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Abstract

In this paper we study a type of games regularized by the relative entropy, where the
players’ strategies are coupled through a random environment variable. Besides the exis-
tence and the uniqueness of equilibria of such games, we prove that the marginal laws of
the corresponding mean-field Langevin systems can converge towards the games’ equilibria
in different settings. As applications, the dynamic games can be treated as games on a
random environment when one treats the time horizon as the environment. In practice,
our results can be applied to analysing the stochastic gradient descent algorithm for deep
neural networks in the context of supervised learning as well as for the generative adversarial
networks.

1 Introduction

The approximation of the equilibria is at the heart of the game theory. The classic litera-
ture introduces a natural relation connecting the equilibria of the games and the optima of
the sequential decision problems. This leads to a fruitful research on the topics such as ap-
proachability, regret and calibration, see the survey by V. Perchet [26] and the books by N.
Cesa-Bianchi and G. Lugosi [5] and by D. Fudenberg and D. K. Levine |[14]. In particular,
the gradient-based strategy often plays a crucial rule in approximating the equilibria. In the
present paper we study the analog to the gradient-based strategy in the continuous-time setting,
namely, we aim at approximating the equilibria of games using the diffusion processes encoded
with the gradients of potential functions.

Consider a game with n players. The mixed Nash equilibrium is defined to be a collection
of probability measures (v*%);_1 ... , such that

vh e argmin/fi(ml,--~ ,x")ui(dxi)HV*’j(dxj), (1.1)
v i#i

which means that each player can no longer improve his performance by making a unilateral
change of strategy. Note that in this classical setting, the potential function of each player

Vs Fi(yi, (uj)j#) = /fi(:cl,--- ,$n)Vi(d$i) Hl/j(dzvj)
i
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is linear. In this paper we shall allow the potential function to be nonlinear in view of the appli-
cations, in particular, to the neural networks (see Section . As another generalization to the
classic theory, we consider games on a random environment. Introduce a space of environment
Y and fix a probability measure m on it. We urge each player to choose a strategy among the
probability measures v* on the product space R™ x Y such that the marginal law of % on Y, 1/{},
matches the fixed distribution m. Typically, in our framework we consider the game of which
the Nash equilibrium is a collection of probability measures (V*”')izlj... . on the product spaces
such that

. . - . 2 -
v e argmm/f . ,x",y)ul(dx’]y)HV*’J(dx]\y)m(dy) + %H(VZ\Leb xm), (1.2)

vt 1/ =m i

where v(-|y) denotes the conditional probability given y, and we add the relative entropy H as a
regularizer. In contrast to the conventional definition of the Nash equilibrium , where the
players’ strategies are uncorrelated, in our setting the strategies of the players are allowed to be
coupled through the env1r0nment Moreover, the general framework of the present paper goes
beyond the particular game ), by allowing the cost function to be nonlinear in (v 2)171,

As an application, we observe (Example - ) that relaxed dynamic games can be viewed as
games on random environment, where the environment Y is the time horizon.

One of our main contributions is the first order condition of the optimization on the prob-
ability space given a marginal constraint (Theorem , which naturally provides a necessary
condition for being a Nash equilibrium of a game on random environment (Corollary . This
result is a generalization to the first order condition in Proposition 2.4 in [18] for the optimiza-
tion on the probability space without marginal constraint. The key ingredient for this analysis
is the linear functional derivative %—I;, first introduced for the variational calculus and recently
popularized by the study on the mean-field games, see e.g. Cardaliaguet et al. [1], Delarue et
al. [9,10], Chassagneux et al. [6]. Roughly speaking, we prove that

F(v) + % H(v[Leb x m),
then V, 3L (v*, z,y) + %QVI Inv*(xzly) =0, for all z, m-a.s. y. (1.3)

. .
if v* € argmin,,., .,

Besides the first order condition for the Nash equilibrium, we also provide sufficient conditions
on the linear functional derivative so that the game on a random environment admits a (unique)
equilibrium.

The first order equation in clearly links the minimizer v* (or the Nash equilibrium in
the context of games) to the invariant measure of a system of diffusion processes, see below.
Since the dynamics of the diffusion processes depends on their marginal distributions (in other
word, McKean-Vlasov diffusion, see [2427]) and involves the gradients of the potential functions,
we name the system mean-field Langevin (MFL) system. Further, we study the different settings
where the marginal laws of the MFL system converge to the unique invariant measure, which,
due to the first order condition, must coincide with the Nash equilibrium of the game on random
environment. We remark that in order to fit a wider class of applications (in particular those
related to neural networks), we are interested in the MFL systems of which the coefficients are
not necessarily convex in the state variable (as in [3,4]) and do not necessarily have non-small
dependence on the marginal laws. The non-small mean-field dependence is a common technical
constraint in the previous studies on the (exponential) ergodicity of McKean-Vlasov diffusions,
see e.g. [12,|13]. One important contribution of this paper is to get around this constraint and
prove the exponential ergodicity by introducing a structural condition on the dependence of the
marginal laws (see Theorem . This approach is original to our knowledge. In the special
case of one-player game (in other word, optimization), once the potential function is convex,
we use an argument, similar to that in [17,/18], based on the Lasalle’s invariant principle to



prove the (non-exponential) ergodicity of the MFL system under quite mild conditions on the
coefficients.

In view of applications, our result can be used to justify the applicability of the gradient
descent algorithm for training (deep) neural networks. As mentioned in [17,[18,22] 23], the
supervised learning with (deep) neural networks can be viewed as a minimization problem (or
optimal control problem in the context of deep learning) on the space of probability measures,
and the gradient descent algorithm is approximately a discretization of the corresponding mean-
field Langevin dynamics. The present paper provides a more general framework for such studies.
In particular, it is remarkable that in Section 4] we provide a theoretically convergent numerical
scheme for the generative adversarial networks (GAN) as well as a way to characterize the
training error.

The rest of the paper is organized as follows. In Section [2| we introduce the definitions of
a game on a random environment and the corresponding MFL system. In Section [3| the main
theorems of the paper are stated without proofs. In Section 4] we present the applications to the
dynamic games and the GAN. Finally in Section [5| we present the proofs of the main theorems.

2 Notation and definitions

2.1 Preliminary

Denote by Y the space of environment, and assume Y to be Polish. Throughout the paper, we fix
a probability measure m on Y. Define the product space R? := R?x Y for d € N. In this paper we
consider a game in which the players choose strategies among Il := {7 € P,(R%) : #(R%,-) = m},
where P,(RY) is the space of probability measures on R? with finite p-moments for some p > 1.
We say that a function F : II — R is in C! if there exists a function % : I x R? — R such that
for all v,/ € II

F@/) / / w4+ A, Z) (V= v)(dz)dA. (2.1)
Rd (Sl/
We will refer to %—f as the linear functional derivative. There is at most one %—f, modulo a
constant, satisfying ([2.1)).
Here is the basic assumption we apply throughout the paper.

Assumption 2.1 (basic assumption). Assume that for some p > 1, the function F : II — R
belongs to C* and

o F'is W,-continuous, where W, stands for the p-Wasserstein distance;
o %ﬁ; C(mya,y) eI X REXY g—g(ﬁ,x,y) € R is W,-continuous in ™ and continuously
differentiable in x;

oF

e 5= is of p-polynomial growth in T = (x,y), that is, Supz¢y }%(fr, )| < CA+ |z|P).

