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The interaction between the oscillatory boundary-layer flow induced by Faraday waves and a
sedimentary granular layer was studied in a Hele-Shaw cell vertically vibrated. The experimental
parameters were the vibration frequency f and acceleration a, and the particle diameter dp. At a
critical value for the depth of the supernatant fluid layer, ∆hc, it was observed a transition between
a flat motionless granular layer and a second regime in which the granular layer undulates and
oscillates periodically. For the smallest value of dp (for which the Stokes number was St << 1) the
reduced acceleration Γ = a/g (g is the acceleration of gravity) is independent on ∆hc, while for the
larger ones, Γ depends linearly on ∆hc. Finally, it is shown that at the onset of grains motion, the
wave velocity Vw = hwf/2 (hw is the wave amplitude) depends linearly on ∆hc and is independent
of dp.

I. INTRODUCTION

The instability of a fluid layer in a vertically vibrated
vessel, which manifests itself as a smooth, periodic and
stationary modulation of the free surface of the liquid,
was first studied by Faraday [1]. Subharmonic, standing
waves develop above a critical acceleration, under cer-
tain conditions, at half the driving frequency [2], which
is characteristic of a parametric resonance. Faraday wave
patterns depend on intrisic properties of the system itself
(the size and shape of the container, and the viscosity,
density and surface tension of the fluid) and on the exci-
tation frequency and amplitude. For non viscous fluids,
the phenomenon is explained in terms of the competition
between the destabilizing vibration and the restoring ef-
fect of gravity and surface tension forces [3]. Linear anal-
ysis allowed to extend theory to weakly viscous fluids and
then to more dissipative systems [4–6]. Several experi-
mental, analytical and numerical works have shown that
the damping of these waves originates in the viscous dis-
sipation in the free surface, bulk, bottom, and side walls
of the container. The damping coefficient introduced by
dissipation depends explicitly on the layer thickness, as
opposed to the inviscid case. Faraday waves have been
studied extensively both experimentally and analytically,
since they constitute a basic flow instability problem in
fluid mechanics [7]. They have also been used as frame-
work to investigate chaotic dynamics and to study trans-
port phenomena in nonlinear systems.

There are many forms on which these waves can or-
ganize, and a great diversity of patterns have been re-
ported in experiments, including, among others, squares,
hexagons, and stripes. These spatio-temporal structures
are directly related to the complexity in the presence
of nonlinearity, and the available theoretical approaches,
such as linear and weakly nonlinear theories, are insuffi-

cient to explain the physical phenomena involved in Fara-
day waves. Recently, very steep waves were reported to
occur in Hele-Shaw cells [8–10]. These profiles with peak
crests are distinct from traditional waves, and indicates
that the assumption of small amplitude cannot be ap-
plied. It was found that the sidewall proximity in small
scale containers can affect the deformation of the free sur-
face significantly [11]. Numerical 3D simulations of Fara-
day waves in containers with narrow mouth have been
recently addresed with a novel model, the gap-averaged
Navier-Stokes equations under the Poiseuille assumption
of velocity profile in the width [12], and validated by a se-
ries of laboratory experiments [13]. It was found that dis-
persion relations from linear theory fail in this case. The
authors show that the dimensionless wave heigth hw/∆h
(hw is wave height and ∆h is liquid depth) determines
the extent of the nonlinearity: as hw/∆h lowers down

and f/
√
(a/∆h) increases (f and a are forcing frequency

and acceleration, respectively), the dispersion relations
work well. Recently, the stability problem for Faraday
waves in Hele-Shaw cells was addresed via a novel hy-
drodynamic model involving capillary action, capturing
the variation of the dynamic contact line between two
close walls, showing that the effect of the dynamic con-
tact line is much greater than that of Poiseuille assump-
tion [14]. Also recently, experiments were conducted in
a Hele-Shaw cell to investigate the formation of Faraday
waves in a triple layer of fluids (air, pure ethanol and
silicone oil) [15]. It was observed a system of two coex-
isting, strongly coupled waves, at the two interfaces: the
upper waves (at the air-ethanol interface) vibrate verti-
cally, whereas the lower ones (at the ethanol-silicone oil
interface) oscillate horizontally. There is a threshold of
the viscosity of the lower fluid (with the viscosity of the
upper layer fixed within an appropriate range) for them
to be observed. Results also suggests that the depth of
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upper liquid plays a remarkable role, while the lower one
does not seem to contribute significantly [16].

