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LIPSCHITZ CONTINUITY OF THE EIGENFUNCTIONS ON OPTIMAL
SETS FOR FUNCTIONALS WITH VARIABLE COEFFICIENTS

BAPTISTE TREY

ABSTRACT. This paper is dedicated to the spectral optimization problem
min {A1(Q) + -+ 4+ A () + A|Q| : Q C D quasi-open}

where D C R? is a bounded open set and 0 < A\1(Q) < --- < A\x(Q) are the first k eigenvalues on
Q of an operator in divergence form with Dirichlet boundary condition and Holder continuous
coefficients. We prove that the first k eigenfunctions on an optimal set for this problem are
locally Lipschtiz continuous in D and, as a consequence, that the optimal sets are open sets.
We also prove the Lipschitz continuity of vector-valued functions that are almost-minimizers of
a two-phase functional with variable coefficients.
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1. INTRODUCTION AND MAIN RESULTS

Let D be a bounded open subset of R? and A be a positive constant. We consider the spectral
optimization problem

min {A(Q) + - + Xe(Q) + A|Q| : Q C D quasi-open} (1.1)

where 0 < A\1(Q) < -+ < A\ (92) denote the first k eigenvalues, counted with the due multiplicity,
of the operator in divergence form —b(z)~'div (4,V-). This means that for every \;(Q) there is
an eigenfunction u; € H}(£2) such that
u; =0 on 0. (1.2)
The aim of the present paper is twofold. From one side, we prove a Lipschitz regularity result
for vector-valued functions which are almost-minimizers of a two-phase functional with variable
coefficients (Theorem [[2]). On the other hand, we show that if Q* is an optimal set for (LII),
then the vector U = (uq, ..., ug) of the first k eigenfunctions on Q* satisfies the almost-minimality
condition of Theorem [[.2], and hence that the eigenfunctions uq,...,u; are Lipschitz continuous.
We first state our Lipschitz regularity result for eigenfunctions on optimal sets for (I.J).
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2 BAPTISTE TREY

Theorem 1.1. Let D C R be a bounded open set and let A > 0. Let A: D — Symjl' be a matriz
valued function satisfying (LD and (L) and let b € L>(D) be a function satisfying (L) (see
below). Then the spectral optimization problem (L) admits a solution *. Moreover, the first k
eigenfunctions on any optimal set Q* are locally Lipschitz continuous in D. As a consequence,
every optimal set for (L)) is an open set.

In [3], Briancon, Hayouni and Pierre proved the Lipschitz continuity of the first eigenfunc-
tion on an optimal set which minimizes the first eigenvalue of the Dirichlet Laplacian among all
sets of prescribed volume included in a box. Their proof, which is inspired by the pioneering
work of Alt and Caffarelli in [I] on the regularity for a free boundary problem, relies on the
fact that the first eigenfunction is the minimum of a variational problem. For spectral optimiza-
tion problems involving higher eigenvalues, the study of the regularity of the optimal sets and
the corresponding eigenfunctions is more involved due to the variational characterization of the
eigenvalue A\ through a min-max procedure. In [4] the authors considered the spectral func-
tionals F'(A1(Q2),...,A\x(€)) which are bi-Lipschitz with respect to each eigenvalue \;(€2) of the
Dirichlet Laplacian, a typical example being the sum of the first k eigenvalues. In particular,
they proved the Lipschitz continuity of the eigenfunctions on optimal sets minimizing the sum
A(Q) + -+ A\ (Q) among all shapes Q C R? of prescribed measure (see [4, Theorem 6.1]). The
present paper extends this result to the case of an operator with variable coefficients, but with a
completely different proof.

Concerning spectral optimization problems involving an operator with variable coefficients, a
regularity result has been obtained in [15], where the authors consider the problem of minimizing
the first eigenvalue of the operator with drift —A + V® -V, ® ¢ Wh°(D,R%), under inclusion
and volume constraints. We stress out that our result also applies to this operator with drift since
it corresponds to the special case where A = ¢~®Id and b = e~®. We would like also to mention a
recent work of Lamboley and Sicbaldi in [IT] where they prove an existence and regularity result
for Faber-Krahn minimizers in a Riemanninan setting.

Let us highlight that the Lipschitz regularity of the eigenfunctions in Theorem [[T] turned out
to be a quite difficult question due to both the min-max nature of the eigenvalues and the presence
of the variable coefficients, but it is an important first step for the analysis of the regularity of
the free boundary of the optimal shapes for (L) which we study in [17].

As already pointed out, the proof of Theorem [Tl goes through the study of the Lipschitz
regularity of vector-valued almost-minimisers for a two-phase functional with variable coefficients.
Our approach is to reduce from the non-constant coefficients case to the constant coefficients-
one by a change of variables and is inspired by [16], where the authors prove free boundary
regularity of almost-minimizers of the one-phase and two-phase functionals in dimension 2 using
an epiperimetric inequality. The second contribution which was a strong inspiration for our
work is of David and Toro in [§]. They in particular prove the Lipschitz regularity of almost-
minimizers of the one-phase and the two-phase functionals with constant coefficients (see also [7]
for free boundary regularity results).

We have the following result for almost-minimizers of the two-phase functional.

Theorem 1.2. Let D C R? be a bounded open set and let Q C D be a quasi-open set. Let
A: D — Sym:lr be a matriz valued function satisfying ([LB) and (LG). Let f = (f1,...,fx) €
L>®(D,RF). Assume that U = (uq,...,u) € H&(Q,Rk) s a vector-valued function such that

o U is a solution of the equation
—div(AVU) =f in Q, (1.3)

o U satisfies the following quasi-minimality condition: for every Ci; > 0, there exist con-
stants € € (0,1) and C > 0 such that

/AVU-VU+A\{\U!>O}]§ (1+C‘HU—UHL1)/ AV - VO + A[{0] >0}, (1.4)
D D

for every U € H{(D,R¥) such that |U — U1 < e and |U||p~ < C.
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Then the vector-valued function U is locally Lipschitz continuous in D.

Remark 1.3 (On the assumption (L4]) of Theorem [[.2]). The quasi-minimality in Theorem
is not local but naturally arises from the shape optimization problem (1) (see Proposition [3.4]).
We stress out that our conclusion also holds, with exactly the same proof, if the quasi-minimality
property (I4]) is replaced by its ”local” version, namely: for every C > 0, there exist constants
ro € (0,1) and C > 0 such that for every x € D and every r < r¢ such that B,(z) C D we have

/ AVU-VU+A|{|U| > 0}NB,(z)| < (1+CHU—UHL1)/ AVU-VU+A|{|U] > 0}nB,(z)|,
B, (z)

B, (z)
for every U € H}(D,R¥) such that U — U € H}(B,(x),R¥) and ||U||~ < Cy.

Remark 1.4. We point out that we will only use the assumption (L3]) to prove that U is bounded
and to get an almost-monotonicity formula (see Proposition and Corollary 2.T6]).

In [8] Theorem 6.1}, David and Toro proved an almost-monotonicity formula for quasi-minimizers
in the case of the Laplacian. It is natural to expect that the same holds for an operator with vari-
able coefficients, but we will not address this question in the present paper since we are mainly
interested in the Lipschitz continuity of the eigenfunctions on optimal shapes for the problem
(CI) for which the equation (L3 is already known.

However, soon before the present paper was published online, a new preprint of the same
authors, in collaboration with Engelstein and Smit Vega Garcia (see [6]), appeared on Arxiv.
They prove a regularity result for functions satisfying a suitable quasi-minimality condition for
operators with variable coefficients. We stress that the present paper and the work in [6] were
done in a completely independent way. We notice that our main result neither directly implies
nor is directly implied by the main result from [6].

Notations. Let us start by setting the assumptions on the coefficients of the operator that we
will use throughout this paper. The matrix-valued function A = (a;;);; : D — Sym has Holder
continuous coefficients and is uniformly elliptic, where Sym:lr denotes the family of all real positive
symmetric d X d matrices. Precisely, there exist positive constants da,ca > 0 and Ay, > 1 such
that

laij(x) — aij(y)] < calz — y\‘SA, for every 4,57 and x,y € D; (1.5)
d
1
)\_iw? <E-ALE= Z aij(1)&&; < N3|¢)?, forevery z €D and €€ R% (1.6)
ij=1

The function b € L*°(D) is positive and bounded away from zero: there exists ¢, > 0 such that
¢! <b(z) <c for almost every x € D. (1.7)

We now fix some notations and conventions. For z € R? and r > 0 we use the notation B, ()
to denote the ball centred at x of radius r and we simply write B, if x = 0. We denote by |Q|
the Lebesgue measure of a generic set  C R? and by wy the Lebesgue measure of the unit ball
By € R The (d — 1)-dimensional Hausdorff measure is denoted by H%~'. Moreover, we define
the positive and the negative parts of a function u : R — R by

u™ = max(u,0) and u~ = max(—u,0).
For a quasi-open set Q € R? we denote by HJ(Q) the Sobolev space defined as the set of
functions u € H'(R?) which, up to a set of capacity zero, vanishe outside Q; that is
HYQ) = {ue HY(R?Y) : u =0 quasi-everywhere in R?\ Q}.