Remark 2.2. Since in our setting the law on the environment Y is fized, by disintegration we
may identify a distribution © € II with the probability measures ((-y)) .y C Pp(R?) such that

7 (dr) = 7 (dx|y)m(dy).

yeyY

2.2 Game on random environment

In this paper, we consider a particular game in which the strategies of the n players are correlated
through the random environment (or signal) Y. Let n’ € Nfor i =1,--- ,n and N := Y1 1 n'.
As mentioned before, the i-th player chooses his strategy (a probablhty measure) among II* :=
{v € Pp(R™) : »(R™,-) = m}, while the joint distribution of the other players’ strategies belongs



to the space II7% := {v € PP(RN_”i) : »(RN="" ) = m}. The i-th player aims at optimizing his
objective function F* : II* x II=* — R. More precisely, he faces the optimization:

given p € I17°, solve  inf F'(v,p).
vell®
In this paper, we are more interested in solving a regularized version of the game above. We
use the relative entropy with respect to Leb™ x m, denoted by H’, as the regularizer. Namely,
given p € 117" the i-th player solves:

2

inl_f[A Viv,p), Viv,p):=F' (v, )+ %Hi(y) for some o > 0.
vell®

For 7@ € II, we denote by 7 € II? its marginal distribution on R”i, and by 77 € II7? the
marginal distribution on RY ",

Definition 2.3. A probability measure © € Il is a Nash equilibrium of this game, if

ﬁiEargmin Vi(%ﬁ'_i)’ forall i=1,--- n.
vell*

Example 2.4. To have a concrete example of games on random environment, we refer to the
dynamic games, both discrete-time and continuous-time models. In the discrete-time case, let
Y:={1,---,T} for someT € N and m be the uniform distribution on Y. Define the controlled
dynamics:

0y = oy (O)_1, 7' (-y),7"), where T(y) =7'(-ly)m(y), for yeY.

If the n players minimize the objective functions of the form fi((@f/)yey) by choosing the strategy
7, then the game fits the framework of this paper.

Similarly for the continuous-time model, consider the space Y := [0,T] for T € R and let m
be the uniform distribution on the interval. Define the continuous-time dynamics:

do; = ' (x'(ly), 77", 0L,y)dy, where #(-,dy)=x"(-ly)m(dy), for yeY.

If the n players minimize the objective functions of the form fi((@i)yey) by choosing the strategy
7w, then this game also fits in the framework discussed above.

2.3 Mean-field Langevin system

For any fixed 1 € II™*, we assume that F'(-, ) : v € II' = F'(v, ) € R satisfies Assumption

The linear derivative is denoted by %(-,u, Y (v, 3 %L(V,;L,Lf‘i), with 7' = (zf,y) € R™.

v
In order to compute Nash equilibria of the game on random environment, we are interested in
the following mean-field Langevin (MFL) dynamics:

4 SF? . S )
dX; = —in(;—(frz,ﬁt_z,Xf,Y)dt +odW¢, for i=1,--- n, (2.2)
v
where W = (W?%); is an N-dimension Brownian motion, Y is a random variable taking values
in Y and satisfying the law m, and 7; := LawX; with X; := (X},---, X", Y). In this paper we
will discuss the relation between the MFL dynamics and the Nash equilibrium of the game on
the random environment.

Remark 2.5. Here are some important observations:



o The random variable Y plays the role of parameter in the MFL system. This leads us to
study the system:
y 5Fl —i =—1 Y.t
aXj =— vmiT(Wt,Wt , X7 y) dt + ocdW;, for m-a.s.y €Y. (2.3)
v

i=1,-,n

Formally, the marginal laws of the MFL system above with a fited y € Y satisfy the
following system of Fokker-Planck equations:

2

‘ AP i 4 i
0 () = Vo (Vs (5 775y + G V(1))

foralli=1,--- ,n, m-as. yeY. (2.4)

o For firedy € Y, the dynamic systems for (Xl(y))l are only weakly coupled through the
marginal distributions.

o Although we name the system after Langevin, the drift term of the dynamics of the ag-
gregated vector (Xi)i:L...m 18 in general not in the form of the gradient of a potential
function.

3 Main results

3.1 Optimization with marginal constraint

One of our observations is the following first order condition of the optimization over the prob-
ability measures with marginal constraint.

Theorem 3.1 (first order condition). Let F : Il — R satisfy Assumption[2.1 Define V(%) :=
F(7)+nH(7) for somen > 0. If 7™ € argminzc V(7), then
OF

—(7*,,y) +nVeIn (7*(-ly)) =0 for m-a.s. y. (3.1)

v”‘ﬂ

Conversely, if we additionally assume that F is convez, then 7 € II satisfying (3.1]) implies
T € argming gy V(7).

Remark 3.2. We remark that

e the regularizer H(T) plays an important role for the proof of the necessary condition.
Without it, for 7 € argmingcp V(7) we can only conclude that there is a measurable
function f:Y — R such that

oF _

E(ﬂ-*axvy) :f(Y)a 7T*-a.8.;

e for the readers more interested in the minimization of the unregularized potential function
F, by standard argument (see e.g. [18, Proposition 2.3]) one may prove that under mild
conditions the minimum of F'+ nH converges to the minimum of F as n — 0.

3.2 Equilibria of games on random environment

Applying the first order condition above to the context of the game on random environment,
we immediately obtain the following necessary condition for the Nash equilibria.



Corollary 3.3 (Necessary condition for Nash equilibria). For i = 1,--- . n and p € II7%, let
Fi(,p) v eI’ — Fi(v,p) € R satisfy Assumption . If ®# € 11 is a Nash equilibrium, we
have fori=1,--- ,n,

SFY . o 2 o A i
s (', 7" aty) + %in In (7*(z'ly)) =0 for allz' € R™ and m-a.s. y €Y. (3.2)

We shall use the first order equation (3.2]) to show the following sufficient condition for the
uniqueness of Nash equilibrium.

Corollary 3.4 (Uniqueness of Nash equilibrium: Monotonicity). The functions (F%);—...
satisfy the monotonicity condition, if for @, 7' € 11 we have

n . ,

o .. orFt . _ _ 3

>/ <5y<waw La) - S (@A m>) (7 = #)(dz) > 0.
i=1

We have the following results:

(i) for n = 1, if a function F satisfies the monotonicity condition then it is convex on II.
Conversely, if F is convex and satisfies Assumption[2.1], then F satisfies the monotonicity
condition.

(ii) in general (n>1), fori=1,--- ,n and any pu € I17%, let F*(-,u) : v € II' s Fi(v,u) €R
satisfy Assumption and (F*)i=1,... n satisfy the monotonicity condition. Then for any
two Nash equilibria 7*, 7" € 11 we have (7*)! = (7'*)¢ for alli=1,--- ,n.

Remark 3.5. Similar monotonicity conditions are common assumptions to ensure the unique-
ness of equilibrium in the game theory, in particular in the literature of mean-field games, see

e.g. [20].