Faraday waves have been proposed as a template to
generate particulate films on both, the free surface [17]
(relocation of floating particles) as well as on the bottom
of the container (sedimentary particles). A promising
variety of applications make this subject an active field
of research. For example, preferential particle deposition
organized in a pattern has been reported under stand-
ing capillary waves [18] (Faraday waves in the limit of
small wavelength, i.e. the restoring force is mainly the
surface tension and gravity is negligible, and in the thin
liquid film approximation, i.e., the depth of the liquid
comparable to or smaller than the wavelength). The au-
thors propose to use the induced oscillating boundary
layers to control of particulate deposition (powdered talc
mixed with doubly de-ionized water) on the surface of
the substrate. They found significant discrepancies be-
tween measured and predicted wavelengths for the par-
ticulate pattern. Based on prior works, they presume
that a switch from a subharmonic instability to a har-
monic instability occurs when the liquid layer gets suf-
ficiently thin. But even under this hypothesis, the de-
viations at low frequencies remain unclear. Simulations
of particle deposition beneath shallow, standing capil-
lary waves showed that particles tend to accumulate at
specific nodal regions beneath the waves, and that the
accumulation is maximized for an optimal particles di-
ameter, which depends on the wave field, the fluid thick-
ness, the particle density, and the fluid properties [19].
It was also reported the development of bed-forms in a
thin sand layer covering the vessel bottom, in connec-
tion with experiments devoted to analyze the effect of
the secondary flows due to stationary circulatory flows
in Faraday surface waves [20]. Experimental results re-
garding the formation of stripes orthogonal to the di-
rection of the periodic forcing, in horizontally oscillating
granular suspensions, linked these patterns to the vis-
cous shear stresses produced by the fluid and quantified
this dependence via a Shields parameter defined for the
flow configuration [21]. Any attempt to control and to
impose a predefined pattern of granular material driven
by Faraday waves must adress the problem of the critical
condition for the initiation of the grains motion. There is
a lack of systematic results dealing with this issue, even
when it is important in the study of stages prior to re-
suspension. Motivated by the above considerations, we
conduct experiments in a Hele-Shaw cell in a system of
two layers (the lower one composed of granular material
and the upper one being a viscous liquid), with the aim
to investigate and document the onset of motion of set-
tled particles due to the flow field induced by Faraday
waves.
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FIG. 1. Sketch of the experimental setup.

II. EXPERIMENTAL SETUP

The schematic of the experimental set-up is shown in
Fig.1. A Hele Shaw cell made of Poly-methyl methacry-
late (PMMA), with inner dimensions 152 mm (L) ×
1.87 mm (w) × 75 mm (h) is attached to the axis
of an electromagnetic shaker (Brüel and Kjaer, Model
V406) to provide a vertical vibration of the cell. The
shaker is fed by a sinusoidal current from a power gen-
erator (MAXD, Model 4210) driven by a function gen-
erator (GW-INSTEK, Model 8219A). The resulting ac-
celeration a is measured with an accelerometer (Analog
Devices�, ADXL325) attached to the body of the cell
and monitored with an oscilloscope (GRATTEN, Model
GA1102CAL).

The cell is partially filled with a granular suspension
made of monodisperse, spherical polystyrene beads of di-
ameter dp = 40 µm and density ρp = 1.05 g/cm3 in-
mersed in a viscous fluid. The working fluid is a 20 %
ethanol/glycerin solution with density ρ = 0.869 g/cm3,
dynamic viscosity η = 3.037 mPas and surface tension,
σ = 22.5 dyn/cm. As the ratio w/dp ≈ 47, a negli-
gible influence of side walls friction on grains motion is
expected [22, 23].

