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NONPARAMETRIC ESTIMATION FOR I.I.D. PATHS OF FRACTIONAL SDE

FABIENNE COMTE* AND NICOLAS MARIEf

ABstracT. This paper deals with nonparametric estimators of the drift function b computed from inde-
pendent continuous observations, on a compact time interval, of the solution of a stochastic differential
equation driven by the fractional Brownian motion (fSDE). First, a risk bound is established on a Sko-
rokhod’s integral based least squares oracle b of b. Thanks to the relationship between the solution of
the fSDE and its derivative with respect to the initial condition, a risk bound is deduced on a calculable
approximation of b. Another bound is directly established on an estimator of ' for comparison. The
consistency and rates of convergence are established for these estimators in the case of the compactly
supported trigonometric basis or the R-supported Hermite basis.
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1. INTRODUCTION

Consider the stochastic differential equation

(1) X(t) =z + /Ot b(X(s))ds+ oB(t) ; t €[0,T],
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where o, T > 0, B is a fractional Brownian motion of Hurst index H €]1/2,1], b: R — R is a continuous
map and zy € R*.

In this work, we assume that we observe N i.i.d. paths of the solution X of Equation (1). For in-
stance, this situation may occur in pharmacokinetics when a group of patients can be monitored: for
each patient, a bolus of drug is injected and the "path" of its diffusion in the body can be observed (with
a delay) (see details in Subsection 3.3.1). Our aim is to propose and study nonparametric estimators of
the drift function b based on these observations. This problem is related to functional data analysis, and
more specifically, there are various recent contributions about i.i.d. parametric models of (non fractional)
stochastic differential equations with mixed effects (see, e.g., Ditlevsen and De Gaetano [24], Overgaard
et al. [43], Picchini, De Gaetano and Ditlevsen [44], Picchini and Ditlevsen [45], Comte, Genon-Catalot
and Samson [13], Delattre and Lavielle [20], Delattre, Genon-Catalot and Samson [17], Dion and Genon-
Catalot [23], Delattre, Genon-Catalot and Larédo [18]). Also, i.i.d. samples of stochastic differential
equations have been recently considered in the framework of multiclass classification of diffusions (see
Denis, Dion and Martinez [21]). The need of flexibility to deal with the information contained in func-
tional data analysis make it interesting to use a nonparametric approach.

Along the last two decades, many authors studied statistical inference from observations drawn from
stochastic differential equations driven by fractional Brownian motion, considering the observation of one
path, either in continuous time, or in discrete time with fixed or small step size.

Most references on the estimation of the trend component in Equation (1) deal with parametric esti-
mators. Let us start by papers considering continuous time observations. In Kleptsyna and Le Breton
[28] and Hu and Nualart [30], strategies to estimate the trend component in Langevin’s equation are
studied. Kleptsyna and Le Breton [28] provide a maximum likelihood estimator, where the stochastic
integral with respect to the solution of Equation (1) returns to an It6 integral. In [50], Tudor and Viens
extend this estimator to equations with a drift function depending linearly on the unknown parameter.
Hu and Nualart [30] provide a least squares oracle, not an estimator, because the stochastic integral with
respect to the solution of Equation (1) is taken in the sense of Skorokhod and is not computable. In [31],
Hu, Nualart and Zhou extend this oracle to equations with a drift function depending linearly on the
unknown parameter. Finally, in [37], Marie and Raynaud de Fitte extend this oracle to non-homogeneous
semi-linear equations with almost periodic coefficients.

Now, considering discrete time observations, still in the parametric context, Tindel and Neuenkirch [40]
study a least squares-type estimator defined by an objective function, tailor-maid with respect to the
main result of Tudor and Viens [51] on the rate of convergence of the quadratic variation of the fractional
Brownian motion. In [47], Panloup, Tindel and Varvenne extend the results of [40] under much more
flexible conditions. In [8], Chronopoulou and Tindel provide a likelihood based numerical procedure to
estimate a parameter involved in both the drift and the volatility functions in a stochastic differential
equation with multiplicative fractional noise.

About nonparametric methods for the estimation of the function b in Equation (1), there are only few
references. Saussereau [48] and Comte and Marie [15] study the consistency of Nadaraya-Watson type
estimators of the drift function b in Equation (1). In [38], Mishra and Prakasa Rao established the con-
sistency and a rate of convergence of a nonparametric estimator of the whole trend of the solution to
Equation (1) extending that of Kutoyants [32]. Marie [36] deals with the same estimator but for reflected
fractional SDE. For nonparametric kernel-based estimators in It6’s calculus framework, the reader is re-
ferred to Kutoyants [32] and [33].

The present paper deals with nonparametric estimators of b, computed from N independent continu-
ous time observations of the solution of Equation (1) on [0,7]. Let us mention that it became usual that
such functional data are available and can be processed thanks to the improvements of computers. The
question of nonparametric drift estimation in stochastic differential equations from such data has been
studied in Comte and Genon-Catalot [12] who consider an Ito’s calculus framework.

On the one hand, we extend the functional least squares strategy of Comte and Genon-Catalot [12] to
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fractional SDE by replacing [t6’s integral by Skorokhod’s integral in the objective function defining their
projection estimator. The Skorokhod integral is a Malliavin calculus based stochastic integral extending
Ito’s integral to nonsemimartingale Gaussian signals as the fractional Brownian motion, but which has
the major drawback to be non computable in general. For this reason, the oracle b mentioned above is
just an auxiliary entity, on which we are able to establish a satisfactory risk bound. Thanks to the rela-
tionship between the solution X, of Equation (1) and its derivative with respect to the initial condition
g, we define an approximate estimator ?)\E of ?)\, calculable from N i.i.d. paths of the couple (X;,, Xuote),
where xg and xg + € are two close initial conditions. We deduce a risk bound on the estimator 65 from
the risk bound established on b.

On the other hand, by using the relationship between X, and 0,,X;, directly, we define an estimator
/b\:_[” of the derivative b’ of b, also calculable from N i.i.d. paths of the couple (X,,, Xs,+c). We prove a
risk bound on gl’ with a parametric rate of convergence, but then, we show that deducing a risk bound
on a primitive estimator ?)\l of b is not straightforward unless the function is known at one point. In
addition, a compactness condition on the support of b must be added. For this reason, the estimator EE
is of interest to estimate b and BZ.' is of interest to estimate b’, both functions may be useful depending
on the application context.

Note that almost all the references cited above on the statistical inference for fractional SDE are based
on long-time behavior properties of the solution which are often difficult to check in practice, but not
required here.

The oracle b and the estimator 35 are respectively studied in Subsections 3.1 and 3.3 of Section 3.
Subsection 3.2 provides examples of function bases well adapted in our situation. We can in these frame-
works obtain convergence results and rates. The estimators Bl’ and EZ are studied in Section 4. Lastly,
concluding remarks are gathered in Section 5 while most proofs are postponed in Section 6.

Notations. The vector space of Lipschitz continuous maps from R into itself is denoted by Lip(R)
and equipped with the usual Lipschitz semi-norm ||.||r;p. Now, consider m € N*. The Euclidean norm
on R™ is denoted by ||.||2,m,

CPR) = { € C"(R) s max ¢ < o0}

and
Lipf(R) = {1 € C"(R) : Dolhang = llhan v 19V < 001
Note that CJ*(R) C Lipy'(R). Finally, for every n € N*, the vector space of infinitely continuously

differentiable maps f : R™ — R such that f and all its partial derivatives have polynomial growth is
denoted by C3°(R™,R).

2. STOCHASTIC INTEGRALS WITH RESPECT TO THE FRACTIONAL BROWNIAN MOTION

This section presents two different methods to define a stochastic integral with respect to the fractional
Brownian motion. The first one is based on the pathwise properties of the fractional Brownian motion.
Another stochastic integral with respect to the fractional Brownian motion is defined via the Malliavin
divergence operator. This stochastic integral is called Skorokhod’s integral with respect to B. If H = 1/2,
which means that B is a Brownian motion, the Skorokhod integral defined via the divergence operator
coincides with Ité’s integral on its domain. This integral is appropriate to define a suitable oracle of
the drift function b in Equation (1), while the first one is used in Section 3.3 to propose a calculable
approximation.

2.1. The pathwise stochastic integral. This subsection deals with some definitions and basic prop-
erties of the pathwise stochastic integral with respect to the fractional Brownian motion of Hurst index
greater than 1/2.
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Definition 2.1. Consider x and w two continuous functions from [0,T] into R. Consider a dissection
D := (to,...,tm) of [s,t] with m € N* and s,t € [0,T] such that s < t. The Riemann sum of x with
respect to w on [s,t] for the dissection D is

m—1
Jeawn(s,) 1= w(ty)(w(tppr) — w(ty)).
k=0
Notation. With the notations of Definition 2.1, the mesh of the dissection D is
D) := t — tg|-
m(D) = mwax [tk =t

The following theorem ensures the existence and the uniqueness of Young’s integral (see Friz and Victoir
[26], Theorem 6.8).

