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Solitary waves on superconfined falling liquid films

Solitary traveling waves are prominent features covering the surface of a falling liquid film and are known to promote heat/mass transfer. We focus on the little studied case where they are subject to an extremely confined counter-current gas flow, and we identify two novel secondary instabilities. At high gas velocities, a catastrophic instability develops, leading to flooding through wave reversal and liquid arrest. At lower gas velocities, an oscillatory instability occurs, producing a high-frequency periodic modulation of the wave height. Conjunction of this self-sustained oscillatory state and vortices forming in the liquid is shown to enhance mixing. We also show that the gas flow can cause extreme local film thinning, leading to almost dry patches where the liquid thickness is very small.

Flows through miniaturized channels are usually laminar and require active or passive methods to enhance mixing [START_REF] Stone | Engineering flows in small devices: Microfluidics toward a lab-on-a-chip[END_REF]. In the case of stratified two-phase flows, this can be achieved through flow structures resulting from interfacial instabilities [START_REF] Hu | Viscous wave breaking and ligament formation in microfluidic systems[END_REF]. In horizontal pressure-driven configurations, the instability is known to require a strong enough relative motion between the two phases [START_REF] Yih | Instability due to viscosity stratification[END_REF][START_REF] Yiantsios | Linear stability of plane poiseuille flow of two superposed fluids[END_REF]. By contrast, we study the vertical configuration of a gravity-driven falling liquid film in contact with an extremely confined gas, where the inertia-driven Kapitza instability [START_REF] Kapitza | Wave flow of thin layer of viscous fluid (in Russian)[END_REF] generates solitary surface waves that greatly enhance heat/mass transfer [START_REF] Yoshimura | Enhancement of mass transfer into a falling laminar liquid film by twodimensional surface waves-some experimental observations and modeling[END_REF]. In this case, the gas velocity can be used as a free parameter to act on the waves.

Many works have studied the effect of a gas flow on the stability and dynamics of wavy falling liquid films [START_REF] Alekseenko | Primary instabilities of liquid film flow sheared by turbulent gas stream[END_REF][START_REF] Tseluiko | Nonlinear waves in counter-current gas-liquid film flow[END_REF][START_REF] Trifonov | Instabilities of a gas-liquid flow between two inclined plates analyzed using the navier-stokes equations[END_REF]. Such studies have usually concentrated on weakly/moderately confined configurations. In that case, only the tangential interfacial viscous stresses exerted by the gas play a significant role, and turbulent conditions are required to affect meaningfully the liquid film [START_REF] Trifonov | Counter-current gas-liquid wavy film flow between the vertical plates analyzed using the Navier-Stokes equations[END_REF]. By contrast, we focus on extreme confinement levels , where the gas flow and liquid film are of comparable thickness [START_REF] Setu | Superconfinement tailors fluid flow at microscales[END_REF]. Here, gas pressure variations induced by surface waves become relevant [START_REF] Dietze | Wavy liquid films in interaction with a confined laminar gas flow[END_REF], and the film is affected by the gas even under laminar conditions [START_REF] Lavalle | Suppression of the kapitza instability in confined falling liquid films[END_REF]. This configuration is bound to be more prone to flooding, i.e. occlusion of the channel by the liquid [START_REF] Vlachos | Visual observations of flooding in narrow rectangular channels[END_REF], wave reversal [START_REF] Tseluiko | Nonlinear waves in counter-current gas-liquid film flow[END_REF], or liquid arrest [START_REF] Trifonov | Counter-current gas-liquid wavy film flow between the vertical plates analyzed using the Navier-Stokes equations[END_REF]. Yet, it is unclear how this unwanted phenomenon is provoked under extreme confinement. Does it result from a lack of saturated traveling-wave solutions or due to a loss of their stability? Answering such question may produce valuable insights for the design of falling film microreactors [START_REF] Zhang | Hydrodynamics and mass transfer of gas-liquid flow in a falling film microreactor[END_REF][START_REF] Seebauer | Tube bundle falling film microreactor for performing gas liquid reactions[END_REF][START_REF][END_REF].

