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1-D QUANTUM HARMONIC OSCILLATOR WITH TIME
QUASI-PERIODIC QUADRATIC PERTURBATION:
REDUCIBILITY AND GROWTH OF SOBOLEV NORMS

ZHENGUO LIANG, ZHIYAN ZHAO, AND QI ZHOU

ABSTRACT. For a family of 1-d quantum harmonic oscillator with a perturbation
which is C? parametrized by E € Z C R and quadratic on z and —id, with
coeflicients quasi-periodically depending on time ¢, we show the reducibility (i.e.,
conjugation to time-independent) for a.e. E. As an application of reducibility,
we describe the behaviors of solution in Sobolev space:

e Boundedness w.r.t. t is always true for “most” E € 7.

e For “generic” time-dependent perturbation, polynomial growth and expo-

nential growth to infinity w.r.t. ¢t occur for £ in a “small” part of Z.

Concrete examples are given for which the growths of Sobolev norm do occur.

Key words: 1-d quantum harmonic oscillator, time quasi-periodic, Weyl quanti-
zation, reducibility, growth of Sobolev norms

1. INTRODUCTION AND MAIN RESULTS

Consider the one-dimensional Schrodinger equation
E
(1) i0u = V(2)H0u + W(E,wt,x,—i0,)u, r € R,

where, we assume that
e the frequencies w € R?, d > 1, satisfy the Diophantine condition (denoted
by w € DCy(y,7) for v >0, 7 >d —1):

.
i

inf|<naw>—j|> VnGZd\{O}a
JEL

e the parameter F € Z, an interval C R, and v € C?(Z,R) satisfies
IV (E)| >, [V'(E)| <l VEcT,

for some [y, 1l > 0,
e Hj is the one-dimensional quantum harmonic operator, i.e.

(Hou)(z) := —(9Zu)(z) + 2* -u(z),  Vue L*(R),
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2 ZHENGUO LIANG, ZHIYAN ZHAO, AND QI ZHOU
e W(E,0,x,§) is a quadratic form of (x,&):
1
W(E,0,z,&) = 5(a(E, 0)x% + 2b(E, 0)z - £ + c(E, 0)£?),

with a,b,¢ : T x T — R, all of which are C? w.r.t. E € T and C¥ w.r.t.
9 € T? .= (R/Z)%, and for every E € Z, for m = 0,1,2, |0%a(E,")|, :=
SUD|g2| <y [0 a(E, 2)], [OFO(E, )|, |0F ¢(E, )|, are small enough.
We will prove that, for almost every F in the interval Z, Eq. (1) is reducible, i.e., via a
unitary transformation, Eq. (1) is conjugated to an equation which is independent
of time (while the transformation depends on time in an analytic quasi-periodic
way). According to the reducibility, we deduce the behavior of Sobolev norms for
the solutions to Eq. (1).

1.1. Reducibility for harmonic oscillators. Our main result is the following:
Theorem 1.1. There exists e, = e4(7,T,7r,d,l1,l2) > 0 such that if

max_{|0Fal,, |05V, |0} = e <e,  VEEL,

then for a.e. E € I, Eq. (1) is reducible, i.e., there exists a time quasi-periodic
transformation U(wt), unitary in L* and analytically depending on t, such that Eq.
(1) is conjugated to i0yv = Guv by the transformation u = U(wt) v, with G a linear
operator independent of t.

More precisely, there exists a subset

(950 = U Aj cZ
jeN

1
with A;’s being closed intervals ' and Leb(Oy,) < £f°, such that the following holds.
(1) For a.e. E €T\ Og,, G is unitary equivalent to oHy for some o = pg > 0;
(2) If Leb(Aj) > 0, then
o for E € intAj, G is unitary equivalent to —%(af} Oy + Oy - ) for some
A=Ag >0;
o for E € OA;\ 0I, G is unitary equivalent to —ng for some Kk = kg €
R\ {0}.
If Leb(A;) =0, then G =0 for E € A;.

Before giving its application on the growth of Sobolev norm, let us first make a
review on previous works about the reducibility on harmonic oscillators as well as
the relative KAM theory.

For 1-d harmonic oscillators with time periodic smooth perturbations, Combes-
cure [11] firstly showed the pure point nature of Floquet operator (see also
[13, 17, 28]). For 1-d harmonic oscillators with time quasi-periodic bounded per-
turbations, we can refer to [22, 36, 37] for the reducibility and the pure point spec-
trum of Floquet operator. For 1-d harmonic oscillators with unbounded time quasi-
periodic perturbations, similar results can be found in [3, 4, 9, 30]. In investigating
the reducibility problems, KAM theory for 1-d PDEs has been well developed by
Bambusi-Graffi [6] and Liu-Yuan [32] in order to deal with unbounded perturbations.