(see e.g. [I0] for a definition of the capacity). Notice that if Q is an open set, then H} () is
the usual Sobolev space defined as the closure of the smooth real-valued functions with support
compact C2°() with respect to the norm |jul g1 = |lul|z2 + |[Vul 2. We denote by Hg(Q,R¥)
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the space of vector-valued functions U = (ug,...,ut) : Q@ — R* such that u; € H}(Q) for every
i=1,...,k, and endowed with the norm

!
1Ul ) = 1UllL2) + [IVU | 12(0) = Z (luill L2 ) + IVuill L2 () -
=1

We also define the following norms (whenever it makes sense)

k
Uy =3 luillie — and  [[Ullps) = sup [uillz(q)-
P 1<i<k
Moreover, for U = (uy, ..., u;) : Q@ = RE we set |U| = ul +- - +ui, [VU|? = |V |2+ - - +|Vuy|?
and AVU - VU = AVuy - Vug + -+ + AVuy, - Vug. For f = (f1,..., fr) € L?(Q,R¥) we say that
U= (u1,...,ug) € H} (9, R¥) is solution to the equation

—div(AVU)=f in Q, U e H}QRY
if, for every i = 1,..., k, the component u; is solution to the equation
—div(AVw;) = f; in Q, u; € HY (),
where the PDE is intended is the weak sense, that is

/ AVu; -V = / fip for every ¢ € HH(Q).
Q Q

Moreover, we always extend functions of the spaces HE(Q2) and H}(Q,R) by zero outside  so
that we have the inclusions H}(Q2) € H'(RY) and H{(Q,R*) ¢ HY(R?, R¥).

2. LIPSCHITZ CONTINUITY OF QUASI-MINIMIZERS

This section is dedicated to the proof of Theorem Our approach is to locally freeze the
coefficients to reduce to the case where A = Id. More precisely, for every point € D, an almost-
minimizer of the functional with variable coefficients becomes, in a new set of coordinates near
x, an almost minimizer for a functional with constant coefficients. We stress out the dealing with
the dependence of this change of variables with respect to the point x is not a trivial task. We
then adapt the strategy developed by David and Toro in [§] for almost-minimizers of a functional
involving the Dirichlet energy.

In this section, v will stand for a coordinate function of the vector U from Theorem In
subsection 2.1] we explicit the change of variables for which « becomes a quasi-minimizer of the
Dirichlet energy (in small balls of fixed center). We then prove that w is continuous and we give
an estimate of the modulus of continuity from which we deduce that u is locally Hélder continuous
in D.

Subsection is addressed to the Lipschitz continuity of u in some region where the function
u has a given sign. We show, using in particular the Holder continuity of u, that most of the
estimates proved in Subsection 2.1 can be improved provided that u keeps the same sign. In this
case, we prove that w is Lipschitz continuous and we provide a bound on the Lipschitz constant
of u. We also show that u is C"P-regular for some 8 € (0,1). Next, we show that under some
assumption (see the first inequality in (245)from Proposition ZIT), if the Dirichlet energy of u
in a small ball is big enough, then u keeps the same sign in a smaller ball, which in view of the
preceding analysis implies that u is Lipschitz continuous.

In subsection we complete the proof of the Lipschitz continuity of u. The main missing
step is to deal with the case where the Dirichlet energy is big and the first assumption of (245
in Proposition 2I7] fails. Using an almost-monotonicity formula for operators with variable
coefficients proved by Matevosyan and Petrosyan in [I3], Theorem III], we show that in this case
the value of the Dirichlet energy has to decrease at some smaller scale.
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Throughout this section we fix u := u;, for some ¢ = 1,...,k, a coordinate function of the
vector U = (uq,...,ux) from Theorem We start by proving that u is a bounded function in
D.

Lemma 2.1 (Boundedness). Let Q@ C D be a (non-empty) quasi-open set, f € LP(D) for some
p € (d/2,+00] and let uw € H}(Y) be the solution of

—div(AVu) = f in Q,  wuec H}(Q).
Then, there is a dimensional constant Cy such that

NG,
e < /A d/ QN £ 2.

Proof. Up to arguing with the positive and the negative parts of f, we can assume that f is a
non-negative function. By the maximum principle (see [9, Theorem 8.1]) we have v > 0 on €.
Moreover, u is a minimum of the following functional

1
=§/AV90-V90—/fso, @ € Hy(Q).
Q Q

We consider, for every 0 < t < ||ul|e and € > 0, the test function u; . = uAt+(u—t—e); € HE().
Then, by ellipticity of the matrices A, and the inequality J(u) < J(ut.) we get that

1 1
= / Vul? < —/ AVu - Vu < flu—ue)
203 {t<u<t+e} 2 {t<u<t+e} R4
p—1
<c [ felfllu> )T
{u>t}

The end of the proof now follows precisely as in [I5, Lemma 5.3]. O

2.1. Continuity and Hoé6lder continuity. We change the coordinates and reduce to the case
A = Id using in particular the Holder continuity of the coefficients of A, and we then prove that u
is locally Holder continuous in D. Let us first introduce few notations that we will use throughout
this section. For 2 € D we define the function F, : R¢ — R? by

Fp(6) =z +AllE],  €eR%
Moreover, we set u, = u o F}, for every x € D.

Remark 2.2. For M € Sym?} 4 we denote by M '/2 the square root matrix of M. We recall that
if M € Sym;', then there is an orthogonal matrix P such that PM P! = diag(\, ..., \q), where
P! is the transpose of P and diag(\1,...,\q) is the diagonal matrix with eigenvalues A1, ..., \q.
The matrix M2 is then defined by Ml/2 := PtDP where D = diag(\/xl, R \/Xd).

Remark 2.3 (Notation of the harmonic extension). One of the main ingredient in the proof of
Theorem is based on small variations of the function u,. Precisely, we will often compare u,
in some ball B, with the harmonic extension of the trace of u, to 9B,. This function will often be
denoted by h; ,, or more simply h, if there is no confusion, and is defined by h, = h,, € H YB,)
and

Ah, =0 in B,  uy—h, € H}(B,).
We notice that h, is a minimizer of the Dirichlet energy in the ball B,, that is

/ |Vh,|? < / |Vol|? for every v € H'(B,) such that h, — v € H}(B,).
B Br

We now prove that the function u, is in some sense a quasi-minimizer for the Dirichlet energy
in small balls centred at the origin.
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Proposition 2.4. There exist constants rg € (0,1) and C' > 0 such that, if x € D and r < 1
satisfy By, () C D, then we have

/|Vum|2§(1+CT6A)/ P + o, (2.1)
r B’f'

for every @ € HY(R?) N L>®°(R?) such that u, — 4 € HY(B,) and ||@||p~ < |lullp-

Proof. Let v € H}(D) be such that & = vo F, and set U = (uy,...,v,...,u;) € Hi(D,RF),
where v stands at the i-th position. Set p = Asr and note that F,(B,) C B,(x) C D. Then,
using U as a test function and observing that u — v € H}(F,(B,)), we get

/ AVu-Vug/ AVU-VU+C’||U—UHL1/ AVU - VU + A|B,|,
Fu(Br) Fu(By) D
where C' is the constant from Theorem Together with

/AVﬁ-VUg/AVU-VU—/Avu-Vu+/Avu-vu
D D D D
g/AVU-VU+/ AV - Vo
D Fy(Br)

this yields

/ AVu-Vu < (1+ C’rd)/ AVv - Vo + Crd, (2.2)
Fy(Br) F(Br)

for some constant C. On the other hand, using the Holder continuity and the ellipticity of A we
estimate

/ |V, |* = det(A;l/Q)/ A;Vu-Vu
By Fy(Br)

< det( A7) (1 + deaNipdA) / AVu - Vu. (2.3)
Fy(Br)
Similarly, we have the following estimate from below
/ V|2 > det(A;7)(1 — ch/\ip‘sA)/ AV - V. (2.4)
B, Fo(Br)

Now, combining [23]), 22)) and (24 we get

14 Crd 5 -
2 2 5o 2 d A.d
/ |Vug|” < (1+deadip )[1—ch>\ip5A /BT\Vuy +>\A(1r].

which gives ([2:2]). O

T

We now prove that the function u is continuous in D. In the sequel we will often use the
following notation: for x € D and r > 0 we set

1/2 1/2
wu,z,r) = <]l |Vu|2) and w(ug,r) = <][ |Vum|2> .
By (x) -

Proposition 2.5. The function u is continuous in D. Moreover, there exist ro > 0 and C' > 0

such that, if x € D and r < 1y satisfy B.(x) C D, then we have
lu(y) — u(z)| < C(l + w(u,z,7) + log ﬁ) ly — 2| for every Y,z € Byja(x). (2.5)

The next Lemma shows that w(u,,r) cannot grow too fast as r tends to zero and will be useful
throughout the proof of the Lipschitz continuity of wu.
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Lemma 2.6. There exist constants rg > 0 and C > 0 such that, if x € D and r < rg satisfy
By, r(x) C D, then we have

w(ug,s) < Cw(ug,r)+ Clog (g) for every 0<s<r. (2.6)

If, moreover, x is a Lebesgue point for wu, then we have

u(z) —][Tux

Proof. Let t < r and use h; as a test function in (2.1I), where hy = h,; denotes the harmonic
extension in B, of the trace of u, to 0By, to get

< Cr(l+ w(ug,r)). (2.7)

V(ue = he)? = | [Vua|* = [ [Vhy|?
Bz By By

< COtoa / (Vh|2 4+ Ct? < Ctoa / Vg |* + Ct?, (2.8)
Bt Bt

where in the last inequality we have used that h; is a minimizer of the Dirichlet energy on By.
Moreover, since |Vhy| is subharmonic on By for every s < t, we have

][ IVhe|> < |Vhe)? for every s <t. (2.9)
B

Therefore, the triangle inequality, (29]) and (28] give for every s <t <rg

w(ttz; 5) < <][ |V (e — ht)P) e (ﬁ? !VhtP)l/z
< (0 (f, v ne) " (f )

< (f>d/20<t5A/2w(ux,t) n 1) + w(ug, ) (2.10)

—\s

t\d/2 £ d/2

< (1+C<—) t‘SA/2>w(ux,t)+C(—> .
S S

We then use the estimate ([Z.I0) with the radii ; = 27%r, i > 0, and we get
w(ug, ;) < (1 + Crfﬂz)ou(umn_ﬂ +C,  ix>1

This, with an iteration, implies that for every i > 1 we have

i—1 i—1i—1
wg,r) < w(ug,r) H (1 + CT?A/2) + CZH <1 n C?"?A/2> LC
J=0 j=11=j
< Cw(ug, ) + Ci, (2.11)

where we used that the product H]O'io (1+C’7‘§A/ 2) is bounded by a constant depending on 9. The
first estimate of the Lemma now follows from (ZIT]). Indeed, choose i > 0 such that r; 11 < s <r;
and note that we have w(ug,s) < 2%%w(uy, ;). If i = 0, this directly implies (Z8); otherwise,
i > 1 and use also (ZIT]).