Theorem 2.2. Let x (resp. w) be a a-Hélder (resp. S-Holder) continuous map from [0,T] into R with
a, B €]0,1] such that a4+ B > 1. There exists a unique continuous map Jy. @ [0,T] — R such that for
every s,t € [0,T] satisfying s < t and any sequence (Dy)nen of dissections of [s,t] such that w(D,) — 0
as n — oo,

lin;o | T (t) = o w(8) = Jzw,p, (5,)] = 0.

n—r

The map Jy . s the Young integral of x with respect to w and Jy () — Jy0(8) is denoted by
t
/ z(u)dw(u)

For any a €]1/2, H[, the paths of B are a-Holder continuous (see Nualart [42], Section 5.1). So, for every
process Y = (Y(t))¢cjo,r) with S-Holder continuous paths from [0, 7] into R such that o + 3 > 1, by
Theorem 2.2, it is natural to define the pathwise stochastic integral of Y with respect to B by

(/ ty(s>d3<s>> = [ Vi 95,

for every w € Q and t € [0, 7).

for every s,t € [0,T)] such that s < t.

2.2. Skorokhod’s integral and density of the solution. This subsection deals with some definitions
and results on Malliavin calculus.

Let L°([0,7],R) be the space of measurable functions from [0,7] into R, and consider the reproduc-
ing kernel Hilbert space

H :={h € L°([0,T],R) : (h, h)y < oo}
of B, where (.,.)3 is the inner product defined by

T T
(hy ) = H(2H — 1)/ / it — o[22 2h(s)(s)dsdt
o Jo
for every h,n € L°([0,T],R). Let (B(h))nen be the isonormal Gaussian process defined by

B(h) = / h(s)dB(s),
which is the Wiener integral of h € H with respectoto B.
Definition 2.3. The Malliavin deriwative of a smooth functional
F = f(B(h),...,B(hn))
where n € N*, f € Co°(R™,R) and hy, ..., h, € H, is the H-valued random variable

= 0kf(B(h1),...,B(hn))hs.
k=1
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ot

The key property of the operator D is the following one.

Proposition 2.4. The map D is closable from L2(Q, A, P) into L2(Q;H). Its domain in L2(2, A, P),
denoted by DY2, is the closure of the smooth functionals space for the seminorm ||.||1,2 defined by

IF)12 5 == E(F[*) + E(|DF|3) < oo
for every F € L2(Q, A,P). The Malliavin derivative of F € DY2 at time s € [0,T)] is denoted by DsF.
For a proof, see Nualart [42], Proposition 1.2.1.

Definition 2.5. The adjoint § of the Malliavin derivative D is the divergence operator. The domain of
J is denoted by dom(d), and u € dom(9) if and only if there exists a deterministic constant ¢, > 0 such
that for every F € DY2,

[E((DF,u)w)| < cuE(|F*)2.
For any process Y = (Y (s))sepo,r) and every t €]0,T7], if Y15, € dom(d), then its Skorokhod integral
with respect to B is defined on [0, ] by

/0 Y (5)8B(s) == 6(Y1.),

and its Skorokhod integral with respect to X is defined by

/Y )6X (s /Y ds+a/Y )6 B(s).

Note that since § is the adjoint of the Malliavin derivative D, the Skorokhod integral of Y with respect
to B on [0,t] is a centered random variable. Indeed,

@ E ( / Y(s)aB<s>) ~E(1-5(Y10g)) = E(D(1), V1j.q)) = 0.

Let S be the space of the smooth functionals presented in Definition 2.3 and consider D':2(#), the closure
of

S Fihjihy,.. by €M, Py, P €S

for the seminorm ||.||1 2, defined by

ull? 2.3 = E(l[ul3,) + E(Dull3gs) < 0o

for every u € L?(Q x [0,T]) (see Nualart [42], p. 31, Remark 2). The following proposition provides an
isometry type property for the Skorokhod integral with respect to B on DV'?(%), which is a subspace of
dom(d) by Nualart [42], Proposition 1.3.1. This result is useful for our purpose and is proved in Biagini
et al. [3] (see Theorem 3.11.1).

Proposition 2.6. For every Y,Z € D2(H),

T T
E(6(Y)d(Z)) = aH/O /0 E(Y (u)Z(v))|v — u|*"2dvdu

a2 / E(D,Y (0)Dy Z(u))|u — o' |22 2 jv — o' |PH 2 dudu’ dvdv’.
[0,7]

In the sequel, the function b fulfills the following assumption.
Assumption 2.7. The function b belongs to C*(R) and there exist m, M € R such that
m<Y () <M ;VreR.

Under Assumption 2.7, the following result is a straightforward application of Proposition 2.6 to func-
tionals of the solution X of Equation (1).
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Corollary 2.8. Let X be the solution of Equation (1). Under Assumption 2.7, X € DY2(H) and for
every ¢, ¢ € Lipp,(R),

T T
E(5(0(X))5(4(X))) = ag / / E((X (u)(X (0)]o — ul? ~2dvdu + Ry,
where

R,y = af / E(¢' (X (v))¢ (X (v")Dyw X (0)D o X (V') Ju — o' [PH =2 |v — o' P =2 dudu’ dvdy’
(0,77

v ’Ul
— 0%0'2/ / / |u—u'|2H*2|v—1/\2H72
[0,112Jo Jo

xE <so’(X (V)Y (X (V")) exp < / V(X (s))ds + / ' b’(X(s))ds>> dudu dvdv’.

The following theorem provides suitable controls of the moments of Skorokhod’s integral.

Theorem 2.9. Under Assumption 2.7, for every p > 1/H, there exists a deterministic constant ¢, g o >
0, only depending on p, H and o, such that for every ¢ € Lipy,(R),

p T
]E( ) < oy M (T) (/0 ]E(w(X(S))Il/H)%)

where Wy, g (T) ==y g (T) V1 and

H

pH o pH
my g (T) = <_M> <o+ TPH1p-0 + (M> M1 0.

Note that if M < 0, then Theorem 2.9 has been already proved in Hu, Nualart and Zhou [31] (see
Proposition 4.4.(2)).

pH

T
/0 (X (3))6B(s)

pH

T
+</ E<|¢'<X<s>>|P>1/<pH>ds> <o

Remark 2.10. On the one hand, note that the control of the variance of Skorokhod’s integral provided
in Theorem 2.9 is a straightforward consequence of Corollary 2.8. On the other hand, with the notations
of Corollary 2.8, note that for H = 1/2, the solution X of Equation (1) is adapted and then

T T
Ry y = / / E(D,X (v)DyX (u))dudv = 0.
o Jo
This reduces importantly the order of the variance of Skorokhod’s integral with respect to the case H > 1/2.

Lastly, the following proposition provides an expression and a bound for the density of the solution to
Equation (1).

Proposition 2.11. Under Assumption 2.7, for any t €]0,T], the probability distribution of X*(t) :=
X(t)—E(X(t)) has a R-supported density with respect to Lebesgue’s measure p;(xo,.) such that, for every

z € R,
* - Mex - ’ ﬂ
pi (w0, ) = 29; (20, 7) p( /0 g;“(xo,Z))

g: (x0,2) := E((DX (), -DL~ ' X (1)) | X*(t) = )
€ [o(m,t),0(M,t)] C]O, 0],

where

L is the Ornstein-Uhlenbeck operator and

t ot
o(p,t)? = OéHO'Q/ / lv — w2 2eH 2= dudy > 0 5 Vi € R.
o Jo
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In particular, for every x € R,

E(X"®)]) a? E(X*(1)) x?

—= ) <pi(zo,7) < 22 ).

20012 P\ " 2ominz ) P ) S 5 a e P\ S ar e
A straightforward consequence of Proposition 2.11 is that for any ¢ €]0, T, the probability distribution of
X (t) has a R-supported density with respect to Lebesgue’s measure p;(xo,.) such that, for every z € R,

pe(o, ) = pi (o, x — E(|X(1)]))

and
(3) mt(x07x7M7 m) gpt(‘TO,x) g mt(xo,x,m,M),
where
E(X*(®)[) (z — E(|X(1)])?
= 2 W) o | RV )y R.
mt(x07m7/’(‘17/’(‘2) 20'(,&1,t)2 exp 20—(#27t)2 5 V1, (12 S

Since the paths of X are a-Hoélder continuous for any « €0, H|,
E(X*(8)]) = E(X(t) —xo — E(X(t) — z0)|)
< 2E(|X (1) — X(0)]) < 2E([| Xl oo, 1)t
where
X(t)—X(s
IX|latsLr i=  sup M7
ogs<t<T |t — 8]
which has a finite first order moment because E(||B||a-ms1,7) < 0o and b is Lipschitz continuous. Then,
since o(m, t)2 > g2 2Vl T2H
wmy (o, z,m, M) < et 2H
with
_ E([X|la-na17)
T = " 22T -

Therefore, by taking o €]2H — 1, H[, Inequality (3) implies that for every = € R, p_(zq, ) € L1(]0, T], dt).