Hp this paper, the “closed interval” is interpreted in a more general sense, i.e., it can be degen-
erated to a point instead of a positive-measure subset of R.
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Reducibility for PDEs in higher-dimensional case was initiated by Eliasson-Kuksin
[15], based on their KAM theory [16]. We refer to [23] and [31] for any dimen-
sional harmonic oscillator with bounded potential. We mention that some higher-
dimensional results with unbounded perturbations have been recently obtained
[5, 18, 19, 20, 35]. However, a general KAM theorem for higher-dimensional PDEs
with unbounded perturbations is far from success.

Recently, Bambusi-Grébert-Maspero-Robert [7] built a reducibility result for the
harmonic oscillators on R™, ,n > 1, in which the perturbation is a polynomial of
degree at most two in z and —id, with coefficients quasi-periodically depending on
time. The proof in [7] exploits the fact that for polynomial Hamiltonians of degree
at most 2, there is an exact correspondence between classical and quantum mechan-
ics, so that the result can be proved by exact quantization of the classical KAM
theory which ensures reducibility of the classical Hamiltonian system. The exact
correspondence between classical and quantum dynamics of quadratic Hamiltonians
was already exploited in the paper [25] to prove stability and instability results for
one degree of freedom time periodic quadratic Hamiltonians. To prove our main
result, we use the same strategy as [7] and the reducibility result for the classical
Hamiltonian by Eliasson [14].

1.2. Growth of Sobolev norms. Besides reducibility, the construction of un-
bounded solutions in Sobolev space for Schrodinger equations attracts even more
attentions.

As an application of Theorem 1.1, we can study the long time behaviour of its
solution u(t) to Eq. (1) in Sobolev space. For s > 0, we define Sobolev space

M= {zp e L*R): H3v e LQ(R)}

and Sobolev norm |9 := HngHLz(R). It is well known that, for s € N, the above
definition of norm is equivalent to

Z 2% - 0P| 2Ry

a+B<s
a,BEN
Remark 1.1. In view of Remark 2.2 of [9], we get that, for a given ¢ € H?,
(2) 191l > bl s + llz* |l 22,
1
replacing Ko = Hg in that remark by Ko = Hg, where H® means the standard
Sobolev space and || - || s is the corresponding norm. Hence, to calculate the norm

h]|s, s > 0, it is sufficient to focus on ||z*|| 2 for s >0 and ||| 2 for s € N.

For different types of reduced systems, Sobolev norm of solution exhibits different
behaviors.

Theorem 1.2. Under the assumption of Theorem 1.1, for any s > 0, and any non-
vanishing initial condition w(0) € H?, the following holds true for the solution u(t)
to Eq. (1) fort > 0.
(1) For a.e. E€Z\ O, ¢ <|u(t)]]s <C.
(2) If Leb(Aj) > 0, then
o for E €intA;, ce®t < |lu(t)||s < Cet,
o for E € OA;\ OZ, c||*t® < |lu(t)||s < C|r|(1 +t?)2.
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If Leb(A;) = 0, then for E € Aj, ce™t < |ju(t)||s < Ce?t.
Here A = Mg and Kk = kg are the same with Theorem 1.1 and ¢, C > 0 are two
constants depending on s, E and u(0).

Let us make more comments on constructing solutions growing with time in
Schrodinger equations. Bourgain [10] built logarithmic lower and upper growth
bounds for linear Schrédinger equation on T by exploiting resonance effects. And
the optimal polynomial growth example was given by Delort [12] for 1-d harmonic
oscillator with a time periodic order zero perturbation. Maspero [34] reproved the
result of Delort by exploiting the idea in [21]. In [7], the authors also considered the
higher-dimensional harmonic oscillator with a linear perturbation in x and —id, with
time quasi-periodic coefficients. Under the Diophantine condition of frequencies, the
time-dependent equation can be reduced to a special “normal form” independent of
time (see Theorem 3.3 of [7]), which implies the polynomial growth of Sobolev norm.
There are also many literatures, e.g., [8, 33], which are relative to the upper growth
bound of the solution in Sobolev space.

From the above mentioned literatures, we can see that almost all the growth
results of lower growth bound of the solution are closely related to the resonance
phenomenon. However, it is not clear to us which kind of parameter set is connected
to the growth of Sobolev norm. Comparing with all the above results, we introduce
the parameter set (J;cyA; following [14], in which the solutions has exponential
lower and upper growth bounds, while on the boundaries of this set the solutions
has polynomial lower and upper growth bounds. In the following, we will present
several concrete examples to show that the set J jenA\j s of positive measure.

1.3. Examples with Leb(O.,) > 0. In view of Theorem 1.1 and 1.2, the growth
of Sobolev norm can be obtained via the reducibility if Leb(O.,) > 0. We need
to point that the time-dependent quadratic perturbation W(FE, wt,z, —i0,) with
Leb(Og,) > 0 exists universally. In other words, it is a quite “extreme” case that

Leb(A;) =0, VjeN.

We have the following concrete examples.