Prior to the experiments, the suspension is allowed to
settle for enough time so that a flat layer of sedimented
grains with a supernatant layer of clean fluid is obtained.
The thickness of the sediment layer is set at hs = 10 mm.
We assume that the sediment form a loose packing with
a compacity ϕ ≈ 0.58 [24]. A light-emitting diode (LED)
with a diffuser plate is used to get a uniform backlight
illumination. Images of both the free surface interface
and the sediment-fluid interface are obtained by a high
speed camera (Basler A640-750 µm at 500 fps) with its
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FIG. 2. Threshold of Faraday instability as a function of the
reduced acceleration, Γ, and supernatant liquid depth, ∆h,
for f = 24 Hz. Empty circles: only fluid. Filled circles: fluid
plus particles.

optical axis perpendicular to the vibration plane. With
this arrangement, the periodic caracter of the free surface
profile is clearly identified and the wave properties, such
as their wavelenght, λ, and the wave amplitude, hw, can
be easily obtained by image processing.

III. EXPERIMENTAL RESULTS

In the first set of experiments, the threshold of Faraday
instability was studied as a function of de reduced accel-
eration Γ = a/g, where g is the acceleration of gravity,
for fixed frequency f = 24 Hz. The depth of the super-
natant fluid was initially set at ∆h ≈ 16 mm and the ac-
celeration was gradually increased until a modulation of
the free surface with finite amplitude was observed (the
problem of hysteresis was not studied). The threshold
acceleration Γ is then registered, and the procedure is re-
peated for a slighly smaller value of ∆h, obtained by gen-
tly substracting with a siringe some ethanol-glycerol so-
lution. Figure 2 shows the experimental threshold Γ(∆h,
f = 24 Hz) measured with and without the granular
layer (i.e., the smooth bottom of the cell).
It is observed that the threshold of the Faraday insta-

bility is not affected by the presence of the granular layer.
Results also show the strong effect that the supernatant
liquid depth, ∆h, has on the acceleration threshold. This

t = 0

t = 3T/25

hs = 10 mm

5 mm
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t = 6T/25

t = 9T/25

t = 13T/25

FIG. 3. Faraday waves patterns in half a cycle, for f = 24 Hz,
Γ = 1.68 and ∆h = 7.8 mm. Left column: with the granular
bottom. Right column: with a solid bottm.

influence is remarkable in the range where ∆h is compa-
rable to w, indicating that the cell width is the appropri-
ate length scale. Indeed, for vanishing ∆h/w the accel-
eration seems to approach infinity. On the other hand,
for ∆h/w ' 2 (∆h ' 3.7 mm) the reduced acceleration
tends to an asymptotic value of Γ ≈ 1.66, indicating that
the threshold for Faraday instability becomes virtually
independent on the fluid depth.

Observations for decreasing values of ∆h/w show that
up to ∆h/w ≃ 3.86 the bed remains flat (i. e., the gran-
ular layer behaves as if it were rigid). There is no ob-
servable grains motion nor deviations from the flat pro-
file. With the system far from the critical acceleration
for which the grains begin to move due to vibration, it
is concluded that with large ∆h the secondary flow asso-
ciated with the surface waves is not able to move grains
since it is only significant over a depth of the order of
the amplitude of the wave, hw, less than the total depth
of the supernatant fluid layer, ∆h. Thus, a threshold or
critical condition, for which the grains can be set into
motion by the boundary layer of the wave-induced flow
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FIG. 4. The dimensionless wave heigth, hw/∆h, as a funtion

of f/
√

a/∆h, for measurements above the layer of motionless
grains and the acrylic bottom of the cell. Equation 1 is plotted
in black dashed line for fittings coefficients α = 1.21 and β =
0.51.

field, can be expected only for smaller liquid depth.
Figure 3 shows the comparison of the wave half-cycle

with the layer of motionless particles (snapshots in the
left-hand column) and without the granular layer (i.e.,
smooth bottom of the cell, right-hand column of snap-
shots), both experiments performed with the same liq-
uid depth and forcing frequency and acceleration. As
the wave patterns are identical in both configurations,
it is concluded that the influence of the grains, if any, is
quickly damped at a short distance from the bed, without
affecting the development of the free surface instability.
A series of additional experiments were performed in

this regime with motionless grains, as well as with the
working liquid in absence of the granular layer. Figure
4 presents the measurements in terms of the two dimen-
sionless numbers first proposed by Li et.al. (2018) [13],
relating the height of the Faraday waves in the Hele-Shaw
cell, hw, the liquid depth, ∆h, and the forcing frequency
and acceleration, f and a, respectively. As can be ob-
served, all points gather along a single curve, monotoni-
cally decreasing for f/