3. PROJECTION ESTIMATOR OF THE DRIFT FUNCTION

Under Assumption 2.7, b is Lipschitz continuous on R and its derivative is bounded. So, Equation (1)
has a unique solution X and the associated It6 map Z is continuously differentiable from R x C°([0, 7], R)
into C°([0, 7], R).

3.1. A Skorokhod’s integral based oracle. This subsection deals with an oracle of b, constructed as
the estimator of Comte and Genon-Catalot [12] by replacing Itd’s integral by Skorokhod’s one. The risk
bound on this oracle will allow us to establish a risk bound on an estimator at Subsection 3.3.

3.1.1. The objective function. Let fr be the function defined by

1

T
fr(z) = —/ ps(xo,x)ds ; Vo € R,
T Jo

where ps(xo, .) is the density with respect to Lebesgue’s measure of the probability distribution of X (s) for
any s €]0,T]. For any z € R, ps(zp,z) is well defined and belongs to ]0, co[ because supp(ps(zo,.)) = R
(see Proposition 2.11). So, since p (zg,x) € L1(]0,T],dt) as established at the end of Section 2, fr(z)
is well defined, belongs to |0, oo, and then supp(fr) = R. Moreover, by Fubini-Tonelli’s theorem, fr is

measurable and
e} 1 T e’}
/ Jr(z)dr = */ / ps(xo,x)dxds = 1.
—0o0 T 0 —o0

So, fr is a R-supported density function.
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Now, consider N € N* independent copies B, ..., By of B, X' := Z(xq, B?) for every i € {1,...,N},
and the objective function vy defined by
X

T T
’}/N(T) = ﬁ (/0 T(Xi(s))2d8 — 2/0 T(Xl(s))5X1(8)>

i=1
for every function 7 : R — R.

Note that for any bounded function 7 from R into itself, thanks to Equality (2),

1 [T o T
B(w(r) = 7 | Er(X()? = 2 (X (DB (s))ds + 7B (/ T<X<s>>6B<s>>

g T
- %/o E((7(X(5)) = b(X(5)))*)ds — %/0 E(b(X (s))2)ds.

Then, the definition of fr gives

(4) E(yy (r)) = / (r () — b(a))? fr () di — / b(a)? () o

— 0o — 0o

o0

Equality (4) shows that E(yn (7)) is the smallest for 7 the nearest of b. Therefore, to minimize its
empirical version vy (7) should provide a function near of b.

Remark 3.1. The pathwise stochastic integral with respect to B, defined in Subsection 2.1, is not centered
in general, and not even for H = 1/2. Indeed, if H = 1/2, then it coincides with Stratonovich’s integral.
This is the main reason why the objective function above is defined via Skorokhod’s integral. Moreover,
the pathwise stochastic integral doesn’t satisfy an isometry type property as Skorokhod’s integral (see
Proposition 2.6), which is crucial in the sequel.

3.1.2. The oracle. Consider A € B(R) and assume that L?(A,dz) (resp. L?(A, fr(z)dz)) is equipped
with its usual inner product (.,.) (resp. (.,.)s). For any m € N*, consider also

Sm = Span{(ﬂo, ) LPm—l}’

where (o, ..., @m—1) is an orthonormal family of L?(A,dz). Moreover, assume that the functions ¢;,
j € N are bounded. So, S,, C L?(A, fr(z)dz).

Consider

assume that this matrix is invertible, and let

by = i
m argf?éfiwm

be the Skorokhod’s integral based projection oracle of b4 := b4 on S;,. As in Comte and Genon-Catalot
[12], Section 2.2,

m—1
b= > 00,
=0

where R R R
O(m) = (0o,...,0m—1)" = \Il(m)_l}?(m)
with
1 LT "
(m) = (NTZ / ¢]<X1<s>>6X1<s>>
=1 7=0,....m—1
Note that
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and R
W(m) = (<<Pja<ﬂk>N)j,k:0,...,m—la

(11, T2)N Z/ (X)) 2(X(s))ds

for every measurable functions 71,72 : R — R (the associated norm is denoted by ||.||n), and

e(m -(TZ/%” wm)

By Equality (2), e(m) is centered, as expected for an error term in regression.

where

j=0,...,m—1

3.1.3. Risk bounds on the oracle. Throughout this subsection, fr and the functions ¢;, 7 € N fulfill the
following assumption.

Assumption 3.2. A\(A) > 0 and, form < NT,

(1) (¢0,---,0m_1) is an orthonormal family of L?(A, dx).
(2) The functions p;, j=0,...,m — 1, are bounded and belong to C{(A).
(3) There exist xg, ..., Tm—1 € A such that

det[(vj(wk))jk=o0,....,m—1] # 0.
By Comte and Genon-Catalot [12], Lemma 1, which remains true for H > 1/2 without additional

arguments,
: W) = 8@ ) = ( [ esoi i)

is invertible under Assumption 3.2. In addition, we impose that

m—1 m—1

= sup Z pj(x 2 and R(m) := sup Z 903

zeA mGA
fulfill the following assumption.
Assumption 3.3. There exists p > 0 and k > 1 such that R(m) < pL(m)* and
_ Co,T NT , 3log(3/2) — 1
L o Hop V1) < 2o ——— th ¢pq = o2 T
(m)(H (m) || P ) 2 10g(NT) we ¢ T (7+ K,)T

The above condition is a generalization of the so-called stability condition introduced for the standard
regression by Cohen et al. [9, 10], also considered in Comte and Genon-Catalot [12].

Convention. When M is a symmetric nonnegative and noninvertible matrix, [[M™!|,p := co. This
is a coherent convention because if M is invertible, then |[M™!|,, = 1/inf{sp(M)}.

In order to ensure the existence of the oracle and ti be able to bound its integrated risk, Bm is replaced

~ o~

b = bmlf\m(nL)’

(5) &mw:{umm@mwﬁwvn<“ﬂb£§w}

Note that with the previous convention, on the event A & (m), \i'(m) is invertible because

i {sp(@ () > ) BT

Then, by, is well-defined. Moreover, necessarily, m < NT/log(NT) on Kn(m).
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The two following results provide controls of the empirical risk and of the fr-weighted integrated risk of
b, respectively.

Theorem 3.4. Under Assumptions 2.7, 3.2 and 3.3,

N _ 2 , m (T)
2 2 1 2,H,M
E([[bm —bally) < Tlefgn |7 —ball7, + ﬁtrace(\ll(m) W(m, o))+ cpno(l+ bT)T

where ¢, .o > 0 is a deterministic constant depending only on p, & and o, WMo gy (T) is a constant
defined in Theorem 2.9,

0_2 T T
B(m, ) = (ﬂ(( / %(X(s))csB(s)) ( / mX(s))aB(s))))

and by := ||b,24||fT

4, k=0,...,;m—1

Corollary 3.5. Under Assumptions 2.7, 3.2 and 3.3,

~ 4Tc,.
E([B — bal%,) < <1+ ik )

log(NT)

inf |7 —ball?
Tlensm”T All 7y

Mo m,m (1)

8 _1 p—
—&-Wtrace(\ll(m) W(m,o)) +¢ppo(l+br) NT

where ¢, ..o > 0 is a deterministic constant depending only on p, k and o.

Remark 3.6. Note that
trace(¥(m) W (m, o)) = trace(¥(m) 2 W (m, o) ®(m) 2 < m|®(m)" V2@ (m, o) ®(m) V2|

T 2
m S E 7(X(s))0B(s
e | ([ s

The risk decompositions given in Theorem 3.4 and Corollary 3.5 both involve the same types of terms:

e The first one is equal or proportional to inf,¢s, ||7—b A||?CT and is a squared bias term due to the
projection strategy. It is decreasing when m increases, because then the projection space grows.
e The second one, trace(¥(m)~1®(m,o))/(NT), is a variance term. From the remark above, it is
bounded by m||¥(m)~1®(m, 0)||op/(NT) which is increasing with m.
e The last one is a residual negligible term, which is small when N is large. Note that if the
upper-bound M on ¥ is nonnegative, then My g as(T') explodes for large values of T.
The order of the bias generally depends on the regularity of the function, and the order of the trace term
is discussed below. Both quantities imply that a choice of m ensuring a compromise between the bias
and the variance is required to obtain the convergence of b,, and a rate.