For T =R, v(E) = E, the equation

a(wt) 2 b(wt)
2 2

(z-10, + 10, - ) — C(;ut)ﬁi> u,

E
(3) 10 = §H0u + <

satisfies the assumptions of Theorem 1.1 if a,b,c € C¥(T¢,R) are small enough.
Hence, for Eq. (3), the reducibility and the behaviors of H® norm of solutions
described in Theorem 1.2 can be obtained.

Theorem 1.3. For generic a,b,c € C¥(T4 R) with |al|., |bl,,|c|, small enough (de-
pending on r,v,T,d), the conclusions of Theorem 1.1 and 1.2 hold for Eq. (3) for
Z = R with Leb(Og,) > 0.

For v(E) = V/E, consider the equation

VE q(wt)

(4) i0iu = TH()U " oE (2? — 210, — 10, - 7 — 02) u.
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with ¢ € C¥(T%,R). The equation is important, since as we will show later, it is
closely related to quasi-periodic Schrédinger operator.

Theorem 1.4. For generic q € C”(’]I‘d,R), the conclusions of Theorem 1.1 and 1.2
hold for Eq. (4) for T = [Ey, Eq] with Leb(A;) > 0 for infinitely many j’s, where
Ey > 0 is large enough (depending on |q|,) and E1 < co.

Theorem 1.3 gives the example that Leb(A;) > 0 for at least one j, while Theorem
1.4 gives the example that Leb(A;) > 0 for infinitely many j’s. Indeed, if the
dimension of the frequency d = 2, we could even gives Leb(A;) > 0 for every j’s. To
construct such an example, we consider

E wt b(E,wt
2 2 2

where v(E) = cos_l(—%), Z C [-24 9,2 — 0] with § a small numerical constant

(e.g., 6 = 1075). Then our result is the following:

c(E,wt)

(5) 10 = V(2E)H0u + (

Theorem 1.5. There exist a sub-interval T C [—-2+6,2—06] and a,b,c : T xT? — R
with a(E,-), b(E,-), ¢(E,-) € C¥(T%R) for every E € T, such that the conclusions
of Theorem 1.1 and 1.2 hold for Eq. (5). Moreover, Leb(A;) > 0 for every j € N.

Remark 1.2. One can even further get precise size of Leb(A;) according to [29].

The rest of paper will be organised as follows. In Section 2, which serves as a
preliminary section, we recall the definition of Weyl quantization and some known
results on the relation between classical Hamiltonian to quantum Hamiltonian. We
give an abstract theorem in Section 3 on the reducibility for quantum Hamiltonian,
provided that the reducibility for the corresponding classical Hamiltonian is known.
By applying this abstract theorem, we exploit the connection between reducibility
and property of Sobolev norm. The abstract theorem is proved in Section 4. In
Section 5, we prove the main result just by verifying the hypothesis of abstract
theorem. In Section 6, the proofs of Theorem 1.3 — 1.5 are given.

2. CLASSICAL HAMILTONIAN AND QUANTUM HAMILTONIAN

To give some preliminary knowledge, let us recall the definition of Weyl quanti-
zation, which relates the classical and quantum mechanics, and its properties. The
conclusions listed in this section can also be found in [7].

The Weyl quantization is the operator Op" : f — fW for any symbol f = f(z, €),
with z, & € R™, where f" is the Weyl operator of f:

w _ 1 $+y u ” 2/mn
(0@ = g [ (L) undnde, e B

In particular, if f is a polynomial of degree at most 2 in (z,¢), then f% is exactly
f(z,—i0y).

For the 1—parameter family of Hamiltonian x(¢,x,§), with ¢t an external param-
eter, let ¢7 (¢, z,&) be the time 7—flow it generates, precisely the solution of

dr  Ox g Ox

E_aig(taxaé)v E__%(taxvé.)'
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The time-dependent coordinate transformation

L. E s
(6) (2,6) = ¢ (1,3.€) = ¢ (1.2.€)

transforms a Hamiltonian system with Hamiltonian A into a system with Hamilton-
ian g given by

=1

Hox
o Ot
Lemma 2.1 (Remark 2.6 of [7]). If the Weyl operator XV (t, z, —id,) is self-adjoint
for any fized t, then the transformation

g(t,&,8) = h(¢'(t,,8)) — (t, 7 (¢, &, €))dr.

(7) b = X" (be=i02) ]
transforms the equation id;p = Hv) into idyp = G with
G = eiXW(tvxzfiaz)HefiXW(t,x,fiaz)

1
- / eiTXW(t,x,—iaz) (8tXW(t,l‘, —162;)) €_iTXW(t’I’_i8E)dT.
0

Proposition 2.1 (Proposition 2.9 of [7]). Let x(t,x,&) be a polynomial of degree at
most 2 in (x,§) with smooth time-dependent coefficients. If the transformation (6)
transforms a classical system with Hamiltonian h into a system with Hamiltonian g,
then the transformation (7) transforms the quantum Hamiltonian system h' into
g".

Now, let us focus on the case n = 1.