As for the existence of Nash equilibria, we obtain the following result following the classical
argument based on the fixed point theorem.

Theorem 3.6 (Existence of equilibria). Assume that fori=1,--- n, and pu € I
(i) the set argmin, i Vi(v, ) is non-empty and conver;
(ii) the function F*(7) := FY(7,7~") is W,-continuous on I1;

(iii) the function F'(-,p) : v € II' = F'(v,pu) € R satisfies Assumption and there exist
some q>¢q >0, C,C" >0 €R such that for all @ € II we have

SF?
<

|z - C < 5 (7', 77", z) < C|F'|7 + C. (3.3)

Then there exists at least one Nash equilibrium 7 € Il for the game on random environment.

Remark 3.7. There are various sufficient conditions so that the set argmin, o V¥ (v, p) is con-
vex, for example, the function v — V*(v, ) is quasi-conver, or Vi(v, 1) has a unique minimizer.
That is why we leave the assumption (i) in the abstract form.



3.3 Invariant measure of the MFL system

In view of the Fokker-Planck equation (2.4 , the first order equation appears to be a
sufficient condition for 7 being an invariant measure of the MFL system . That is why we
consider the MFL dynamics as a reasonable tool to compute the Nash equlhbrla of the game
on random environment.

The following Theorem suggests that proving the existence of Nash equilibria and the
uniqueness of the invariant measure, we can establish the equivalence between the invariant
measure of and one Nash equilibrium. While the existence of Nash equilibria has been
discussed in Theorem [3.6] the uniqueness of invariant measure of mean-field dynamics is more
complicated and is indeed a long-standing problem in probability and analysis. We are going
to use the coupling argument in order to obtain the contraction result in Theorem |3.12

Define the average Wasserstein distance:

S

77 = ([ W) ) i)
and the spaces of flow of probability measures:

Cy( { Tt)eo,r) : for each t, m, € I1, and t — 7, is continuous in Wp} ,

C’ { (Tt)se 0,7] : for each t, m; € II, and ¢ — 7 is continuous in Wp} .

Theorem 3.8. Fori = 1,---,n and p € II"%, let F'(-,p) : v € II' — Fi(v,u) € R satisfy
Assumption [2.1l Further assume that

e the initial distribution 7o = Law(Xy) € II;

o foreachi=1,---,n, the function in% is Lipschitz continuous in the following sense

_6Fi ) _5Fi VA A /)
szg(vju,x,y) WW(%M,% 7)/)‘

< C (W, ) + Wy, 1) + |2* = ") + CoWp (u(:ly)s 1 (y))
and satisfies

sup

SF!
vellt, uell—t yeY ov

(V,M,O,y)’ < 0. (3.4)

v

Then the MFL system ([2.2)) admits a unique strong solution in C,([0,T],11) for all T > 0. In
particular, if Cy = 0 then the unique solution lies in Cy([0,T],II) for all T > 0. Moreover, each
Nash equilibrium 7 defined in Definition is an invariant measure of (2.2]).

Remark 3.9. (i) The dependence on u( ly) of the function sz 5 (V w, z',y) is inevitable for
some interesting examples such as in the introduction, where under some mild conditions
we may compute

Su ( (V])j#iux ,Y) = /vm’f (:’Ulv'” sy Ly, T 7y)HVJ(de|y)
J#

Vi

Note that when there is only one player, there is no such dependence.

(ii) The Lipschitz condition with respect to Wy(v, V") and Wy(u, 1) can be replaced by the one
with respect to Wy(v, ') and Wy(u, 1'). The latter is weaker. Under such assumption we cannot
prove the particular case that the unique solution lies in C,([0,T],1II) for allT > 0 when Cy = 0.
In the following analysis of the one-player problem it is crucial for us that the solution is in
Cy([0,T7,1I), so we prefer to state the Lipschitz condition in its current form.



Assumption 3.10. Let ¢ : RN — RN. Assume that 1 is Lipschitz continuous and there exists
a continuous function n : (0,+00) — R s.t. lim,100n(r) = 0, fol rn(r)dr < 400 and for
r, 2 € RN (x#2')

(@) — ()] < |z —aIn(jz — 2')).
Example 3.11. Let O be a compact set in RN . Then the projection function proj,, satisfies
Assumption [3.10, because

min (|x — /], ]O|)

/ | )

Iprojo () — projo(z’)| < |projo(z — 2')| < min (|z — 2'[,|0]) = |z — 2| o -z
where |O| := max,co |z|.

For a probability measure v € P(RY) we define the image measure v¥ := v o¢~!, and for
a probability measure 7 € P(RY) we define 7% (dz, dy) := 7% (dz|y)m(dy).

Theorem 3.12 (Uniqueness of invariant measure: Contraction). Fori=1,--- ,n and u € 117,
let Fi(-,pu) : v € II* = F(v, u) € R satisfy Assumption . and consider a function ¢ : RV —
RN satisfying Assumption |3.10 Assume that

o foreachi=1,--- n, the function Vzi%i is Lipschitz continuous in the following sense:

‘ (vxi(i;y(ﬂ-la 77[_—1’ x27 y)> - . - <vmi6é-y(7r/z’ 7?/_1) x/z’ y)) )

? [ 7,:1,"',7’L

<y (WU 7%) + Wi (= (), 7 (1)) ) + Clat =2

and (3.4) holds true;

e there is a continuous function k : (0,400) — R s.t. limsupk(r) < 0, fol re(r)dr < 400
r—-+00

and for any (7,y) € I x Y we have for all z,2’ € RN (x # ')

St =) (= V) + 9 ) < () o - 2

.
, LYY ov
=1

Let 7y, T}, € Pq(Rd) NII for some q > 1 be two initial distributions of the MFL system (2.2)).
Then we have 5

Wi (7, 7)) < et — = W1 (7o, Th), 3.5

1(7e, 7p) ) 1(7o, o) (3.5)

where with &(r) = k(r) + 2yn(r) we define

r ukt(u — — T
p(r) = exp (=3 Jy “fdu), ot = [ e(r)e(r)idr, @) =[] p(s)ds,
Ry :=inf{R>0:i(r) <0 for all r > R},
Ry :=inf{R> Ry : 4(r)R(R — Ry) < —40? for all r > R}.

In particular, there is a unique invariant measure in Uq>173q(RN )N 1L

Remark 3.13. The contraction result above resembles the one in Theorem 2.3 of [15]. We
want to point out two major novelties:

(i) The dependence on the environment variable y is new, and that is why the contraction is
under the metric Wi.

(ii) In [12,/15], concerned with the exponential ergodicity of McKean-Viasov diffusion, one
needs to assume the small dependence on the marginal laws, that is, the Lipschitz constant
~v needs to be small enough. Here we get around the constraint by imposing the Lipschitz
continuity with respect to the W1 distance of the image measure T where the function 1
satisfies Assumption[3.10. This change allows wider applications of the contraction result.



3.4 Special case: one player

When the problem degenerates to the case of a single player, the MFL dynamics becomes a
2
gradient flow and the function V' = F + - H is a natural Lyapunov function for the dynamics.