We have studied numerically solitary traveling waves under the effect of an extremely confined counter-current gas flow. For the conditions investigated, which represent real liquid properties and confinement levels typical of falling film microreactors, we find that flooding can be triggered at high gas velocities by a catastrophic secondary instability leading to wave reversal and liquid arrest. At lower gas velocities, we identify an oscillatory secondary instability, which causes a periodic (in time and space) modulation of the wave height. This self-sustained oscillatory state, in conjunction with vortical structures forming in the liquid, is found to enhance mixing within the solitary waves. It can be controlled through the gas velocity and thus represents an attractive approach to enhance inter-phase heat/mass transfer in small-scale devices. When the liquid volume and not the liquid flow rate is fixed, increasing the gas flow can cause pronounced film thinning, producing almost dry patches where the liquid thickness becomes extremely small.

We consider a two-dimensional liquid film falling down a vertical wall in interaction with a counter-current gas flow confined by a second wall at a distance H ⋆ =1 mm (the star superscript denotes dimensional quantities). The working liquid (index l) corresponds to a 83% by weight aqueous dimethylsulfoxide (DMSO) solution typically used in experiments [START_REF] Dietze | Experimental study of flow separation in laminar falling liquid films[END_REF] and has density ρ l =1098.3 kg/m 3 , dynamic viscosity µ l =3.13 mPas, and surface tension σ=0.0484 N/m. The gas (index g) is air. We focus on solitary waves, i.e. composite structures consisting of a large tear-shaped hump and several capillary precursor ripples [START_REF] Alekseenko | Wave Flow of Liquid Films[END_REF] (see graph 1b). Solitary waves are typically produced by nonlinear coarsening dynamics [START_REF] Chang | Coarsening dynamics of falling-film solitary waves[END_REF] that restructure the initial train of short waves emerging from linear wave selection, as the result of secondary subharmonic and/or sideband instabilities [START_REF] Liu | Onset of spatially chaotic waves on flowing films[END_REF]. They produce maximal heat/mass transfer intensification in unconfined films [START_REF] Rastaturin | Optimal regimes of heat-mass transfer in a falling film[END_REF].

We simulate this flow using the low-dimensional model of Dietze and Ruyer-Quil [START_REF] Dietze | Wavy liquid films in interaction with a confined laminar gas flow[END_REF], which is based on the weighted residual integral boundary layer (WRIBL) approach [START_REF] Ruyer-Quil | Improved modeling of flows down inclined planes[END_REF][START_REF] Kalliadasis | Falling Liquid Films[END_REF], accounts for the full coupling between the two phases, and has been substantially validated [START_REF] Dietze | Wavy liquid films in interaction with a confined laminar gas flow[END_REF]:

∂ x q l + ∂ t h = 0, ∂ x q g -∂ t h = 0 (1a) {S i ∂ t q i + F ij q i ∂ x q j + G ij q i q j ∂ x h} = (1 -Π ρ ) -Ka ∂ xxx h + (C jl -Π µ C jg ) q j + J j q j (∂ x h) 2 + K j ∂ x q j ∂ x h + L j q j ∂ xx h + M j ∂ xx q j , (1b) 
where the indices i and j should be permuted over the phase-indicators l and g using Einstein summation. All quantities have been rendered dimensionless using the scales L=(µ l /ρ l ) 2/3 g -1/3 , U=(µ l g/ρ l ) 1/3 , and T =L/U. Further, q l and q g designate the liquid and gas flow rates per unit width, h is the film height, and the coefficients S i , F ij , G ij , C ij , J j , K j , L j , and M j are known functions of h. The streamwise and crosswise coordinates are denoted x and y, and t denotes time. The dimensionless groups are the Kapitza number Ka=σρ 1/3 g -1/3 µ -4/3 l , the ratios of density and dynamic viscosity Π ρ =ρ g /ρ l and Π µ =µ g /µ l , and the Reynolds numbers Re l =q l0 and Re g =q g0 Π ρ /Π µ , based on the nominal flow rates q l0 and q g0 of the flat-film primary flow. For a counter-current gas flow, q g0 and Re g are negative.