Lemma 2.2 (Lemma 2.8 of [7]). Let x(0,z,&) be a polynomial of degree at most 2
in (x, &) with real coefficients depending in a C*°—way on 6 € T¢. For every 6 € T¢,
the Weyl operator X"V (0,x,—10,) is self-adjoint in L*(R) and e—itxV (0.,—i0s) g
unitary in L?>(R™) for every T € R. Furthermore, if the coefficients of x(0,z,€) are
uniformly bounded w.r.t. € T?, then for any s > 0, there exist ¢, C' > 0 depending
on ||[H§, xV (0, x,—10,)|Hy ®|| 1212 and s, such that

(8) llls < e OOyl < gy, Tefo,1], geT

3. REDUCIBILITY AND GROWTH OF SOBOLEV NORM

3.1. An abstract theorem on reducibility. Consider the 1-d time-dependent
equation

(9) i0u = LW (wt, z, —i0, )u, z €R,

where LW (wt, 2, —i0,,) is a linear differential operator, w € T¢, d > 1, and the symbol
L(0,z,¢) is a quadratic form of (z,&) with coefficients analytically depending on
6 € T¢. More precisely, we assume that

(10) L(0,,€) = %(a(G)x2 L b(O) €+ bO)E -z + c(0)€),

with coefficients a, b, c € C¥(T%,R).
Through Weyl quantization, the reducibility for the time-dependent PDE can be
related to the reducibility for the sl(2, R)—linear system (w, A(-)):

X' =Awt)X,  AeC¥(Tsl(2,R)).



Given Ay, Ay € C*(T?, s1(2,R)), if there exists Y € C*(2T¢, SL(2,R)) such that
%Y(wt) = Aj(wt)Y (wt) — Y (wt)Az(wt),
we say that (w, Ai(-)) is conjugated to (w, As(-)) by Y. If (w, A(-)) can be conju-
gated to (w, B) with B € sl(2,R), we say that (w, A(-)) is reducible.
b(- .
Now let A(+) := < ) )
—a() =b()
in (10).

Theorem 3.1. Assume that there exist B € sl(2,R) and Z; € C¥(2T4,s1(2,R)),
j =0, K, such that (w, A(-)) is conjugated to (w, B) by Hszo eZi. Then Eq.
(9) is reducible, i.e., there exists a time quasi-periodic map U(wt), unitary in L?
and analytic on t, satisfying

> € C¥(T4,s1(2,R)) with a, b, ¢ coefficients given

(11) dlglls < [Uwt)plls < CllYlls, Vb € H?,
for constants ¢/, C' > 0 depending on s and 1, such that Eq. (9) is conjugated to
(12) i0w = Gu

by the transformation u = U(wt)v, with G an operator independent of time.
More precisely,

vd;tB HO Zf

(I) G is unitary equivalent to

(13) detB>0orB—( "
€ or = .
0 0

(IT) G is unitary equivalent to —iiv_getB (-0 + 0y - ) if
(14) detB < 0.

III) G is unitary equivalent to —5x? i

( Y eq 2

0 0
(15) B is similar to ( 0 ) with k # 0.
K

3.2. Growth of Sobolev norm via reducibility. As an corollary of Theorem
3.1, we have:

Theorem 3.2. Under the assumption of Theorem 3.1, we consider the solution
u(t) = u(t,-) to Eq. (9) with the non-vanishing initial condition u(0) € H*®, s > 0.
There exists ¢,C > 0, depending on s and u(0), such that, for any t > 0,

o If (13) holds, then ¢ < |Ju(t)||s < C.

o If (14) holds, then ce¥Y ~9eBst < |ly(t)|s < CeV—detBst,

o If (15) holds, then c|x|*t* < |[u(t)||s < C|x|*vVI + £22.

According to (11), to precise the growth of Sobolev norms for the solution to Eq.
(9), it is sufficient to study the reduced quantum Hamiltonian G(x, —i0,) obtained
in (12), or more simply, the unitary equivalent forms of types (I)—(III) listed in
Theorem 3.1.

If (13) holds, then G is unitary equivalent to Y42 Hj. Since the H*—norm of

:pVdetB . .
e 5 Hogh is conserved for any 1)y € H®, the boundedness of Sobolev norm is
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shown. We focus on the cases where (14) and (15) hold, in which the growth of
Sobolev norm occurs.

Proposition 3.1. For the equation
A A
(16) O(t,x) = 5% Ozv(t, z) — 5836(38 ~u(t, x)), A >0,

with non-vanishing initial condition v(0,-) = vg € H*, s > 0, there exist two con-
stants ¢, C > 0, depending on s, A and vy, such that the solution satisfies

(17) et < ||b(t, |ls < CeMt, Yt >0.
Remark 3.1. This conclusion is also given in Remark 1.4 of [33].

Proof. Through a straightforward computation, we can verify that, for the initial
condition v(0,-) = vo(-) € H?, the solution to Eq. (16) satisfies

v(t,z) = e_%tvg(e_’\tx).

