the heat kernel =7 does
not satisfy this homogeneity property, and an additional difficulty arises here, which we will solve
thanks to the adequate construction of the operator A=7. There, the fact that the localization
argument can be applied is strongly due to the fact that 0 < v < 1, more precisely, that /7 — 0
as e — 0.

6 Proof of Theorem A

Throughout, we assume that X is a smooth section of D over M. In view of Remark 1.2.1, each
time this is required, we will indicate the modifications that must be done when X is a smooth
section of D? over M.

We consider the framework and notations introduced in Section 4.

6.1 Construction of A7, with a damping parameter ~

Let v € (0,1) be fixed, to be chosen later. We assume that g9 > 0 is small enough so that
9o+ (V) C V for every € € [—¢p, €9

6.1.1 Definition and properties of the vector fields Y,

Considering the subsets Wi, Wa and the function y € C*°(R") introduced in Section 4, for every
€ € [—€0,¢0] \ {0}, we define

voT = (65 x)v° + (1= (05 ) = i + (62 x) (v — 1)
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and
Vi = (B X)Y + (1= ) XE = R+ (6500F = X8, i=0,...,m.

By construction, we have Y7 = Y7 on 8.4 (W1) and Y7 = )A(f on R™ \ 01/.+(W2). Note
that 1.+ (W1) C 61/.(W1) is a neighborhood of 0 increasing to R™ as ¢ — 0. The vector field
Y7 is thus an adequate restriction of Y;° on a neighborhood increasing to R" as |e| decreases,
and Y;”7coincides with )A(Zq “at infinity”, more precisely, outside of the increasing neighborhood
01/ev(W2). The asymptotics in €7, with a v € (0,1) to be chosen small enough later, will be
instrumental several times in the proof. In particular, if we would replace (d%, x) by (d5x) in the
definition of Y;”7, for some A > 0 fixed, then, at the very end of the proof, the localization theorem
(Theorem 3.1) could not be applied.

Setting Y,)"7 = )A(f for e = 0, Y7 depends smoothly on € at ¢ = 0 in C* topology (this is
because Y;® depends smoothly on € and, on any fixed compact subset K C R", one has §},x = 1
on K as soon as ¢ is small enough).

We note that, for : =0, ..., m, we have the homogeneity property

PV =YE T B e (—y1—q)  Vee [—ey/ U O\ (o). (36)

Remark 6.1.1. Given any i € {0,...,m}, since Y7 coincides with Y on the growing (as

decreases) neighborhood on d1 /.- (W1), we obviously have Y;”7 = Y7 + O(|¢[>*) as ¢ — 0 in C*
topology.

The parameter v > 0 introduced above is used to sufficiently damp the growth of the vector
field Y;”7 at infinity, with respect to that of the undamped vector field Y.

In the next lemma, we prove that, while Y;? converges uniformly (as well as all its derivatives)
to )A(Zq only on every compact, Y;7 converges to )?Zq globally, on the whole R", as ¢ — 0, and the
convergence is even valid in any space L, p € [1,4+00|. This much stronger convergence property is
due to the adequate modification using the parameter . It implies in particular that the growth at
infinity of the coefficients of Y;7, as well as all their derivatives, is at most polynomial, uniformly
with respect to €. This will be crucial in what follows, as motivated and explained in Section 5.3.

Lemma 6.1.1. Recall that r(q) is the degree of nonholonomy at q (we have r(q) = wy(q), the
largest weight at q, see Section 2.3) and that Q(q) = Y., wi(q). If v < % then:

i) For every i € {0,...,m}, considering the vector field Y7 — X9 as a derivation, we have
3 K3

1" = XD F e @y < CstR) el DN f s ny
Vk e N Vp € [1, +00] Ve € [—eo, 0] Vf e C(R™).

In particular:

e Taking p = +oo: Y7 converges uniformly on R™ to )A(f as e = 0 (meaning that all

coefficients of the vector field converge uniformly on R™), as well as all its derivatives.

o Takingp =2: Y, f converges to )?qu in L2(R™) as e — 0, as well as all its derivatives.

(i) The density of v=7 with respect to 19 (which is a constant times the Lebesgue measure of
R™) converges uniformly on the whole R™ to 1, and all its derivatives converge uniformly on
R™ to 0. Therefore, for every s € R we have H*(R™,v=7) = H*(R",19) = H*(R™) with
respective norms that are equivalent, uniformly with respect to .
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(iii) As in Appendiz B.2, we denote by (Y;"7)i>1 the family of vector fields consisting of the
vector fields Y7, Yy 7, ... Y50 completed with all their successive Lie brackets. Then (i) is
satisfied as well for every i > 1.

In particular, if e is small enough then Lie(Yy",...,Y,57) = R" for every € € [—¢eo,¢0],
with a uniform degree of nonholonomy r.

(iv) Generalizing (i) (which we recover for N =0), we have the following asymptotic expansion:
given any N € N, for every i € {0,...,m}, for every € € [—eo, 0],

VET = X+ eV o N YT 4 NI @R (37)

where Ri’N 18 a smooth vector field on R™, depending smoothly on e, which satisfies

RS fllwrr @ny < Cst(k, N)I|f llwess. (o)
Vk e N Vp € [1, +00] Ve € [—eo, 0] Ve C(R™).

Note that the asymptotic expansion (37) is not at order N but is at the order of the floor
(integer part) of N(1 — )+ 1 —yr(q). Note also that the asymptotic expansion (37) of Y;"7 is
global, in contrast to the asymptotic expansion (20) of Y7 which is in C'* topology.

We will mainly use this lemma with p = 2 (note that W*2(R") = H*(R")) or with p = +o0.

Proof. Using (19), we have Y7 = 747, Yflﬂ, and besides, since )A(f is homogeneous of degree —1,
we have X[ = &76%, X/, therefore,

YT = X9+ €767, (X(Yf“” - )?g)), i=0,...,m, Ve€[—eo,e0). (38)
Now, using (9), we have Y;" = )A(f +nZ] for every n € R with Z" depending smoothly on 1 in C*
topology, and we have 057" = Zl-)‘ " for every A > 0. Hence

Y :)/ff—i—aé; (folﬂ), 1=0,...,m, Ve € [—¢0,0)-

Recalling that Y;” has an asymptotic expansion in 7 around 0, at any order, in C'° topology,

Y/ = qu + 773/;(0) +0(n) (see (20)), we have that Z]' converges uniformly to Y;(O) as well as all its
derivatives, on any compact, as 7 — 0. Therefore, multiplying by y that is of compact support,
xZ&' " converges to XYi(O)

for every a € N", we have

We note that x(d,(z)) ddy/,(d,(x)) is uniformly bounded on R™ by Cst/n"(@, as well as all its
derivatives. Now, since

uniformly on R”, as well as all its derivatives, as ¢ — 0. In particular,

ae (xz: )

< Cst(a) Vp € [1, 4] Ve € [—e0, £0)- (39)
Le(R)

05 (257 ) (@) = by (00 (@) (X0 (@) 25 (0 (2)))

using (39), it follows that the pullback 407, (XZflﬂ) is uniformly bounded on R™ by Cst/|e|7"(@),
as well as all its derivatives (indeed, differentiation with respect to z can only multiply terms by
£7), and then, given any f € C°(R™), (Y77 — X7)f is uniformly bounded on R™ by Cst ||~
as well as all its derivatives, in any LP space and independently of €. The proof is similar for the
measure v*7. The statements (i) and (ii) follow immediately.
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In order to prove (iii), let us for instance prove that [Y;”7, Y] converges to (X7, )?]q] Noting
that, by (i), we have ||Y;"7 || L(w1.r@n),Lemn)) < Cst for every p € [1, +o0], given any f € C2°(R"),
we have

VY7 f = XEXT flleey < V(YT = XD Flle@n) + 107 = XD X FllLe@n)

<
< Cst]|Y;]7 — )A(Jq)fHWLP(R") + CSt|5|17W(q)H)A(;IfHWLP(R")
< Cstle] ™D fllwzp @)

and the result follows.
Let us finally prove (iv). We generalize the above argument, starting from the expansion at
the order N (see (8) and (20))

Yin:)?194-77}/1-(0)+"'+77NY1'(N_1)+77NHZZN’ 1=0,...,m,

for every n € R, where Z, is a smooth vector field on R™ depending smoothing on 7 in C*

topology. Hence, using (38) and the fact that Yi(k) is homogeneous of order k (with respect to
dilations), we obtain

1—v

Yo7 = X4 a0 )Y + 4 N ()N 4 eNODH s (28T

and then, reasoning as above, all coefficients of the vector field 67, (XZEIJ\;W) are smooth functions of

compact support that are uniformly bounded on R” by Cst/|e[?"(@), as well as all their derivatives.
Setting R’y = erlagy, (XZf)lA;w), the statement follows. O

Thanks to the damping parameter 7, chosen such that 1 —~r(g) > 0, the modified vector fields
Y " converge uniformly on R" to )?Zq , as well as all their derivatives (with rate of convergence
le|*=77(@)) | while the vector fields Y do not converge uniformly on R” to )/ff in general, although
their convergence is true on any compact. Convergence is also established in Sobolev spaces.

To shed light on the above proof, let us take an example, which moreover shows that the
estimates derived in Lemma 6.1.1 (convergence rate |¢|'~77(@) are sharp.

Example 6.1.1. In R?, consider the two vector fields

0 0
XI(II;IQ) - axla XQ(II;IQ) - f(xlvx2)ax2
where f € C%(R?) is such that £(0,0) = 2£.(0,0) = -~ = 2-2£(0,0) = 0 and 2.£(0,0) = 1
E Zy

for some k € N*, i.e., f(21,22) = 2¥(1 4+ O(z1,72)) + O(x2) around ¢ = (0,0). The coordinates
(21, x2) are privileged around (0,0) and we have w;(0,0) = 1 and r(0,0) = w2(0,0) = k + 1.

For instance, for k = 1 one can take f(x1,72) = x1 or f(z1,22) = z1 + 23 (this case is known
in the literature as the Grushin case and the corresponding Grushin sR structure is singular at
(0,0)); for k = 2 one can take f(x1,72) = 2% or f(x1,22) = 2% + 23 or f(x1,72) = 23 — x2 (the
latter is called singular Grushin case).

For every ¢ € R\ {0}, we have

0 flexy,eFtay) 0
Xilorwa) = 500 Klwm) = S5
and thus 9 9
(0, (0,0
X( )(xlva):a—:I;lv XQ( )(II;IQ):xlfa—m-



_ flemi etz

The family of functions (f*).cr 0}, defined by f&(x1,22) = = , converges to the function
f defined by f(ml,xg) = 2%, uniformly on any compact subset of R?, but does not converge
uniformly on R? to f in general (take for instance f(z1,x2) = 1 4+ 22, or f(z1) = e** — 1).