We solve numerically equation ( 1), either on a domain of wavelength Λ subject to periodic boundary conditions, or on an open domain with inlet/outlet conditions, where waves of frequency f are produced through inlet forcing. In both cases, the total flow rate q tot =q l +q g is fixed. We also track traveling-wave solutions of (1) by numerical continuation [START_REF] Allgower | Introduction to Numerical Continuation Methods[END_REF] using the software Auto07P [START_REF] Doedel | AUTO07p: Continuation and bifurcation software for ordinary differential equations[END_REF]. Such solutions are stationary in the reference frame ξ=x-c t moving with the wave speed c. We check their stability by using them as initial conditions for transient periodic computations. Stable solutions will remain unchanged in such computations, whereas unstable ones will evolve toward a different state. Details of the numerical procedures employed for solving the model equations ( 1) are given in [START_REF] Dietze | Wavy liquid films in interaction with a confined laminar gas flow[END_REF].

To study the effect of the oscillatory instability on heat/mass transport (figure 3), we have also performed a direct numerical simulation (DNS) based on the full Navier-Stokes equations, which additionally solves a convectiondiffusion equation for the transport of a passive scalar. The solver employed for the DNS is Gerris [START_REF] Popinet | An accurate adaptive solver for surface-tension-driven interfacial flows[END_REF] and details of the numerical setup are provided in [START_REF] Dietze | Effect of wall corrugations on scalar transfer to a wavy falling liquid film[END_REF].

Figure 1 illustrates how solitary traveling-wave solutions of fixed liquid Reynolds number Re l and wave frequency f =f 0 =0.027 evolve under the effect of an increasingly strong counter-current gas flow. This scenario is most practical from an experimental point of view [START_REF] Kofman | Characteristics of solitary waves on a falling liquid film sheared by a turbulent counter-current gas flow[END_REF]. Graph 1a displays the maximum h max and minimum h min wave height as a function of the gas Reynolds number Re g . The solid (h max ) and dashed (h min ) branches of the displayed curve join at the limit point S, where the Kapitza instability is linearly suppressed and traveling-wave solutions disappear into the flat-film primary flow. The location of S, Re g =-168, can be predicted by linear stability analysis [START_REF] Lavalle | Suppression of the kapitza instability in confined falling liquid films[END_REF].

Graphs 1b, 1c, and 1d represent streamlines in the reference frame of the wave for the solutions marked by arrows 1, 2, and 3 in graph 1a. As the gas velocity is increased, the surface wave is shaped into a flattened elongated liquid hump containing an increasing number of counter-rotating vortices. These result from the subdivision of the single vortex in graph 1b, which is typically observed in roll waves [START_REF] Alekseenko | Application of PIV to velocity measurements in a liquid film flowing down an inclined cylinder[END_REF].

We now check the stability of traveling-wave solutions by advancing them numerically in time through transient periodic computations, as represented in figure 2. In these computations, q tot and the liquid volume (due to periodicity) are fixed, and thus the wave-averaged liquid flow rate ql =Λ -1 Λ 0 q l dx may vary in time w.r.t. the traveling-wave solution used as initial condition. We find that traveling-wave solutions on the black curve segment in graph 1a (Re g >-13.5) are stable. This is shown in graph 2a, representing h max time traces from different transient computations. The black dashed line corresponds to a computation started from the traveling-wave solution at Re g =-1 (arrow 1 in graph 1a), and we see that h max does not change over time. On the blue curve segment in graph 1a, -78<Re g <-13.5, traveling-wave solutions are subject to an oscillatory secondary instability. This produces a high-frequency selfsustained modulation of the wave height, as evidenced by our transient computation in graph 2a (blue solid line), which was started from a traveling-wave solution at Re g =-16 (arrow 2 in graph 1a). We see that h max oscillates in time with a secondary frequency f s ≈ 3f 0 much greater than the nominal frequency f 0 . The amplitude of the oscillation first grows exponentially, proving that oscillations result from linear instability, and then saturates to a constant value.