For any s > 0,

/1‘28|U(t, z)}dx = /1‘28|U0(6_>\t$)|2d(€_>\t1‘)
R R
— 62)\st/(e—)\tl,)25|vo(e—)\t$)|2 d(e—)\tx)
R
(18) = 62)‘“/3325|vo(a;)|2dx.
R

and for s € N,

19 /|8s t x ‘2 r—e 2Ast/’v(5 =t ‘2 e Ay 2Ast/‘v s) ]2dx

In view of the equivalent definition (2) of the H®*—norm given in Remark 1.1, we get
(17) by combining (18) and (19). O

Proposition 3.2. For the equation

(20) i0w(t,x) = —gxz ~o(t, ), k €R,

with non-vanishing initial condition vy € H®, s > 0, there exists constants & C > 0,
depending on s, k and vy, such that the solution satisfies

(21) ullt]® < vt )ls < Cll*(L+%)2,  ViEeR

Proof. With the initial condition v(0,-) = vo(-) € H*, the solution to Eq. (20) is
v(t,x) = ei%x%vo(x).

For any s > 0,

seigz’t,

[z°0(t, )| L2 = ||l2"e 0(@)[[r2 = [lz*vo(2)| L2,



and for s € N,

o (v(t,z)) = 93(37 vy (a))

= Y@ @)
a=0

= el5e’ Z CY ((ixt)*z™ + Py (ikt, x)) v(()s_a) (x)
a=0

= (i/@t)sacsei%”ﬂ'f ~vo(x) + Ps(ikt, x)ei%z% -vp(x)
s—1
+ e3P ST 08 ((int) 2 + Palint, ) ol (2),

a=0

where, for a > 2, P, (ikt, x) is a polynomial of degree oo — 2 of z, with the coefficients
being monomials of ikt of degree < o — 1 and P; = Py = 0. Then, there exists a
constant D > 0 such that

1 (v(t, 2))lI 2 — |kt lla*vo(2) ]| 2| < DIwtl*~[lvo(z)]ls.

In view of the equivalent definition (2) of norm in Remark 1.1, we get (21). O

Proof of Theorem 3.2. From Theorem 3.1, we know that Eq. (9) is conjugated
to 10yv = Gv by the transformation v = U(wt)v, with G = G(x, —i9,) the operator
independent of ¢ given in (25).

Recall Proposition 3.1 and 3.2. Given s > 0, for any non-vanishing vy € H?®, for
the three types of unitary equivalence of G, there are three different behaviours of
the solution to the equation id;v = Gv as t — oo.

e If G is unitary equivalent to \/dTeﬁHo (under (13)), then ||e7Cug||s = O(1).

e If G is unitary equivalent to —iiv_ge“g(x -0y + 0y - x) (under (14)), then
JeStay]], = O(cY=TBst)
e If G is unitary equivalent to —£z? (under (15)), then ||e~'Clug||s = O(|x|*t%).
Moreover, according to (11), for s > 0, there exist constants ¢/, C' > 0 such that

dvlls < Uwt)vlls < Clvfls, Vv e

Hence Theorem 3.2 is shown. |

4. REDUCIBILITY IN CLASSICAL HAMILTONIAN SYSTEM AND PROOF OF
THEOREM 3.1

4.1. Conjugation between classical hamiltonians. Given two quadratic classi-
cal Hamiltonians

hj(wt,z, &) = (aj(wt):nQ + 2bj(wt)x - £+ cj(wt)£2), j=12,

(”E)TJAj(wt)<§>, j=1,2

| =

which can be presented as

hj(wt,z,&) =

N | —
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with J := <O _01 ) and A;(-) = ( bi() () > e C¥(T%s1(2,R)). The

1 —aj(-) —b;()
corresponding equations of motion are given by
Oh; Oh;
/ J / J :
x ag Y g ax Y ] Y Y

which are the linear systems (w, A4;):

() —aen ()
)

Proposition 4.1. If the linear system (w, A1(+)) is conjugated to (w, As2(:)) by a

time quasi-periodic SL(2,R)— tmnsformatwn i.e.
d
(22) 27 = Ay (wt)” @) —F D Ay (wt), 2 € CU(TSI2R)),

then the classical Hamiltonian hy(wt, x, ) is conjugated to ho(wt, x, §) via the time—1
flow qﬁ)l((t,:l:,g) generated by the Hamiltonian

(23) et =3 ( ¢ )T sz (¢ ).