We now prove the second estimate. For i > 0 we set m; = J[Br. ug. By the Poincaré inequality

and (2.11I)) we have

1/2
<]l luy — m,\z) < Criw(ug, ry) < Cri(w(ug, ) +1). (2.12)
By,
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Furthermore, 0 is a Lebesgue point for u, since = is a Lebesgue point for « and that for every
s < r we have

W u@lsf w0 = peu@ @ )
Bkgls(x) Bs Fy(Bs) Bkl\s(x)

In particular, it follows that m; converges to u,(0) = u(x) as i — 4+o00. Therefore, this with the
Cauchy-Schwarz inequality and (212]) give

“+oo “+oo
HORTTES NUIRESESD Sy
j=i j=i/Brjs1

+00 +00 1/2
< 2dz][ Juy —my| <27 (J[ |ue — mj|2>
j=i”Brs j=i \’Br
+o00
< Cer(w(ux,r) +7) < Cri(w(ug,r) +i+ 1),
j=i

where in the last inequality we used that Zj:of 20775 < C(i + 1). Then, observe that (Z7) is
precisely the above inequality with ¢ = 0 to conclude the proof. U

Proof of Proposition L3l Let y,z € B, 5(r) and notice that it is enough to prove (2.5) when y
and z are Lebesgue points for u. Set § = |y — z|. We first assume that 4)\3J < r. Observe that
we hence have the inclusions F,(B e 5) C Fy(Bax,s5) C Br(x) C D. Using a change of variables,
the Poincaré inequality and then the ellipticity of A, we estimate

][ uy—]l Uy ][ u—][ ug][ ‘u—][ u‘
Bay, 6 BA;l(s Fy(Bax,s) Fz(BA?&) Fz(B)\;lé) Fy(Baxy5)

1/2
< 2d>\j§d][ u —][ u( <06 ][ V2 (2.13)
Fy(Bax,s) Fy(Bax,s) Fy(Bax,s)

1/2
< Coa ][ AyVu-Vu < Cow(uy, 2X49).
Fy(Bax,s)

On the other hand, since FZ(B)\;16) C Fy(Bay,s) we have

1/2 1/2

Wz, \y10) = ][ AVu-Vu < Aa ][ |Vul?
Fz(kalé) FZ(BAX%)

1/2 1/2
<o (f ) e ([ amew) @i
Fy(Bax,s) Fy(Bax,s)

< Cw(uy,2A40).

We now apply ([2.7) to get

u(y) — ]{9 uy| < C8(w(uy, 20n8) + 1) (2.15)

u(z) —]{B 1 Uy

Ay 0

and

< O8(w(uz, A3 16) + 1) < C8(w(uy, 2X00) + 1), (2.16)
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where we used (2.14)) in the last inequality. Therefore, combining the triangle inequality, (2.15]),

(ZI3) and [2.I6) we get that
[u(y) — u(z)] < C6(w(uy,2A26) +1). (2.17)
Moreover, by (8] (recall that we assumed 436 < r) we have

w(ty, 2208) < Cw(uy,, (224) ') + C'log (2.18)

o
4X36°
By the ellipticity of A and since Fy,(B,,,,,-1,) C By(7), we have the following estimate

1/2 1/2
w(uy, (224)7'r) = <][ A,V - w) < <]l |Vu|2)
Fy(B(zAA)*lr-) Fy(Biax, -1,

1/2
< 24/2 \d+1 <][ \Vu]2> < Cw(u,x,r). (2.19)
By (x)

Finally, combine 2I7)), (ZI8) and ([2Z.19) to get

lu(y) —u(z)] < 05<1 + w(u, x,r) + log (2.20)

,
4A§5)
< C!y—z](l + w(u,x,r) + log |yiz|),

which is (2.3).

Now, if the assumption 4)\3 |y — z| < r is not satisfied, choose n points y1 = y,y2,...,Yn = 2
in B,(z) such that 4\3n = |y — 2|, where we have set 7 = |y; — yi+1|, i = 1,...,n. Then we have
431 < r. We notice that we can assume the y; to be Lebesgue points for u. Moreover, observe
that we can bound the number of points by n < 16A% +2. Therefore, applying the estimate (Z:20)
to each pair (y;,y;+1) we have

r
[u( ]<Z:\uyZ - y,+1]<CZ (1+wumr)+log4)\in)
ly — 2| r
<nC 5V, <1—|—w(u:17r)—|—log’ —z])
which concludes the proof. O

We are now in position to prove the Holder continuity of u.

Proposition 2.7. The function u is locally a-Hélder continuous in D for every «a € (0,1), that
is, for every compact set K C D, there exist rx > 0 and Cx > 0 such that for every x € K we
have

lu(y) —u(2)| < Ckly — 2| for every Y,z € By (2). (2.21)

Proof. Let x € K and set 4rg = r1 = min{ro, dist(K, D)} where ry is given by Proposition
Since the function r — r1=%log(r/r) is non-decreasing on (0, c,) for some constant c, > 0
depending on « and rq, it follows from Proposition that, if y,z € B, j(z) are such that
ly — z| < cq, we have

lu(y) —u(z)] < C(r%_o‘(l + w(u, z,7m1)) + L % log — >]y z|*
<C+w(u,z,r))|ly — 2|¢ (2.22)

If now |y — 2| > cqa, then choose n points y; = y,...,y, = 2z in B, jo(v) such that [y; — yiy1| =
car] |y — 2|, with n bounded by some constant depending on « and 7;. Then apply Z22)) to
each pair (y;,yi+1) to prove that u is a-Holder continuous in the ball B, o(z) with a modulus
of continuity depending on w(u,z,r1). Now, (22I)) follows by a compactness argument with
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the constant Cx depending on max{w(u,z;,r1), i = ... N}, where the z;’s are given by some
subcovering of K C UY, B, (;). O

2.2. Bound of the Lipschitz constant in {u > 0}. We prove that u is Lipschitz continuous
and even C1P-regular in the regions where u keeps the same sign. We also provide in this case
an estimate of the Lipschitz constant of u in terms of w(u,z,r) (see Proposition 2.8 Then, we
show that under suitable conditions, u keeps the same sign and is therefore Lipschitz continuous

(see Proposition 2IT]).

Proposition 2.8. Let K C D be a compact set. There exist constants rx > 0 and Cxg > 0 such
that, if r € K and r < rg satisfy

either uy >0 a.e. in B, or Uy < 0 a.e. in By, (2.23)
then u is Lipschitz continuous in B, () and we have
u(y) —u(2)| < Ck (1 + w(u,z,7))ly =z for every  y,z € B, (). (2.24)

Moreover, u is CYP in the ball B,.;4(x) where B = #ﬁﬂ and we have

[Vu(y) — Vu(z)| < C’Kr_%(l + wlu, z, )|y — 2|° for every Y,z € Byjy(w).  (2.25)

In the next Lemma we compare the Dirichlet energy of u, and of its harmonic extension in
small balls where u, has a given sign. The estimate (Z20]) in Lemma 29 below is similar to (21])
but with a smaller error term. Thanks to this improvement, the strategy developed in the proof
of Lemma will lead to a sharper result than estimate (28], namely (Z24]).

Lemma 2.9. Let K C D be a compact set and let o € (0,1). There exist constants rx > 0 and
C > 0 such that, if x € K and r < rg are such that (2Z23)) holds, then the function u, = uo F,
satisfies

/ |Vug|? < (1+ C’T‘SA)/ |Vh,|? + Crdte, (2.26)
By By
where h, stands for the harmonic extension of the trace of u, to 0B,.

Proof. Set p := Ayr for some r > 0 small enough so that B,(z) C D. We define v € H}(D)
by h, = vo F, in B, and v = u elsewhere so that we have u — v € H&(Fw(BT)). Set U =
(ut,...,v,...,up) € H§(D,R¥) and observe that |{|U| > 0} = |{|U| > 0}| by @23) and because
v > 0in F,(B,). Then, we use U as a test function in (I3) to get

/ Aw-vug/ Aw-w+0\|u—v||L1/ AVU - VU,
Fr(By) F(Br) D

where C' is the constant from Theorem Now, since u is locally a-Holder continuous, we have
the bound |ju —v||;1 < CyCrr¥t®, where the constant Ck is given by Proposition 271 Moreover
we have the estimate

/AVU-VUS/AVU-VUJr/ AV - V.
D D Fy(Br)
Altogether this gives

/ AVu-Vu < (1+ é’r‘”“)/ AVu - Vo 4 Crdte,
Fu(Br) Fu(By)

for some constant C' which involves S p AVU - VU. Finally, using the Holder continuity and the
ellipticity of A as in the proof of Proposition 2.4], we get

14 Crite
Vug|? < (14 dex A2 poA) | —————
/T‘ u ’ —( + CA Ap ) ]._dCA)\%péA

which gives ([2:26)). O

/ |Vh,|? + X4 Crdte],
B
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Next Lemma is analogue to Lemma with a better estimate of the error term. Its proof is
quite similar but we nonetheless sketch the argument since there are small differences.