On the red curve segment in graph 1a, -168<Re g <-78, traveling-wave solutions are subject to a secondary instability that leads to a catastrophic event. This is shown in graph 2b, representing a space-time diagram of the film thickness h(x, t)/H, for a transient computation started from the traveling-wave solution at Re g =-80 (arrow 3 in graph 1a). The profile superimposed on the left represents the initial condition h(x, t=0). In the early stages, tf 0 <1, this profile propagates downstream without changing significantly. Then, for 1≤ tf 0 ≤2.5, a reversal of the wave occurs under the effect of the counter-current gas flow. Finally, for tf 0 >2.5, a new upward traveling wave is formed (profile superimposed on the right). Importantly, the observed wave reversal coincides with liquid arrest, as evidenced by the corresponding time trace of ql , represented by a thick red line in graph 2c, which shows the wave-averaged liquid flow rate to become negative. In a real system, where the liquid inlet flow rate is fixed, wave reversal and liquid arrest are usually associated with flooding (supplementary movie [31] shows how these phenomena unfold in a spatially evolving computation). Thus, based on graph 1a and figure 2, we may conclude that flooding in the studied configuration is triggered by a secondary instability, whereas traveling-wave solutions never cease to exist, up to the linear instability cutoff (point S in graph 1a).

We now concentrate on the oscillatory instability observed for -78<Re g <-13.5. Figure 3 shows how this instability develops spatially, based on transient computations on an open domain with inlet/outlet conditions. Here, Re l is imposed through the time-averaged liquid inlet flow rate ql (x=0)=q l0 , which is subjected to a small harmonic temporal perturbation of frequency f 0 . This allows forcing the desired solitary waves, as is typically done in experiments [START_REF] Kofman | Characteristics of solitary waves on a falling liquid film sheared by a turbulent counter-current gas flow[END_REF].

Graphs 3a and 3b represent computations at Re g =-19 and Re g =-25. The black lines represent snapshots of the film profile (Eulerian view), whereas the red lines trace the path followed by the wave crests as time progresses (Lagrangian view). The oscillatory nature of these paths implies that the wave height of a given solitary wave traveling through the domain undergoes a self-sustained periodic oscillation (in time and space). In graph 3a, the oscillation consists of a single mode with a wavelength about twice smaller than the nominal separation of the solitary waves. In graph 3b, where the gas flow is stronger, the oscillation is enriched by additional modes making it more choppy, but it remains periodic. In both cases, the amplitude of the oscillation is substantial. The green profile in graph 3a corresponds to our DNS, performed on a shorter domain, and supplementary movie [32] shows that this DNS also displays oscillations. The present oscillatory instability differs from the secondary sub-harmonic and side-band instabilities observed for liquid films falling in a quiescent atmosphere [START_REF] Liu | Onset of spatially chaotic waves on flowing films[END_REF]. Those instabilities apply to trains of short periodic waves and result from wave interaction, leading to wave coalescence. The amplitude modulations they induce are of longer and not shorter length than the nominal wavelength. Importantly, these instabilities do not require any interaction between the gas and the wavy liquid film, whereas our instability is precisely caused by such an interaction.

The conjunction of the oscillatory instability (figure 3) and the vortices within the solitary waves (graph 1b) enhances convective heat/mass transport in the liquid film. To show this, we have solved a convection-diffusion equation for the representative scalar Θ in our DNS of the oscillatory regime in graph 3a. We have set Θ=1 at the gas/liquid interface, neglecting the transport resistance in the gas, and Θ=0 at the liquid inlet. The Péclet number, relating convective to diffusional transport, is Pe=UL/α=4590, where α denotes the diffusivity of Θ in the liquid.