Now, let us fix an arbitrary v € (0, k+r1) (recall that r(0,0) = k + 1) and an arbitrary function
X € C(R) such that y(z1,22) = 1 on the sR ball Bsg(0,1) and x(x1,22) = 0 on R? \ Bsg (0, 2).
Writing, in short, x >~ 1 g (0,1), we have §%,x =~ 1p_;(0,1/e7), and we compute

f(5$1,€k+1$2) > 0
LEThs gy

ek 0xy

0 0
X7 (21, 20) = oz, X3 (w1, w2) = N oy + x (7@, eFT Y gy) <

Thanks to the introduction of the parameter 4 (small enough), now, the family of functions

(f57)eer\{o}, defined by f7(z1,22) = W, converges uniformly on R? to the function f

~

defined by f(z1,22) = x1. Indeed, thanks to the truncation function, we have to prove this con-
vergence for |z1] < 1/[e|" and |xa| < 1/[e|*HD7 e, |exi| < e[~ and |eFtla,| < |g|B+DA=7),
But then, for such values of (z1,z2), we have

flexy, e ) = P2 (1 + O(Je] 7)) 4+ O(Jg| V=)
and thus
fE(xy,20) = xlf(l 4 O(|5|1*7)) + O(|E|17(k+1)'y) — xllc + O(|E|1f(k+l)'y)
where the remainder term O(|g|1_(/€+1)7) is uniform with respect to (z1,22) € R2. Hence Ifo —
fllpeere) < Cst e[~ *+D7 as stated in the general lemma above.

Thanks to the introduction of the damping parameter v, we have seen that Y~ converges to

)?f in a much stronger way than Y;?. We next prove that these modified vector fields Y;”” satisfy
a global strong Hormander condition on R™.

6.1.2 Uniform polynomial strong Hérmander condition

As in Appendix B.2, we denote by (Y,"7);>1 the family of vector fields consisting of the vector
fields Y77, Y57, ..., Y57 completed with all their successive Lie brackets. In the following lemma,
we prove that the family (Y;~7);>1 satisfies the uniform polynomial strong Hérmander condition
(70) (see Appendix B.2.2), whenever v > 0 is small enough.

Lemma 6.1.2. There exist Ny € N such that, if v < W then
Ny
lyl3 < Cst (@)*@ Y (V7 (2),y)*  Vey €R" Ve € [ep,eol. (40)
i=1

This lemma will allow us to use the global subelliptic estimates established in Appendix B.2,
required in order to obtain the asymptotic expansion of the semi-group with respect to e (see
further).

Proof. Recall that Y,”" = X9 for ¢ = 0. Let us first prove that the family of vector fields (X7);>1
(consisting of the vector fields X 1. ,f(gl, completed with their iterated Lie brackets), satisfies
the polynomial strong Hormander condition, i.e., that (40) is satisfied for ¢ = 0. Actually, one
could apply Remark B.2.2 (i.e., one could use [23, Lemma 2]), which would give the inequality
(40) with the term (x)2Mo at the right-hand side, for some Ny € N. This would be enough for our
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needs. But actually, hereafter, instead of using the non-obvious result [23, Lemma 2|, we make
a direct proof by using the homogeneity property of the vector fields )A(f . In turn, we obtain the
optimal integer Ny = r(q) (it is easy to see on examples that it is optimal).

Let N1 € N be an integer, large enough so that the finite family ()?f)ogigNl is a frame of R™ at

every point: such an integer exists because the m-tuple of polynomial vector fields ()A(f ey )?,‘31)
satisfies the Hormander condition at every point of R", with a uniform degree of nonholonomy.
We have to prove that

A~ 2 n
lyll5 < Cst()* @ " (X{(z),y) Va,y € R™. (41)
Let us introduce the sR pseudo-norm, defined by

n
lzllsr = D Jaif /40
i=1

for every = (x1,...,,) € R™ in privileged coordinates. Note that ||0:(2)||sr = |e|||z||sr for every
x € R™ and every € € R. By the Hérmander condition and by compactness, we first note that

Ny
v 2 n n
I3 < Cst> (Xi(x),y)"  VyeR" Vo eR" | |zl <1 (42)

and thus (41) is satisfied as well for x such that ||$H5R < 1. Let us now establish (41) for every
x € R". Let x € R™\ {0} be arbitrary. Setting ¢ = Talm» we have I0c(z)|lsg = 1 and hence, using
(42), we get

||R

N1 Nl

Ny
=~ 2 Cst . = 2
lyl3 < Cst > (X{(0:(2)),y)" < Z X{(z),y)" = Cstllaln? S (X{(2).y)

527"(‘1) —
i=

for all z,y € R", where we have used that eX?(6.(z)) = XZ(z) for i € {1,...,m} and thus
Eki)?f(ds(x)) = )?:1(3;) for i € {1,..., N1} with k; < wy(q) = r(g). To obtain (41), we use the fact
that ||z||sg < Cst(z) for every x € R™.

Now, let us establish (40) for every ¢ € [—eg, o], whenever « is small enough. Since y has a

compact support, there exists R > 0 such that supp(x) C ﬁZR(O, R). Here, given any r > 0, the
set BI(0,7) = { € R* | d%;3(0,z) < r} is the sR ball of center 0 and of radius r, for the sR
distance d?y on M7 ~ R". By definition, given any f € C*°(R") we have

supp (Y77 — X2)f) C supp(6%,x) € BL (0, R/|27),

e, Y7 _coincides with X7 outside of the sR ball ﬁgR(O R/|e7]). Since (40) is satisfied for the
farmly (X%)1<i<n,, we only have to prove that (40) is satisfied for the family (Y7)1cicn, for
S BSR(O, R/|e7]), i.e., defining the n-by-N; matrix

P (x) = (Y (@) Y5 (x) - YR(2)) Vz € R™,
we have to prove that, if v is small enough then

y P (@) PP (@) Ty > Cstla) > @y|3  Va,y € R (43)
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It follows from Lemma 6.1.1 that P (2)P=Y (z)T = P(z)P4(z) Ty + O(|e]'=7"@), when 0 < y <

%. Therefore, using (41), to prove (43) it suffices to observe that

<$>2T(q)|5|1—vr(Q) < |5|1—W‘(Q)(T(¢Z)+1) = E;ZR((),RAE”)’

which is so because, for z € ﬁZR(O,R/|5'V|), we have |z| < Cstle|~77(@ (actually, in privileged
coordinates, we have |z;| < Cst|e|~7®i(@)). The conclusion follows, by taking v < W. O

6.1.3 Definition of the operator A&7

Differential operator A®7. For every v € (0, 1), for every e € [—&g, £0], we define on C*>(R"™)
the differential operator

m

£ = 3T (V) 4 (82 )Y — 2(05) (82v) (44)

i=1
(note that A% = ﬁq). By construction, we have A®?Y = A® on §; /. (W1) and A% = A7 on
R™\ 61+ (W2). We have the homogeneity property (obvious to check, using (36)):

657, A(6.5)e = A VB e (v=1,7)  Vee [—ep/ T /T {0} (45)

When Xj is a smooth section of D? over M, we modify the definition of A7 as follows:

m

AST =3 (V) YT = €205 X) (02v) -
i=1

Remark 6.1.2. As in Remark 6.1.1, since A®? coincides with A® on the growing neighborhood
d1/e(W1), we have in particular A®7 = A® 4 O(|¢]*°) as ¢ — 0 in C*° topology.

The operator A%, defined by (44), depends smoothly on e € [—eg,e0] in C* topology. In
particular, A% converges to A in C*° topology as € — 0. But, as a consequence of Lemma 6.1.1,
we have the following stronger result.

Lemma 6.1.3. If0 <y < 1/r(q) then

(A% = A9 fl|ony < Cstlel' ™D lw2nen)
Vp € [1,+o0] Ve € [—e0,€0] Vf e CrR™).

Asymptotic expansion of A®7. Let us first give an asymptotic expansion in C'* topology.

Using (20), (23) and Remark 6.1.2, we get that A% has an asymptotic expansion in C'*° topology
at any order N with respect to ¢,

AT = ROt edy + 2 Az + -+ eV Ay + o(le|V) (46)

where A; is a second-order differential operator for every ¢ € N*, with

A=Y (X + YR + Xy
Ap =Y (XD ¥ ORE+ (V) + 70— v(0)

i=1
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etc. Moreover, A; has polynomial coefficients of degree less than (r(q) + i)? (this bound is not
optimal). Indeed, given any integer k > —1, the vector field Yi(k) is a polynomial that is ho-
mogeneous of degree k with respect to dilations. In privileged coordinates, its coefficient along
8% (where x,, has the largest weight, w,(¢) = r(q)) must therefore be a polynomial of degree

<walq) +k=r(g) +k.
When X, is a smooth section of D? over M, since Y¢7 = X + (65)(Y¢ — X{) = X! +

65T 42270 Ny VY +o(le[")) with X? homogeneous of order —2 (see Remark
1.2.1), the expansion (46) of A7 remains true as well by replacing A? with A?+ X and A; with

Av= 0 (XY +YOX8) + vy, ete

The asymptotic expansion (46) is in C* topology. Thanks to (37) in Lemma 6.1.1, we now
derive an asymptotic expansion of A%, at any order, valid on the whole R™ (not only on every
compact): in the above definition of A4;, it suffices to replace Y;(k) by (0%, x)Y;(k), X§ by (65x)X{,
etc, and we obtain

AT = AT 4 e AT 42477 4 eV AY N ORe )
with
A7 =3 (B2 0V, + (62 0V, O RE) + (650 K¢
7,;1 (49)
A5 =3 (R 0Y ) + 02 0 VR 4 (602 0Y)%) + (0¥ — (62 0v(0)
i=1

etc. Because of the damping parameter -y, the growth of the coefficients of the second-order
differential operator A;" is at most polynomial of degree r(¢) — 1 (which is the maximal degree
of the coefficients of X?), for all i € N* and € € [—ep,0]. Note that AT = A; + O(|e]*) as
e — 0 in C* topology. We infer from (iv) in Lemma 6.1.1 that, in (48), the term Ry’ is a

finite sum of products of Rj]v (whose coefficients are uniformly bounded) with either some qu

(whose coefficients are polynomial of degree < r(q) — 1) or some (07, X)Yi(o) (whose coefficients are
uniformly bounded). Therefore Rivll a second-order differential operator, depending smoothly on
e, with coefficients whose growth is at most polynomial of degree r(q) — 1, and

2
HRN"YH”L(Hg(]R”),Hg‘:f(qu) < Cst(a,B) Vo, €R Ve € [—¢p,e0)]
which is exactly the property (Ps) that we have identified in Section 5.3. This means that the
asymptotic expansion (48) is in the sense of operators mapping Hg(R") to Hg:?w (R™), uniformly
with respect to .