Theorem 3.14 (Gradient flow). Consider a function F satisfying Assumption with p = 2.
Let the assumption of Theorem[3.8 hold true, and further assume that

e there is € > 0 such that for allm €1l andy € Y

OF
x-Vy 57( x,y) > elz|?,  for |z| big enough; (3.6)

o forallm eIl andy €Y, the mapping x — VI%(ﬁ, z,y) belongs to C3;
26F
o for ally €Y, the function (7,x) — V, 5U( ,Y), ViS5, (7, x,y) are jointly continuous.

Then we have for s’ > s >0

V(ry) - / /R )

Using an argument, similar to that in [17,/18], based on the Lasalle’s invariant principle, we
can show the following theorem.

2
ﬂ't,l' y) +2 V In (m¢(zly))| 7 (dz)dt (3.7)

Theorem 3.15. Consider the following statements:
(i) To € UgsaPy(RY);
(il.a) Y is countable;

(ii.b) Y = R™, m is absolutely continuous with respect to the Lebesque measure and the function
2 OF
(7,

e o2 ov m is semiconvex in T for any given 7 € 1L.

Let the assumptions of Theorem hold true. Further assume (i), (ii.a) or (i), (ii.b). Then
all the Wh-cluster points of the marginal laws (7t )e>0 of the MFL system ([2.2)) belong to the set

_ oF ,_ o2
7I:= {’/T ell: ng(w, Ly) + ?Vx In (7(-ly)) =0 m—a.s.} . (3.8)
Remark 3.16 (The limit set and the mean-field equilibria on the environment). Consider the
case where the probability measure on the environment m is atomless. In particular, for a fized
y € Y the probability 7 € II does not depend on 7(-|y). Therefore the equation in is a
sufficient and mecessary condition for

o2
7(+ly) = argmin </ %(ﬁ,x,y)y(dx) + 2H(V]Leb)> ,  form-a.s.y, (3.9)

vell

where H(-|Leb) is the relative entropy with respect to the Lebesgue measure. If we view the
variable y as the index of the ‘players’, (3.9)) indicates that all @ € T are (mean-field) Nash
equilibria of the game where the y-player aims at:

. oF o?
;ngI < E(ﬂ,x,y)y(daz) + 2H(V\Leb)> .

Corollary 3.17. If the function V is convex, the limit set T is a singleton and thus the marginal
laws (7t)e>0 converge in Wy to the minimizer of V.



4 Applications

4.1 Dynamic games and deep neural networks

As mentioned in Example both discrete-time and continuous-time dynamic games can be
viewed as games on the random environment.

Take the continuous-time dynamic game as an example, in particular Y = [0,7]. Consider
the controlled process of the i-th player

16 = / o (2,71, 00 y)mi(daly)dy. (4.1)

and his objective function
. . . T . . . . . . . .
F'(mt, 77 ") = /0 c (LUZ, T @;,y)wl(d:ﬂy)dy +9'(0%).

Define the Hamiltonian function H*(z%, i, 0%y, p) := c'(at, p, 0%, y) + p - o' (z*, u, 0%, y). Assume
that

e the coefficients ¢, ¢’ are uniformly Lipschitz in (z?, §%);
o ¢ ¢! g are continuously differentiable in 6’
o Vg, Vpict are uniformly Lipschitz in (2¢,0), and Vg is uniformly Lipschitz in 2.

It follows from a standard variational calculus that

SF? . o . .
57(V7,ua ﬂUZaY) = Hz(iﬁla/% 9;7}/7]3;))

where ©° follows the dynamics (#.1)) and P? is the solution to the linear ODE:
By =Vog(®)+ [ Vol (o', 1, O}y, B)w(ds'ly)dy.
y

Therefore, according to Theorem the Nash equilibrium of this dynamic game can be
approximated by the marginal law of the MFL system.

In case the number of players n = 1, the marginal laws of the MFL system approximates the
minimizer of the optimization. There is a rising interest in modeling the forward propagation of
the deep neural networks using a controlled dynamics and in connecting the deep learning to the
optimal control problems, see e.g. [7}8/11,21]. For the controlled processes in the particular form
, we refer to Section 4 in [17] for the connection between the optimal control problem and
the deep neural networks. In particular, we remark that the backward propagation algorithm
is simply a discretization of the corresponding MFL dynamics.

4.2 Linear-convex zero-sum game and GAN

Consider the zero-sum game between two players, i.e. F! = —F?(=: F). For F satisfying the
assumption in Theorem we may use the following MFL system to approximate the unique
Nash equilibrium:

{dth = V9 (7}, 72, X, Y)dt + odW}, (42)

dX? =V, 25 (72 7}, X2, Y)dt + cdW?.

Now we consider a particular subclass of the zero-sum games. Assume that F : (v,pu) €
It x M2 — F(v,u) € R is linear in p and convex in v, and define V(v,u) := F(v,p) +

2

2 (H(v) — H(p)). In particular,

10



° ‘3—5 does not depend on y;

e the function @ : v+ max,,cr2 Vv, ) — %2H(1/) is convex.
If the Nash equilibrium exists, denoted by 7*, by the standard argument we have

min max V (v = V(75! 7#%2) = max min V (v, u).
velll pell? ( ,,u) ( ’ ) pell? velll ( ,,u)

It follows from Theorem |3.1| that p*[v] := argmax ,cpp V (v, ) has the explicit density

p V), dy)
m(dy)
where C(v,y) is the normalization constant. Further, assume that the function ®(v) = V (v, u*[v])

satisfies the assumption of Theorem and recall that ® is convex, it follows from Corollary
that we may approximate the minimizer 7*! using the dynamics:

S (v,a?yy)

= Clv,y)e ,

50
AX, =~V (11, X0, Y)dt + od Wy (4.3)

Compared to the dynamics (4.2)), the dynamics (4.3) enjoys the natural Lyapunov function v,
i.e. t — V(m;) decreases monotonically.

As an application, the generative adversarial networks (GAN) can be viewed as a linear-
convex game. Given a bounded, continuous, non-constant activation function ¢, consider the
parametrized functions

{z = E[p(X,2)]: Law(X) = v € Po(R™)} (4.4)

as the options of the discriminators. The regularized GAN aims at computing the Nash equi-
librium of the game:

Define V(v,1) = — [ Blo(X, )| (s — ) (d2) = 3A( [ |2Ppu(dz) = BIXP]) = 5 (H () — H(v)

{Generator : SUD,,cp, (gl Vv, )

Discriminator : inf ., (R"?) V(v, )

where i € PQ(R”I) is the distribution of interest. Indeed, in order to compute the Nash
equilibrium of the game, one may rely on the MFL dynamics and approximate its invariant
measure. This approach is endorsed by Theorem [3.12] Here we present another approach, which
exploits the particular structure of the linear-convex game. In particular, as discussed before,
the optimizer of the generator given v € Py (R”2) is explicit and has the density:

i )(2) = C(w)e = (B2 3148 (4.5)

Further for the potential function ®(v) := V (v, u*[v]) — %QH(Z/) we have

) = — [ ele, )] - 1)) + S ol (46)

Then the strategy of the discriminator in the Nash equilibrium can be approximated by the
MFL dynamics (4.3). In the perspective of numerical realization, note that the law p*[v] can
be simulated by the MCMC algorithms such as Metropolis-Hastings.