√
a/∆h larger than 0.25 approxi-

mately. This result is coincident with those reported in
the cited work [13], where the following functional rela-
tionship is proposed:

log

(
hw

∆h

)
= −α

f√
a/∆h

+ β (1)

with α = 1.21 and β = 0.51 fitting coefficients. Equation
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FIG. 5. Wavelengths of the Faraday waves as a function of
∆h at the onset of Faraday instability for f = 24 Hz. Dashed
line corresponds to the theoretical wavelength from the dis-
persion relation, Eq. 2, for a nonviscous fluid in an unbounded
domain.

1, plotted in Fig. 4 in black dashed line, follows quite well
our experimental points for α = 1.50 and β = 0.51. The
slight difference in the value of α is probably due to the
fact that this coefficient depends on the cell dimensions
and working fluid properties. A change in the trend of
the curve is suggested for f/

√
a/∆h < 0.25. The change

is also suggested in the previously cited work, the authors
indicate that in this region dispersion relations from lin-
ear theory fail due to strong nonlinearities present in the
flow field.

Figure 5 shows the wavelength, λw, as a function of
∆h, measured at the onset of the Faraday instability.
The figure also includes the theoretical curve for λw as
a function of ∆h, that can be explicitly obtained from
the dispersion relation considering surface tension [7, 11],
which reads as follows:

f =

√
2

πλw
tanh

(
2π∆h

λw

)(
ρ+

4π2Γ

ρλ2
w

)
(2)

As can be observed, the trend followed by the measured
points and the theoretical curve from Eq. 2 is quite close,
as it was observed recently by Li et. al (2019) [11], indi-
cating that the influence of the ”rigid” granular bed on
the wavelength turn to be small even for small ∆h. The
persistent difference between experimental and predicted
results is probably because of Eq. 2 is obtained for an
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FIG. 6. Bed profiles at the Faraday threshold for f = 24 Hz
and ∆h/w = 2.5.

inviscid liquid in an unbounded domain. Shear viscous
dissipation within the thin boundary layers developing
in the sidewalls of the cell, separated from each other
by the small cell width w, makes the flow field highly
three-dimensional [13]. Because of the strong nonlinear-
ities, the problem of determining the dispersion relation
remains a challenging subject [10, 11, 13].
Observations for decreasing values of ∆h/w below

∆h/w ≃ 3.86, revealed that the grain motion becomes
evident and a periodic bed profile begin to develops. The
evolution of the wave patterns, for ∆h/w ≃ 2.5, is shown
in Figure 6. The sequence shows that the granular bed
undulates following the movement of the surface waves.
Grains tend to move away from the zone of the wave
troughs and migrates toward the position of the crests,
in correspondence with the points of convergence of the
secondary flow. Only at the instant when the free surface
of the fluid becomes flat, the bed shape becomes approxi-
mately sinusoidal. But, in general, unlike Faraday waves,
each granular mound is asymmetrical when compared to
their immediate neighbors, due to the horizontal, oscil-
latory motion they perform. The granular wave exhibits
spatial periodicity only by considering pairs of mounds.
Thus, we adopted the length between pairs of mounds
as the granular wavelength, λp, whose value is very close
to the corresponding Faraday wavelength above it. The
troughs of the ripples remain in the same place (relative
to the container). Thus, the dynamics of the whole sys-
tem can be viewed as a lower granular wave, oscillating
horizontally induced by he upper Faraday waves, which
develops in the liquid layer. The movies of the supple-
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FIG. 7. The amplitude of the sediment profile wave, hp, as a
function of the supernatant liquid depth, ∆h, for f = 24 Hz.
The onset of sediment motion ocurrs at ∆hc ≃ 7.1 mm.

mentary material show the details of such undulations.
During the time span of the tests, the liquid layer re-
mained clean, indicating that no particles were held in
suspension. This means that the main transport mech-
anism is beadload, with grains driven back and forth by
the oscillating boundary layer flow. This is indicative
that the granular waves are excited by the upper verti-
cally vibrating Faraday waves via viscous friction.