The color plots in graphs 3c, 3d, and 3e represent the instantaneous Θ field at successive time points over the course of one nominal wave period 1/f 0 . We focus on the thin scalar plume that is seen to grow from the leading toward the trailing part of the wave in the successive snapshots. It results from the stagnation point flow generated by vortices within the wave (see e.g. graph 1b). This flow destroys the interfacial Θ boundary layer at the front of the wave but compresses the one at the wave back. The latter mechanism is responsible for the significant enhancement of inter-phase heat/mass transfer due to solitary waves [START_REF] Rastaturin | Optimal regimes of heat-mass transfer in a falling film[END_REF], but usually breaks down once the growing plume has reached the rear part of the wave [START_REF] Dietze | Effect of wall corrugations on scalar transfer to a wavy falling liquid film[END_REF]. In our case, the oscillatory instability prevents this from happening, by causing a repeated folding of the plume as it approaches the wave back (graphs 3d and 3e). We had already observed in graphs 1b to 1d the capacity of the gas to rearrange vortical structures within the wave. The supplementary movie [32] shows the plume folding dynamics in action. As a result of this mechanism, the interfacial boundary layer growing into the upstream residual film remains thin, and this increases the overall heat/mass transfer to the liquid.

We shall discuss now how solitary traveling waves behave under an increasing gas flow, when not Re l but the liquid volume is fixed. Such a situation may arise within the pulmonary capillaries [START_REF] Grotberg | Respiratory fluid mechanics[END_REF], where films of secreted mucus are subject to the respiratory air flow. We find that traveling waves can break down due to an extreme local thinning of the liquid film. Figure 4 shows how this occurs for a solitary wave of fixed wavelength Λ=46.8H and liquid volume (per unit width) V l =0.31ΛH. Graph 4a maps film thickness profiles h(x) as a function of the gas Reynolds number Re g (vertical axis), using grey scales. Graph 4b represents the corresponding evolution of the minimal film thickness h min . As the gas velocity is increased, the thin regions of the liquid film are increasingly drained, eventually forming patches that are almost dry. Our numerical continuation breaks down at Re g =-196.3, having reached h ⋆ min =62 nm, which is not far beyond the range of long-range van der Waals forces [START_REF] Israelachvili | Intermolecular and Surface Forces[END_REF]. It is interesting that purely hydrodynamic phenomena lead the film to this critical state, which may be conceived as negative flooding, i.e. the gas "touching" the wet wall instead of the liquid "touching" the dry wall. Of course, to check for actual film rupture, intermolecular interaction properties such as disjoining pressure and wall wettability need to be accounted for [START_REF] Bonn | Wetting and spreading[END_REF]. Integrating such a description [START_REF] Thiele | Sliding drops in the diffuse interface model coupled to hydrodynamics[END_REF] into our model, might be an interesting problem for future work.

In this letter, we have explored a new region of parameter space by considering superconfined wavy falling liquid films in contact with a counter-current gas flow. We have focused on a scenario in which the liquid flow rate and frequency of surface waves are fixed while the gas flow velocity is increased, which is most plausible from an experimental perspective. And, our computations were performed for an existing liquid [START_REF] Dietze | Experimental study of flow separation in laminar falling liquid films[END_REF]. We find that traveling-wave solutions exist no matter how strong the gas flow is, up until the point where the primary instability disappears. However, depending on the gas velocity, they are subject to two different secondary instabilities. At high velocities, the instability is catastrophic and produces flooding through wave reversal and liquid arrest. At lower velocities, the instability is oscillatory, producing a high-frequency periodic (in time and space) modulation of the wave height. This self-sustained oscillation is found to intensify convective transport within the liquid film and thus represents an attractive control mechanism to enhance inter-phase heat/mass transfer. We have also found a scenario in which the effect of a counter-current gas flow generates extremely thin patches within the liquid film.