In order to illustrate the advantage of the algorithm using the MFL dynamics (4.3)), here we
present the numerical result for a toy example. We are going to use the GAN to generate the

11



samples of the exponential distribution with intensity 1. In this test, the optimal response of the
generator, u*[v], is computed via Metropolis algorithm with Gaussian proposal distribution with
zero mean and variance optimised according to . The discriminator chooses parametrized
functions among , where

o(X,2) =C(Az+b)", with X = (C, A,b).

When we numerically run the MFL dynamics to train the discriminator, we use a 3000-
particle system, that is, the network is composed of 3000 neurones, and set its initial distribution
to be standard Gaussian. The other parameters are chosen as follows: ¢ = 0.4, dt = 0.01,
A = 0.2. Figure [I] shows the training result after 60 iterations.

104

144

124

104

0.8

06

04

02 A

0.0

o 1

0 10 20 0 0 50 &0
(a) Histogram of GAN’s sampling and the target

density (b) Training error

Figure 1: Learning via MCMC-GAN: histogram of learned distribution and training error.

In particular, we see that the training error decreases monotonically as suggested by our theo-
retical results.

5 Proofs

5.1 Optimization with marginal constraint

Proof of Theorem Necessary condition Step 1. Let ©* € II be a minimizer of V.
Since H(7*) < oo, the probability measure 7* is absolutely continuous wrt Leb x m. Take any
probability measure 7 € II such that H(7) < oo, in particular 7 is also absolutely continuous
wrt Leb x m. Denote the convex combination by 7€ := em + (1 — ¢)7* € II. Define the function
h(z) := zInz for z € RT and h(0) = 0. Then

VOV B ) ) g

3

R P A (aly)) — bz (aly) |
- o[ [ @ -w@ine [ dom(dy).

3

Since supyepo ]%(ﬁA, z)| < C(1+|z|P) and 7, 7* € II, by the dominated convergence theorem

L [CLOF, . [OF,
hm/o /&T(Tr)‘,a:)(ﬂ—ﬂ)(dac)d)\— @) — 7))

e—0 €

12



Since the function h is convex, we have h(ﬂe(x‘y»;h(ﬂ*(x'y» < h(w(zly)) — h(7*(z|y)). Note that
[ (h(m(z|y)) — h(m*(zly)))dzm(y) = H(%) — H(7*) < co. By Fatou lemma, we obtain

hmsup/ h(m(xly)) — h(W*(w\y))dmm(dy) < /hm (7 (zly)) —h(ﬂ*(x!y))dm(dy)

e—0 € =0 €

= /lnﬂ'*(fv|y)(7_r — ) (dz).

Therefore we have

e—0 € om

0 < limsup Vi) = Vi(#") < / <6F(7T*,x) + nlnw*(w\y)) (7 —7%)(dz). (5.1)

Step 2. We are going to show that for m-a.s. y

F
Ey(z) = i—_(ﬁ*, Z)+nlnn*(zly) is equal to a constant 7*(-|y)-a.s. (5.2)
7

Define the mean value ¢(y) := [pa Ey(z)m*(dz|y) and let e,¢’ > 0. Consider the probability
measure 7 € Il absolutely continuous wrt 7* such that

dr(-ly) 1, for y such that 7 (2, < ¢(y) — s‘y) <é

= Iz, <e(y)—c

, otherwise
7 (2,<e(y)—<]y)
Since j; is bounded, we have that 7 € II and H(7) < oco. In particular (5.1)) holds true for
this 7. Also note that 2, < ¢(y) — ¢, m(-|y)-a.s. for y such that 7*(Z, < &(y) —ely) >€’. So we
have

= /Y/RdEY(‘L‘)(W(dey)—W*(diﬁly))m(dy)
= Ey(x)(m(dx — ot (da m(d
/”*(EVSC(Y)s|y)ze' /Rd () (m(dzly) (dz]y))m(dy)

-/ oy ) ([, 2 @m(asly) = ) miay
< —em{y:n" (5 <ely) - 5’y) > €'}

Therefore we conclude that 7* (Ey <e(y)— E‘y) < ¢’ for m-a.s. y. Since this is true for arbitrary
¢’,e > 0, we obtain ([5.2).

Step 3. We are going to show that 7* is equivalent to Leb x m, so that Z, does not depend on
xz, Leb x m-a.s. and the first order equation holds true. Suppose the opposite, i.e. there
is a set K € R? such that 7*(K) = 0 and Leb x m(K) > 0. In particular, In7*(z]y) = —oo
on K. Denote Ky := {z € R? : (z,y) € K}. We may assume that there exist K > ¢ > 0
such that Leb(Ky) € [e, K] for all y € Y. Define a probability measure 7 € II such that for all
Borel-measurable A C R¢

1, 1
W(A‘y> = 5’/’1’ (A\y) + m /Am;cy dx.

It is easy to verify that H(7) < oo, so (b.1]) holds true and it implies

0 < ;A«ﬁiﬁﬂ@+nMWﬂﬂw>ﬂﬁﬂ—;/(?gﬁﬂ@+nmw%ﬂw>ﬁwﬂ

ﬂm+/Cﬂ+mmﬁM@—nHWU:—w.

IN

2
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It is a contradiction, so 7* is equivalent to Leb x m.

Sufficient condition Assume that F' is convex. Let 7* € II satisfy the first order equation
, in particular, 7* is equivalent to Leb x m. Take any 7 € II absolutely continuous wrt
Leb x m (otherwise V(7)) = +00), and thus absolutely continuous wrt the measure 7*. Define
€= (1 —€)m* 4 em for e > 0. By the convexity of F' we obtain

F(7)— F(7*) > lim - (F( ) — F(7%))

— e—=0¢

— 35%5/ /Rd 5o T, T ﬁ—ﬁ*)(df)d)\:/RdM(ﬁ*,:ﬁ)(ﬁ—ﬁ*)(di).

The last equality is due to the dominated convergence theorem. On the other hand, by convexity
of the function h,

H(7) - H(7") > / In7* (zly) (7 — 7°)(d%).

R4
Hence

v - vz [ (56 + ity )7 - 7)) =

so 7* is a minimizer. O

5.2 Equilibria of game

Proof of Corollary (i) Let n = 1. Take three probability measures 7, 7', 7" € II such
that # = (7' 4+ 7). Denote 7" := A%t + (1 — A)& and #"* := A% + (1 — A\)7”. By the definition
of the hnear derivative of F' we obtain

P(7) — 2P(7) + F(7") //RN D #) (7 — 7))

//RN 5 7 2) (7" — 7)(dT)dA.

Note that @ — 7 =7 — 7" = ﬁ (7?’/\ — 7?”)‘). Therefore we have

1
F(7') = 2F(7) + F(7") = /0 5 _12)\ /RN (g(ﬁ”\,:ﬁ) — if(ﬁ”,f)) (7" — 7" (dz)d\ > 0.

Finally note that A — (F(7"}), F(7"")) is continuous. So F satisfying the monotonicity condi-
tion must be convex on II.
On the other hand, suppose F' is convex on II. Following a similar computation, we obtain

0< 1(F(%’) _ F(7%) — F(7") + F(ﬁ”))

| / /RN < 7) - ((55(7?”%)) (7' — 7")(dz)d\.