By image processing the whole set of runs, the am-
plitude of the sediment bed profile, hp, was obtained at
the onset of the Faraday instability. Figure 7 shows that
hp depends strongly on the liquid layer depth, ∆h. By
decreasing ∆h (starting from a large value where the
sediment surface is flat with hp = 0), it is found that
there is a critical value from which hp grows rapidly.
From the intersection of the black dashed line drawn on
Figure 7 with the horizontal axis, the onset of grains
motion is obtained. For the case f = 24 Hz, it gives
∆hc ≃ (7.1±0.1) mm. Thus, this procedure provides an
efficient and accurate method to identify and quantify the
critical condition for initiation of motion. Moreover, it
provides insight about the ability of the secondary flows
to put grains into motion, since the hydrodynamic forces
acting on the grains depend on the flow velocity at the
grains height, which is, in turn, a function of the fluid
layer depth, ∆h.

Snapshots included in Fig. 7 offers a qualitative de-
scription of the several granular patterns observed for de-
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creasing ∆h. As explained above, for 5 < ∆h < 7.1 mm,
the liquid layer remained clear, mounds were well de-
fined and the trend of the measured points (see the black
dashed line) allowed quantifying the threshold of sedi-
ment transport. For 3.5 < ∆h < 5 mm, grains tend
to accumulate in triangular ripples, and tongues of re-
suspended sediment were observed directed towards the
points of maximum curvature of the Faraday waves. For
2 < ∆h < 3.5 mm, ripples became steeper and tongues
increased in size, darken the liquid layer. Recalling the
fast growth in Γ (see the inset in Fig. 7), for decreasing
∆h (from ∆h ≈ 4 mm), it is concluded that a larger in-
jection of energy in a lesser liquid layer implies stronger
secondary flows which can resuspend sediment. Mea-
suring hp was a difficult task in this range, with large
uncertainties around each mean value, explaining the
scattering of the data points. Finally, for ∆h < 2 mm
(∆h/w . 1), Faraday waves are not steep, and the cur-
vature decrease is accompanied by no grains resuspen-
sion. These features seem to be related to the strong
nonlinearity associated with steep wave profiles. Li et.
al. (2019) [11] have recently pointed out the key role
played by fluid inertia in the case of steep waves in nar-
row containers. They postulated the presence of a vortex
sheet along the free surface. Vortices, symmetrically lo-
cated to the crest tip, periodically change their direction
and stretch the free surface down much faster than other
places, explaining the large curvatures near the crest. Al-
though a quantitative description of these observations is
out of the scope of the present contribution, we hypoth-
esize for 2 < ∆h < 5 mm these vortical structures inter-
act with the granular bed, driving sediment resuspension.
For ∆h < 2 mm, the curvature of the waves decreases
dramatically, and the vortices are no so strong to resus-
pend sediment. On the other hand, for ∆h > 5 mm,
the strong vortices are far enough to the granular bed to
make resuspension not possible.

An additional study was performed, to observe the be-
havior of the grains inside the bulk of the granular layer
below the liquid-granular interfase. This was made from
the analysis of a series of snapshots captured at the sub-
harmonic frequency of surface waves. Since the wave
pattern is stationary, any local displacement of the par-
ticles, relative to the others, produces a change in the
local intensity of the transmitted light. These intensity
fluctuations, measured by the standard deviation (STD)
of the gray levels per pixel in the image stack, allow us
to construct a map that shows the agitation or activity
of the grains. On that map, the bright pixels correspond
to areas of high grain activity, whereas dark areas re-
veal the stationary grains. The upper snapshot in the
Fig. 8 shows the grey level (STD) map for f = 24 Hz,
Γ = 1.68, dp = 250µm and ∆h = 4.7 mm, where net
sediment motion is observed and granular waves coexist
with the driving Faraday waves. The map shows an im-
portant activity of the grains: at the surface, the grain
motion is high and concentrate on a thin layer of a few
grain width. Below that, the activity gradually decreases
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FIG. 8. Gray level Standard Deviation Map, showing active
zones of moving grains in the granular bed. Top: the active
layer of sedimented particles shown below de Faraday waves
extend over several grain sizes (∆h = 4.7 mm). Bottom:
below the threshold (for ∆h > ∆hc) there are still waves but
no grain displacement is perceived (∆h = 7.5 mm).