Finally, let us provide a control for trace(¥(m)~!¥(m, o)) which allows comparison with non fractional
results.
Proposition 3.7. Under Assumptions 2.7 and 3.2,
trace(¥(m)~1W¥(m, o)) o g m(T)
€2,H,00 53
NT e NT?-2H
x min{(L(m) + R(m))|[ € (m) " lop, m(1 + R(m) [ ¥ (m) " |op)}-

In the standard case, with H = 1/2 and a constant volatility function o, it holds that

N

%trace('ll(m)_llll(mm)) = 02%
as established in Comte and Genon-Catalot [12]. Here, for M < 0, the constant Wy a(T") does
not depend on T and thus, NT becomes NT272H which is coherent. However, the additional term
R(m)||®(m)~!|op may have an important order in m and substantially increases the variance. Thus, it

will deteriorate the rate of the estimators. So, there is a discontinuity between the cases H = 1/2 and
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H > 1/2, which is explained in Remark 2.10. However, note that this discontinuity is specific to the
estimation strategy investigated in this paper.

3.2. Rates in some usual bases. Now, for projection estimators, different bases can be considered. In
the present setting, the bases have to be differentiable. Let us present two examples.

3.2.1. Rates on Fourier-Sobolev spaces for the trigonometric basis. A first example is the compactly
supported trigonometric basis. For A = [¢, r], it is defined by

1
10 (2),
—11¢)(%)

2 .
P2j4+1(x) = cos | 2mj

po(z) =

T

e/
- - E) 10 (z) and

2 . x—/
P24 (x) = \/:Sln (277'] M) 1[a,b] (.’17)

for every z € R and j > 1. This basis satisfies, for m odd and any x € [¢, r],

~

N RIS
o5(xr) =m and sup () < ——=m
=0 / z€[4,x] ]z:;) / (I’ - 6)3

So,
L(m) = m and R(m) = p(¢,r)m?
where p(f,1) = (27)2/(x — £)3.
In the Brownian setting, where H = 1/2, for a constant volatility function o(z) = o, as recalled above,

the variance term is o2m/(NT) (see Comte and Genon-Catalot [12]). Here, if we assume that fr is lower
bounded on A by fy > 0, then |[®(m)~!|op < 1/fo and the bound of Proposition 3.7 becomes

1 m. T
() W(m,) < o0 ) o
3

The additional term R(m)||®(m)~!||,p discussed after Proposition 3.7 is here of order m?>.

1+ p(t,T)m?).

Now, let us evaluate the bias term. Consider 8 € N* and the Sobolev space
W2 ([e,x]) := {go 6] = R: /e | (z)|2dz < oo}.

If by € W2([¢,x]), by DeVore and Lorentz [22], Theorem 2.3 p. 205, then there exists a deterministic
constant cg ¢ > 0, not depending on m, such that

&, (ba) — bal® < cg,00m ™27,

m

where p§m is the orthogonal projection from IL?(4,dr) onto S,,. If in addition f7 is upper bounded on
A by f1, then

Jinf 7= ball7, < fillps,, (ba) = ball® < cp00 frm ™27,

As a consequence, the inequality of Theorem 3.4 can be written

oMo m(T) m wo m,m (T)

T 2 -2 2 m
]E(Hbm — bAHN) <cegorfim + 2. H,60 NT2 20 7 [1 + p(¢, r)m ] + Cpﬁ’g(l + brp) NT

We obtain the following result.

Proposition 3.8. Under Assumption 2.7, if fo < fr(x) < f1 for everyx € [{, 1], ba € Wzﬁ([ﬂ7 1)) and by,
is computed in the trigonometric basis on [{, x|, then there exists a deterministic constant ¢g ¢ x f,.1, > 0,
not depending on N and T, such that with m = mep, := [(NT?72H)1/(26+3)]

wo m,m(T)

E(|[bimgy. — 0all3) < 0,0, o,y M2 mrar (T)(NT272H) 720/ @043 ¢ (1 + br) NT



12 FABIENNE COMTE* AND NICOLAS MARIE

We obtain the convergence of the oracle with respect to the empirical risk for a fixed T and N — oo, and
a rate of convergence which degrades from the rate N—2%/(28+1) found in Comte and Genon-Catalot [12]
for H = 1/2 and o constant, to the rate N—2/(28+3),

The choice of mqp; above has the interest to provide a rate, but it is not possible in practice, as it depends
on 8 which is unknown.

Finally, note that the function b : z — px with g € R* fulfills the conditions of Proposition 3.8. Indeed,
since b’ = p, the function b satisfies Assumption 2.7 with m = M = yu, and by € W3 ([{,1]) for every
r > {. Moreover, since the solution of Equation (1) in this case is the fractional Ornstein-Uhlenbeck
process, which is a Gaussian process, then for every r > ¢, there exist fy, f1 > 0 such that fo < fr < fi.
In fact, under Assumption 2.7, thanks to Inequality (3), fr is still upper-bounded for nonlinear drift
functions.

3.2.2. Discussion on the Hermite example. The second example is the non-compactly supported Hermite
basis. Here, A = R, and the Hermite polynomial and the Hermite function of order j > 0 are given by

. J
(6) Hj(z):= (fl)ﬂeﬁ%(e*“j) and hj(z) := chj(a:)e*‘/’”z/2 ; Vo € R,
where ¢; = (2741/7) /2.

The sequence (h;);>0 is an orthonormal basis of L?(R,dz). By Abramowitz and Stegun [1], and In-
dritz [27],

[hjlleo < ®o with & = 1/71/4,
So that, for ¢; = hj, L(m) < ®3m. In fact, we can prove that L(m) < K+/m for a constant K > 0 (see
Comte and Lacour [14]). Moreover, as

j Vi+1
B (@) =/ Shim1(2) = = hya (),
we find
m—1
sup Z hi(2)? < 2Km’/2.
zeR =0

Thus, R(m) < 2Km?/2. Here, the bound of Proposition 3.7 becomes

oMo g (T)

1
—trace(‘I’(m)*I\I’(m,J)) < 62,00 N2l

NT
where ¢ > 0 is a universal constant.

Kv/m(1+2m)[[®(m) ™ |op,

This case is more complicated since fr can no longer be assumed lower bounded on R, otherwise it
would not be integrable. Therefore, the order of the variance and specifically of ||®(m)~!||op is more
difficult to evaluate in general contexts. What is known is that it is growing with m and with order
larger than order \/m (see [11]). However, we can still assume that fr is upper-bounded by a constant
f1 > 0, and thus, we can evaluate the bias in a similar way as previously by considering Sobolev-Hermite
spaces (see Bongioanni and Torrea [5] or Belomestny et al. [4]) and balls. The Sobolev-Hermite space
with regularity s > 0 is given by

(7) Wi =1{0€eL?R): > kar(0)® <ooy,
k>0

where ay(0) := (0, h), k € N. The Sobolev-Hermite ball is given by

Wi(D) =0 € L*(R): > k*ap(0)>< Dy ; D> 0.
k>0
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Thus, if b belongs to W (D), then we have
P, (b) = bl|* < Dm~*.

For details, and especially for regularity properties of functions in these spaces, we refer to Section 4.1 of
Belomestny et al. [4].

Proposition 3.9. Under Assumption 2.7, if fr(z) < f1 for every x € R, b € W (D), by, is computed
in the Hermite basis on R, and ||®(m)~1|2) < m"™ with k > 1, then there exists a deterministic constant

¢s.0.f, > 0, not depending on N and T, such that with m = mep := [(NT?72H)1/(s43/24x/2)]
mo g m(T)
NT '

The rate depends on the unknown k, and we mention that if || ¥ (m)~!|,, grows exponentially with m,
then the rate will become logarithmic, except if the bias also decreases exponentially.

E(”Emopt - bH?V) < CS»D,flﬁZ,H,M(T)(NTz_QH)_25/(2s+3+m) + cp’n,a(l + bT)

3.3. An approximate estimator. In this subsection, assume that the process X has been observed N
times for two close initial conditions z¢ and z¢+¢ with € > 0, a situation which can occur in pharmacology.
We first present a possible application context, and then build an approximate estimator.

3.3.1. Application context. Let us give details about the application field we have in mind. If ¢ — X, ()
denotes the concentration of a drug along time during its elimination by a patient with initial dose zy > 0,
t — X;o4e(t) could be approximated by replicating the exact same protocol on the same patient, but
with the initial dose o + ¢ after the complete elimination of the previous dose.

This is an interesting perspective because differential equations driven by the fractional Brownian mo-
tion with H > 1/2 are well adapted to model the concentration process in pharmacokinetics. Indeed,
D’Argenio and Park [16] showed that the elimination process has both a deterministic and a random
components. A natural way to take into account these two components is to add a stochastic noise in
the linear differential equation which classically models the concentration. It has been studied in the
Ito calculus framework by many authors (see e.g. Donnet and Samson [25]). However, as mentioned in
Delattre and Lavielle [19], the extension of the deterministic concentration model as a diffusion process
is not realistic on the biological side because its paths are too rough.