Note that we also have [|RY, fllwr.r@mn) < Cst(k, N)|| fllwh+zp@n) for all k € N, p € [1,+00],
€ € [—ep,e0] and f € C°(R™). This means that the asymptotic expansion (48) is also in the sense
of operators mapping W*+2?(R") to W#P(R"), uniformly with respect to ¢.

Semigroup generated by A®7. In the sequel, we assume that 0 < v < 1/r(¢). By Lemma
6.1.1, we have H*(R™,v*7) = H*(R"™), so that, hereafter, we use the Lebesgue measure in all
Sobolev spaces that we consider.

Reasoning as in the proof of Lemma 3.1.1 and using Lemma 6.1.3 with p = 2, we first observe
that there exists C' > 0, not depending on ¢ € [—¢gg,&0], such that the operator A%7 — C'id
is closed and dissipative in L*(R"), as well as its adjoint. Setting D(A®?) = {f € L*(R") |
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AT f e L2(R™)}, it follows that the operator (AS7Y, D(AS7)) generates a strongly continuous
(quasicontraction) semigroup (e2™");50 on L*(R™), satisfying [|e"®"||1(z2rn)) < €© for every
t > 0 and every € € [—eg, 0] \ {0}.

Following Section B.2, for every k € Z, we define the Hilbert space D’ as the completion of
C2°(R™) for the norm

1£llpz = 12C1d — A=Y — (A=) )E f]| 2 ().

For k = 1, we have D7 = D(A®7).
By applying the semigroup estimate to (2C'id — A% — (A%7)*)* f and by a classical argument
of restriction or extension of semigroups on the Sobolev towers (see [18]), we obtain the uniform

estimates
€2 | pey < Cste® VE20  VkEZ Ve € [—eg, ) (50)

Recall that, for ¢ = 0, we have A% = = A4 For every k € Z, the Hilbert space ﬁq is the completion
of C°(R™) for the (equivalent) norm ||f||Dq = |I(id — Aq) fllz2@ny. Actually, for ¢ = 0 we have

the better estimate ||e’5A HL(Dq) < 1 for every k € Z (contraction semigroup).
k

Heat kernel 57 of A7, By hypoellipticity (see Corollary B.1.1), the Schwartz kernel of e**™”
has a continuous density with respect to v*7, which is the smooth function

€57 =eper per 1 (0,400) x R" x R" — (0, +00).

Using (45), we have the homogeneity property (which will be useful at the end of the proof):

e (t,z,a') = [e]PQWes "B (201, 6.5 (), 8. (1))
VB e (v,1—7) Vee - aé/(lfﬁ) 1/(1=A) ] \ {0} V(t,z,2") € (0,400) x R x R". (51)

Convergence of ¢7 to ¢?. Applying Theorem 3.2 (in Section 3.2.2), we obtain that e=? con-
verges to € in C*((0, +o0) x R x R") topology as & — 0 (when Xj is a smooth section of D?
over M, one has to replace A% with A9 + XO) but, as announced earlier, we are now going to
derive an asymptotic expansion in ¢ at any order. This is possible thanks to the introduction of
the parameter ~.

6.2 Asymptotic expansion in ¢ of the semigroup

Recall that the operators C;(t) have been defined in Section 5.1, as finite sums of operators Z;(t),
defined by the integral (31), which is a convolution in which the compositions involve the operators

55" and the derivations A;. The operators C;(t) appear in the asymptotic expansion (30) of e*®

in C'*° topology. In the proposition hereafter, we prove that they appear as well in the asymptotic
. tAST . . . . .

expansion of e in the sense of uniformly smoothing operators. This key result is the byproduct

of the introduction of the damping parameter ~.

Proposition 6.2.1. We assume that
- 1
T .
r(q)(r(q) +1)

Given any 0 < tg < t; < +0o0, given any N € N* we have

AT = ptAT eCi(t) + - +NCn(t) + N+1QN+1( ) %)
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as e — 0, for every t € [to,t1], where all operators in (52) are locally smoothing for t € [to, t1], i.e.,

N
D IXaCit)Xall s ey, mre rey) + 1X1 QN (Ol L @y, 1wy < Cst(X15 Xas ds Ky to, t1, N)
=1

Yt € [to, t1] Vx1, X2 € C(R™) Vi, k € Z.

Proof. Following the approach described in Section 5, we start by applying the Duhamel formula,
with the operator A7,

—~ t ~
ey q _ ey N q
etA etA / e(t s)A ( AT — N q)esA dS,
0

which we iterate N times, thus obtaining the formula (28) with A¢ replaced by A®7. Now, using
the asymptotic expansion (48) of A®7, applied at order Ny such that Ny (1—~v)+1—~7(q) > N+1,
we obtain

AT = P L eCE () + -+ ENCY () + ENTIPYLL() (53)
where each operator C;”(t) is a finite sum of terms Z;"7 (t) for some i € {1,..., N}, where Z;" ()
is defined by

() — A9 gy 52 7 sit1 AT i+l
7 (t) = / e AT e AT TS ds' (54)
()
with ji,...,jn € {1,...,N}, and where the remainder term Py, (t) is a finite sum of terms

eRTET(t), e T 77 (t) and €@K (¢) with ki € N, k< (N +1)2,1<i < N, a€[0,(N +1)%], and
J7(t) and K7 (t) are defined by

Z‘E)'y(t) — / eslqu;‘j)’y eszﬁq . BZ‘_E;’Y eS’H’lAq dSZ-‘rl (55)
Xi(t)
K7 (t) = / eI AT BT 5287 B esit1 D ggitl (56)
i (t)
where each B;” is a second-order derivation, either equal to some A:7, i € {1,...,N}, or to
Ry 11, whose coefficients growth at infinity is at most polynomial of degree r(g).

Note that, compared with the operator Z;(¢) defined by (31) in Section 5.1, in the definition
(54) of Z;7(t) the derivations A; are replaced with A"

The above expansion is formal. We give it a rigorous meaning in the following proposition, by
using, as explained in Section 5, the various global smoothing properties established in Appendix
B.2 and in Appendix C.

The arguments that we develop hereafter will show that all operators C;”" (), C;(t), for i € N*
and the operators Py’ (t) and Qy” () are locally smoothing for ¢ € [to, ], and that, actually,
C:7(t) = Ci(t) + O(]e]*>) in C* topology, and then (52) will follow from (53).

We start by noting that:

e by construction, the coefficients of the operator A%7, as well as all their derivatives, have a
growth at infinity that is at most polynomial, uniformly with respect to & € [—eg, ¢];

o the vector fields defining the one-parameter family of Hormander operators (A7) _. <e<e,
satisfy the uniform polynomial strong Hormander condition established in Lemma 6.1.2.
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Therefore, the global subelliptic estimates established in Appendix B.2 can be applied to A7 (in
other words, we have the properties (P5) and (Pg) motivated in Section 5.3).

We are also going to apply to A9 the global smoothing properties established in Appendix C
(in other words, we have the properties (P;) and (P3) motivated in Section 5.2).

Let x1,x2 € C°(R™), let 0 < tg < t1 be arbitrarily fixed and let j, k € Z be arbitrary.

Lemma 6.2.1. All operators C;(t) and C;7(t), i € N*, are locally smoothing for t € [to,t1].

Proof. Tt suffices to prove that, for every i € N*, the operator x1Z;(t)x2, defined by (31), maps
continuously H’(R") to H¥(R™), with a norm that is uniformly bounded with respect to t € [to, t1]
(in other words, we want to prove (34)). The proof for the operator Z;"”(t), defined by (54), will
be exactly similar, by replacing the derivations A; with A7 which are, as well, derivations whose
coefficients growth is at most polynomial, uniformly with respect to €.

Although the argument has been sketched in Section 5.2, we provide hereafter the detailed
proof. Inside the integral (31) defining Z;(¢), at least one of the real numbers s, is such that
Sp = tﬁo We write:

Na a Na N4 N ;
x1Zi(t)x2 = / e A Ay €A A et A et AT A et A o st
i(t)

Using (76) and the global continuous embeddings (67) and (68), the localization operator x2 maps
continuously H’(R™) to ’Dq g for some m € N, for every 8 € R. We note here that 5 can be
chosen arbitrarily large. Then by Proposition C.2.1 (and more precisely, by (78)), the operator

S»L+1A

e maps continuously DI m.p to itself for every s; € [0, t1], provided that 8 > 1, with a norm

constant not depending on s; € [0,1]. By (68), D¢ ? n.p 1 continously embedded into Hj, 2 (R,
Applying the derivation A;, then maps to H 5 272"77:1\[ (r(@)+ii)? (R™), because Aj, is a second-order
derivation with polynomial coefficients of degree less than (r(q) + j;)?. This step is repeated i — p
times, so that A; esr+15" ... A; e%+12" v, maps continuously H7(R") to Hg(R"), for some a < 0,
for every B > 1. We stress that, in the latter repeated argument, as well as in the following, it
is important to ensure that the weight be greater than 1, in order to be able to apply (78). One

now applies the operator e*»®", which maps continuously Hg §(R™) to HY B—ko( R™), for every

o 1o
o' € R, by applying the global smoothmg property (P1) stated in Section 5.2 (itself following from
Proposition C.2.1 in Appendix C.2 and from the embeddings (67) and (68)). Then we continue
by applying again compositions AjeSAq as above, and the final composition by the localization

operator x1, which maps continuously to H*(R") if o/ and § have been chosen large enough. [
Lemma 6.2.2. The operator Py (t) is locally smoothing for t € [to, t1].

Proof. Tt suffices to prove that x1Z;"7 (t)x2 and x1K;7(t)x2 (see (55) and (56)) map continuously
HI(R"™) to H*(R"), with a norm that is uniformly bounded with respect to t € [to,t1] and to
€ € [—e0,e0]. As pointed out at the beginning of Section 5.3, the argument is similar to the one
used in the proof of Lemma 6.2.1 with the following differences:

e The second-order derivations ;7 can be either equal to some A7, i € {1,...,N}, or to
Rfv'ly +1- In the latter case, this does not affect our previous reasoning because its coefficients
have a growth at infinity that is at most polynomial of degree r(q).

e In the definition (56) of K57 (t), the last term in the composition is 514"
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Hence, the only main difference is in the last item: we have to explain how to deal with the
composition by e***”". There are two cases.