We conclude by evaluating the feasibility of experiments. Zhang et al. [START_REF] Zhang | Hydrodynamics and mass transfer of gas-liquid flow in a falling film microreactor[END_REF] have produced experimentally stratified water/air flows in falling-film microreactors, where the liquid flowed in 0.3 mm deep parallel grooves of width W ⋆ =1 mm, with its surface pinned on either side to the top of the grooves [START_REF] Al-Rawashdeh | Pseudo 3-d simulation of a falling film microreactor based on realistic channel and film profiles[END_REF], and the gas confined by an upper wall at H ⋆ =0.8 mm. In our case, pinning should be avoided to allow for the motion of the liquid-gas interface on the side walls. Then, the contact angle φ comes into play, and this limits the channel width W in regard to forming a liquid annulus or rupturing the film laterally. Also, W should be sufficiently small to limit formation of 3-dimensional surface waves [START_REF] Kofman | Three-dimensional instabilities of quasi-solitary waves in a falling liquid film[END_REF][START_REF] Dietze | Three-dimensional flow structures in laminar falling liquid films[END_REF]. At the same time, it should be as large as possible, in order to limit the stabilizing effect of the side-wall meniscus on the interfacial instability [START_REF] Pollak | Side wall effects on the instability of thin gravity-driven films -from long-wave to short-wave instability[END_REF]. For water films on PMMA (Polymethylmethacrylate), steel, or PDMS (Polydimethylsiloxane), channel widths of W =5-10 mm should allow producing the desired conditions. For the DMSO-water solution used in our computations, the contact angle on PDMS is φ=93 • [START_REF] Zhang | Binary liquid mixture contact-angle measurements for preciseestimation of surface free energy[END_REF], and this reduces the ability of the liquid to climb the side walls and the stabilizing effect of the meniscus [START_REF] Pollak | Side wall effects on the instability of thin gravity-driven films -from long-wave to short-wave instability[END_REF], relaxing several constraints.
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 12 FIG. 2. Transient periodic computations started from traveling-wave solutions marked by arrows 1, 2, and 3 in graph 1a. The total flow rate qtot and the liquid volume are fixed. (a) Time evolution of maximal wave height hmax over several nominal wave periods 1/f0. Black dashed: stable regime (arrow 1); blue solid: oscillatory instability regime (arrow 2); (b) space-time plot of film height contours h(x, t)/H for the regime of catastrophic instability (arrow 3), displaying wave reversal. Profiles superimposed on left and right correspond to start and end times; (c) time-traces of the wave-averaged liquid flow rate ql =Λ -1 Λ 0 q l dx for computations from graphs a (black and blue lines) and b (thick red line), showing liquid arrest for the catastrophic instability.
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 3 FIG. 3. Regime of oscillatory instability. (a,b) Transient computations on an open domain with inlet/outlet conditions: H ⋆ =1 mm, Re l =15, f0=0.027. Displayed length is 0.8 m. Black lines: snapshots of the film profile y=h(x, t=const) (Eulerian view); red: path followed by the wave maxima, as the oscillating wave humps propagate through the domain (Lagrangian view); green: snapshot from DNS. (a) Reg=-19: single-mode oscillation; (b) Reg=-25: multi-mode oscillation. (c-e) Heat/mass transport data obtained from DNS in graph a: Pe=4590. See also supplementary movie [32]. Instantaneous color plots of the field of the transported scalar Θ over the course of one nominal wave period 1/f0. (c) tf0=0; (d) tf0=0.65; (e) tf0=1.0.
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 4 FIG. 4. Extreme film thinning under an increasing counter-current gas flow. Traveling-wave solutions at fixed Λ=46.8H and liquid volume (per unit width) V l =0.31ΛH. (a) Grey scale plot of film surface profiles h(x)/H as a function of Reg (vertical axis); (b) corresponding evolution of the minimal film thickness hmin (vertical axis is logarithmic). The lowest thickness reached is h ⋆ min =62 nm. In both graphs, two representative cross-sectional views are also included.
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