Let 7/, 7" € II. Tt follows from the dominated convergence theorem that

0 < lim 8/ /RN < (7", %) — gw”,m) (7" — &) (dZ)d\
_ 1/ <5V (7, m)—g(ﬁ”,z«)) (7 — #)(dz).

So F satisfies the monotonicity condition on II.
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(i) Let #* € II be a Nash equilibrium of the game. Then, by Corollary we have that for
every i there exists a function f*:Y — R

i . . . 0'2 . . .
() )ty + S @) = F), or mas. .

Let 7*, 7" € II be Nash equilibriums. Then monotonicity condition (3.4)) implies

2

n 02 NG/ i o Ny _, i )
;R{ (-5 (e @)+ iy @) ) (7 - 7)) 20

because the marginal distributions of 7* and 7" on Y coincide. The latter inequality can be
rewritten

- (T @Y\ pmnvi  (mreyivg gmi
0 < - In | 25—t ) (75)" = (7)) (dz*)
> | (i)
= =D (H(@)|")) + H(@)|(7)))
i=1
This is only possible if (7*)" = (7"*)" for all i = 1,...,n. O

Proof of Theorem For 7 € II denote R'(7) := argmin, ¢ Vi(v,77%) for i = 1,--- ,n,
and define | |
R(7)={7"ell: 7" e R'(7) fori=1,--- ,n}.

Step 1. First we prove that R(7) is Wp-compact. For any v* € R'(%), it follows from the first
order equation (3.1]) that

Vi(F) = Ch, 7 )e o2 o W),

where C(v*,77%) > 0 is the normalization constant so that v is a probability measure. Take a
p' > p. The condition (3.3 implies that C'(v*,7~") is uniformly bounded as well as

/ . |ﬂfi|l’/yi(dji) < C(l/i,Tr_i)/ . ‘jji|p/€_Cl‘ji‘q+0d$im(dy).
R R

nt nt

So we have A
C':= sup / |z PV (dE) < oo
vieRi(T) J R
Therefore, R(7) CE :={vell:v €& fori=1,--- ,n}, with& := {v* € 1" : Jani |z P Vi (dE) <
C'}, and note that £ is W,-compact.

Step 2. We are going to show that the graph of 7 € & — R(7) is W)p-closed, i.e. given
Tmy oo € LN E, 7, € R(Tm) such that T, — Teo in W, and 71, — 75, € II, we want to show
that 7., € R(Too)-

Denote the concatenation of two probability measures v* € IT*, u =% € II™% by

V'@ p T (d, dy) = V(@' ly) " (@ |y)dem(dy).

Note that for 7, 7" € £ we have 7" @ 7% € £. Since £ is W,-compact, there is a subsequence,
still denoted by (7, 7,), and #* € II N & such that 7)), ® @, — @ in W, and 7" = 7L,

—1
m

7%~ = 7', By the lower-semicontinuity of the mapping: 7 + V* (7%, %), we have
ViR 70 = ViEs, 7o) < liminf VA(7, 70). (5.3)
m—0o0
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Further, fix v* € II' N €. Again by the compactness of £, there is a subsequence, still denoted
by (v%,7,), and # € IINE such that v! @7, — 7 in W, and 7 = v*, #~¢ = 7. Therefore
liminf V(7 7,0) < liminf V(' 7,0) = VI(@>¥5 5070 = VI, 7ad).

m7 m ) OO
m—0o0 m—0o0

Together with (5.3), we conclude that 7.2 € R (7o) for all i, and thus 7/, € R(Ts0).

Step 8. From the condition of the theorem and the result of Step 1642, we conclude that for any
7 € II the set R(7) is non-empty, convex, that the set UzeriR () is a subset of a WW,-compact
set, and that the graph of the mapping 7 € £ — R(7) C £ is W)-closed. Therefore, it follows
from the Kakutani fixed-point theorem that the mapping 7 — R(7) has a fixed point, which is
a Nash equilibrium.

5.3 Invariant measure of MFL system

Proof of Theorem The proof is based on the Banach fixed point theorem. Given fixed
(71), (71) € Cp([0,T],1I), the SDEs apparently have unique strong solutions, denoted by
X, X’ respectively. Denote by 7y := LaW(Xt) and 7, := Law(X/). We are going to show that
the mapping ¥ : 7 — 7 is a contraction as T is small enough.

First, by the standard SDE estimate we know E[supte[oﬂ \Xt\p] < 00, and this implies

(1), (74) € Cp(]0, T],TI). Note the SDEs for X, X’ share the same Brownian motion. Denoting
0X = X — X', we have

p

, s SF! SF"
|6XUP = /0 (—vﬂ- (777 XLY) + Vi — 5 (CAR A e )dt> dt

ov

< 73 (/ O Wy 70 + Wi ) + X0 )i +/ oW CY). 7 (1Y ))dt).
0
Taking expectation on both sides, by the Gronwall inequality we obtain that
T
B[X7] < Ce° [ (Wam,ml) + Wy(mCiy). wi( 1))
0
Note that E[|0X?|P] > WE(7s(-ly), 74(-ly)). Therefore

R R T
WEECI. Z(1) < CeT [ (Whtm. ) + WEm(C ). miCIv) )

Integrating both sides with respect to m, we obtain

W2 (70, 7)) < CeCT / WV (0, w)dt < 2CTeT sup Wh(my, 70),
0 t€[0,T]

and V is a contraction whenever T is small enough. In case Cy = 0 the result can be deduced
similarly. O

In order to prove Theorem the main ingredient is the reflection coupling in Eberle |12].
For this mean-field system, we shall adopt the reflection-synchronous coupling as in [13].

We first recall the reflection-synchronous coupling. Fix a parameter € > 0. Introduce the
Lipschitz functions rc : RY x RY — [0,1] and sc : RY x RY — [0, 1] satisfying

sc?(z, ') +rc(z,2') =1, rc(z,2’) =1 for |z — 2| > ¢, rc(z,2’) =0 for |z —2'| <e/2.