If 1 > tﬁo, then the term y1e*12"" is expected to act as a smoothing operator. By the above
reasoning, the operator By” e522" ... BSY e%i+15" v, maps continuously H’(R™) to H % (R") for
some o > 0 and some kg € N. Now, we apply to x1e*1>"" the property (Pg) stated in Section 5.3
(itself following from Corollary B.2.1 in Appendix B.2.2), which gives the result.

Otherwise, another term e*»~” acts as a smoothing operator, and thus, by the above reasoning,

the operator B 24" ... BV e5+14" vy maps continuously H7(R™) to Hi'(R™) for any m € N
and 3 > 1, and thus, using the global continuous embeddings (67), it maps H7(R™) to DZ;7, for any
m € N arbitrarily large, uniformly with respect to € € [—&g,£0]. One then applies e**2 " | which,
by (50), maps continously D7 to DE;Y (uniformly with respect to ), and the final application of
the localization operator y; maps to H*(R™), by applying the uniform local subellipticity estimates

(Theorem B.1), provided that m be large enough. O

To conclude, it remains to establish the following lemma.

Lemma 6.2.3. We have
Ci7(t) = Cit) + O(le[*)

as e — 0 in C™ topology, for everyi € {1,...,N}, for everyt € [to,t1].

Proof. 1t suffices to prove that x1(Z;"7 (t) — Z;(t))x2 = O(|g|>), i.e., that
I VA = A e (A7 = Ay e B ds = 0() (67)

as ¢ — 0, for every i € N*. Recall that the second-order differential operators A; and A7 are
respectively defined by (47) and (49). It follows from their definition that there exists R > 0 such
that

supp((A;7 — A;)f) CR™\ BY(0,R/e") Ve € [-eo,e0]  Vf € C®(R™).

Besides, for i = 1,2, let R; > 0 be such that supp(x;) C Eq((), R;). Here, Eq((), R) denotes the sR
ball in R™ of center 0 and radius R, for the (nilpotent) sR structure associated with A%, We are
going to use the exponential estimates (75) given in Appendix C.1.

The Sobolev regularity arguments are to those in the proof of Lemma 6.2.1, but we slightly
modify those arguments with the following additional considerations.

Inside the integral (57), at least one of the real numbers s, is such that s, > L. We
write e22" = e 7L FAY Let X5 be a function of compact support such that xs(z) = 1 on

B0, R/e7/?) and x3(x) = 0 on R™ \ B%(0,2R/7/?). In other words, one has x3 ~ 15,
We write the operator inside the integral (57) as

(0,R/ev/2)"

ey SRAG SR A4 e, RV 52 A9 e, RV el N
x1D77e2 2 e 2 Dy s = xiD7 e S x3e2 Dy xa + xaDi e S (1 —x3)e® C Dy xe

where D7 and D5 are compositions of e%~’ and of A7 — A;. Using the exponential estimates
(75) for heat kernels and their derivatives (see Appendix C.1), and combining with the previous
reasonings, we infer that, not only the operator ez 2'D5 "y, maps HI (R™) to Hg(R™) for any o
and [ arbitrarily large, but also, its range is “essentially concentrated” in E‘?(O,R/E’Y/ 2), in the
sense that

10 = x3)e ® 2" D5 xall oz o), g ey < Ce™ T Ve € [—ep, 0]
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with C' = Cst(j, k, to, t1, N). The exponential term comes from the fact that the support of 1 — x3
is far from the support of x», at a distance of the order of 1/|¢[?/2. By a similar argument, we
have

(A5 = Ay, ) % 2 xae 2 D3 xa | s ), mrg ey < Cem I e € [—e0, 2],

The exponential term comes from the fact that the support of A7 — A; is far from the support
of xs, at a distance of the order of 1/]¢|7.

All in all, combining with the arguments already used in the proof of Lemma 6.2.1, we obtain
the lemma. O

Proposition 6.2.1 is proved. O

6.3 Asymptotic expansion in ¢ of the heat kernel

Taking the Schwartz kernels in the expansion (52), more precisely, considering their densities with

respect to the measure 719, and recalling that e? = ez, 4o We get that
N
enen gt @, a) =@t @, 2') + > e'Ci(t)]pa (x,2") + o(|e] V) (58)
i=1

at any order N, as ¢ — 0, in C*°((0,+00) x R™ x R™) topology. For instance, we have

[C1(t)]ga (w,2") = /0 . €1t — s,2,2) ((A1),€9)(s, z,2") dz ds

and all other (smooth) functions [C;(t)]zs (2, 2") can be expressed as well with convolutions. Now,
using the formula (61) in Appendix A, we have

1
eVt x,2") = eper e (b, 2") = ———epen pa(t, ,2")

- hE,y(x/)

where h®7 = % is the (smooth) density of v=7 with respect to i¢. By Lemma 6.1.1, h®7
converges to 1 uniformly on R", and it depends smoothly on ¢ in C* topology, hence h=7 =
L+eht -+ VN 4+ o(Je|Y) at any order N, in C* topology. Using (58), we conclude that

N
et a') =tz 2’) + Z Eifiq(t, x,x') + o(|a|N) (59)

i=1

at any order N, as ¢ — 0, in C*°((0, +00) x R"™ x R™) topology, where the functions f; are smooth
on (0,400) x R™ x R™.
Recall that e® = eac e where A® is defined by (21).

Lemma 6.3.1. We have
e (t,x,a") = e (t,x,2") + O(le])

as e — 0 in C((0,400) x R™ x R™) topology.

Proof. Let 8 > 0 small. By (51), we have

(L, z,2) = |g|P2Des V=B (2B 5_s(2), 6. ().
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Since A 778 coincides with A" on every compact, we infer from the localization result,
Theorem 3.1 (Section 3.2.1), that

e "B (2Pt 54 (), 6.0 (2)) = e]PQDes 7 (2P, 6.0 (), 8.6 (2')) + O(le]™)

as ¢ — 0, on every compact subset of (0, +00) x R™ x R™. Besides, it follows from the homogeneity
property (22) that ef(t,z,2") = ADes/A(A2t, 65 (x),0x(2")) for A > 0, and taking A = €2, we
obtain

6]P9D =" (201 6,5 (), 6.5 (2")) = € (t, 2, 2').

The lemma follows. O

We note again, in the above proof, the crucial role of the parameter v in our construction.
Here, it has been instrumental to be able to apply the localization result, and thus show that the
small-time asymptotics of e=7 and of e® coincide at the infinite order.

Using (59) and Lemma 6.3.1, we finally obtain that

N
ef(t,x,2’) =el(t,z,2") + Z e fit,x,2') +o(le|N)
i=1

at any order N, as ¢ — 0, in C°°((0, +00) x R™ x R™) topology.

6.4 End of the proof

The end of the proof is now similar to the proof of Theorem B. Thanks to repeated applications
of the localization result, Theorem 3.1 (hypoelliptic Kac’s principle), we finally obtain

N
e[®Wen (e, 0c(x),0c(a")) = &(t, ) + Y ' fi(t, w,2') + o(|e[")
1=1

at any order N, as ¢ — 0, in C'* topology, which is exactly (3).
Let us next establish the homogeneity property for the (smooth) functions f{.

Lemma 6.4.1. For every i € N* and every € # 0, we have
Fi(tx ') = e e| 9D f1(e%, 6e(2), 8- ("))
for all (t,z,2") € (0,400) x R™ x R™.

Proof. Given any fixed € # 0, by (3), we have on the one part

N
|se| 2 Dep (2%, 0se (), 05c () = €Ut 2, 2') + Z(sa)iff(t, z,2') 4+ o(sV)
i=1

and on the other part
|S€|Q(q)6A7M(S2E2t, 0se (), 0sc(2')) = || 2 D12, 5. (), 0. (2'))

N

+ e[ s £1(£%t, 6. (x), 0= (') + o(s™)

=1

for every s € R with |s| sufficiently small and all ¢ > 0 and x,2’ € R™. The result follows, since
el(t,x,a') = |e|2De(e%t, 5. (), - (")) (see (17)). O
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Remark 6.4.1. Applying Lemma 6.4.1 with ¢ = —1, we obtain the “oddness” property
fo; (w2’ = —f3; 1 (t,0-1(x),0-1(")) V5 € N* V(t,x,z") € (0,4+00) x R™ x R™.

In particular, we have f3; (¢,0,0) = —f3; ;(¢,0,0) and thus f3;, ,(¢,0,0) = 0 for every j € N*
and for every t > 0. Note that, to obtain this property, it has been necessary to consider dilations
0 with € < 0, whereas dilations are most often considered only with £ > 0 in the existing literature.
We realized this fact in a discussion with Davide Barilari, whom we thank once again.

Case g regular. The case is treated exactly as in Section 4.4. We do not repeat the argument.

Part 111
Appendix

A Schwartz kernels, heat kernels

Let M be a smooth manifold. We set D(M) = C°(M) and we denote by D’(M) the space of
distributions on M, i.e., the topological dual of D(M) endowed with the weak topology. Let u be
a smooth measure (density) on M.

Schwartz kernels. According to the Schwartz kernel theorem, there is a linear bijection between
D'(M x M) and the set of bilinear continuous functionals on D(M) x D(M). Given a linear
continuous mapping A : D(M) — D'(M), the Schwartz kernel of A is the unique distribution
[A] € D'(M x M) defined by (Af, 9)pr (), oy = ([A], 9 ® f) for all f,g € C°(M), where (-,-) is
the duality bracket.

When [A] € C°(M x M), identifying the distribution bracket by an integral with respect to the
measure /1 @ p and denoting by [A],, the density function, we have the familiar formula

Af(q) = /M[Am,q’)f(q') dn¢)  NaeM  ¥feD(M).

We stress that, although the density function [A], depends on pu, given any ¢ € M, the absolutely
continuous measure [A],(q, -) du(-) depends only on A: it does not depend on the smooth measure
i, in the sense that [A],(q, ) du(-) = [A]. (g, ) dv(-) for any other smooth measure v on M.

Actually, in geometric terms, [A] is a continuous section of the bundle 73 (Q7) on M x M,
where Q) is the line bundle of smooth measures (densities) on M and w5 : M x M — M is the
projection defined by m2(q,q’) = ¢'.

Similarly, the diagonal part [A](q, ¢) di(q) is an absolutely continuous measure, which does not
depend on p. Denoting by M the operator of multiplication by f, we have

Te(AM;) = / Ag.0)f (@) dule) ¥ € D).

M

Hilbert-Schmidt norm. When [4] € L?*(M x M,pu ® u), the operator A € L(L*(M, u)) is
Hilbert-Schmidt and the Hilbert-Schmidt norm of A is

1Allzs = (Te(A"ANY? = |[Alull L2015 M
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and we recall that

NAlLL2(ar,m)) < N AllES
IAB| s < |All L2 (ar,u) || Bl as
IAB|lrs < [|Allas||Bllo2(ar,uw)

where A and B are bounded operators on L?(M, i), with A or B Hilbert-Schmidt according to
the inequality under consideration.