So, as mentioned in Marie [35], Section 5, a way to increase the regularity of the paths of the concentra-
tion process is to replace the Brownian motion by a fractional Brownian motion of Hurst index close to
1 as driving signal.

3.3.2. Risk bounds on the approximate estimator. Throughout this subsection, b fulfills the following
reinforced assumption.

Assumption 3.10. The function b belongs to Lip%(R) and fullfils Assumption 2.7.

Under Assumption 3.10, the following proposition allows to approximate the Skorokhod integral of the
solution X to Equation (1) with respect to B if two paths of X can be observed with different but close
initial conditions.

Proposition 3.11. Under Assumption 3.10, for every ¢ € Lipé(R), e>0 andt €]0,T],

/0 (X (1)) X 3 (1) — S (20, 2,1)

b// /
< oo Wl ooy o

where

S,(r0.e.1) = / (X g ())dX 5 (1)
et [ [ Ot PG o = o,

X, is the solution to Equation (1) with initial condition x € R, and
1 t2 e2Mt

-1 Iyt Ty
MERH 1) M T aEeH r 1) M T aReH —1) M0

mH7M(t) :
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Note that if M < 0, then Theorem 3.11 has been already established in Comte and Marie [15] (see
Corollary 2.8).

By Proposition 3.11, for every j € Nand i € {1,..., N},
T
Sty a0 T) 1= [0 (w)dx, ()

zo-',-a(u) - X;o (u) 2H—2
— - — dvd
e / / (p] mo+s(1}) - X:Zco (U) |u U| v

provides a good approximation of

T
| eitxs,snaxc, .
This legitimates to consider the approximate estimator

m—1
bm,s = E ej,sSDja
j=0

where

~ ~ ~ ~

O(m,e) == (Boes---,O0m-1)" = lIl(m)_lﬁ(m,s)

N

- 1 ;

X(m,e) := <NT E S%(zg,e,T)>
i=1

Contrary to the oracle Zm, i)\m’g is computable.

and

*

7=0,....m—1

Remark 3.12. For any i € {1,...,N}, since Z(., B?) is locally Lipschitz continuous on R and X is
a-Hélder continuous on [0,T] with o €]1/2, H[, there exists a square integrable random variable C : @ —
10, 0o[ such that for any n,e €]0,1],
X5, (E 1) = Xy (0] < 1XG, (E+m) = X5 (O] + X5, (1) — X5 4o (0)]
< C(n™ +¢).
By taking n = &'/, ‘
| X (t + 6l/a) Xz

$0+€

(t)] < 2Ce.

So, despite the lack of information available on the behavior of the quotient involved in S (mo, e, T), one
could replace it by

. T
8 (20,6,T) 1= / 3 (X2 (u))dX? ()

—apgo uw X' X; (u“‘gl/a)_xi (u) H
2 ! % Tg Zo oH 2

4 i : - dvd
/0 /0 ]( xo(u))Xég(U +el/a) — X;O(v) [u—vl vau

in the expression of a(m,s). This would avoid the requirement of the paths X;OJrE and X;o for each
individual 7.
Thus, to be coherent and realistic, we consider the estimator modified as follows:
Zmﬁ = Em@lf\ﬁ(m).
Then, we can prove the following result as a consequence of Corollary 3.5.

Corollary 3.13. Under Assumptions 3.10, 3.2 and 3.3,

= . 16 _ T
E(|bmc = ball},) < Qv inf |7 = bal}, + ytrace(¥ (m) " € (m,0)) + T (1 + br) 21%( )
NT \? my p(T)?
o WL k=1 > 2
+CP7 ,0,H,b (m) (10g(NT)> T4,4H €
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where ¢, . o.1p7 > 0 is a deterministic constant depending only on p, k, o, H and b” := ||b"||%,, and
3log(3/2) — 1
[ =2 14+4— ).
AT ( * (74 k) log(NT)

In order to keep the rate of convergence obtained for Em, one can assume that € depends on NV and T,
and take

o1 NT \7'
NI UNT)2 \log(NT) )

4. AN ALTERNATIVE ESTIMATOR

The cornerstone of the proof of Proposition 3.11 is that, for every t € [0, T,

Ya(t) = /0 V(X (s))ds with Y (t) := log(ds X (1)).

By assuming in the first place that X, and 9, X, can be observed N times on [0, T, the previous equality
suggests the noiseless model

T
(8) YiT) = [ VOXio)s i€ (Lo,
0
where X1, ..., XY (vesp. Y}!,...,Y.NV) are N independent copies of X, (resp. Y,).

Consider the objective function 'y;rv defined by

T . .
7N T):= NTZ (/ (s)) ds—2/0 T(X;.(s))de(s)>

for every function 7 : R — R.

Note that for any bounded function 7 from R into itself,

T
1 [ B 2 [ B 6)as

&
—~
8)
=
—
2

||

T
b [ B o) -V O - 1 [ B

Then, the definition of fr gives

) Bk = [ (@) - V@R pr)ds — [ V@2 e

Equality (9) shows that ]E('y;rV(T)) is the smallest for 7 the nearest of b’. Therefore, to minimize its
empirical version ’V}LV(T) should provide a functional estimator near of b'.

Let
i — ; T
bl = arg min (1)
be the projection estimator of vy := bTA on S,,. Then,

b'Jrrn/ Z 0 J Pj

where
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with
*
§(m) = (NTZ / 2y (X2()aY(s )) = (5 0)N)j 0.1
§=0,...;m—1

As for Zm, in order to ensure the existence and the stability of the estimator, ?)\In’ is replaced by

T 7/ D — N )/ ~
b =515 ()
where Ag(m) is defined by (5) with x = 0, and L(m) fulfills the following assumption. In the continuous-
time processes framework, this estimator is similar to the least square estimator for the noiseless regression
model of Cohen et al. [9].

Assumption 4.1. The quantity L(m) satisfies

NT 1 2) — 1
L(m)(|% (m) ™ lop V1) < 2L with ¢ p — S108(3/2) — 1

2 log(NT) T = T

The following result provides controls of the empirical risk and of the fr-weighted integrated risk of Ejn'
respectively.

Proposition 4.2. Under Assumptions 2.7, 3.2 and 4.1,

10 E(|[65 — 04]|2,) < inf |7 — 4|2, + <22
(10) (B~ ¥al3) < inf llr = bl + 22

where ¢4.9 := céz/2||b’||go. In addition,

> 2T¢ _ 1+
i /2 0,T 2 0,7
(1) BB ~ 4015 < (14 s ) 0f I = Bl + o e
where ¢, > 0 is a deterministic constant depending only on b’ := ||V .

A consequence of Proposition 4.2 is that the estimator can reach a parametric rate and a risk of order
1/(NT). No model selection step is required, one has only to choose the largest m of the collection. In
practice, this leads to a good but non parsimonious estimator. A theoretical stopping rule leading to
keep only an adequate number of projection coefficients would be interesting but is not available yet.

Now, assume that the process X has been observed N times for two close initial conditions zg and
xo + & with € > 0. Let us consider the estimator

o~ m71 —~
biﬁl,s = ;,8901
7=0
with R R R R
0'(m,e) = (e, -,0p,_1.) = ®(m)"'g(m,e)
and .
:/Y\( m,e): ( T Z/ @J dYrZO E( )) 9
7=0,....m—1

where Y;O R ,YIJOV . are N independent copies of the process Yy, . defined by

Yo .c(t) :=log (X””°+E(t)

— X, (¢
zo )) ; Vit e [0,T].

€
Corollary 4.3. Under Assumptions 3.10, 3.2 and 4.1,
1+ Co,T

NT

2
||b/l||ooc2 Q2MT 1 NT 2
0,7 .
2 ' L(m) \log(NT)

E([bf . — ¥4l3,) < don7 Jnf |7 — 0413, + T

+
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Finally, we have obtained a good estimator of ¥y, but there remains difficulties to deduce an estimator
of by. Assume that A = [r, /] with r,£ € R and r < ¢, and that there exists fy > 0 such that fr(z) > fo
for every x € A. For every x € A, consider the estimator

~

bl () = ba(r) + / B (y)dy

r

of
ba(z) == ba(x) + / Va(y)dy : @ € Al
Then,

€T
o~

B () — b'A<y>>dy} fr(z)da

~

B~ ball, = | E [(bm ~bae) + [

4 0
< 20a(e) — ba®))? +2(0 - 1) ( / fT<w>dx> ( / Bfﬁ/,s(y)—b/fx(y)ﬁdy)
{—r

< 2(ba(r) = ba(x))* + 2T|Ib1ﬁfs — Uy ll%,-
So, thanks to Corollary 4.3,
- ~ (-1 . _ l+cor
2 2 2 :
BT - 0alf,) < 26a(e) = 02 + 272 o inf llr ~ eI, + e i
b2 1 NT \*
NP Al
2 ’ L(m) \log(NT)

Clearly, bin)s keeps a good rate of convergence only if the function b4 is known at one point, or if ba
can be estimated at one point with a good rate. No pointwise procedure which would grant to keep
the parametric feature is available. Note also that, even if bs(r) is known, another drawback of b;fm& is
that, since it is obtained by integrating an estimator of b4, there are restrictive conditions: A must be a
compact interval with fr > fo > 0 on A.