Proof. Note that the equation of motion of the classical Hamiltonian Ay is the linear

system (w, A1(-)): /
() -m0(2)

In view of (22), the transformation

(24) < : ) — (Zlet) ( 2” > . ZecreT sI(2,R)),

conjugates (w, A1(+)) to (w, A2(-)). More precisely,

( ) — e 7D 4 (wt) < z ) _ e*Z(wt)%eZ(wt) ( a;g )

— efZ(wt)Al(wt)eZ(wt) <

= AQ(“)(?);

for which the corresponding Hamiltonian is ho(wt,#,€). As in (3-35) of [7], the
time—1 map between the two Hamiltonians is generated by (23) since there is only
quadratic terms in the Hamiltonian in our case. [l

Ny N

My B
N~
m‘
N
&

QL
9]
X
&
Y
TR
~_

4.2. Proof of Theorem 3.1. We consider the classical Hamiltonian

Letz.f) = a(czdt)f“z*b(;t)<w'€+§-x)+6(bzut)£2

I [z
= §X JA(wt) X, X = < ¢ )

with a,b,c € C¥(T9) given in Eq. (9), and A := < b« > € C“(T4,s1(2,R)).

—a b
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By the hypothesis of Theorem 3.1, the linear system (w, A(-)) can be reduced

—Béil —Béil > € sl(2,R), via finitely

many transformations (e%i )ngo with Z; € C¥(2T4,sl(2,R)). Hence the reduced
classical Hamiltonian is

to the constant system (w, B), with B = <

1 B B B
of@.§) = 5XTIBX = That 4 o+ goa)+
2 2 2 2
By Proposition 2.1, we see that LW (wt, z, —i0,.) is conjugated to
(5) Gl =i00) = " (e, —i00) = 57" = (w0, 410, w) = 70

via the product of unitary (in L?(R)) transformations
K
Ut) o [ e o)
=0

where X}/V is the Weyl quantization of

1
xj(wt, @, €) = §XTJZ]-(unt)X.
Then (11) is deduced from (8) in Lemma 2.2. The following diagram gives a s-
traightforward explanation for the above proof.

HJI‘(:() er(u.;t)

X' = A(wt)X X' = BX Z; € C¥(2T4,51(2,R))

{ I

Pl o--0dpl
L(wt) = IXTJA@t) x 0= g IXTIBX ;= 1XTJz;X

I I

HK *iX;‘/V (wt)
j=0¢

i0u = LW (wt)u i0u = g"u

If (13) holds, i.e., detB > 0 or B = < 8 8 >, then there exists Cp € sl(2,R)
such that
0 vdetB -
— CnB Cg

(26) B=e < _JdeiB 0 )e .
If (14) holds, i.e., detB < 0, then there exists Cp € sl(2,R) such that

_ cp [ V—detB 0 —Cp
(27) B=e < 0 _JoamB )¢

If (15) holds, then there exists Cp € sl(2,R) such that

-Cp
0)6 .

X O
[an}

(28) B=¢Cr (
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Therefore, for Eq. (9), the three types of unitary equivalence of G = G(z, —id,) are
shown by (26)—(28) respectively. O

5. PROOF OF THEOREM 1.1 AND 1.2

In view of Theorem 3.1, to show the reducibility of Eq. (1), it is sufficient to show
the reducibility of the corresponding sl(2, R)—linear system.
For E € Z, the symbol of the quantum Hamiltonian (1) is

hg(wt,z,&) = V(QE)

which corresponds the quasi-periodic linear system (w, Ay + Fp)

e (1) =[( L0 ) (B, Ee Y (1),

where, for every £ € Z,

(€2 +2%) + W(E,wt, z,€)

Ao(E) ::( _V?E) ”(OE) ) € sl(2,R),

Fy(E,") :—( béfé;?) Céfé;?) ) € C¥(T% s1(2,R))

with |0 Folr < €9, m = 0, 1,2, sufficiently small.

The reducibility of linear system (29) is exploited by Eliasson [14] (see also [24] for
results about SL(2, R)-cocycles). We summarise the needed results in the following
proposition. To make the paper as self-contained as possible, we give a short proof
without adding too many details on known facts. Since every quantity depends on
E, we do not always write this dependence explicitly in the statement of proposition.

Before stating the precise result, we introduce the concept of rotation number.
The rotation number of quasi-periodic sl(2, R)—linear system (29) is defined as
i arg(®%X)
t—o0

p(E) = p(w, Ao(E) + F(E,wt)) . VX eRN\{0}

where ®%, is the basic matrix solution and arg denotes the angle. The rotation
number p is well-defined and it does not depend on X [27].
Proposition 5.1. There exists e, = ex(r,7,7,d,l1,12) > 0 such that if
(30) max |0% Fol, =: €0 < &x,
m=0,1,2
then the following holds for the quasi-periodic linear system (w, Ao+ Fp).

(1) For a.e. E € I, (w, Ao+ Fo(-)) is reducible. More precisely, there exist
B esl(2,R) and Z; € C*(2T%, s1(2,R)), j = 0,1,--- , K, such that

d K K K
(31) - [[e7“Y | = (Ao + Fo(wt)) [ [Te#“ | = [ [[e#“" | B
j=0 j=0 j=0

(2) The rotation number p = p(E) is monotonic on I. For any k € Z°,

Ay = {EEI:p(E) — <k’2w>} 2

(ko)
2

27y can be empty for some k € Z? if the closed interval p~! ( ) does not intersect Z.
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is a closed interval, and we have

- 1
(32) ) Leb(Ag) < £4°.
kezd
(3) For every E € Ay =: [ag, by], (w, Ag + Fo(-)) is reducible and the matriz
B €sl(2,R) in (31) satisfies
, 0 0
e if ap = by, then B = ( 0 0 );

e if ap < by, then
— detB < 0 for E € (ag, by),
— detB =0 for E =ag, by and E & 0T.
(4) For a.e. E € T\ U, Ay, (w, Ag + Fo(-)) is reducible and the matriz B €
sl(2,R) in (31) satisfies detB > 0.