Action of pseudo-differential operators on Schwartz kernels. Given any pseudo-differential
operators T} and T, on M, we have [T1AT5], = (Th)q(T2)¢[A], (where T3 is the transpose in
LA(M, ), ie.,

TV AT f(g) = /M(T1)q(T2)q' [ALu(a &)/ (¢") dula).

Heat kernels. Let A: D(A) — L?(M, u) be a densely defined operator on L?(M, 1), generating
a strongly continuous semigroup (e*4);>o. For every ¢ > 0, the heat kernel e4(t) associated with
A is the measure on M defined as the Schwartz kernel of !4, i.e., e4(t) = [e*4]. Of course, it does
not depend on pu.

When this measure has a density [e**] » With respect to p which is locally integrable, we define
the heat kernel e ,,(t, -, -) associated with A and with the measure u by ea (¢, ¢,q") = [e'],(q,¢')-

This means that

ult,q) = (@ f)(q) = / ean(t. 0, ) (&) du(e)
M

is the unique solution to dyu — Au = 0 for ¢t > 0, u(0,-) = f(-), for every f € C>°(M). In other
words, we have

ea()(q,q) = [e"N(a,d") = eanlt,q,¢)dpulq’) V>0  Vg,q € M.
As said above, this expression depends only on A, not on the smooth measure p.

Extending e4,, by 0 for ¢t < 0, for any fixed ¢' € M the mapping (t,q) — ea,.(t,q,q") is also
solution of (0; — A)ea (-, ¢") = 60,4y in the sense of distributions, where the distribution pairing
is considered with respect to the measure dt x du(q) on R x M.

We gather hereafter some useful facts.

e Let ¢ : M — M be a diffeomorphism, representing a change of variable in the manifold M.
We have ¢* 1 = |J,,(¢)|p, where J,(¢) is the Jacobian of ¢ with respect to i, and where ¢*p
is the pullback of p under ¢. Then

eorAp.n(t: 0:4) = |Ju(@)(@)] ea,n(t, v(q), v(q))
no_ 1 B /
eA,LP*[.L(t7 q,49 ) - |J,u(S0) (q,)| A,#(tv q,q ) (60)

ega*Aga*,ga*u(ta q, q/) = eA7M(t7 gD(q), (p(ql))

for all t > 0 and (q,q’) € M?2. Note that the last one follows from the two first ones, in which
we have replaced A with ¢* Ay, in the second one. The two first formulas in (60) are not
symmetric, but there is no contradiction there: indeed if A is selfadjoint in L?(M, u) then
e, is symmetric, but A need not be selfadjoint in L?(M, ¢* 1) and thus €4,,+u Need not be
symmetric.
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Actually, we have

o ap.pn(t, ¢, 0) A" 1)(q) = ep 2. w(t,q,¢") dv(q)
for any other smooth measure v on M.
e As a particular case, given any A > 0, we have Aea n, = €.

e Given any ¢ > 0, the kernel associated with €24 and with the measure v is

ec2an(tia.q) = ean(e®t q,q")
for all t > 0 and (q,q’) € M?.

e We assume that g = hr with h a positive smooth function on M (density of p with respect to
v). Then h(q')ea,.(t,q,q") = ea(t,q,q") for all (t,q,q") € (0,400) x M x M, or equivalently,

ean(t,q,q")du(qd) = ean(t,q,q") dv(q’). (61)

B Subelliptic estimates and smoothing properties for hy-
poelliptic heat semigroups

This section can be read independently of the rest.
1/2

Let d € N*. We set A = (id - E?:l 812) . Denoting by ||ul|p2(re) the L* norm of a func-
tion v € L*(R?) and by (-, '>L2(Rd) the corresponding inner product, we recall that the Hilbert
space H*(R?) is equipped with the norm ||u||fsgay = [|[A®ul|z2(re) and with the inner product
<u, v>Hs (R) = (u, A2S'U>L2(Rd).

Let p € N* and let K be a compact set (in our applications, we will take either I = [—&g, g¢]
or IC = [—&¢, 0] X K for some g9 > 0 and for some compact subset K of M). For every 7 € K, let
Yo, Y, ..., Y] be smooth vector fields on R% and let V™ be a smooth function on R, all of them
depending continuously on 7 in C'°° topology. We set

p
LT=> () +Y] -V (62)
=1
B.1 Local estimates

Let U be an arbitrary open subset of R%. Of course, all local estimates hereafter could be settled
as well on a d-dimensional manifold.

B.1.1 Uniform local subelliptic estimates

Theorem B.1. We assume that the Lie algebra Lie(Yy ,Y(,. .., Y;) generated by the vector fields
is equal to RY at any point of U, with a degree of nonholonomy r that is uniform with respect to
7 € K (uniform weak Hérmander condition on U). Then there exists o > 0 such that, for every
s € R, for all smooth functions ¢ and ¢’ compactly supported in U with ¢’ =1 on the support of C,

IGull groto may < Cst(s, ¢, ¢') (IC'Lull o ray + 1wl o) Yu € CX(RY) W7 K.
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This is a parameter-dependent version of the famous local subelliptic Hormander estimate (see
[24]). Tt is straightfoward to obtain by following the classical proofs, but for completeness, we
provide the main steps (this is also useful in view of deriving global subelliptic estimates, further).
The proof given in [24] gives an optimal gain of regularity, which is ¢ = 2/r. Here, we rather follow
the simpler proof given by Kohn in [30] (see also [22]), which does not give the optimal gain of
regularity and yields o = 1/2271.

Note that, in the case where U is compact, Theorem B.1 implies that there exists C' > 0 such
that Cst A2 < C'id — L™ — (L7)* < Cst A2, for every 7 € K, where the inequalities are written for
positive selfadjoint operators on L?(U).

Taking s € {s,s+0,...,s + ko}, we also infer from the theorem that, for every k € N, for all
smooth functions ¢ and ¢’ compactly supported in U with ¢’ = 1 on the support of ¢, we have

Iull v ray < Cst(k, ¢, ¢) (16 (L) ull 2gay + - + I L0l 2 ey + 1€l 2ray)
Yu € C°°(RY) Vre K. (63)
Another useful consequence is the following. For every k € Z, we define the Hilbert space Dj as
the completion for the norm |Jul|p; = [[(C'id — L™ — (L7)*)*ul| ;2(ga) of the set of smooth functions
on R? of compact support. For k = 1, the set D] = {u € L2(R?) | L7u € L%(R%)} is the maximal

domain of the operator L™ on L?(R?). Tt follows from (63) that, for every k € N, for all smooth
functions ¢ and ¢’ compactly supported in U with ¢’ = 1 on the support of ¢, we have

Cst(k, ¢, CICull e ey < NI¢"ullpy < Cst(k, ¢, ICull poe@ay  Yu€ CP(RT)  vre K.
By duality, we have the converse inequalities for k£ negative.

Remark B.1.1. Note that, in the statement of Theorem B.1, we use cut-off functions ¢ and ¢’
(as in [30]), in order to obtain the subelliptic estimates for any smooth function v on R?, and not
only for any smooth function of compact support on U. This is because, in Appendix B.1.2, we
are going to apply these estimates to solutions u(t) = e**” f of the heat equation (9; — L™)u = 0,
which are not of compact support.

Proof of Theorem B.1. We only recall the main steps of the proof, without providing all details.
We modify the function V7 and the vector fields Y (and thus L7) outside of U so that their

coefficients and all their derivatives are uniformly bounded on R?, uniformly with respect to 7.
Localization is performed by bracketting (see the localization lemma in [30]).
First of all, we note that (Y;7)* = =Y — (divY]"), where the dual is taken in L2(R9). Tt follows

that, given any smooth function g on R%, we have
T 1 : T T oo
V7, g0} gy | = 5 (o, (9 div Y747 gupan] < Cst(g)ulomey  Yu€ CR(RY) ek,

We easily infer that

p
S IV ulaqge) < Cst (|27, 0) oy | + laqer ) < Cst (127 0l3aqg0) + ulaqeo )
i=1

Vu e CX(RY)  vrek.
For every o € (0,1], let P, be the set of pseudo-differential operators P of order 0 satisfying
1Pull ety < Cstlo) (|E7ull oy + lull o) Vu € CR(RY)  vrek.
for every smooth function u on R? of compact support. Note that 0 < o1 < o5 implies Py, C Py, .

The proof consists of proving that:
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1. P, is stable by taking the adjoint, for every o € (0,1/2];

2. P, is a left and right ideal in the ring of pseudo-differential operators of order 0;
TA—1 - .

3. YJA™! € P, for every j € {0,1,...,p}, for every o € (0,1/2];

4. if P € P, then [Y], P] € P, )4, for every j € {0,1,...,p} and for every o € (0,1/2].

Each of the steps is quite straightforward to establish, following [22, 30] and using elementary
properties of brackets and of pseudo-differential operators. Then, noting that [Y;’,Y,;]Afl =
Y7, Y7AT - YkTA_lA[YjT, A~'], using that Y;7A™! € Py by the third property and thus that
Y7, Y7A Y e Py /8, using that A[Y], A1 is a pseudo-differential operator of order 0 and using the
first and the third properties, we have YkTAflA[YjT, A Y e P12, and we infer that [Y], YA e
Py/s. By recurrence, we get that Y7ATY € Py J22k-1, Where Y7 is any Lie bracket of the vector
fields Y™ of length k.

Using the uniform Hormander condition, it follows that P;/p2r—1 coincides with the ring of
pseudo-differential operators of order 0. Indeed, we have proved that A=19,, € P, /2261 for every
1 € {1,...,d}; using the properties of ideal and of stability by taking the adjoint, we have then
A1OZ A~ € Pyjen—r and thus A207 = A7102 A~ +AHAT192 A1 A] € Py jp2e—1, and finally,
id € Py 92¢-1. The theorem is thus proved for s = 0.

We then prove the result for any s € R by applying the inequality established for s = 0
to A*u and by managing the bracket [L™,A®], using in particular the fact that [(V;7)?, A%
20Y7, A% + Y7, [¥7, A%

oo

B.1.2 Application: uniform local smoothing property for heat semigroups

Throughout the section, we assume that the operator L7 defined by (62) on the domain D]
generates a strongly continuous semigroup (etLT)t>0 on L*(R%), for every 7 € K, satisfying the
following uniform estimate: for all positive real numbers ¢y < t; we have

||€tLT||L(L2(Rd)) < CSt(tQ, tl) Vit € [to,tl] V1 e K. (64)

This is the case if V7 is uniformly bounded below on R¢ and if either L7 is selfadjoint for any 7
or the vector fields Y/, Y77, ..., Y] are bounded on R? as well as their first derivatives uniformly
with respect to 7. Indeed, under these assumptions, reasoning as in the proof of Lemma 3.1.1,
there exists C' > 0 such that the operator L™ — C'id on L?(R?) is closed and dissipative, as well
as its adjoint, and thus the strongly continuous semigroup (et(LT_Cid))t>0 that it generates is a
contraction semigroup, and then (etLT)t>0 is a strongly continuous semigroup, with uniform norm
estimates.