5. CONCLUDING REMARKS

In this paper, we propose two estimation strategies for nonparametric reconstruction of the drift
function b from N ii.d. continuous observations drawn in the fractional SDE given by (1). On the
one hand, we bound the empirical and fr-weighted L2-risks of the auxiliary oracle /b\m, and then of the
approximate estimator Em)g. We compare the result with non fractional case. In the case of a specific
trigonometric basis, we can, under additional assumptions, prove the consistency of the estimator and
evaluate its rate of convergence. However, the choice of mgp which is proposed to obtain this result
is not possible in practice, as it depends on unknown parameters. Therefore, a model selection step in
the spirit of Comte and Genon-Catalot [12] would have to be settled. On the other hand, we bound the
empirical and fr-weighted L2-risks of the alternative calculable estimator gin’ ¢» get a parametric rate of
convergence, and show that we can not deduce a fr-weighted L2-risk bound on the primitive estimator
/I;I,w, except if the function is known at one point. Even so, there will be the restrictive conditions
requiring that A is a compact interval and that fr is lower-bounded by a strictly positive constant on A.
For this reason, /l;mﬁ is adequate to estimate b and the other strategy to estimate its derivative, which
has interest also in many applications.

For both estimators gm,a and B;fms, two paths with slightly different initial conditions have to be available
for each individual 4, but this context may be realistic in pharmacokinetics experiments. We also propose
another idea of transformation of Zm into a computable version, which seems intuitive and does not
require two paths per individual, but would require a deeper study (see Remark 3.12).

Lastly, the tedious question of discretization may be investigated in the future, to take into account the
fact that, for each individual 4, the observation is (X;(kA))1<k<n Where nA =T.
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6. PROOFS
6.1. Proof of Theorem 2.9. On the one hand, for any s,t € [0, T,

D X (t) = oljg(s) exp </: b'(X(u))du)

and, by Assumption 2.7,
‘DSX(t)| < 0'1[07,5](8)6M(t_s).

Then, by the chain rule for Malliavin’s derivative and Jensen’s inequality,

(/A ]|1/Hdsdt>pH= (/A (t)|1/Hdsdt>pH
o (/ E(| (X (1))[/H) / M/H (- S)dsdt>pH

N

T pH
(12) < oPmy, g (T) (/ E(|<p/(X(t))|”)1/(pH)dt>
0
where . .
H\? H\?
my, v (1) = <_M> Lar<o + TP 100 + (M) M 100,

On the other hand, by Hu et al. [31], Lemma 3.1, there exists a deterministic constant ¢, g > 0, depending
only on p and H, such that for any ¢ € Lipy,(R),

E( ) S GH (/0 E(I@(X(t))ll/H)dt>
(13) +IE</ / ]|1/Hdsdt>

Inequalities (12) and (13) together allow to conclude.

pH

/O P(X(1)B(t)

6.2. Proof of Proposition 2.11. Consider ¢ €]0,7]. On the one hand, for any s € R,

t
D, X (t) = 01jg4(s) exp (/ b/(X(u))du) .
So, since b’ is a [m, M]-valued function,
Ul[ovt](s)em(t_s) <D X(t) < ol (S)GM(t_s).
On the other hand, by Nourdin and Viens [41], Proposition 3.7,

-D,L7'X(t) = /OO e T, (D X(t))du
0

where (T, )ucr, is the Ornstein-Uhlenbeck semigroup (see Nualart [42], Section 1.4). Moreover, for
any u € Ry, (Ty)r = Idg by Mehler’s formula (see Nualart [42], Equation (1.67)), and for every
Uy,Us € ]L2(Q,H:D>,

U 2 U, = Tu(Ul) > TU(UQ)
by Nualart [42], Property (i) page 55. Then,

o1p(s)e™ ) < —D LT X (1) < 0Lpg g (s)e™ ).

Therefore,
U(mvt)Q < g:(Io, X*(t» < U(M’ t)z
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where -

o(p,t)? = aHU2/ / v — w2 =2en 2= dydy > 0 ; Y € R.
Nourdin and Viens [41], Theorem 3.1 zmdo Corollary 3.5 allow to conclude.
6.3. Proof of Theorem 3.4. The proof relies on two lemmas which are stated first.

Lemma 6.1. There exists a deterministic constant ¢e > 0, not depending on m, N and T, such that

" my g0 (T
E(je(m)"e(m)?) < coo' gt ()

m(L(m)2 + R(m)z).
Lemma 6.2. Consider
I 113

1
Q(m) := < sup 11<=7.
{s Iz, S 2

Under Assumptions 2.7, 3.2 and 3.3, there exists a deterministic constant c¢q > 0, not depending on m,
N and T, such that

PR, (m)%) < — 2 and POQ(m)) < —2

(NT)6+~ (NT)6+"
6.3.1. Steps of the proof. First of all,
(14) B = ballfe = llbm = Ballv 15, () + 041K 1R, uye = U1+ U2 + Vs
where
Ur = [[ballN 17, (e
Us = [[bm = ballR 13, (mynam) and
Us = [[bm = 4l L5, (yncrime-

Let us find suitable bounds on E(Uy), E(Us) and E(Us).
e Bound for E(U;). By Lemma 6.2,
~ . €1
E(U1) < E(Iball4)*B(Re(m)) /2 < L
where

- 1/2
€ = C}z/2 (/ bA($)4fT(l")dx> - ‘?2/2”(7124”]”?

e Bound for E(U;). By denoting p}v)sm the orthogonal projection from L2(A, fr(x)dx) onto S,
with respect to the empirical scalar product (.,.)n,

(15) B~ ballR = [ — o5, G+ inf a7l
As in the proof of Comte and Genon-Catalot [12], Proposition 2.1, on Q(m),

b = P¥.5,, (ba) [ = e(m)* ¥ (m) " e(m) < 2e(m)*¥(m)~"e(m).

So,
N m—1
E(/[bm _pﬁ,sm(bA)H?VlQ(m)mf\m(m)) < 2E e(m)je(m)k'll(m);,i
3,k=0
202 _
4,k=0
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Therefore, by Inequality (15),

2
: 2 -1
E(Us) < TIEI}Sfm oA — 77, + ﬁtrace(\ll(m) ¥ (m,o)).

e Bound for E(Us). On the one hand,
b — pN.s,, (ba)lliy = e(m)*(m) " e(m).
On the other hand, on /A\,‘g(m)7 for N, T large enough,

(L(m) + R(m) [ (m) " lop < L(m) ([ (m) " flop V 1) + pL(m)* (¥ (m) " [lop V 1)"

< (L4 p)ewr <b§7§7ﬂ))

Then, by Lemmas 6.1 and 6.2, there exists a deterministic constant ¢ > 0, not depending on m
(satisfying m < NT), N and T, such that

E(Us) < E(([[bm — Pﬁ,sm (b3 + ||bAH§v)1KN(m)mQ(m)c)
[ (1 + p)cfc,T

L(m) + R(m)
mo 7,0 (1)
> NT

These bounds together with Inequality (14) allow to conclude.

NT K em*em21/2 4\1/2 mCl/Q
<1og<NT>) E(Je(m)*e(m)|*)"/2 + E([ba[4)"/ | B(2(m)*)

<c

6.3.2. Proof of Lemma 6.1. On the one hand, for any bounded and measurable function 7 : R — R,

(16) / " E(r (X ())ds = / Z / " (@)pe(ao, a)dsda = T | r@ i

— 00

and, by Jensen’s inequality, for every p > 1/H,

/OT E(r(X (s))Y®Hds = T/OT

I
N
8
\]
—
8
=
S
a3
U
8
N——
-
~
S
3

(17)

VAN
~
—~ N

On the other hand, by Jensen’s inequality, since (B, X1),...,(Bn, Xn) are i.i.d and by Equality (2),

E(je(m)*e(m)?) = E | |3~ e(m)? )

j=0
4
04m m—1 N T ; ;
<GB |(S [ e
§=0 i=170
O'4m m—1 . 0_4m m—1 b
< yors 2o BOG) + o 2 B(YS)
Jj=0 j=0

where
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Moreover, by Theorem 2.9, Equality (16) and Inequality (17), for j =0,...,m — 1,

4H

T 4H T
E(Y}") < ca,m,oma . (T) (/0 ]E(|<Pj(X(8))|1/H)d8> + </O E(|90§(X(3))|4)1/(4H)d5>

([Z”“”UHﬁ”“QM{f[:W%@%ﬁuMJ

< ea oty o (T)TH Sug{\%‘(ﬂf)l4 + ¢ (@)}
€

< C4,H,aﬁ4,H,M(T)T4H

Therefore, there exists a deterministic constant ¢ > 0, not depending on m, N and 7', such that

amy g v (T)
N2T4—4H

6.3.3. Proof of Lemma 6.2. The proof of Lemma 6.2 is close to the proof of Comte and Genon-Catalot
[12], Lemma 3.

E(le(m)"e(m)|*) < ceo m(L(m)? + R(m)?).