Lemma 2.10. Let K C D be a compact set and o € (0,1). There exist constants rx > 0 and
C > 0 such that, for every x € K and every r < rg such that [Z23)) holds, we have

w(tg, s) < Cw(ug,r) + Cr/? for every 0<s<r. (2.27)

If, moreover, x is a Lebesgue point for u, we have

u(x) _][T. Uy

Proof. For t <r < rx we have by Lemma 2.9

IV (s — he) 2 /ywx\? /]Vht\2<0t5A/ Vo + Ctie, (2,29

< Cr(w(ug,r) + r°/?). (2.28)

By

since hy is a minimizer of the Dirichlet energy on B;. Now, for s <t < ry we use (Z9) and (2.29)
to estimate as in (Z.I0)

w(ug,s) < (1 + C(é)d/zt‘sAﬂ)w(ugg, t)+ C(é)dmta/?,

which, applied to s = 27% and ¢t = 2=V, gives

w(tg,r;) < (1 + Crffl/2>w(ux,7‘, 1) + Crf/f, i>1,

where we have set r; = 27%r. Iterating the above estimate we get for every i > 1

<1+CrfA/2)> + o

1—1

w(tg, i) < w(ug, )H (1 + CT(SA/Q) i CZ < a/2

7=0
< Cw(ug,r) + CT"/Q,

l=j

since []72, (1+ C’r?A/ 2) is bounded by a constant depending on 7. This proves ([Z.27]).
Finally, (2.28]) is proved in the same way than (Z7) but with (ZI2]) replaced by the estimate

1/2
(][ |z — mi|2) < Criw(ug, ;) < Cri(w(ug,r) + 7‘0‘/2).
By,

O

Proof of Proposition 2.8 Let us first prove (2.24]). We follow the proof of Proposition 2.5 and we
only detail the few differences. Let y,z € B, 5(x) be Lebesgue points for v and set § = |y — z|.

We first assume that 4)\25 < r. By ([Z28]) we have

u(y) - ]lB

Uy | < CO(w(uy, 2X00) + 6%/2), (2.30)

and, using also (214,

u(z) - ][ s| < O8((uzs AT 10) + /%) < C8(w(uy, 270 5) + 6°72). (2.31)
BA;16
Moreover, by ([221) we have
W(ty, 2200) < Cwl(uy, (225)71r) + Cr/2, (2.32)

Then, combining ([230)), 213]), 231)) and then ([232]) and 2I9) we have
[u(y) — u(z)| < C8(w(uy, 2An0) + %) < CO(1 + w(u, z,7) +r/?)
<C+w(u,z,r)y— z|. (2.33)
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Finally, if 4\ > r, we argue as in the proof of Proposition and choose a few number of
points which connect y and z to prove (2.33).
We now prove the estimate [2.25)). Let y € B, /4(v) and 7 < A3t /4. We set m(uy, p) = pr Vuy,

for p <7 and m = JCB; Vhyr = Vhy#0), where h, » denotes the harmonic extension of the trace
of u, to 0By. Let n € (0,1/4). We want to estimate

][ Va, — m(uy, n7) 2 g]l IV, —mf? < 2]1 1V (uy — oy ) +2][ Vhye —ml?. (2.34)
Bn'F BnF Bn'F BnF
Firstly, by (2.29) we have

][ ) IV (uy — hy7)|? < C(nf)_d]i IV (uy = hy ) < Clnr) ™ <F5A /B |V |* + Fd+a)

nr T
< O~ 8 w(u,, 7)? + O %7 (2.35)

Moreover, ([2.33) says that for almost every z € B, 4(y) C B, 2(z) we have [Vu(z)| < C(1 +
w(u, z,7)), which implies that
(g, 7)? :][ V> < Affd“)][ Vul? < C(1 + wlu,z,7))2. (2.36)
Br Br/a(y)
On the other hand, by estimates on harmonic functions (see [9, Theorem 3.9]), the Cauchy-
Schwarz inequality and (2.36]) we have for every £ € By

\Vhy (&) —m| = [Vhy (&) — Vhy#(0)| < nFsup [V2hy | < Cnsup [Vhy|

nr 2n7

1/2 1/2
<on(f 1vnsl) <cn(f 1what) <on(f murE) e
By By Br

< Onw(uy,m) < Cn(l +w(u, z,7)),

where V2h, - stands for the Hessian matrix of hy . Therefore, combining ([2.34)), [2.35), (2.36)
and ([2.37) we get

][ Vi, — m(uy, n7))? < Cp= 475 (1 + w(u, x,7))? + O~ 7 + Cn? (1 + w(u, z,7))>
Bn'F

< C(1+ w(u,z,7))? [n_df‘SA + 7% 4 772} . (2.38)

oA

We set a = 0, (recall that a € (0,1) was arbitrary). Moreover, we set 5 = d+§72+2 and n = 7d+2
1 oA

so that we have 77974 = n? = (n7)?%. Notice also that n7 = 7', where ¢ = Zi3- Therefore,

T

([2.38) implies that for every y € B, 4(x) and every p < ( 4)\A)1+a we have

£ 1V, = mluy )P < €O+ i) 2, (2:39)
P

Now, let y,z € B,/4(z) be Lebesgue points for u and set 6 = |z — y|. We first assume that
2026 < (4;A)1+E. Setting §; = 2745, i > 0, we have using (Z39)

+00 too
[V (0) — m(uy, 0)] < Z Im(uy, dit1) — m(uy, 6;)| < Z][ [Vuy — m(uy, ;)]
=0 =0 B5i+1
+o0o +oo 1/2
<H3 w00 < 2Y (f 190, =m0
=0 Bs; i=0 \ B
< C(1+ w(u,z,7))6". (2.40)

Similarly, we have
IV, (0) — m(us, 2020)| < C(1 + w(u, z,7))8". (2.41)
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Moreover, using that F; ! o F,(Bs) C B, A25 We have
Im(uy, 8) — m(us, 252 6)| g]l Yy — m(us, 2225)|
Bs

§][ |A;/2A;1/2Vuz — m(uz, 2)36)| (2.42)
FQIOFy(Bé)

< (2A;§)2d][ AL AZ Y, — m(us, 2)26).

Bax,s
Notice that the matrices A'/? have Holder continuous coefficients with exponent d, /2 and hence

that |A?1/2Az_1/2 —Id| < )\A|A;1/2 - Az_l/2| < C39a/2 < 0P (because B < 6,/2). Therefore, using
&217) it follows that
A

1,
< O8P (wlug, \y 1) +704) < C(1 + w(u, z,7))0°. (2.43)

Furthermore, the triangle inequality in ([2:42]) together with (243]), ([2:39) and Cauchy-Schwarz’s
inequality give

AL AT, — u| < caﬁ]l Viia| < CPeo(us, 2026)

B

2)\/2\6 222

Im(uy, ) —m(uz, 2026)| < C(1 + w(u, z,7))5". (2.44)
Now, (240, [244) and 241]) infer
Vay (0) = Vs (0)] < [Vuy(0) = m(uy, 8)| + [m(uy, §) — m(uz, 2X38)| + [Vuz(0) — m(uz, 2)39)]
<O+ w(u,z,7))8".
Since [Vuy, (0)| < Aa|Vu(y)| < C(1 + w(u,z,7)) for almost every y € B, 4(z) by [233)), we get
Vuly) = Vu(z)| = |4,V (0) — A7/ Vu,(0))
< A, 2V, (0) — A7V, (0)] + | A7 2V, (0) — A7V, (0)]
< A = ATV uy (0)] + | AL 2|V (0) — Vi, (0)]
<O+ w(u,z,7))0".

If ly — 2| > (4§A)1+€, then we can connect y and z through less than )\A(‘MTA)e + 2 points. This

shows (2:25]) and concludes the proof. O

The strategy to prove Theorem is to show that w(u,,r) cannot become too big as r gets
small. In the next Proposition we prove, under some condition (see the first inequality in (2.45)
below), that if w(u,,r) is big enough then u keeps the same sign near the point 2 and is hence
Lipschitz continuous by Proposition The case where w(u,, ) is big and this condition fails
is treated in the next subsection. We set for z € D and r > 0

b(ug, ) :][ g dH! and bt (ug,r) :]l |1y dHIL.
OB OB

Proposition 2.11. Let K C D be a compact set and let v > 0. There exists constants ri,Cx > 0
and k1 > 0 such that, if © € K and r < rg satisfy

r(l+wlug,r) < |b(uz, )| and K1 < w(Ug,T), (2.45)

then there exists a constant ¢ > 0 (independent from x and r) such that w is Lipschitz continuous
in B jo(z) and we have

u(y) —u(z)] < Ck (1 +w(u,z,7))ly — 2| for every  y,z € By pa(). (2.46)

Moreover, u is C1# in By ja(w) where B = d+§72+2 and we have

5
[Vu(y) — Vu(z)] < CKT_FAQ(l + w(u,z,7))|y — z|° for every Y,z € Bepya(z).  (2.47)
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Roughly speaking, the condition ([2:45]) says that the absolute value of the trace of u, to 0B,
is big. This will in fact ensure that u, has, in some smaller ball, the same sign than (the average
of) u, on 0B,.

Lemma 2.12. Let v and T be two positive constants. There exist ro,n € (0,1) and k1 > 0 such
that, if v € D and r < rq satisfy By,r(z) C D,

1
(1 +wlus,r)) < —[b(ug,7)l  and k1 < wlug, ), (2.48)
then there exist p € (5, nr) such that
(14 p°A 2w (uy, p)) < ;\b(ux,p)\ and  b*(ug, p) < 3|b(us, p)|. (2.49)

Moreover, b(uy,r) and b(u,, p) have the same sign.