Proof. Since v is a strictly monotonic real-valued function of E € Z and || > [y,
|v"| < 2, (30) implies that |0@Fy(v~1(E),")|,, m = 0,1,2, is also small enough.
Hence, to prove the above arguments, we can simply consider the case where v(E) =
E € 7 =R and then obtain Proposition 5.1 by replacing E by v(E).

Proof of (1). The almost reducibility has already been shown by Eliasson [14] for
every E € R. Indeed, if max,,—o 12 |05 Fol, is small enough (depending on r,~, 7, d),
then there exists sequences (Yj)jen C C¥(2T%,SL(2,R)), (4j)jen C sl(2,R),
and (Fj)jen C C¥(2T4,s1(2,R)), all of which are piecewise C? w.r.t. FE, with
maX,—o,1,2 |0 Fjlpa < € := E(()HU)J for o = 35, such that

d

D3tet) = (A7 + By () Yi(eot) — ¥i(eot) (Aja + Fria(wt)).

More precisely, at the j—th step, for +i¢; € R UiR, the two eigenvalues of A;, and

2 1
N; := 7 In <>
Ty —Tj+1 Ej

with (r;)jen a decreasing sequence of positive numbers such that r; —r; ;3 > 2~ 1)y
for each j,

e (non-resonant case) if for every n € Z¢ with 0 < |n| < N;, we have

(33) 128 — (n,w)| = €7,

. _ - 2
then Y; = €% for some Z; € C*(2T% s1(2,R)) with |Z;|ope < e?, and
2
[Aje1 — Al <efs
e (resonant) if for some n; € Z4 with 0 < |n;| < N;, we have
(34) |2§J — (nj,w>| < 5?,
M) 4 . -
then Yj11(-) = e 25 ~’eZi+t for some Z; € C¥(2T%,s1(2,R)) with | Z;]ypa <
2 g
el and [4j11] <ef.
As j goes to 0o, the time-dependent part F; tends to vanish. Hence (w, Ag(E) + Fp)

is almost reducible. For the detailed proof, we can refer to Lemma 2 of [14] and its
proof.
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In view of Lemma 3 b) of [14], if the rotation number p(E) of (w, Ao(E) + Fp)
is Diophantine or rational w.r.t. w, which corresponds to a.e. E € R, then the
resonant case occurs for only finitely many times. Therefore, for a.e. E € R, there
exists a large enough J, € N*, depending on FE, such that

~ 2
(35) Y; =% with |Zjlora <&l Vi J

This implies that [ T2 [Yj |y« is convergent. As explained in the proof of Lemma 3.5
of [7], (35) also implies that there exists S € C¥(2T¢,sl(2,R)) such that [[2,.Y
e, since eq is sufficiently small. Hence (31) is shown, i.e., the reducibility is realized

via finitely many transformations of the form e%i (wt) Wlth Z; € C¥(2T4,s1(2,R)).

Proof of (2). For k € Z¢, Ay is obtained after several resonant KAM-steps, saying
Ji, -+, jr, where n;, € Zd with 0 < |nj,| < Nj,,i=1,---, L, satisfies

’2§ji - <nji?w>‘ < 5?1-7
and k =nj, +---+n;,. We will show that

10|njL’
11

12|njL ’

(36) 1

<[kl =
Assume that L > 2 (otherwise we have already k = nj, ). After the ( Ji—1 +1)—th
step, ¢ = 2,---, L, the eigenvalues +i;, 41 satisfies £, ,+1] < 28]2__ . On the

1

other hand, before the (j; + 1)—th step, the resonant condition (34) implies that the
eigenvalues £i§;, satisfy that

’2€ji - <nji’w>‘ < 8?1"

Since the steps between these two successive resonant steps are all non-resonant,
and w € DCy(v, 7), we have that

y
’”ji|7

1 o
< (g w)| < 20 y] + 267y +ef, <3¢

—1?

which implies that

il

AL
‘nji| > (g) ‘Sj:I > 12’Nji71’ 2> 12‘nji71|‘
Hence, we get (36).

Ay is firstly formed at the j;—th step, with the initial measure smaller than €57 20,

Since all the succedent steps are non-resonant, the measure of Ay varies up to 52‘7 .