to increasing depths, until reaching the dark zone where
no grain is set into motion. The penetration scale is much
larger than the grain size (of the order of few milimeters),
which suggests that the agitation of the grain is induced
by strong shear stresses. At the right of the snapshot,
the graph shows the averaged standard deviation (STD)
on horizontal lines versus depth inside the granular layer,
h. As can be observed, the penetration is quite small for
dp = 40µm, and increases significantly as dp increases.

Below the threshold of grains motion (∆h > ∆hc ≈
7.5 mm), see the lower snapshot in Fig. 8, the map
shows that grain activity is poor, even when there is a sec-
ondary flow above, induced by the surface wave. This is
explained because the supernatant fluid layer is too wide
and the shear stresses at the heigth of the grains-liquid
interfase are not enough to move the grains. That also
means that the grains are not fluidized by the mere os-
cillation of the enclosure, which means that the inyected
energy to the grains through the enclosure border, is not
enough to overcome the large interparticle forces induced
by lubrication. The light grey zones observed on the sur-
ficial layer of particles is due to grains trembling around
their equilibrium position, departing from this location
no more than ±dp, and no net transport of grains oc-
curs. We can conclude that our criteria for determining
the threshold of grains motion corresponds to Faraday
waves that are able to transport grains far away from
the equilibrium position of grains, thus giving rise to net
sediment transport to well defined throughs and crests in
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the granular surface.
By assuming that the results in Kiesgen de Richter et.

al. (2015) [24] (regarding the compaction dynamics of
granular suspensions in a vertically vibrated cylindrical
container) can be applied to the Hele-Shaw cell, the lubri-
cation Peclet number was computed, Pe = σlub/(µP ) ≈
1.6. This number measures the competition between the
lubrication stress (induced by vibrations), σlub, and the
granular pressure, P (µ is the frictional inter-grain coef-
ficient). As expected, small values of both the diameter
and the relative density of the grains lead to a large value
of Pe. From Figs. 6 and 7 of the cited work, the tran-
sition time (when the fast compaction stage is replaced
by the slow one), tc ≈ 25 minutes, and the critical com-
pacity, ϕc = ϕ(tc) ≈ 0.65, were obtained. Since our
experiments lasted no more than 2 minutes, we assumed
that any increase in ϕ would be small in this timespan.
Besides, compacity values are associated with the bulk of
the granular column, whereas our measurements focused
on the upper part of the sediment layer (at the interface
with the supernatant liquid). Our observations (grain
accumulation in oscillating mounds due to viscous shear
stresses, with active zones of moving grains extending in-
side the bed over several grain diameters) allowed assum-
ing that hydrodynamics forces are predominant in this
region and that the influence of bed compaction could be
neglected in a first approximation.
In addition to the previous ones, experiments were car-

ried out to investigate the erosion threshold beyond the
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FIG. 10. Height of the sediment profile, hp, as a function of
the supernatant fluid layer, ∆h, for three values of the forcing
frequency, f , at the onset of Faraday waves.

TABLE I. Critical values at the onset of particles motion
for experiments at different frequencies at the threshold ac-
celeration of the Faraday instability for grains of diameter
dp = 40µm.

f (Hz) Γ ∆hc (mm) λw (mm) hw (mm)