Proof. We first prove the second inequality in (249). Let us recall that h, = h,, denotes
the harmonic extension of the trace of u, to 0B,. We want to estimate both JCE)Bp |hr| and

JEaB,, |z — hy| in terms of [b(ug, )| for some p € (L, nr) defined soon (by 2352)). If n < 1/2,
then by subharmonicity of |Vh,| in B, we have that for every £ € By,

VA (€ S][ Vh|* < 2d][ Vhe|? < 2% (ug, 7).
'r/2(5 B,

Moreover, b(uz,r) = b(hy,7) = hy-(0) since h, is harmonic and hence, choosing n such that
n2%% < /4, we get
‘b(uxar) - hr(f)’ - ‘hr(o) - hr(f)’ < nTHVhT’”LOO(Bm-) < 777’2d/2w(ux77’)
1
< %w(ux,r) < Z\b(ux,r)], (2.50)

where in the last inequality we used the first estimate of ([248]). This gives (because p < nr)
3 5
bl <] ] < bl ) (2.51)
oB
On the other hand, we now fix some p = p, € (%5, 7r) such that

/ - —h|<—/ ds/ g — . (2.52)
0B, nr/2 0Bs

By Cauchy-Schwarz’s inequality, Poincaré’s inequality and (2.1]) applied to the test function h,.,
it follows that we have

1/2
2
/ \—m<—/ m—wgmm?ljww—m2
B, nr J By, B

1/2
< C(m’)g_lr <T6A/ |Vh,|* + Td> < Cng_lrd(7“5Aw(u5¢,7‘)2 +1)
B,

< Cn%_lrd(réA/zw(um,T) +1)
In view of the two hypothesis in ([2.48)) we then get

1
]l |uy — hy| < Cn_%r(rgAmw(ux,r) +1) < Cn_%rw(ux,r) <7’SA/2 + —>
B, K1
1 1
< O3y (e, 1)l (70N + —) < 1B, 7)), (2.53)
K1 4
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where the last inequality holds if we choose ry small enough and x; > 0 large enough (both
depending on 7) such that

1 oa2, L - 1 a9
Cvy (7‘0 +/€1) = (2.54)
Now, using (251]) and (2.53) we have
3
5 ) =l <l = Bl < 5 bun, )l
o

P 8Bp aBp

and, using also that h, keeps the same sign on 0B, by (Z50), we have

1
][ hr ][ (g — ) 2][ 1N —][ iy — Byl > S [bug, 7). (2.55)
B, a8, B, B, 2
This proves the second inequality in ([2:48]). Moreover, (253) and (Z50) imply that

b(ug, p) —]Z h, ]l hy — b(ug,r)
9B, 9B,
s][ g — | +][ hy — batgs )| < (g, 7)),
9B, 9B, 2

which shows that b(u,,r) and b(u,, p) have the same sign.
For the first estimate in (2:49]), by (Z55]) and the first hypothesis in ([2.48]), we have

1 1 1 ~
R € 2 PR X 2 PR ) 2 —(1 ZT 9
It )] 2 5o lblue, )] = 5l )] 2 2E(1+ )

[b(ua, p)| =

’b(uxap) - b(ux,r)] < +

which using (2.6)) gives (notice that we assumed that By, ,(z) C D)
14 p°A20(ug, p) < 1+ wlug, p) <1+ C’(w(ux, r) + log %)
< C(1 4 w(ug,r) + [logn]) < C(1+ |logn|) (1 + w(ug,))
< C(1+ g 1)) L bz ).

Finally, observe that with 7 small enough (and also 7y small enough and k; large enough so that
(2354 still holds) we have

2
TC(1+ \log;n])??7 <1
This completes the proof. O

We continue with a self-improvement lemma whose strategy is similar to the one followed in
the previous lemma, the main difference being that we now consider u, with different points x.

Lemma 2.13. There exist constants ro € (0,1) and 19 > 1 with the following property: if x € D,
T > 10 and p < 1o satisfy By, ,(z) C D,

1
(1 + p°2 2w (uy, p)) < ;\b(ux,p)\ and bt (ug, p) < 3|b(ug, p)l, (2.56)
then for every y € B.,(x), where ¢ = 7=V there exists p1 € (£,ep) such that
5p/2 1
2r(1 oty 1)) € by pr)| and B () < Bbupil. (250)

Moreover, b(ug, p) and b(uy, p1) have the same sign.

Proof. Firstly, if ¢ is small enough so that & := 2)\2¢ < 1/4, then by standard estimates on
harmonic functions (see [9, Theorem 3.9]) h, = h, , satisfies

C C C
Vol ey < — Wil oy ) < ;]é ol = 2% uz, ).

P
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Using that b(ug,p) = b(h,,p) = h,(0) by harmonicity and the second hypothesis in (2.56]), it
follows that for every ¢ € Bz, we have

1 1
[b(uz, p) = ho(€)] < EplIV Iyl Loe 82, < €CVT (uas p) < 7o TC1B(uz, p)| < 7 [b(u, p)], (2:58)
where the last inequality holds if 73 is big enough. This implies that
3 5
2 bue, )| < I1p() < Dlbluc,p)|  for every € € Be, (2.59)

Moreover, by (2.1 applied to h, (and since ép < p for 7y large enough) we have

1/2 1/2
/)M%—hASC@m%</ hm—hdﬁ §C@m%</ mw—mﬁ>
Bz, Bz, By
1/2 1/2
p </ IV (ug — hp)!2> < C(ep)2p (p‘SA/ [Vhy|? + pd) (2.60)
B, B,

< O p™ (2w (ug, p)? + 1) < Ce?pt (02 20 g, p) + 1),

vl
[Sll=H

< C(ep)

We now fix some y € B, (x). Let F : B, C R? — Bs, C R? be the function defined by
F(z) = F;1 o F,(2). Then the coarea formula gives (and because OF (Bs) = 0{|F 7| > s})

AL / ds/ —h]d?-[d1</ ds/ o P‘d%‘“
A e Jores,) ’ o2 Jors |V|F dl

_ / ty — hy| (2.61)
{ep/2<|F~ 1| <ep}

[ mnl< [l
F(ng) Bép

IN

We now choose p1 € (5,p) such that

9 ep/2
/ g — byl dHT < —/ ds/ lug — b, dH,
OF (By,) EP Jep OF (Bpy)

so that (2.60), ([2.61)) and the first hypothesis in (2.56]) imply
][ Jug — hyl dHEY < Ce™2 p(p°A 2w, p) + 1) < O™ 577 Y b(uz, p)|
OF (By,)
< O b(u, )| £ A5 b, ), (2.62)

where the last inequality holds for 7y is large enough. Moreover, because the functions F' and F~*
are Lipschitz continuous with Lipschitz constants bounded by A%, we have for every set £ C R4
(see [12, Proposition 3.5])

NPEIHILER) < Byt (B) < A VR (B), (2.63)
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where FuH4! stands for the pushforward measure of H4~! along F. Therefore, by (259) (and
since OF (B),) C Be,), (263) and (2.62) we have
1

(y 1) OB | y| Hd l(aBﬁl) 3F(BP1)| | ’

P1

1 / d—1 / d—1
< ho| dFu M 4 wy — hy| dFyuH
HI=1(OB,,) ( 8F(Bp1)| ol dF% 8F(Bp1)| ol dE
5
< 2oz, p)| + A3 )][ g — hy| dHE! (2.64)
4 OF (Bp,)
< 2Jb(us. )
= 5 Uz, P)|-
On the other hand, we have by (262l
1 1
b(uy, p —7/ hy dFyH!| < 7/ Uy — hy| dFuH!
(1, 1) HEHIBy,) Jor(s,,) 7 ~ HIY(0B,,) 8F(Bp1)| ol A%
< M@-D) ][ luy — hy| dHO (2.65)
OF (Bp,)
< 1lb(ue. ).

Moreover, by ([2.58)) and since 0F (B,,) C Bg, we have

1 / d—1
1 hy dFH — by, p
'%d_l(aBm) OF(B,y) | * (t:p)

< h —b ) 7b T - I h <
_max{geg?gpl) p(§) = blug, p), blug, p) ccimin p(f)}

|b(ua, )| (2.66)

-

Therefore, using the triangle inequality, (2.65]) and (2.66]) we get

1
[b(uy, p1) = b(uz, p)| < 51b(us, p)|-

This proves that b(uy, p) and b(u,, p1) have the same sign and also implies that
1
[buy, p1)| = [b(ua, p)| = [b(uy, p1) = b(uz, p)| = 5 |b(uz, )| (2.67)
Finally, (2.64]) and (Z.67) gives
b+(uy,p1) ’b(um )’ < 3]b(uy,p1)],

which is the second inequality in (Z57]).

We now prove the first inequality in (257). By (267) and the first hypothesis in ([256) we
have

1 T
butys p1)| = 5 1bta, p)| = (1 + o7 2w, ), (2.68)

We then apply Lemma [Z8] (notice that we have By, ,(z) C D and 2)\3p; < p) and eventually
choose 7y bigger (depending only on d and d,) to get

L M (g, pr) <1+ p‘sA”AAwm,mm <1+ p2C(w(ug, p) +log(26 1)
<C’(1+p w(ux, )—I—,oA/ log(22 1))
< O(1+ p"2w(uq, p) + 5 "> log (1))
< C(1+ o (g, p)).
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Therefore, with ([2.68) this gives

1

~1/d
E\b(uyypl)! >

TP Sa/2
- 1+ P8 20y, p) = (14 P3N Py, p1),

1
ep 2C

which, choosing 7y big enough so that 7'01 /d > 4C, completes the proof. O

We are now in position to prove Proposition 2.T1] using the results from Lemmas 212 .13
and Proposition 2.8

Proof of Proposition 211l Set € = 7, Yd and 7 = %r where 17 and 7 are the constants given by
Lemmas and 2131 Note that in view of the first hypothesis in (Z45]) we have b(ug,r) # 0.
We will prove that if b(ug,r) > 0 (resp. if b(ug,r) < 0), then u > 0 almost everywhere (resp.
u <0 ae.) in Bp(z) .