On the one hand, by the beginning of Comte and Genon-Catalot [12], Subsection 6.1 which remains
true for H > 1/2 without additional arguments,

Q(m) = {xp(m)—l/Q@(m)ql(m)—W — T lop < ;}

Then, as in the proof of Comte and Genon-Catalot [11], Proposition 3, by Cohen et al. [9], Theorem 1,

) NT
P(€2(m)%) < 2mexp (‘cl L(m) ([ ®(m) = |op V 1)>

with ¢; :=1/2(31og(3/2) — 1). Under Assumption 3.3,
NT
1 < Ck, T . )
L) (1)~ op v 1) < %L i

Then, there exists a deterministic constant c¢q > 0, not depending on m, N and T, such that
cQ
P(2(m)°) < ————.
On the other hand, as in the proof of Comte and Genon-Catalot [11], Lemma 5, under Assumption 3.3

and on Kﬁ(m)c,

- CH T NT
L N Yop € 2=+ ——r
(m)[[® (m) ™ lop < =5 log(NT)
and
~ NT
—1 I
Lim)|[®(m)™ [lop > “T og(NT)’
and then
R . =~ -1 _ —1 Ck,T . L
Au(m)® C {L(m)\P(m) T(m) " lop > =5 1og(NT)}

C 1T )™ =2 (m) Hlop > [ L(m) " op}-

Finally, by Comte and Genon-Catalot [11], Proposition 4.(ii) which remains true for H > 1/2 without
additional arguments,

{1 (m) ™" = ®(m)lop > [ €(m) " op} € 2(m)°.

Therefore,
~ cQ
P(A HA<LPOQ(M)) € ——nr—.
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6.4. Proof of Corollary 3.5. First of all,

(18) E(|[bm — ball?,) = my +my + mg

where

my = H":(”bf‘\H?T:llA\»e(m)C)7
my = E(||by, — bAH?‘Tl/A\»c(m)mQ(m)) and
mg = E(||bs, — bAH?‘Tl/A\N(m)mQ(m)C)'

On the one hand, by Lemma 6.2, there exists a deterministic constant ¢; > 0, not depending on m, N
and T, such that

€1
1 < EV=F]
(19) ™S NT

and as in the proof of Comte and Genon-Catalot [12], Proposition 1, Theorem 3.4 allows to get

4C;<,,T . 2 8 1
(20) mo S <1 + log(NT)> TIGI'gm ||T — bA“fT + ﬁtrace(\ll(m) \Il(m, O’))

On the other hand, by Lemma 6.1,

m—1

E(j%(m)*%(m)[*) < 4m ) E({;,0)n) + 4E(le(m)"e(m)[?)

j=0
< dm(m)? / " ba(e) fr(a)de
Wm0 (T)

N2T4—4H

< o <mL(m)2 + %ﬁ}{gm(umﬁ + p2L(m)%))

tdcoo m(L(m)* + R(m)?)

where
€g 1= (4 /_Z bA(a:)4fT(x)dx) V (4ce0t).

As in the proof of Comte and Genon-Catalot [12], Proposition 1, | ¥ (m)|lop < L(m), and by the definition
of A (m),

BBl 15, yrromys) < 1) lopE (T ()~ [2,%(m) K(m) 150 r0mye)

9 2

< Lc% (mé(vzgz“)) P(2(m)°) *E(|%(m)*%(m)|*)"/?
cé/zci’T NT \? c512/2
L(m) <log(NT )) (NT)3+n/2

(2 0m) 4 T (L) + L)) ).

Then, there exists a deterministic constant ¢3 > 0, not depending on m, N and T, such that

Mg g (T)
NT

Inequalities (19), (20) and (21) together with Inequality (18) allow to conclude.

(21) M3 < 2B (3, 15 yraome) + 210413, BQ(m)°) < c
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6.5. Proof of Proposition 3.7. First note that ¥(m) and ¥(m, o) are symmetric and nonnegative as
for any vector y, y*®¥(m)y > 0 and y*¥(m, o)y > 0. Indeed for y € R™, y* ¥,y = [7%(x) fr(z)dz >0

and
o2 m—1 ) T T
YW (m,0)y = TJZZ:OQ (( / soj(X<s>>6B<s>> ( / sok(X<s>>6B(s)>>
T 2 m—1
= [ / 7(X(5))dB(s )) >0, where7:= Z Y ;.
0 =0
Therefore,

trace(W (m) ¥ (m, o)) < [[¥(m) " |optrace(¥(m, o))

m—1 T 2
fnw 1\\OPZE (/ o5 <>>6B<s>)

By Theorem 2.9, Equality (16) and Inequality (17),

E ( / mX(s))aB(s))

2H

< oo, m,0M2 g0 (T) (/0 E(|<PJ(X(S))|1/H)CZS>

T 2H
+ ( / E(w;<x<s>>|2>l/(“>ds>

(22) < cunem T ([~ @i [~

— 00 —

©] ()2 fr (x)dx> .

Finally we get

2
trace(‘I’(m)’l‘I’(m,U))<CQ,H,U@,H,M(T)T1 277 12 (1) lop (L(m) + R(m)).

For the second bound, let us denote by ¥ (m)~1/? a symmetric square root of ¥(m)~!, and write
trace(W(m) " W (m, o)) = trace(®(m) " 2® (m, o) ®(m)~/?)
m[ @ (m) 12 (m, o) @ (m) "2 op

(23) =m sup O (m) V2 ®(m,o)®(m) 2z =m sup Y ¥ (m,o)y.
lzll2,m=1 1% (m)t/2yll2,m=1

N

As already noticed, for any y € R™ such that | ®(m)'/%yl|z.m = 1,

2

p T 2 m—1 )
Yy (m,o)y = ?E (/0 T(X(S))53(8)> with 7:= Z ¥ ;.

3=0
By Theorem 2.9, Equality (16) and Inequality (17) again,

[o¢]

T 2 00
(24) E (/o T(X(S))53(8)> < CQ’H)O—EQ7H’]\/[(T)T2H (/_ 7(2)? fr(x)da —l—/_ T’(m)sz(x)da:> .

Since

/°° T(I’)sz(QS)dI =y*"W(m)y =1,

—0o0

by Inequalities (23) and (24),

_ mo g v (T) _ . _
trace( (m) " ¥ (m, 0)) < e2.11,00 neigy (L + % (m) U (1, 0) % (m) 2 )
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where
w o) = ([ i) fraas ) .
—00 7,k=0,...,m—1
Moreover,
[ (m) =20 (m, )@ (m) /2|l op < ¥ (m) 2|12, R(m).
Therefore,

_ om0 (T) _
trace(¥(m) W (m, o)) < CQ’H,UO'ZW"L(]. + 1 (m) " |op R(m)).
This concludes the proof.
6.6. Proof of Proposition 3.11. Consider x € R and ¢,¢ > 0. For every s € [0, ],
0.X,(s) = 1+ [ W(Xa(r)0Xa(r)dr
0

and, by Taylor’s formula,

Xerel) = Xelo) =24 [ (Karalr) = X)) [ V(X0 +0(X2(r) = X (1))l

So, for every (u,v) € [0,t]? such that v < u,

m = e ([ 000

and

Xoye(u) — / o
(25) = exp b O(Xpqe(r) — Xu(r)))dodr ) .