14 1.36 13.6± 0.4 30.8± 0.7 12.0± 0.2

18 1.33 8.9± 0.7 22.8± 0.5 6.9± 0.1

24 1.69 7.1± 0.1 14.7± 0.5 4.4± 0.1

30 1.75 6.0± 0.1 11.2± 0.3 2.6± 0.2

36 1.78 4.5± 0.3 8.8± 0.3 2.0± 0.1

42 2.24 4.0± 0.1 7.5± 0.3 1.8± 0.1

onset of Faraday waves. The procedure is similar as ear-
lier: the liquid depth, ∆h, was progressively decreased
in each run, keeping the frequency fixed at f = 24 Hz
but for a constant value of the acceleration, Γ = cte.
The paramaters plane Γ−∆h, see Fig. 9, is divided into
three different regions: a subcritical region where there
are no Faraday waves nor grain movement (white region),
a supercritical one where there are Faraday waves but no
grain motion (light grey region) and a third region where
there are Faraday waves and significant bed surface grain
activity as is evident from the observation of well defined,
periodic bed profiles (dark grey zone). Note that the ex-
periments cover the range Γ < 2.3. For larger accelera-
tions, some effects due to the coupling of the fundamental
with higher Faraday modes were observed, complicating
the analysis of the problem. Besides, within the region
of grain motion a subregion for small ∆h was observed
where particles resuspension takes place. This phenom-
ena is out of the scope of the present article, but it is
part of a current work that will be presented shortly.

From the phase diagram it appears that the threshold
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FIG. 11. Experimental relation between the depth of the
supernatant liquid at the onset of grains motion, ∆hc, and
the velocity scale based on the wave height, Vw = hwf/2.

in ∆h for sediment motion for dp = 40 µm is almost
independent of Γ (the line between the light and dark
grey regions is vertical in Fig. 9). It is an indication
that inertia effects on the particles motion are negligi-
ble. Let assume Vw = hwf/2 (the product of the wave
amplitude, hw, and the frequency f of the first subhar-
monic wave at the onset of Faraday instability) as the
suitable velocity scale for the secondary flow associated
to the Faraday wave. The relative importance of inertia
of particles to the strength of the viscous drag can be es-
timated with the Stokes number St = ρpdp/(18η)Vw [25],
which for typical conditions of excitation frequency and
acceleration ranges between 0.03 to 0.06, thus St << 1
for dp = 40 µm.
Another series of experiments were carried out to study

the dependence of the onset of sediment motion on the
excitation frequency, f . The procedure was similar as in
the previous experiment: first the onset of Faraday waves
was found for a fixed frequency and varying ∆h, to give
a curve Γ(∆h, f), and then the critical value of ∆hc, for
which some grains are observed to begin to acummulate
giving an undulated bed profile, was detected from plots
of hp(∆h, f). For the purpose of illustration, plots of
hp vs ∆h are displayed in Fig. 10 for three values of
f . A summary of the obtained values of ∆hc and the
associates parameters for the whole set of experiments is
given in Table I.
From results reported in Table I, it can be seen that the
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FIG. 12. Parameters plane Γ −∆h for dp 140 µm (top) and
250 µm (bottom).

larger the excitation frequency is, the smaller ∆hc. Based
on the moderate values of hw/λw (wave steepness) and
hw/∆hc in all runs, it is concluded that Faraday waves
can not be considered of small amplitude in this cases.
By assuming Vw an appropiate estimation of the intensity
of the flow in the bulk of the cell above the granular layer,
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FIG. 13. Wave based velocity scale, Vw = hwf/2, against
the critical depth of the supernatant fluid, ∆hc, for different
grain diameters, dp.

and by plotting the critical depth ∆hc against Vw, it is
shown that the points gather following a close to linear
functional relationship, see Fig. 11.

Another set of experiments was performed to study the
effect of particle size, dp, on the critical conditions for
the onset of grains motion. The procedure was the same
as in the previous cases, and the threshold for initiation
of motion was studied for particles of diameter 140µm
and 250µm. The corresponding phase diagram in the
plane Γ − ∆h for both grains diameters are shown in
Fig. 12. It is observed that, for a given ∆h, the larger
dp is, smaller values of Γ are needed for the onset of the
Faraday waves. This effect is remarkable on the threshold
curves when dp increases from 40 µm to 140 µm, but it
is less noticeable when it further increases from 140 µm
to 250 µm. This effect seems to be associated with the
increase in the relative bed roughness. Let assume that
the viscous length δ =

√
ν/(πf/2) provides a suitable

metric for the thickness of the boundary layer in the Hele-
Shaw cell. Since δ ranges between 200 µm and 300 µm for
the explored values of f , it follows that the relative bed
roughness defined as dp/δ is of O(10−1) for dp = 40 µm,
whereas it is of O(1) for the bigger particles.