Let y € Br(x) be fixed. We first apply Lemma Now, we apply once Lemma 213 at x
(notice that we have y € B.,(x)) and then iteratively at the point y. It follows that there exists
a sequence of raddi p; > 0 such that

. 1 .
217—(1 + p?A/zw(u?ﬁ IOZ)) < ;b(u?ﬁ Iol)v 1 >0, (269)
i

and that b(u,, p;) has the same sign than b(u,,r) for every i > 0. Assume that b(u,,r) > 0, the
proof in the case b(u,,r) < 0 is identical. Let us denote by h; = h,, ,, the harmonic extension of
the trace of the function u, to 0B,,. With the same argument as in ([Z358)) we get

by ps) — hi(€)] < Flblusy, po)|  for every & € Bup,

Since b(uy, p;) > 0, this implies that for every ¢ € Be), N {u, < 0} we have
|y (§) = hi(E)] = [uy(€) = bluy, pi)| = [b(uy, pi) = hi()]
> by, )] — 4 by 0] = 1oy, 1)

By the Chebyshev inequality, the Lebesgue measure of B, N {u, < 0} is estimate as
4

B.,, N{u, <0} < ——— uy — hil. 2.70
’ EpPi { Y }‘ 3\b(uy,pz)\ Bspi ’ Y ‘ ( )
On the other hand, by ([Z&0) in this context we have
/ [y — hi < Ce¥2pH1 (1 + pI 2w (uy, pi). (2.71)
By,

Now, combining (Z.70)), 2.71)) and [2.69) we get
| Bep; N {uy < 0}
’Bapi‘

< (Epi)—dcgdﬂpgl—i-l(2i7_pi)—1 < sd/2C2_i,

which implies that

|y (Bep,) N {u < 0} _ | Bep, N {uy <0} . 0
|Fy(Bep,)| | Bep, | istoo

where Fy(Bc),) =y + piA;/ *(B.). This shows that the density of the set {u < 0} at every point
y € Br(x) is 0 (see [12], exercise 5.19]), and hence that v > 0 almost-everywhere in B(z). Now,
we set ¢ = A\, '7, Y dn/ 2, where 1 and 7y are the constants given by Lemma 212 and 2131 Then
([248) and ([2Z7) follow from Proposition 28 and the fact that w(u, z, cr) < ¢ %?w(u,z,r). This
concludes the proof. O
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2.3. Lipschitz continuity. In this subsection we prove Theorem At this stage, the main
work is to deal with the case where w(uy,r) is big and the first condition in ([2.43]) fails. In this
case, we show in Proposition 214 below that the value of w(u,, ) decreases at some smaller scale.
Notice that the extra hypothesis ([Z72]) is almost irrelevant in view of Proposition

Proposition 2.14. Let K C D be a compact set. There exist positive constants ri,vy € (0,1)
and ko > 0 with the following property: if v € K and r < ri satisfy

uz(§0) =0 for some & € By, -2, (2.72)
|b(ug, )| < yr(1 + w(ug,r)) and ko < w(ug,r), (2.73)

then we have
w(ug,7/3) < % (Uz 7). (2.74)

We will need the following almost-monotonicity formula for operators in divergence form. We
refer to [I3, Theorem III] for a proof (see also [2] and [5] for the case of the Laplacian). Let us
set for uy,u_ € H'(By) and r € (0,1)

v (4, S5 4) (3 T4

Proposition 2.15. Let B = (b;;)ij : B1 — Symd be a uniformly elliptic matriz-valued function
with Hélder continuous coefficients, that is, for every x,y € By and & € R?

1
1bij(z) = bij(y)| < clz—y|”  and p!fﬁ <E&-By €< MEP
B

Let uy,u_ be two non-negative and continuous functions in the unit ball By such that
div(BVuy) > -1 in B and uru_ =0 in Bj.

Then there exist ro > 0 and C > 0, depending only on d, cg, 0 and Ay, such that for every r < rg

we have 2
D(ug,u_,r) < C(l + |lug + U—H%2(B1)) :

We now state this almost-monotonicity formula for the functions uz.

Corollary 2.16. Let Q C D be a quasi-open set and K C D be a compact set. Let A be a
matriz-valued function satisfying (L5) and (LB). Let f € L(D). Assume that u € H}(Q) is a
continuous function solution of the equation

—div(AVu) = f in Q. (2.75)

Then there exists rg > 0 and C,, > 0, depending only on d,ca,da, A, || f||zee, | D] and dist(K, D),
such that for every x € K and every r < ri the function u, satisfies

O(uf,u,,r) < Cp.

Proof. We first prove that we have, in the sense of distributions,

div(AVu™) > flgse in D and div(AVu™) > fly<y in D. (2.76)
Let us define p, : R — R™ for n € N by
pn(s) =0, for s <O0; pn(s) =ns, for se€0,1/n]; pn(s) =1, for s>1/n,

and set q,(s) = fo pn(t)dt. Since p, is Lipschitz continuous, we have p,(u) € H(Q) and
Vpn(u) = pl,(u)Vu. Let gp € C§°(D) be such that ¢ > 0 in D. Multiplying the equation (2.75])
with ¢p,(u) € HE(Q) we get

| 4900 Vo= [ pu@AVu- Vo < [ (pu)ATVu- Vi + g, 0ATu- Va)
D D D

/ AVu -V (ppn(u / Jopn(u
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Now, the inequality for u™ in (270]) follows by letting n tend +oo, because p,(u) converges
almost-everywhere to 1,0y and V@, (u) converges in L? to Vu™. The same proof holds for u~.

Now, set p = Ay 'dist(K, D¢) and define for every & € By
us(€) = p 2l % uE(p€),  F&) =foFu(pf),  Be=A;"Ap, A,
Then the functions u satisfy
div(BVus) > || flp% fliuss0p = —1 in By
Therefore, by Proposition we have for every r < rg :=1rop
S(uf,ug,r) = pH fllEe @y, us,r/p) < P FIEeC(1+ s + uFap,))’
< I (14 Mo 172 Nl )
< Pl (14 M D) = 6
U

Proof of Proposition 214l Let us denote as before h, = h;, the harmonic extension of the trace
of u, to 0B,. Then we have

w(tg,/3)? =][ Vg |* < 2][ |Vh,|? + 2][ IV (ug — Ry )[2 (2.77)
Br'/S BT‘/S BT‘/S

By the quasi-minimality property of u, we can estimate the second term in the right hand side

of 211 as we did in (28], this gives

T

]l V(s — )2 < 3d]l V(g — b )2 < Crore(ug, 7)? + C
Br'/S
< C(T‘sA + /12_2)w(ux,7‘)2, (2.78)

where in the last inequality we have used the second hypothesis in ([273])). On the other hand,
estimates for harmonic functions give

C C C. .,
HVhTHLOO(BT/g) S 7Hh7“HL°°(BT/2) S _][aBT ‘hr‘ — 7[) (Uxﬂ‘). (279)

T

We now want to estimate b (u,, r) in terms of r w(u,, ). Let us assume that w(u},r) < w(u,,7),
the same proof holds if the opposite inequality is satisfied. We first prove that for §y € B,./5 and

n < 1/2 we have
][ u) —][ uf < C’dnl_dr][ V)| (2.80)
OBy OBy (0) -

Notice that up to considering the function & — u} (ré) we can assume that r = 1. Let us define
a one to one function F': By \ B, — B1 \ By (&) by

1—[¢]
1—n

P& =¢+ €o-

We set v =wu} o F. For every £ € 9B; we have by the fundamental theorem of the calculus

1 1
o(€) — v(n€) = / Doireyr < / Vo(te)dt.
n n
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Note that F'is the identity on 0B and is simply a translation on 0B5,,. Therefore, averaging on
¢ € 9By (and since |Vo| < Cy|Vu; o F|) we get

1
][ k- ][ +—][ v—][ v<— dt/ IVo(te)| dHe 1 (€)
8B By, (&) 8B1 By (€0) dwq 8B

< — V| < C’dnl d/ |Vul o F|

dwq B1\By Bi\By

< Cyy / V|| det VP < Odnl—d][ V?],
1\ By (€0) B

which proves [2.80). Now, let § € B(y, -2, be such that u(§) = 0 as in ([272)). By Proposition
2.5l we have for every { € By, (&) (and because Fy(&o), Fi(£) € B(ay,)-1,(2) if 7 is small enough)

ug (€) < [ua(§)] = |ua (o) — ua (&)l = [u(Fz(€0)) — ua(Fu(€))]

< CIF(&0) - Fo(©) (1 o2 AL + log

)\Alr >
< C|& — ¢ (1 + w(u, z, \y'r) + log L) (2.81)
€0 —¢&|
< Cr(1+nw(ug,r)),

where the last inequality holds for 7 small enough and since we have

w(u, z, A3 r)? :][ |Vu|* < )\i][ A;Vu-Vu
B, 1 (z) B, 1 x)

_ 2 2 2(d+1) 2
= )\A][le(B o) [Vug|® <AL w(ug, ).

Moreover, recall that we assumed that w(u),r) < w(u, ,r). Using the monotonicity formula in
Corollary 2.16] we get

w(uf, ) < w(ul,r)’wlu,,r)? < Cq®(ul

x

) < C’dcmy

1‘7 SC’

which implies by Cauchy-Schwarz’s inequality

1/2
][|W$|§<][ Ivu$|2> = w(uf,r) < (CaCm)"*, (2.82)
B

T

Therefore, combining (Z81]), (Z80), (Z:82) and using the first hypothesis in (Z73]) we have (and
also since u; = u; — uy)

) =f =2 wi-f
0B, 0B 0By

< 2uf lompeon +2(f w = ut) b
OBy OBy (0)
< C ((n+7) wlua,r) + 140" ~1CH ) v (2.83)

<C ((77 +79)+ (1 + nl_dC}n/‘l)/fQ_l) rw(tg, 1),

where in the last inequality we used the second hypothesis in [273). We now return to (2.77).