Let 7o, Ty € ITN P, (RY) with some ¢ > 1 be two initial distributions of the MFL system (2.2)),
and W, W be two independent N-dimensional Brownian motions. It follows from Theorem
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the two MFL systems have strong solutions, and denote the marginal laws by 7, 7,. Denote
the drift of the dynamics (2.3]) by

SFt . o - SFt . o
b (t,x) = (—in(sy(fri,frt_’,xz,y)) , V(t,z):= (—in(sy(frf,ﬁ;_l,w’,yo
i=1,,n i=1,--,n

ETEN

Further, for a fixed y € Y, define the coupling ¥¥ = (XY, X"Y) as the strong solution to the SDE

dX) = (t, X))dt + re(XY)odW; + sc(X))od Wy,
dXy =0 (t, X))t + 1c(E)) (Id — 2e4 (e, -)) 0dWy + sc(S))od Wy,

X/ -x,
X7 X7
In the following proof, we will use the concave increasing function f constructed in [13|

Theorem 2.3]:

for X} # XY, otherwise e; := é some arbitrary fixed unit vector in RV,

where e; :=

C

flr) = /07" ©(s)g(s A Re)ds, where g(r):=1-— 3 /OT @(s)go(s)*lds,

and the function ¢ and the constants Rs,c are defined in the statement of Theorem In
particular, on (0, Ry) U (Rg, +00) the function f satisfies

202 f"(r) < —r(k(r) + 2yn(r)) f(r) — ca® f(r) (5.5)
and for r € RT
re(Ry) < @(r) < 2f(r) <20(r) < 2r. (5.6)

Proof of Theorem Note that mo(-y), 74 (-ly) € Py(RY) with ¢ > 1 for m-a.s. y € Y,
For such y, we may choose the coupling (X}, X(')y) so that

Wi (mo(y), mo(1y)) = E[1X3 - X¢1) 2 E|£(1X3 - X31). (5.7)

The last inequality is due to (5.6). On the other hand, for all ¢ > 0 we have

2
p(F)

Denote X := X} — X;Y. By the definition of the coupling above, we have

Wi (me(ly), mi(1y) < E[1XY - XP|]) < —=<E[£(IX! - X7)|. (5.3)
doX) = (by(t, X)) - (e, X;Y))dt + 2re(X))oerd Wy,

where W; = fg es - dWy is a one-dimensional Brownian motion. Denote 7; := \5X§’ | and note
that by the definition of rc we have rc(X)) = 0 whenever r; < /2. Therefore,

dry = e (by(t, XY) - zSY(t,XQY))dt + 2re(S)od W
Then it follows from the It6-Tanaka formula and the concavity of f that
P =100 < [ (Frer (905,00 = (6, X2) + 2080707 (1)) ds + M,
where M, := 2 fg rc(X%) f'(rs)odWs is a martingale. Now note that
es - (0 (5, XY) = (5, X)) < ooy rshil(rs) + L,y Ce + y (Wi (7, 70) + Wil (y), m (1))
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Further, since f” < 0 and rc(X%) = 1 whenever 5 > ¢, we have

f(rt) - f(TO) < /0 <l{r525} (f/(rs)rs"f(rs) + 20’2f”(7'5)) + 1{r5<5}05
S () OV (RY 70) + WA Cly), il (ly))) ) ds + M.

By taking expectation on both sides, we obtain

JE[#w0) = 100)]may)

= /0 ( / E[l{rszs} (f'(rs)rsi(rs) +20° f"(r5)) +Ce}m(dy) +2’yf’(rs)W1(ﬁf,fr;¢))ds

< [ B[l (st + 202 1(0) + o 207 (r) (4(X2) = 0(X2)) | m(ay)ds
< [ B[t (7 +29n(r)) +20217 (1)) + 20| mlay)is

< /0 /E - co’f(rs) + (2C + CO’2)E:| m(dy)ds.

The second last inequality is due to Assumption while the last one is due to (5.5)). Together
with (5.7) and (5.8)), we obtain

@(gl)ecaztwl(m,w;)—wl(wo,ﬂg) < et / E[f(r)]m(dy) — / E[f(ro)] m(dy)

t
< / eCUQS(C + co?)eds.
0
This holds true for all € > 0, so finally we obtain (3.5]). O

5.4 One player case

Throughout this subsection, we suppose that the assumptions in Theorem [3.14 hold true. Recall
the drift function b defined in (5.4) with n =1, i.e.

oF
by(ta 33‘) = _v$57(7_rt7 a:,y).

Under the assumption of Theorem the function ¥ is continuous in (¢,z) and C? in z for all
t € [0, T]. Due to a classical regularity result in the theory of linear PDEs (see e.g. [19, p.14-15]),
we obtain the following result.

Lemma 5.1. Under the assumption of Theorem the marginal laws (m(-ly))e>0 of the
solution to (2.3) are weakly continuous solutions to the Fokker-Planck equations:

2
O =V (=bv+ %VIV) for yeY. (5.9)

In particular, we have that (t,z) — m(zly) belongs to C*2((0,00) x RY)).

The following results can be proved with the same argument as in Lemma 5.5-5.7 in [17], so
the proof is omitted.

Lemma 5.2. Fiz ay € Y and assume E \X%’ﬂ < 00, where we recall the XY defined in (2.3)).
Denote by Qf the scaled Wiener measurq'| with initial distribution mo(-ly) and by (Fi)i>0 the
canonical filtration of the Wiener space. Then

Let B be the canonical process of the Wiener space and Q be the Wiener measure, then the scaled Wiener
measure Q% := Qo (¢B)™ 1.
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(i) for any finite horizon T > 0, the law of the solution to II(-ly) := Law(XY), is
equivalent to Q on Fr and the relative entropy

/ln (W‘H>m - IE[/OT 01, X7)*at] < +oc.

(ii) the marginal law m(-ly) admits a density s.t. m(-ly) >0 and H(m(:-ly)) < oo fort > 0.

(iii) the function Inm(x|y) is continuous differentiable in x fort > 0, and for any ty € (0,t] it
satisfies

1 o
Vonm(ay) =~ B | [ (S XY )W

Xty:x],

where Wﬁ_to = Wi—to+s — Wiet, and W is the Brownian motion in (2.3). In particular,
for any t, > 0 we have

C:= sup/ Va ln7r3(93|y)‘27r5(x|y)dm < 400,
RN

s>ty
and C' only depends on t, and the Lipschitz constant of V0¥ with respect to x.
(iv) we have the estimates
Jon [Velnmy(zly)|de < 400,  [pn |2 Velnm(zly)|de < 400 for all ¢ >0,
and ftt/ fRN |Ap.ms(zly)|deds < 400 forall ¢ >1t>0,
and together with the integration by parts we obtain for allt’ >t > 0
Jon Ao 51/ (T, @, y)m(zly)de = — [pn Vm%—f(ﬁt,x,y) - Vem(zly)de, (5.10)
U fan Age (7 (2ly)) ma(aly)dads = — [ frn Vo Inmy(aly)[? m(aly)deds.
The proof of Theorem is based on the previous lemma and It6 calculus.

Proof of Theorem It follows from the It6-type formula |2, Theorem 4.14] and ((5.10)
that

A = [ (A9 ) + G (,5)) mlda)i
2

_ _ 57Fﬂ. - 57Fﬁ_ Z ‘vxﬂ't(x’y) = (d
_ /w( (Va7 2)F = 5 Vo (7, 2) “maly) > (dz)dt.  (5.11)

On the other hand, by It6’s formula and the Fokker-Planck equation (5.9)), we have

(E’
ov

Ve (Xily) | o? ‘Vﬂt(XtW) ?

dlog m(Xely) = | 02V, - + — ’ — V2V
g t( t‘y) ( Wt(Xt|Y)

Tty X, dt + dM;.

where M is a martingale on [t,T] for any 0 < ¢t < T. By taking expectation on both sides and

using (5.10)), we obtain for ¢t > 0:

_ 0% | Vo (Xaly) | OF Vo (Xtly)
dH(my) = E —2‘m(Xt|y) ‘ +Vx5—y(7rt,Xt,y).7m(Xt|y) ]dt
_ | Vami(aly) [T g OF L (Vam(zly) .
- /RN( [T, - Vel )) *a)dt. (512)
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Summing up equations (5.11)) and (5.12)), we obtain (3.7)). O

Let (7t)¢>0 be the flow of marginal laws of the solution of given an initial law 7.
Define a dynamic system S(t) [mo] := 7. Due to the result of Theorem we can view the
function V' as a Lyapunov function of the dynamic system (S;):>0, and then it is natural to prove
Theorem using LaSalle’s invariance principle (see the following Proposition . However,
V7 is not continuous (only lower-semicontinuous), in particular, the mapping ¢ — V7(7;) is not
a priori continuous at +oo, which makes the proof non-trivial. Here we follow the strategy first
developed in [18] to overcome the difficulty. Define the w-limit set:

w(mp) == {7? €II: there exists t, — 400 such that Ws (S(ty,) [7o] , 7) — 0}.