We denote by e” the heat kernel associated with L™ for the Lebesgue measure on RY. The
function €7 is defined on (0,+00) x R? x R? and depends on three variables (t,z,y). In what
follows, the notation 9; (resp., 2, 03) denotes the partial derivative with respect to t (resp., to x,
to y). The indices z in x; and y in y2 below mean that, when e” is taken at (¢,z,y), x1 is taken
at x and yo is taken at y.

Corollary B.1.1. We assume that the Lie algebra Lie(Y,...,Y,) generated by the vector fields
Y7, i=1,...,p, is equal to R? at any point of U, with a degree of nonholonomy r that is uniform

with respect to T € K (uniform strong Hérmander condition on U). Note that this assumption is
more restrictive’ than in Appendiz B.1.1, because we have excluded Y .

9This more restrictive assumption ensures that L™ — d; is hypoelliptic. Otherwise hypoellipticity may fail: take
Yo = Oz, and all Y, i > 1, not depending on x1: then (Yp,Y1,...,Y,) satisfies the Hérmander condition, but not
(8t + Yo, Y1, ... ,Yn).
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For all x1,x2 € C*(U), for all positive real numbers 0 < to < t1, for all s,s'" € R, for all
(k,a,8) € N x N% x N?, we have

o(x2), 080505 €7, < Cst to, 1, k vrek (65
H(Xl) (X?)y 10203 € (7 7) Loo((to,t1) X Re xRY) S (X17X27 0,01, 7a7ﬁ) T E ( )

and
||X16tLTX2f||Hs(Rd) < CSt(Xl,XQ,to,tl, S, SI)Hf”HS/(Rd) YVt € [to,tl] Vf (S Cgo(Rd) Vr e K.

The corollary says that the family (e7),¢ic is bounded in C*°((0,4+00) x R™ x R™), uniformly
with respect to 7 (for the Fréchet topology defined by seminorms on an exhaustive sequence of
compact subsets of (0,400) x R™ x R"). It also states that, with the above notations, xie‘* s €
L(H* (R%), H5(RY)) for every t > 0, where the norm of this operator can be bounded by a positive
constant depending on ;1 and Y2 but not depending on 7.

Proof. Defining on R x R? x R? the vector fields

. -2 . 0
YOT: YOT 9 Y;T: }/iT 9 i:]w'-'apu
(Y9)* (Y;)”
we consider the operator
p ~ ~
P =(L")e+ (L7)3 =20, => (V) +Yy -V
i=1

on L?(R x R?x R?), where (L"), = L™ ®id and (L7)*, = id® (L")* are differential operators acting
on functions g = g(z,2’). The uniform weak Hormander condition is satisfied on U for the p 4+ 1
vector fields (SN/O", f’f, cee f/;f) on R*24. Applying Theorem B.1 to the heat kernel €™, which satis-
fies PTe™ =0 on (0, +00) x U x U, we obtain that ||<67||HS+U(R1+2¢1) < Cst(s, ¢, C/)H</67|‘HS(R1+2¢)¢
and by recurrence,

||<6T||Hs+ka(R1+2d) < CSt(S, k, C, C/)||</6T||H5(R1+2d) Vre K VkEeN" VseR

for all smooth functions ¢ and ¢’ on (0,+0c0) x U x U with compact support, satisfying ¢’ = 1 on
the support of ¢. In what follows, we take ( = xo ® x1 ® x2 and ¢’ = x{ ® x| ® x5. In order to
obtain (65), we need an initialization, which is given in the following lemma.

Lemma B.1.1. There erists s € R such that ||(x()t(X1)z(X2)ar € || s m1+24) < +00.

Proof of Lemma B.1.1. Recall that A = (id — 27, 92)1/2. Given any j € Z, we define on R? the

=1 "1

elliptic pseudo-differential operator A’; ; of order j by A/ ju(x) = (x)7 Au(z) for every u € C*°(R%),

where (x) = (1 + ||z]|3)"/? (Japanese bracket), with || - |2 the Euclidean norm in R?. There exists
m € N* such that A’ is Hilbert-Schmidt (as an operator on L*(R%)), i.e., HA/—m,—mHHs <
+00. Indeed, the Schwartz kernel of A’ _, is
1 1 et(z—y).¢
A )Ce) = / de
’ @m)r (U [zl ) (1 + [gl3)m/

which is the product of (1 + ||z|3)~™/2 and of the Fourier transform taken at y — x of the function
€ (1+]/€]|3)~™/2, and it is therefore square-integrable when m is chosen large enough. Using the
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general facts (concerning Schwartz kernels) recalled in Appendix A with A = e'*", T} = A’ m—mX1
and Ty = x4, we obtain that

000Dt A ) O (€7 | gy = || 00D A i

HS
tL”

< CSt(tQ, tl)

< HA/—m,—mHHS H(Xo)te L(L2(R4))

when supp(xo) C [to,?1], where we have used the uniform estimate (64) to derive the latter
inequality. O

We have therefore proved (65). To get the estimate on the semigroup, it suffices to write that,
for all 5,k € Z,

and then to apply (65). O

AleetLTX2AkHL( < ‘

7 tL” k _ i k T o
L) A x1e™ xaA HHS = [|AL(x1)a NS (X2)are™ (2, -, )HLz(Rded)

B.2 Global estimates

In the sequel, we use the notation () = (14 ||z[2)/? for x € R? (Japanese bracket), where ||z||2 is
the Euclidean norm of . Throughout the section, we assume that there exists n € N* such that the
function V7 and all coefficients of the vector fields Yy, Y7, ..., Y]], as well as all their derivatives,
are bounded by multiples of (x)™. In other words, we assume that the growth at infinity of the
vector fields Y;” and of V7, as well as their derivatives, is at most polynomial.

The objective of this section is to establish global subelliptic estimates and global smoothing
properties of the corresponding heat semigroup and heat kernel. We follow [17], where alternative
global subelliptic Hérmander estimates can be found (see [17, Theorems 3.1 and 4.1]) but are not
sufficient for our needs.

Given any a € R and 3 € R, we define on L?(R%) the elliptic selfadjoint pseudo-differential
operator Ay g = %(A;,B + (AL, 5)*) of order a, with

d
A, sul(@) = (z)° (id -3 agi) ") = ()P Au().

i=1
and we define the weighted Hilbert space Hg (R9) as the completion of C°(R?) for the norm
[ull rrg ey = [[Aapull L2 @)

The inner product is (u,U>H§ ®d) = (Ao, pt, Ao gv) p2®ny. We have the following properties (see
also [17]):

’

o Ao € L(HG (RY), HS Z5 (RY)).

e We have the continuous embedding Hg‘,/ (RY) — Hg (RY) whenever o/ > a and B’ > 3, with
a compact embedding if both inequalities are strict.

e The dual of H§(R?) with respect to the pivot space L*(R?) = H{(R?) is H=g (R9).

We denote by (Y;7)i>o the family of vector fields consisting of the vector fields Y7, Y7, ..., Y]
completed with all their successive Lie brackets.
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B.2.1 Uniform global subelliptic estimates

Definition B.2.1. Following [17], we say that the uniform polynomial weak Hérmander condition
is satisfied if there exist nonnegative integers Nog and N1 such that

Ny
lyll3 < Cst(@)®™ Y (Vi (),9)>  V(z,y) eR*xR?  Vrek. (66)
=0

Theorem B.2. Under the uniform polynomial weak Hérmander condition, there exist o > 0 and
N € N such that

||U||Hg+a(Rd) < Cst(s, B) (HLTUHH;HN(RCI) + HUHHEHV(]Rd)) Vs, €R Yu € C°(RY).

For every k € Z, for every 3 € R, we define the Hilbert space D ; as the completion of C¢g® (R9)
for the norm
lullog, = 1(Cid = L = (L)) ul o mey

where C' > 0 is a fixed constant such that (C'id — L™ — (L7)*)¥ is a positive selfadjoint operator
on L?(RY) (of maximal domain Df o). When g =0, we denote simply Df = Df 5. For k =1, the
set DT = {u € L2(RY) | L7u € L%(R%)} is the maximal domain of the operator L™ on L?(R9).
Note that the weight 3 in the iterated domains will be used only in the proof of Corollary B.2.1
further.
By iteration, Theorem B.2 implies that

lull s e oy < Cstls, &, B) (H(LT)kU“Hg(Rd) +o | Ll gy + HuHHE(Rd))
Vs,e€R VkeN' VYueC®R?) Vvrek
and therefore we have the continuous embeddings
HE oy nRY) =D 3 = HE  n(RY)  VEEN  VBeER  Vrek (67)
with constants depending on k but not on 7. By duality, we have
HyftyRY < DTy g H?h (RY) VkeN  VBeR  Vrek. (68)

Remark B.2.1. Actually, by bracketting (see the sketch of proof of the theorem hereafter), we
obtain the following slight variant of Theorem B.2: for all smooth functions ¢ and ¢’ on R", which
are globally bounded as well as all their derivatives, satisfying ¢/ = 1 on the support of ¢, we have

Gullsss, oy < Cstls, B,¢,¢") (1Ll qmey + 1wl g )
Vs,BER  Yuec C®RY) Vrek.

Note that the functions ¢ and ¢’ are not assumed here to be of compact support. This fact will be
useful in Appendix B.2.2 to localize in time only (but not in space).

Proof of Theorem B.2. For every m € R and every § € R, we define the following class of global
symbols 8™, by considering their growth in x: a symbol a : R? x R%\ {0} — C (of order m) is
a smooth function having an asymptotic expansion a ~ Z;;Og Qm—j, where a,,_; is smooth and

such that, for any k£ € N, the function ar, = a — E;:é Gy —; satisfies

10507 ar(w, €)| < Cst(a, B) ()1 (L + [|¢]l)™* 171 Va, 8 € N

54



We denote by ¥™9 the set of pseudo-differential operators on R? whose symbol belongs to S™9.
We have the following useful property: if a € S™° then Op(a) € L(Hg (R9), Hg—§" (R%)). Here,
Op is the usual left (for instance) quantization operator.