With (278), 279) and ([2.83) we get
Wlata, [ < G0t + OO 4 32 (g, 1)’

<C <(77 + )24+ 4 (14 nl‘dC}r{‘*)%;?) w(ug, )2,
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Therefore, choosing first 1,y and rx small enough and then k9 big enough (depending on 7)) we
obtain ([2.74)), which concludes the proof. O

We are now in position to prove Theorem using an iterative argument and Propositions

2.8 21T 214

Proof of Theorem [L.2l Recall that we denote by u any coordinate function of the vector U and
that we have to prove that w is locally Lipschitz continuous in D. Let K C D be a compact set
and let z € K. Let r < rg, where rg is smaller than the constants given by Propositions 2.8]
21T and T4l Set x = max{r1,r2} where k1, ko are the constants given by Propositions 21T]
and 2141 We consider the following four cases:

Case 1:
either ug >0 in B, -2, or up <0 in B, -2, (2.84)

Case 2:
(1 4+ w(ug, 7)) < [b(ug, )| and k< w(ug,T), (2.85)

Case 3:
1b(ug, )| < y7r(1 + w(ug,r)) and Kk < w(ug,T), (2.86)

Case 4:
w(ug, ) < K. (2.87)

For k > 0 we set 7, = 37%r. We denote by ko, if it exists, the smallest integer k > 0 such that
the pair (x,ry) satisfies either (2Z84) or ([2.85), and we set kg = 400 otherwise. If kg > 0, then
for every k < ko we have that: if (z,ry) satisfies (Z86]) then by Proposition 2.14] we have (notice
that (272) holds since u is continuous and that ([2.84]) is not satisfied)
1
w(u$7 rk-i-l) < 50)(’&:5, Tk)v

while if (z,7) satisfies ([2.87)), then we have

w(Ugs Th11) < 3d/2w(ux7Tk) < 392,
Therefore, with an induction we get that for every 0 < k < kg

w(ug, ) < max{2 Fw(uy,r), 3%k} (2.88)

Assume that ky = +oo. If x is a Lebesgue point for Vu, then 0 is a Lebesgue point of u, and it
follows from (2.88]) that

[Vu(@)] < M|V (0)] = An Tim (v, 7e) < 3%k,
— 400
Assume now that ky < +oo. Then, by definition of ko, the pair (z,ry,) satisfies either ([2.84)) or

@85). If (X&) holds, then Proposition 2.8 infers that u is C'? near z and that we have (using

also (288)

V()] < Cre(1+ w2, (2A) ?rsy)) < Cre(1 + (2, A3 rs,))
Cr(1+ w(ug, ) < Cr (1 + max{2 5w (u,, ), 3%k})
Cr (14 w(ug,r)).

Moreover, by Proposition Z.T1] the same estimate holds if the pair (x,ry,) satisfies (2.85]). There-
fore, in all cases it follows that for almost every point x € K and every r < rx we have

[Vu(z)| < Cr(1 4 w(ug,r)). (2.89)
Let now zg € K. Then, for almost every = € B, /2(zo), it follows by (2.89) that
IVu(z)| < Crx (1 + w(ug,ri/2)) < Cr (14 w(ug,, rK))-

With a compactness argument this proves that u is locally Lipschitz continuous in D and com-
pletes the proof. O

IAIA
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3. LIPSCHITZ CONTINUITY OF THE EIGENFUNCTIONS

This section is dedicated to the proof of Theorem [Tl Precisely, we prove that the vector
U = (u1,...,u;) of the first k eigenfunctions on an optimal set for (L] is locally Lipschitz
continuous in D. Using an idea taken from [14], we show that U is a quasi-minimizer in the sense
of (I4), and we then apply Theorem [[.2] to get the Lipschitz continuity of U.

3.1. Preliminaries and existence of an optimal set. We start with some properties about
the spectrum of the operator in divergence form defined in [[2] and we then prove that the
problem (LT)) admits a solution among the class of quasi-open sets.

Let us define the weighted Lebesgue measure m = bdx, where dx stands for the Lebesgue
measure in R?. For a quasi-open set Q C R? we define the spaces L?(Q;m) = L?*(Q) and
H}(;m) = HE(Q) endowed respectively with the following norms

1/2
el 2 (cimy = ( /Q 2 dm) and  ull @ = Il 2@ + [Vl 2200,

Moreover, if @ = R? we will simply write lull2gm)y = llullL2(ra;my- We notice that, by the
hypothesis (L7) on the function b, the norms || - || z2(qm) and || - |2y are equivalent. We stress
out that the choice of these norms is natural in view of (L.2) and is motivated by the variational
formulation of the sum of the first k eigenfunctions (see ([B.I]) below). Now, the Lax-Milgram
theorem and the Poincaré inequality imply that for every f € L?(€2,m) there exists a unique
solution u € HE (2, m) to the problem

—div(AVu) = fbin Q, wu€ HY(Q,m).

The resolvent operator Rq : f € L*(Q;m) — HL(Q;m) C L2(Q;m) defined as Ro(f) = u is a
continuous, self-adjoint and positive operator. Since the Sobolev space HE(Q;m) is compactly
embedded into L?(2;m) (because we have assumed that b > ¢, > 0, see (L)), the resolvent R is
in addition a compact operator. We say that a complex number )\ is an eigenvalue of the operator
(2] in Q if there exists a non-trivial eigenfunction u € H}(2;m) solution of the equation

—div(AVu) = Aubin Q, u € H)(;m).

The above properties of the resolvent ensure that the spectrum of the operator (I.2]) in € is given
by an increasing sequence of eigenvalues which are strictly positive real numbers, non-necessarily
distinct, and which we denote by

0<A(Q) <A() <o < A(Q) < -

The eigenvalues A\ (2) are variationnaly characterized by the following min-max formula

AVv - Vudx
Ae(Q) = min max Jo 5
V subspace of veV\{0} fQ v?dm
dimension k of H}(Q,m)
Moreover, we denote by uy, the normalized (with respect to the norm || - [[12(q;m)) eigenfunctions

corresponding to the eigenvalues A\;(€2) and note that the family (uy)r form an orthonormal

system in L?(Q;m), that is
s 1 if i=j,
lémw'm_i“_{Oifi#j

As a consequence, we have the following variational formulation for the sum of the first k eigen-
values on a quasi-open set §)

k
ZAi(Q):min{/AVV-Vde C Vo= (v1,...,0) € HYQ,RF), /vivjdm:&-j}, (3.1)
i=1 Q Q

for which the minimum is attained for the vector U = (ui,...,u;). We now deduce from this
characterization that the minimum in (1) is reached.
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Proposition 3.1 (Existence). The shape optimization problem (L) has a solution.

Proof. Let (2,,)nen be a minimizing sequence of quasi-open sets to the problem (1) and denote
by Up = (uf, ..., u}) the first k eigenfunctions on €2,,. Since the matrices A, € D, are uniformly
elliptic, we have the following inequality

k
Ag2/ VU, dx < / AVU, - VUpdz = Ai(Q)
D D =1
which infers that the norm ||U, ||z is uniformly bounded. Therefore, up to a subsequence, U,
converges weakly in H'(D,R¥) and strongly in L?(D,RF) to some V € H'(D,R¥). Notice that
V is an orthonormal vector. Set Q* := {|V| > 0}. Then using ([BI)), the weak convergence in H*
of U, to V and the semi-continuity of the Lebesgue measure we have

k
SON(Q) + A g/ AVV -V dz + A|{|V] > 0}]
i=1 D

< lim inf (/ AVU, - VU, da + A[{|Up| > o};)
D

n

k
< limninf <Z Ai(€2,) + A|Qn|)
i=1

which concludes the proof. O

In the next Lemma we prove that the eigenfunctions are bounded. This result is a consequence
of Lemma 2] and we refer to [I5], Lemma 5.4] for a proof which is based on an interpolation
argument.

Lemma 3.2 (Boundedness of the eigenfunctions). Let Q C R? be a bounded quasi-open set.
There exist a dimensional constant n € N and a constant C' > 0 depending only on d, Ax,cp, and
|, such that the resolvent operator Rq : L*(;m) — L%(Q;m) satisfies

RML*(Qm)) C L2(Q)  and  ||R™|cz2@my:po=@) < C-
In particular, if u is an eigenfunction on  normalized by HUHLZ(m) =1, then u € L>®(Q) and
[ufl e < CAQ)",
where A(2) denotes the eigenvalue corresponding to u.

To conclude this subsection, we show that the first eigenfunction on an optimal set Q* keeps
the same sign on every connected component of Q*. Notice that Q* may not be connected and
has at most k£ connected components.

Lemma 3.3 (Sign of the principal eigenfunction). Let Q C D be an open and connected set and
let w € HY(Q) be the normalized first eigenvalue on ), that is
—div(AVu) =\ (Q)bu  in Q and / u?dm = 1.
Q

Then w is non-negative in  (up to a change of sign).

Proof. We assume that u™ # 0 (if not, take —u instead of u) and we set
ur =ut/ut 2y and  um = uT/JuT |2y

Since w is variationally characterized by

Al(Q):/AVu-Vudx:min{/AVfL-Vﬂdx D€ HYQ), /
Q Q

% dm = 1}, (3.2)
Q

we have

/ AVu - Vudr < / AVuy - Vuy dx and / AVu - Vudr < / AVu_ - Vu_ dx.
Q Q Q Q
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Then, it follows that the two above inequalities are in fact equalities since otherwise we have

/ AVu - Vudx = / AVu' - Vu© dx + / AVu~ -Vu dz
Q Q Q

> (/(u+)2dm+/(u_)2dm)/AVU-Vudx:/AVu'Vudx,
Q Q Q Q

which is absurd. In view of the minimization characterization (B2), this ensures that u, is
solution of the equation

—div(AVuy) = A\ (Q)usdb in Q.