Lemma 5.3. Assume that 7° € I1N P,(RY) with ¢ > 2. Then for the solution to the MFL
system (2.2)) we have

sup/ |z|97(dT) < 0. (5.13)
t>0 JR

Proof By It6 formula, we obtain

5F
d| X7 = q|X]|972 (QXty (T XY y) +o%g(g - 2+ N)) dt + oq| XY |92 XY - dW,.

By the linear growth assumption on ‘;—f and the dissipative condition (3.6|), there is a constant
M such that

dXxj/|7 < qXx}|7? (C - ElXty|21{|Xz|zM}) dt +oq| XY |2 XY - dW;
g X972 ((C + eM?) — e| XY ) dt + oq| XY |2 XY - W

A

In particular, the constant C above does not depend on y. In case ¢ = 2, by taking expectation
on both sides and using the Gronwall inequality, we obtain

sup E[| X7|7] < C(1 +E[ Xg]]), (5.14)
t>0

with ¢ = 2. For ¢ > 2, a similar inequality follows from the induction. The desired result (5.13))
follows from integrating with respect to m on both sides of the inequality. O

Proposition 5.4 (Invariance Principle). Assume that 7° € ILN Py (RY) with ¢ > 2. Then the
set w(mp) is non-empty, compact and invariant, that is

(a) for any T € w(m), we have S(t) [T] € w(7o) for all t > 0;
(b) for any T € w(7p) and t > 0, there exists ™ € w(wo) such that S(t) [7'] = 7.
Proof Note that
e the mapping 7y — S(t) [Tg] is Wa-continuous due to the stability on the initial law;
e the mapping ¢t — S(¢) [mo] belongs to Co (R+, H), due to Theorem
o the set {S(¢t)[7o], t > 0} belongs to a Wa-compact set, due to (5.13).

The rest follows the standard argument for Lasalle’s invariance principle (see e.g. |16, Theorem
4.3.3] or |18, Proposition 6.5]). O
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Proof of Theorem Step 1. Recall the set Z defined in (3.8). We first prove the
existence of a converging subsequence towards a member in Z. Since w(7g) is Wha-compact and

V' is Wh-lower semicontinuous, there is 7* € argmmmw(ﬂo) V(7). By the backward invariance
(b), given t > 0 there is v € w(7y) such that S(¢)[v] = 7*. By Theorem we have

V(S(t+s)[v]) <V(S@H)]) =V (7*), foralls>D0.

Further by the forward invariance (a), we know S(t + s)[v] € w(7p), and by the optimality of
7 we obtain V(S(t + s)[v]) = V(7*). Again by Theorem we get

o W(SOM) _ /
RN

2

F 2
Vol ay) + Vet (x° (aly) | 7 (d).

Since 7 = S(t)[v] is equivalent to Leb x m according to Lemma (ii), we have 7" € Z. By
the definition of w(7g), there is a subsequence of () converging towards 7*.

Step 2 (a). We first prove the result under the assumption (ii.a). Let (7,), be a sequence
converging to 7* in Ws. Due to the estimate and the fact that Y is countable, there is
subsequence, still denoted by (t,), such that for each y € Y, 7 (:|y) converges to a probability
measure 7Y in Ws. Then clearly 7¥ = 7*(+|y) for m-a.s. y, and thus 7, (-]y) — 7*(-|y) in W, for
m-a.s. y. Note that

2 0F
7 (zly) = Cexp (—0_2(;/(7['*,.%,)/)> ,
in particular, 7*(-|y) is log-semiconcave. By the HWTI inequality (see [25, Theorem 3]) we have
[ (wai, (aly) = () e, (daly)
< W7o, (aly), 7 (2ly)) (VI + CWa (7, (aly), 7*(2ly)) ), (5.15)
where T3, is the relative Fisher information defined as
2
= [[Valnm, (aly) - Valnw Galy)| 7, (doly)
OF 2_
= [ [Temm ety + SV )| o, dely)

2/}Vxln7_rtn(x|y)’ ﬁtn(dﬂ:|y)+C(l+/‘$|27_7tn(d$|)’)>,

IN

where the last inequality is due to the linear growth of Vx%—f in x. It follows from Lemma
(iii) that sup,,, Z7, < co. Integrate both sides of (5.15) with respect to m, and obtain

H (7, |7*) < CWa(F,, ) (1 + Wa(7y, 7?*)). (5.16)

The right hand side converges to 0 as n — oo by the dominated convergence theorem. Therefore,

lim sup H (7, |Leb x m) — H(7*|Leb x m)
n—oo
T N/ =
— s [ 10 (%) 7 () + [ (5 ) (i, 7))
n—00 x’y
= hmsupH(ﬂtn‘w) < 0,
n—o0

where the last equality is due to the dominated convergence theorem and the last inequality is
due to ((5.16]). Since H is Wh-lower-semicontinuous, we have lim H (7, |Lebxm) = H(7*|Leb x
n—oo
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m). Together with the fact that F' is WW,-continuous, we have tlim V(m) = V(7*). Further by
—00

the Wha-lower-semicontinuity of V', we obtain

V(r) < lim V(7g )=V (7"), forall 7 e w(m).

t —o0

Together with the optimality of 7*, we have V(7 ( *) for all T € w(mp). Finally by the

) =
invariant principle and (3.7)), we conclude that w(7) C

Step 2 (b). Similarly we can prove the result under the assumption (ii.b). Let (7, )n be a
sequence converging to 7* in Ws. Note that

T (x,y) = CeXp< 22 (;F (7%, @ Y)) m(y)

is log-semiconcave due to the assumption. Due to the HWI inequality, we have

/ (In7y, (zly) — In7*(z]y)) 7, (dz) < Wa (7, 7) (\/In + CW;y (ﬁtn,fr*)) :
where Z,, is the relative Fisher information defined as

2
7, - / ‘Vzlnﬁtn(xly)—lenfr*(x]y)‘ 70 (d7)
— /‘V In7, (z ]y)—i— V (;F(W x y)rﬁtn(da_:)
< 2/|Vzln7_rtn(x|y)‘ ﬁtn(di)+C(1+/\:E|27_Ttn(di‘)).

Again by Lemma (iii) we have sup,, Z,, < oco. For the rest, we may follow the same lines of
arguments in Step 2 (a) to conclude the proof. O
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