Now, if we consider in S™° a family of symbols (a™),ex, with the above constants Cst(c, 3)
being uniform with respect to 7, then we have the uniform estimate

T < .
||Op(a’ )”L(Hg(Rd),Hg:gn(Rd)) ~N CSt(O&, /8) VT 6 ’C

Thanks to this general remark, we obtain that Y € L(Hg‘(Rd),Hg:}V(Rd)), that A7'Y €
L(Hg(RY), Hg y(R?)) and that [Y7,A7] € L(Hg(R?), HZ_}(R%)), with uniform constants in
the estimates (see also [17, Lemma 3.2] for other useful properties of the spaces Hg (R9)).

These preliminaries being done, we follow the steps of the proof of Theorem B.1, keeping track
of constants. It is then straightforward to establish that

p
Z ||YjTU||%2(Rd) < Cst (’<LTU,U>L2(Rd)} + <$>2N|\U|\%2(Rd)>
j=1
HUHH”(RUZ) < CSt<fE>N (HLTUHN(W) + ||U||L2(Rd))
Vu € C°(B(z,1)) VzeR? Vrek

where N € N is a sufficiently large integer. Then, noting that, roughly, ||U||Hg (R4) = <x>ﬁ||u||Ha(Rd)
for every u € C°(B(x,1)) and for all o, § € R, using a partition of unity (see [L7, Proof of Theorem
4.1] for details), we obtain

ull e ey < Cst (1L ulg ey + Nl g eey) — Yu€ CRRY)  Wre k.

Using the brackets [As,Y;"], [As,3, L7], increasing the integer N if necessary (but N remains
uniform with respect to s and ), we then obtain

P
; 1Y ll3 gy < Cst(s, 8) (’<LTU,U>H2(W) + Hu|\§{§+N(Rd)) Vue CX[RY)  Vrek
p=

and we then establish the global estimate of Theorem B.2. We do not provide any details. |

Remark B.2.2. It is interesting to note that the uniform polynomial weak Hormander condition
(66) is satisfied for any m-tuple (Yy,Y1,...,Y,) of polynomial vector fields that satisfy the weak
Hormander condition at every point with a uniform degree of nonholonomy.

Indeed, defining as above the family (Y;);>0 by completing the (p + 1)-tuple (Yp,...,Y}) with
their iterated Lie brackets, by the assumption, there exists a large enough integer N; such that
the span of the finite family (Y;)o<i<n, is equal to R™ at every point. Defining the matrix

P(z) = (Yo(z) Yi(z) --- Y, (x)) Vr € R"”,
we have to prove that there exists Ny € N such that
y P(x)P(z) "y > Cst{x) >y} Yo,y e R™ (69)

By [23, Lemma 2], it is known that, for every polynomial function @ on R™ such that Q(x) > 0
for every & € R™, there exists an integer N € N such that Q(x) > <IC>—S;N In other words, the decay
at infinity of any polynomial is polynomial, it cannot be arbitrarily small. This non-obvious fact
follows from a Lojasiewicz inequality combined with an inversion argument. The existence of Ny
such that (69) is satisfied follows.
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B.2.2 Application: uniform global smoothing property of heat semigroups

We say that the uniform polynomial strong Hoérmander assumption is satisfied if there exist non-
negative integers Ny and N; such that

Ny
lyll3 < Cst ()N Y (V7 (2),9)*  V(x,y) eR* xR Vrek. (70)
=1

Compared with (66), in (70) we have excluded the vector field Y : the sum starts at i = 1. By a
similar argument as the one elaborated in Remark B.2.2, note that (70) is satisfied for polynomial
vector fields satisfying the strong Hormander condition at every point, with a uniform degree of
nonholonomy.

Throughout this section, we assume that the operator L™ : D(L™) = D] — L?*(R?) generates a
strongly continuous semigroup (etLT)tgo, for every T € K, satisfying the uniform estimate: for all
positive real numbers ty < t1, we have

||€tLT||L(L2(Rd)) < CSt(tQ, tl) vVt € [to, tl]. (71)

We denote by e” the heat kernel associated with L™ for the Lebesgue measure on RY. The
function €7 is defined on (0,+00) x R? x R? and depends on three variables (t,z,y). In what
follows, the notation 9; (resp., d2, 03) denotes the partial derivative with respect to ¢ (resp., to z,

to y).

Corollary B.2.1. Under the uniform polynomial strong Hérmander assumption, there exist sg > 0
and ko € N* such that, for all s > sg and s’ > sq, for all positive real numbers 0 < ty < t1,

|(As,—kos)z (Ast —kos )y €7 (5 ')HL2((to,t1)><]Rd xRd) S Cst(s, s’ to, t1) vr ek

and

Het”HL(H,S, @i, () S Cst(s,s',to,t1)  VtE[to,t1] Vrek
kos/ T —kgs

This result is a global smoothing property for hypoelliptic heat kernels in Sobolev spaces with
polynomial weight.

Proof. We follows the same lines as in the proof of Corollary B.1.1, by considering the operator P7.
It follows from Remark B.2.1 that, for all s, 8 € R, for every k € N, we have H<€T|‘Hgtlz?\7(R1+gd) <
Cst(s, k, B, ¢, C’)||C’eT||Hg(R1+2d), for all smooth functions ¢ and ¢’ on (0, +0c0) x R? x R? satisfying
¢’ = 1 on the support of ¢, and such that ¢ and ¢’ and all their derivatives are bounded by
constants. We choose ¢ = (xo0): and ¢’ = (x{)+ only depending on ¢, in order to localize in time
over t € [to, tl].

To initialize the bootstrap argument, we first observe that, like in the proof of Corollary B.1.1,
using (71), there exists m € N* such that ||(x()t(A—m,—m)z€ || L2124y < Cst(to,?1) (assuming
that supp(xo) C [to, 1)), hence [|(xp)e™ || y=m gi+24y < Cst(to, t1). Therefore, taking s = 5 = —m,
we get that ||(X0)teT||Hjj;j§;‘V(Rl+2d) < Cst(k, to, t1) for every k € N*. The result follows. O

C Global smoothing properties of sR heat semigroups

This section can be read independently of the rest.
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C.1 Global smoothing properties in iterated domains

Throughout this section, we consider a selfadjoint sR Laplacian Agg = — >~ XX, (see Section
2.2) on L*(R™), where Xi,...,X,, are smooth vector fields on R", satisfying the Hormander
condition at every point of R". We denote by (emsf‘)t>0 the associated sR heat semigroup, and
by e the sR heat kernel.

We show how to use the Kannai transform to establish global smoothing properties of the sR
heat semigroup in the scale of Sobolev spaces associated with Agr (iterated domains D((id—Agg)7),
for j € Z). This technique is well known (see [11]) and, conveniently combined with complex
analysis (e.g., Phragmen-Lindel6f principle, see [16]), leads to exponential estimates of heat kernels.
However, we recall some of the precise arguments and we give statements that we have not been
able to find in this form in the existing literature.

Since the Kannai transform is based on the spectral theorem, it requires to consider a selfadjoint
operator. This is why, in this section, we only consider selfadjoint sR Laplacians.

C.1.1 Rough global smoothing properties in iterated domains

Starting from the inequality (1 + A2)Fe=?" < SMh) for )l X > 0, 4, > 0, t € (0,4] and
k € Z, we infer from the spectral theorem applied to the selfadjoint operator A that ||(id —
Agr)Fetoer |L(2@ny) < % Hence, given any ¢ > 0 and any j, k € Z, the operator e'*® is
bounded as an operator from D; = D((id — Asr)’) to Dy = D((id — Asr)*), and we obtain the
following result.

Lemma C.1.1. Given any t > 0 and any j, k € Z, the operator et~} is bounded as an operator
from D; = D((id — Agr)?) to Dy = D((id — Asr)*), and

||etAsn

1
|L(D; D) < { Cstik =, tl)tQ(’C*j) k=, Vir >0 vt € (0,t1].
This property is completely general and is even true without any Hormander condition on the
vector fields X;: it is satisfied for any selfadjoint nonpositive operator.
We establish in Section C.1 much finer global smoothing properties, thanks to the Kannai
transform that we recall in the next section.

C.1.2 Kannai transform

Hereafter, we recall a classical argument developed in [11], consisting of obtaining estimates of the
heat semigroup (in the Riemannian case), via the Kannai transform, Here, we are in the subelliptic
case and we consider a sR Laplacian Agg on R™: this is a nonpositive selfadjoint operator on
L*(R™), of domain D(/Asg). We define the sR wave operator cos (tv/=Agr) on L*(R™) as follows:

u(t,-) = cos (tv/=2gr) dy is the solution to

(On — Asr)u = 0,

u(0, ) = 0y, Gu(0,-) =0.
For every t € R we have

Hcos (t —AsR) H < 1. (72)
L(L?(R™))
Given any smooth even real-valued function F' € L2(R), its Fourier transform is defined by F(s) =
Jz F(X) cos(As) ds and we have
1 [ - 1o[ree

F(\) = py. F(s)cos(As)ds = — F(s) cos(As) ds.
T JR

™ Jo

o7



As a consequence of the spectral theorem, we have

F (V=) = = /R F(s)cos (s/ o) ds = - /O " B(s) cos (sv/~Bam) ds.

In particular, fixing some arbitrary ¢ > 0 and taking F(A) = e~**", we have F(s) = \/?6_52/475
and thus

et = 1 /6_52/‘“ cos(s\) ds = — /+OO e /4 cos(sA) ds
2\/E R \/ﬁ 0

for every A € R, and therefore

1 2 1 e 2
ethsh — _ — / e M cos (s\/—AS ) ds = —/ e /% cos (s\/—AS )ds
2Vt Jr A V7t Jo "

for every ¢t > 0. This formula is usually called transmutation, or Kannai transform (see [29]).
We also have

1 2 1 +oo 2
eft(1+>\2) - / eftfs /4t COS(S}\) ds = —— / eitis /4t COS(S}\) ds.
2vrt Jr vt Jo

Derivating k times with respect to ¢, for some k € N, one gets

(1 + A2)ke—tHX) = /

+Oodk<1
o ar

ﬁetsz/“) cos(s\) ds

i.e.

N2 +oo P2k(s7t) —s?
(14 M\H)ke=tA :/0 okt © /4 cos(sA) ds
where Py, is a polynomial of the two variables s and ¢, of degree 2k (actually, depending on s? and
of t), and thus

oo p t
(id — Agp)Fet®m = / %6*52/“ cos(sy/=Aer)ds  Wt>0 VEEN VjEZ
0
(73)

C.1.3 Exponential estimates, using the finite speed propagation property

Let us establish an additional estimate, by using the finite speed propagation property for the sR
wave equation. The finite speed propagation property for sR wave equations has been established
in [36]; actually, it follows from the finite speed propagation property for usual Riemannian wave
equations, by considering a Riemannian e-regularization of the sR Laplacian (see [20]) and then
passing to the limit, using the fact that the e-regularized Riemannian distance converges to the sR
distance as ¢ tends to 0 (see also [21, Section 1.4.D] and [16, Appendix A4]).