Regarding the onset of grains motion, as seen in Fig-
ures 9 and 12, an almost linear dependence of ∆hc on Γ
is observed for the larger particles, indicating inertia ef-
fects become to be of importance in the phenomenon.
By plotting the computed values for Vw against ∆hc
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FIG. 14. The length, λw (top), and the amplitude, hw (bot-
tom), of the Faraday waves, measured at the onset of grains
motions, as a function of the forcing frequency, f , and param-
eterized in dp.

for 140 µm and 250 µm, see Fig. 13, it is worthnot-
ing that the points gather with those for 40 µm follow-
ing a close to linear trend, virtually independent on dp.
The Shields number at the threshold of grains motion is
θc = ηγ̇/(∆ρgdp), and the Reynolds number of the grain
is given by Rep = ργ̇d2p/η, being γ̇ the shear rate of the
oscillating flow onto the bed. Assuming the slope of the
straight line fitting data points in Fig. 13 is a suitable
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metric for γ̇, and neglecting in a first approach the small
y-intercept (probably associated to the fact that the lin-
ear trend does not hold in the range 0 < ∆h ≤ w, where
the transition from steep to smooth wave profiles occurs),
it is obtained that θc decreases from 0.4 to 0.04 as Rep
increases from 0.003 to 0.18. These values are compara-
ble with results reported for initiation of sediment mo-
tion under laminar flows [27]. Although somewhat crude,
these results seem to indicate that a definition of viscous
shear stress is appropriate to study the initiation of mo-
tion in this range. With the values of Vw the Stokes
numbers for dp = 140 µm and dp = 250 µm range be-
tween St = 0.1 − 0.2 and St = 0.2 − 0.4, respectively.
This moderate values, closer to 1 when compared to val-
ues for dp = 40µm, confirms that inertia of the particles
can not be neglected in analyzing the onset of particles
motion by Faraday waves. In constrast with the influence
of grains size on the dependence of ∆hc on Γ, experimen-
tal results show that the increase in dp does not impact
the measured values for hw and λw, see Fig. 14. Thus,
for the values of dp explored here, once a wave pattern is
established at the free surface, the critical condition for
initiation of grains motion at the bottom of the cell is
reached without altering the structure of the wave.

IV. CONCLUSIONS

The critical condition for the onset of grains motion,
driven by the oscillatory boundary-layer flow induced by
Faraday waves in a Hele-Shaw cell, was experimentally
studied for several values of forcing frequency, f , and ac-
celeration, Γ = a/g, as well as particles diameter, dp.
In the presence of Faraday waves, two main regimes were
identified in the plane of parameters Γ−∆h, being ∆h the
depth of the supernatant liquid. In the first regime, the
grains remain motionless and the granular layer moves as

a rigid boundary, whereas in the second regime, the gran-
ular layer undulates due to the appearance of a system of
granular waves which oscillates horizontally, and the bed
profile deforms in a rippled pattern with a well defined
amplitude, hp. The dynamic of the granular waves is
closely related with the the vertical Faraday waves above
it, with the grains moving mainly as bedload in response
to viscous forces.

The threshold condition for the initiation of grains
motion can be precisely quantified from image process-
ing, and results suggest that for small Stokes numbers,
St << 1, the critical values for ∆h are almost indepen-
dent on Γ, whereas a close to linear dependence between
both variables can be inferred from the plane of parame-
ters at moderate values of St (< 1), indicating that par-
ticles inertia become significant in defining the onset of
sediment motion. Besides, it was also found that ∆hc de-
pends almost linearly on the wave velocity Vw = hwf/2,
irrespective the size of the grain, dp.

It was observed that an increase in particles diameter,
dp, alters the onset of the Faraday waves in the Hele-Shaw
cell, without affecting significatively the measured values
for hw and λw. This effect remains unclear, and further
research is needed to clarify this finding. It seems to be
related with the increase in the relative bed roughness,
dp/δ, δ being an estimative for the thickness of the os-
cillatory boundary layer. This is indicative that the flow
structures expected to develop around the larger rough
elements in the bed becomes important in the onset of
the Faraday instability in the Hele-Shaw cell.
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