Then, the strong maximum principle (see [9, Theorem 8.19]) and the connectedness of 2 imply
that uy is strictly positive in €2, which completes the proof. O

3.2. Quasi-minimality and Lipschitz continuity of the eigenfunctions. We prove that
the vector U = (uq,...,ux) of normalized eigenfunctions on an optimal set Q* for the problem
(LTI is a local quasi-minimizer of the vector-valued functional

HA(D,RF) 5 T s / AV -V d + A{[T] > 0}
D

in the sense of the Proposition below. The Lipschitz continuity of the eigenfunctions is then a
consequence of Theorem We notice that, in view of the variational formulation (BII), the
vector U is solution to the following problem

min{/ AVV -VV dz+A|{|V] >0} : V = (v1,..., k) GHol(D,Rk),/ vivjdm:&-j}. (3.3)
D D

Proposition 3.4 (Quasi-minimality of U). Let Q* C D be an optimal set for the problem ([I.T).
Then the vector of orthonormalized eigenfunctions U = (uq,...,ux) € H&(Q*,Rk) satisfies the
following quasi-minimality condition: for every Cy > 0 there exist constants € € (0,1) and C > 0,
depending only on d, k,C1,||U||r and |D|, such that

/AVU-VUd:E+A|{|U|>0}|§(1+C’||U—ﬁ||L1)/ AVU - VU dx + A|{|U] > 0}, (3.4)
D D

for every U € H§(D,R¥) such that |[U — Ul < e and ||U]|~ < Cy.

The next Lemma, in which we get rid of the orthogonality constraint in ([B.3]), is similar to
Lemma 2.5 in [14] with only slight modifications, but we decided to recall the whole proof for a
sake of completeness.

Lemma 3.5. Let Q C D be a quasi-open set and let U = (uq, . ce ug) be the vector of normalized
eigenvalues on §). Let § > 0. Then there exist € € (0,1) and Cy > 0, depending only on d,k,d
and ||, such that for every U = (i, ..., dy) € HY(D,R¥) satisfying

k
g = Z |t — ui| dm < &, and sup {Hu,HLoo + H&ZHLOO} <9
= Jp i=1,....k

the following estimate holds
/Avv.vvcza; < (1+6kak)/ AVU - VU dz, (3.5)
D D

where V = (v1,...,vx) € Hol (D,R¥) is the vector obtained by orthonormalizing U with the Gram-
Schmidt procedure:

i if i=1

i = Wi/ [|WillL2(m h A i ~ if
v; = wi /|| will L2 (m) wnere W {Ui—ijll(fDUindm)Uj if i=2,...,k.
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Proof. We first prove an estimate of |[uy — wg|/r2(¢,) in terms of e;. Precisely, we prove by
induction on k that there exist constants g, € (0,1) and C, > 0 such that the following estimates
hold whenever ¢, <z

k
lur = willany < Crer, D llws = villagmy < Crer, max vl < Cr. (3.6)

i=1

For k£ =1 the first estimate obviously holds with Cy > 1. Moreover we have

_ a1l Logmy — 11, - NaalZe g =11
Ul — Vil pim) = — = W11 (m) £ — =5 |W1||L1(m
| 21 (m) A 1] 21 () . 1l 1 ()
lur + (41 — u1)|32,,, — 1] .
= ol + (@ — )] 2 ) (3.7)

lur + (@1 = u)lf72
2 [ui]ay —w|dm + ||ag — ulH%Z(m)
- 1—2 [w|ty — ur| dm
(2llullzee + [Ja1 — url[zee) |1 — url[ L1 ()
1 —2|ur || poe |1 — w21 ()

(Hul”Ll(m) + ||y — ul”Ll(m)>

<||U1\|L1(m) + [ty — ulHLl(m))

3561

< o (190 4 1) < 120j0 e,

where the last inequality holds if ; < min{(46)~", |Q|"/?}. This gives the following L!-estimate
lur = o1l gmy < lur = @al| 1y + 10 = v1ll 1 gmy < (1 + 128190 72)er.
Finally, we estimate the infinity norm
lall= ]| L ]| o
il 2gmy  Nur + (G = u)ll2gny — (1 =2 [ ui]dy — ui] dm)'/?

< Il <0 <o
1-2[wlag —ui|dm — 1—26e;

[o1][zee =

which proves the claim for £ = 1. Suppose now that the claim holds for 1,...,k — 1. We first
estimate ||uy, — wgl|f1(m). Since the functions u; form an orthogonal system of L?(£2,m) and by
the induction’s hypothesis we have (and also because 1 < ex)

k—1
i=1

k-1
/ Ujv; dm‘ < Z/ (\@k — wk|us + v — wilug + |vi — il — Uk\) dm
D —Jp

< ((k = 1)8 + 6C)—1 + (k = 1)(Ci—1 + 6))ex =: Chey. (3.8)

Therefore, with the triangle inequality we obtain

k—1
ke — well 2 gmy < Nk — Gl rgny + > / U v; dm‘ (il gmy + llvi = will L1 my)
i=1
< (14 C(|Q' + ex_1))er < (1 + 24| )er. (3.9)

We now prove the second estimate in ([8.6). Using once again (3.8]), we have the following estimate

of the L*-norm of wy,
/ Ugv; dml||vi||pee < 0 + Ck_lé'k. (3.10)
D

k
lwill e < llikllze +
=1
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Moreover, with the same procedure as in ([B.7), it follows from (B3] and BI0) that
Bllukllroe + lwgllzoe ) wr — gl L1 (m)
1 — 2[jug || oo lw — vkl L1 (m)

40 4+ Cr1Cr) (1 + 2G5 [9'2)
1 —26(1 + 2C4|Q"/2)ey,
Now, choose &5, < [46(1 4 2C3|/2)]~! so that with the triangle inequality we have

g = vella gy < (1t 1oy + Mook = 1l 22y

< (19072 + (1 + 26410 2))e

lue = vellLrmy < lluk — Grllprony + [l — vkl L1 (m)
< (142048 + Coa Ci) (1 + 2GRl )12 + (1 + 2G4 |2) .

We then use the inductive hypothesis to get the desired L'-estimate. It remains only to estimate
||vg||Loe . Firstly, notice that we have

| lwnllz2gmy = U < 1wkl Fagny = 1 =1 luk + (wp = wg) |72y = 1
< '2/ ug(up — wy) dm +/ (g — wy,)? dm'
D D
< Blugl|zee + Jwg|lpoe) Jur — w | L1 (m)

< (48 + C—1C) (1 + 2C[Q[ )z

Thus, with the extra assumption e, < [(46 + Cp_1Cr)(1 + 2C,|Q|'2)]71, it follows that 1/2 <
|wellp2(my < 3/2. With (B.I0) this gives the following L°*-norm of vy,

w S ~
H’Uk”Loo = m < 2(5 + Ck_le)
1w || 22 (m)

and concludes the proof of the claim.

We are now in position to prove the Lemma by induction. For k = 1, we ask that e; < (49)~!,
so that we have

/ AVvl . V’Ul dx < ‘|'L~Ll||z22(m)/ AV’ELl . Vﬂl dx
D D
< (1 — 2||U1HL<><>||221 — ulHLl(m))_2/ AVﬂl . Vﬂl dx
D

< (1 + 4(561)2/ AV, - Vg dr < (1 + 12561)/ AV - Vg dx.
D D

Suppose now that the Lemma holds for 1,...,k — 1. Thanks to the first estimate in (3:6]) of the
preceding claim we have

HwkHzg(m) < (1 = 2||ug || poe || ur — wkHLl(m))_2 < (1 +45Cker)? < 1+ 126Cyes,

where the last inequality holds if g, < (46C%)~!. On the other hand, for every i = 1,...,k — 1,
we have by the inductive assumption

k—1 k—1
/ AV’UZ . V’UZ' dx < Z/ AV’U]‘ . V’Uj dx < (1 + 6k—15k—1) Z/ AVﬁj . Vﬁj dx.
D =1/D j=1'P

Therefore, using the estimate [B.8) we get

1/2 1/2 k-1
( / AVwk-Vwkda;> < ( / Avak-vakda;> +>
D D i=1

1/2 B . k—1
< (/ AV&k-V&kd:n> + Cper(1 + Op_1)'? Z/ AVi; - Vi dx
D . D
7j=1

1/2
/ UpV; dm‘ </ AVv; - Vo, dx)
D D

1/2
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We then ask that g, < (2C%) (1 + Cr_1)~'/? so that we get

/ AV, - Vo, dz = Hwk||222(m) / AVwy, - Vwy, dx
D D

k—1
< (1+126Cker) | (14 ék(l + 6k_1)1/26k)/ AVay, - Vg dr + E / AVﬂj -V, dv
D . D
7j=1

This, using once again the inductive hypothesis, proves (3.3l and concludes the proof. O

Proof of Proposition B4l Let U be a vector satisfying the hypothesis of Proposition B.4 and let
V € H}(D,RF) be the vector given by Lemma and obtained by orthonormalizing U. Using
V as a test function in (B3] and then Lemma B.5] we have

/AVU-VUdm+A|{|U| >0}|§/ AVV - TV da + A[{[V] > 0}]
D D
< +@HU—U'HL1)/ AVT - VT do + A{|T] > 0},
D

where we have used in the last inequality that {|V| > 0} c {|U| > 0} (which holds by construction
of V). O

We now conclude the proof of Theorem [Tl
Proof of Theorem [Tl The proof follows from Proposition B4 and Theorem [[L2] (see also Lemma

B2). O
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