Let x € R™ and let 0 < r; < 79 be arbitrary. In what follows, we denote by Bgg(z,7;) the sR
ball in R™ of center x and of radius r;, for the sR distance dsg associated with Agg (we assume
that the Hormander condition is satisfied).

Given any smooth function f on R™ such that supp(f) C Bsr(z,71), let us estimate [|(id —
AR)Fettsr Jll2(®0\Bog (2,r0))- Since supp(f) C Bgr(w,71), we have, by the finite speed propagation
property,

supp (cos (S\/—ASR) f) C Bsr(x, 71 + 8) Vs > 0.
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In other words, a minimal time s > 79 — r1 is required in order to transport information from
Ber(z,71) to R™ \ Ber(x, r2). Therefore, using (72) and (73) we get that

oo Po(s,t) e ST
. kLA, - 2k\9, —s°/4
H(ld — ASR) e RfHLz(Rn\BSR(w,rz)) B H/T t2k+1/2 e /M cos (S _ASR) Jds

2—T1

—+o0
<[ Bt et s e

L2 (Rm)

t2k+1/2 (74)

2—T1

1 t2k
< CSt(k):;—k(l + (re — 7“1)216)67(”7”)2/“HfHL?(Rn)

Vi>0 VekeN  VfeCrPR") s.t. supp(f) C Ber(z,r1).

Note that 7o — r; = dsg (Bsr (z,71), R™ \ Bsr(2,72)). To obtain the latter inequality, we have used
the inequalities (proved by recurrence)

—+oo
/ e~ /M g < CstV/Ee @ /4t
+oo . 2 . . 2
/ sTe™s /4 ds < Cst(f)t(1 + tU=D/2) (1 4 g7~ )ea /4 Vj e N* Ya >0 vt > 0.

A consequence of this analysis is the following.

Proposition C.1.1. Let x and X' be smooth functions on compact support on R™, such that x' =1
on supp(x). Then, for every k € N and every t > 0, the operator (1 — x')(id — Agr)¥FetPry s
bounded on L*(R™), and

1+ 2k

e O s o,

< Cst(k, x, ')

H(l - X/)(ld - ASR)ketASRXHL(L2(Rn))
The same property holds for the operator (id — Asr)*(1 — x')e!®*x and (taking the adjoint and
by selfadjointness) for the operators x(id — Agg)*e!®=(1 — x') and (id — Ag)Fxet>= (1 — x).

Proof. Using a partition of unity, we reduce the proof to the case where supp(x) C Bsr(Z,r) and
X' =1 on Ber(Z,2r) for some T € R™ and some r > 0, so that supp(x’) C R™ \ Bsr(Z, 2r). Then
(74) gives the conclusion. O

Note that all estimates that we have obtained are uniform with respect to ¢ > 0.

C.2 Global smoothing properties for nilpotent sR Laplacians

In this section, we consider the nilpotent sR Laplacian ﬁq/kassociated with the nilpotentization
(M1, D1,97) of the sR structure (M, D, g) at ¢. Recall that M7 is a homogeneous space of a Carnot
group (see Section 2.5.4), but is not a Carnot group whenever ¢ is singular.

We will establish global smoothing properties for the semi-group (etAq)t>0 in iterated domains
and Sobolev spaces with polynomial weight.

Note that, since we deal in this section with polynomial vector fields, we could apply the
smoothing properties established in Appendix B.2 (more precisely, see Corollary B.2.1) by deriving
global subelliptic estimates in Sobolev spaces with polynomial weight. But here, in this specific
context, the global smoothing properties that we are going to establish are much stronger.
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C.2.1 Reminders on exponential estimates

There are various ways to establish exponential estimates for heat kernels. Such estimates have
been proved in [416] by means of large deviation theory, using the probabilistic interpretation of the
sR heat kernel (see also [31] for long time estimates). We also refer the reader to [141] and [28] for
estimates of the sR heat kernel and of its derivatives, established, however, on a compact manifold.

In [11] (see also [30]) the authors show how to combine the Kannai transform (i.e., the finite
propagation speed of waves) with the Harnack principle and with a classical Moser iteration argu-
ment. In [43], the author combines the Kannai transform with the Harnack parabolic principle in
the hypoelliptic case. In [16], the authors use an elegant Phragmen-Lindel6f argument to obtain
off-diagonal exponential estimates.

Finally, we quote the paper [34], in which it is shown that all known exponential estimates
remain valid as well when considering a sR Laplacian on a homogeneous space (thus, extending
results of [416] that were established on Lie groups).

According to these references, denoting by e? the heat kernel of the sR Laplacian Al =
Yot (X2, for every € > 0, for all i1, ...,is € {1,...,m} with s € N*, we have
Cst(e, I) 1 —d4(z, y)?

m I’\q <
X eyl < TR Vol(Be(y. VD) ( A1 +e)t

) Vvt >0 Vx,ye]\/zq:R"

(75)
where X' = X;, ---X,., I = (i1,...,is) and |I| = s. In other words, the heat kernel &7 and its
derivatives are exponentially decreasing off the diagonal. Note that Vol(éq (y, V1)) = t2W/2 By
symmetry of the heat kernel, one can obtain the inequality (75) with t2®)/2 replaced by t2*)/2, or
even by t<(@)/44QW)/4 Note anyway that all these inequalities are different, because Q(z) # Q(y)

in general, unless M7 is a Carnot group (which is the case when ¢ is regular).

C.2.2 Global smoothing properties

As in Appendix B.2.1, given any j € Z and any « € R, we define 23?70[ as the completion of C'S°(R™)
for the norm

lullge = l1id = AV ull g gmy = ) (d ~ AT g2y

Here, we recall that the Japanese bracket is defined by (z) = (1+||z(|3)"/? where |z||3 = 23 +-- 422
is the Euclidean norm.

It is useful to define the sR Japanese bracket by (z)sr = (1+ ||z||%;)'/?, where the sR pseudo-
norm is defined by ||z|lsr = .1, |zi|*/¥ for every @ = (x1,...,2,) € R" in privileged coordinates
around 0 (here, w; = w;(q)). Accordingly, we define ﬁ?ﬁ’ZR as the completion of C2°(R™) for the
norm o

H“Hﬁg;jﬁ = [{z)& (id = A" ul[ L2

Setting r = w,, (degree of nonholonomy at 0), we have the inequality
Cst ()" < (x)er < Cst () Vo € R"
from which it follows that

Cstllulps < lullppen < Cstllulp, ~— Vi€Z Va>0 Vue CFRM.  (T6)
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Proposition C.2.1. Given any t > 0, any j,k € Z and any real number 3 = 1, the operator et B

is bounded as an operator from Dg’;R to DZ’%R, and
CSt(ju kaﬁatl) .
y<f w0
Cst(k, B, 1) if k

/> Vte (0,t] V>0 (77)

>
<

This result states a global smoothing property in the iterated domains with polynomial weight,
by keeping the same weight 5 > 1. In particular, for j = k, we have

Je3 1] < €t

This implies that (etﬁq)@o is a Cy semigroup in the Hilbert space Dz%, for every k € Z and every

DR, vt € [0,1] VkeZ V=1 Vfe CP(R™). (78)

B > 1, which may not be a semigroup of contractions. Note that, for k = 0, DZ% is the space
L?(R™) with polynomial weight (z}fR and indeed, for g > 1, A4 may not be dissipative in this
Hilbert space.

Proof. Since (id — A9)ietA = ¢tA%(id — A9)J | it suffices to prove (77) for j = 0. We proceed in
two steps: we first establish (77) for ¢ = 1, and then we show how to obtain the estimate for every
t € (0,t1] by homogeneity.

Let 8 > 1 and k € N be arbitrary. We follow and adapt a classical argument (Schur test): by
the Cauchy-Schwarz inequality, we have

- 2 z)P N ?
(@) d = AnkeP f(2) " = ( Il AR i — A0 et (1,,9) ) ) dy>

<[ (G) oo Eogmomafn [

for every f € C°(R™).

We claim that Cstd(0,2) < |jz|lsg < Cstd?(0,z) for every z € R™ (see [27, Lemma 2.1 p.
28]). Indeed, the distance di (0,-) is continuous (by the Hérmander condition) and thus reaches its
bounds on the compact set {x € R™ | ||z|lsg = 1}; the inequality follows by homogeneity. We
infer that

(id = A1 (1L,a,9)| W2 W) dy (79)

J4
()sr < Cstl + ci 0,z)
(y)sr 1+ da(0,y)
It follows from (75) and (80) that

[ (=)

< Cst(k) /

< Cst(1 + d¥(z,y)) Ve,y € R™. (80)

n

(id — ADEEI(1,2,y)| dy < Cst(k) / (1+ di(z,y))*P e T @0*/5 ay

1+ @(x,y))zﬁe—@uﬂfm dy < CSt(k,B)/ e—gq(w,y)z/lﬁ dy = Cst(k, B)

n n

and hence, plugging into (79), integrating with respect to x and using (75) again, we obtain

€2 g = [ (0atid = BB 5 (@) da

@) /8 gy /

Rn

< st ) | I ) dy = Gk, ) [Bgor (81)

n
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We have obtained (77) for t = 1.
To obtain (77) for every ¢t € (0,¢;], we make the changes of variable z = ¢(z) and y = ¢(z)

in (81), with ¢ = §,, 5. Noting that <p*£qg0* = tAY, <p*e£qga* = etgq, p*dr = |det(p)|dx =
a7z dx, and [|o(z)||sr = %HxHSR, we get from (81) that

2

1 1 20 . N N
s |, ((“;HzlzR) (id - tAn)*e! " (i f><z>> :

1 1 oo

from which (77) is easily inferred. O
Using (76) and the embeddings (67) and (68), we infer the following result.

Corollary C.2.1. Given any t > 0, any j, k € Z and any real number 3 > 1, the operator et B

is bounded as an operator from Hé‘ijN(R”) when j < 0 (resp., Héﬂ_QjN(R") when j > 0) to

HgiQkN(R") when k < 0 (resp., HgikN(R") when k = 0). Moreover, for all tg,t1 € (0,+00),
their norms are uniformly bounded with respect to t € [to,t1].

Remark C.2.1. Given any t > 0, it is not true that etd maps continuously any Hg(R") to

any ng‘,, (R™). Indeed, otherwise, using Hilbert-Schmidt norms we would infer that its heat kernel
e(t,-,-) is bounded in the Schwartz space S(R™ x R™), which is not true around the diagonal.
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