KXote (U)
For a given ¢ € Lipj(R), by Comte and Marie [15] Proposition 2.7,

As(z g, t) < ago / / lo' (X Ay (2, e,u,0)(u —v)2H 2 dvdu,
where

t
AS(z,,1) = /0 (X ()5 X (1) — S, g,t)‘

and, for every (u,v) € [0,%]? such that v < u,
Do Xo(u)  Xage(u) — Xo(u)

0: X, (v)  Xpte(v) — Xo(v) |

Since o' (R) C [m, M] and b is two times continuously differentiable,

exp (/U“ b’(Xm(r))dr>
— exp " V(X (r) + 0(Xpae(r) — Xo(r)))dodr
v 0
< z

z€m(u—v),M(u—v)]

Agy(x,e,u,v) =

Agﬁ(xagaua U) =

X/“ V(X (r ))_/ V (Xo(r) + 0(Xose(r) — Xa(r)))dd| dr
1 \/eJVIt / / |b/ — b’( ( )+9(Xx+5(74) _Xz(r>))‘d9dT
< %uwm) / [Xore(r) = Xa(r)] b
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Consider s € R;. By Equation (1),
(Xx+6(5) - Xz( = ¢’ +2 $+€ - ﬁb’(r))d(XiC'i‘a - Xz)(T)

= 62 + 2 w+€ - x(T))(b(Xw—&-E(T)) - b(Xa:(T)))dr

%%

By the mean value theorem, there exists x; € R such that

83(Xx+6($) - Xz(s))Q = Q(Xx""a(s) o Xw(s))Qb();:js(?ii : ‘I;éi;gs»

= 2(Xoie(s) = Xa(s))?0 (25) < 2M (Xoe(s) — Xa(s))?

and then,
(26) Xate(s) = Xa(s)] < e,
Therefore,

IIb”Iloo ety [ nr

Ag(x,e,u,v) < dr
IIb”Iloo Mt
< 5 e(1v e mp(u,v)
where
1 1
mpy (u, v) = —MGMU1M<0 + (u—v)ly=o + MGMU1M>0~

Finally, using the above bounds, and in a second stage, the integration by parts formula, we get

b// oo
Ag(x,a,t) 2” ” e(1v eMh) // " (X (w))[mar (u, v) (u — v)*H 2 dvdu
b//
< H0’2” ||002||<,0 ||oo€(1v€Mt ( 1M<0/ Mv/ 2H 2 Judv
+1— 0/ / 2H 2dvdu + — 1M>0/ M“/ 2H dedu)
b// soll€’|lso 1 tQH 1 U
B Y E R iy TN

1 2H MttQH ! M 2H—2
1 du+ —1 wy2H=2
togtu= 0/0 e M>°( 2H — 1 / “))

b// /
Y L N ]

<
2 k)
where
1 t2 2Mt
H=— 1 L 1yt 1y
miuvll) = Ippr ) M<o T ager 1 M T aEer - 1) P

6.7. Proof of Corollary 3.13. First of all,

E(”bm,s - bAHf‘T) g Q]E(Hbm,s - bm”?”Tl/A\K(m)) + 2]E(||bm - bA”;T)

and
7 3log(3/2) —
E - 2)< (1 4— f _
([[bm — ball?,) ( + (7 % ) log(NT) Jinf 7 ballF,
+itrace(lll(m)_1\ll(m 0)) +Cpro(l+bp )LM(T)
NT ? p,K,0 NT
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by Corollary 3.5. So, let us find a suitable control for ]E(||3m€ _Zm”?‘T 1;\%(7”)). On the one hand,

~ ~

[Bm,e = bimll3, = [1B(m, ) — B(m), (o, - -, m—-1)(N2mll?,
< [1B0m,2) — B2, /A 1@0n -+ Pmet)(@) [ fr ()

< [6(m,e) —6(m)|3,., L(m).
On the other hand, by Proposition 3.11, for every i € {1,...,N} and j € {0,...,m — 1},

- r 15 el e
S (w0,e,T) - / i (XE ()8X1 (s)] < ago? 1Nl lloo gm0 )
0

Then,
18(m, ) = 8(m)|13,, < [ (m) "5, 1%(m, e) =% (m)]13,,

T
= | &(m HOPZ NTZ( (0,2,T) - /OsoxX;O(s))aX;‘O(s))

< o[ ®(m)” ||opf:‘2T4H mpr e (T)*R(m)

2

with e
b
(= ozHo4T°°.

Therefore, by the definition of A, (m), there exists a deterministic constant Cp0.H,67 > 0, depending
only on p, Kk, o, H and b”, such that

- NT \°
2 2 —1_24H—4 2
281~ ol 1) < 2006k (1o ) D) T (T RO
NT \*myu(T)? ,
log(NT) T4-4H
6.8. Proof of Proposition 4.2. First, let us prove (10). We have
55 = a2 = 11 — a3 L5, oy + 16413 e
On the one hand, by Lemma 6.2,

< cp,ﬁ,a,H,b”L(m)nil (

1/2m( % NV
BI04 1315, ) < B3P (Ro(m)) /2 < <

where 1o
_1/2 > / 4 /212 _
6 = ( | nw fT(x)dw> < 2R = can.

On the other hand, since Model (8) is noiseless, ET*’ = pf\-, s,, (04), and then
b5 = Al = Jnf =l

Therefore,
€4.2

. 2
BB — a3 < inf |lr — B [3, + S22,
Now let us prove (11). We start by writing that
(27) E([[b} = ball3,) = m1 +ma + my
where
i = B, 15 o)
mz = ]E(”birl/ - bA”fT f\o(m)mg(m)) and

m3 = ]E(”bj;)ll - bA”?cT]‘lA\o(m)ﬂQ(m)c)‘
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(28)
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us find suitable bounds on my, my and ms.

e Bound on m;. By Lemma 6.2, there exists a deterministic constant ¢; > 0, not depending on
m, N and T, such that

1 X NT
e Bound on m;. By denoting pj%T,Sm the orthogonal projection from LL2(A4, fr(x)dx) onto S, with
respect to the fpr-weighted scalar product (.,.) .,
b5 = val1?, = ¥4 = pxv.s, ODIF = V4 = pFp.s,, (04) = Px.s,, (V4 = Phrs,, O3,
= inf 7~ Wl + ks, (91,
with g := by — pj%% s, (0)4). By Comte and Genon-Catalot [12], Lemma 5 applied to this function
9,
E(lpk.s,, (0) %15 )< 20T gz 2OT g ey 2
PN,S 9N fr L Ro(myna(m)) S log(NT) Ilfr = log(NT) reS,, All fr-
e Bound on mj. First of all, by Lemma 6.2,
/2 .
. Q INAICEE BN 1/2 2 M2
So, it remains to find a bound on E(”mﬁ/”%lﬁo(m))' On the one hand,
2
B = [ | Feste)| srwpis
=
= 0'(m) @ ()0 (m) = §(m)" ¥ (m) " @ (m)¥(m) "5 (m) = ¥ (m)"/*¥(m) g ()3,
m—1
<1 (m)[lop 1T (m) 12, D (1050 %
§=0
On the other hand, || ®(m)|lop < L(m),
- NT \?
T(m) Y2 < 2. L(m) 2
H (m) ”op cO,T (m) lOg(NT)
on Ag(m), and
571/2
m—1
E <LPJ7 b/>?\7
7=0
m-ll | N7 ' 412
<V | Y |57 3 [ e e ()
7=0 i=1
1/2
R 1 4 1 4
<vim |7 / E |37 oy (X2, () (X2 (5))* | ds
j=0
1 T oo 1/2 o0 1/2
< vmL(m) (T ] b'(x>4ps<xo,x>dms> — vt ([ v i)
0 —00 —o00
Then,

R NT
E([[05 15,15, () < co,Tllb’Ilimm-
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6.9. Proof of Corollary 4.3. First of all,

E([bfy . — Vall,) < 2B} — B3/ 13,15, (my) + 2E(IBE — B4ll7,)

and
14+ €0, T

2 —_
inf ||T—b'A||fT+cb/ NT

TESm

~. 2T°¢c T
E bt/* / 2 < 1 0
(5 =l < (14 s

by (11) of Proposition 4.2. So, let us find a suitable control for IE(||bT’
hand,

). On the one

~, —~,

||<9/(m7 E) - el(m)v (5007 RN} Spmfl)(')>2,m”?T
18 (m,2) — 8 (m) |2, /A 120r- - om1) (@) |3 fr ()

16" (m, &) — 6" (m) |3 L(m).
On the other hand, for every s € [0,T], by (25) and (26),

b/ / b/ JLU + 9( 10+E( ) - Xl‘o (8)))d9

Hbj:r;,/,&: - bj?”bl ?T

N

N

Yoo (8) = Yogre(s)| =

</O b (X (5)) = V' (X (5) + 0(Xug 42 (5) — X (5)))]dl6

N

' 1"

V' [loo| Xag+e(s) — Xap(s)| [ 0d0 < F—=eMoe.
” o+ 0 0 D)
Therefore, thanks to the definition of Ag(m),

18 (m. ) — 8 (m) 3. L1 o

N m—1 1 N T ,
SO AN DT DY ETE NI AAIE
7=0 =1

LT ISR
<R ) 3 | T2 [ i s
=1

=0
613 e - 15”113 1 NT \?
ST IO T e s o < 0 s vy )
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