Then, for ¢ := ln((sljgz)), we have

Leb(Ag) < 2627 < 2¢ge ()N < 9ege= (1) Il
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Indeed, recalling that r; —r;41 > 2-U+Dr for every j, we have
gj, = exp{—|lneo|(1+ o)L}
1— i (1—
e {_ [ Ieol' =5 (1 + o)== (ry, — rml)gN;L}

(20)¢
|Ineg|'=srs ((1+ o)™ 2
exp {_ (4g)< 25 N;L

12\ N;
< eog- (i) )
since g is small enough and
(1+o)t= ~ox { In(1+0)
2¢ In(8 + 80)
Therefore, by (36), we get Leb(f\Nk) < 2¢ZeFI° | which implies (32). For detailed
proof of the measure estimate of Ay, we can also refer to Corollary 1 of [24].

IN

(m8—mm}>L

Proof of (3) and (4). It can be deduced from Lemma 5 of [14]. O

Proof of Theorem 1.1 and 1.2. Theorem 1.2 can be seen as a corollary of
Theorem 3.2. According to Theorem 3.1, the reducibility of Eq. (1) for a.e. E €T

is deduced from Proposition 5.1-(1). Let {A;} en be the intervals Aj’s intersecting

7 and let
O =N = M
jEN kezd
Proposition 5.1-(2) gives the measure estimate of Og,. The unitary equivalences of
the reduced quantum Hamiltonian follow from Proposition 5.1-(3) and (4). Hence
Theorem 1.1 is shown. (]

6. PROOF OF THEOREM 1.3 — 1.5

In this section, we show that the measure of the subset O, is positive for the
equations (3) — (5), which implies the growths of Sobolev norm.

6.1. Proof of Theorem 1.3. For Eq. (3), E € R, the corresponding linear system

(6) =105 )+ (5t S)I(E)

In view of Lemma 5 of [14], for “generic” a,b,c € C*(T%,R), there is at least one
non-degenerate Ay, k € Z% More precisely, at the resonant step of KAM scheme
described in the proof of Proposition 5.1-(1), the condition (34) defines a resonant
interval of E, on which the two eigenvalues +i{; of A; are purely imaginary since
&; is bounded frow below. After this resonant step, the two new eigenvalues +i§;11
of Aj41 can be real or still purely imaginary for E in this resonant interval, since
|€j+1] is close to zero. We say that a,b,c € C¥(T% R) are generic if, for at least one
resonant step in the KAM scheme, the two new eigenvalues +i¢; ;1 become real on
a sub-interval of the resonant interval.
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6.2. Proof of Theorem 1.4. For Eq. (4) with E € T = [Ey, E1] with Ey > 0 large
enough, and F; < co, Theorem 1.1 and 1.2 hold. The corresponding linear system
(w, Ag + Fp) of Eq. (4) is

(£) =1 ) wam( )IE)

Then, through the change of variables

(£)=wz(vz ) (E)

(w, Ag + Fp) is conjugated to

(8) =eren () =(orduen 0)(2),

The quasi-periodic linear system (w, CqE (1)) corresponds exactly to the eigenvalue
problem of the quasi-periodic continuous Schrodinger operator L, 4:

(Logy)(t) = —y" (1) + q(wt)y(?).

By Gap labeling Theorem [27], if Ay is not empty for k € Z¢, then it is indeed a
“spectral gap” of L, 4 intersecting [Ey, E1], i.e., a connected component of [Ey, E1] \
Yu,q with X, ; denoting the spectrum of L, 4. In view of Theorem C of [14], for a
generic potential ¢ (in the |g|,-topology), for Ey > 0 large enough, [Ep, co[N X, 4 is
a Cantor set. Hence there are infinitely many Ay’s satisfying Leb([&k) > 0.

6.3. Proof of Theorem 1.5. For Eq. (5) with v(E) = cos™!(-%), E € [-2 +
5,2 — 6] with § > 0 a sufficiently small numerical constant (e.g. § := 107%), we can
apply Theorem 1.1 and 1.2. if a,b,c : [-2+§,2—6] x T? — s1(2,R) are small enough
as assumed in Theorem 1.1.

For the quasi-periodic Schridinger cocycle (o, Sp)

Xns1 = Sp(0 +na)X, = [( —1E —01 >+ < 2)\cos(g+na) 8 )] X,

with o € DCy (7, 7), |A| small enough, it can be written as
B(E) eG(E,9+na)Xn

Xnt1=e

for eB(E) .= < _1E _01 ) and some G(E,-) € sl(2,R). This cocycle is related to

the almost-Mathieu operator Hy , ¢ on (Z):
(Hxa,00)n = —(¥Yns1 + n-1) + 2X cos(0 + na)ibn, n € 7.

It is known that its spectrum, denoted by X o, is a Cantor set [1], which is well-
known as Ten Martini Problem. In fact, Avila-Jitomirskaya [2] further show that
all spectral gaps are “open” , which means that, for every k € Z,

ko

Ak = {EERﬁ(OZ,Sg):

> mod Z}

has positive measure. Indeed, the size of Aj, decays exponentially with respect to
|k|, as was shown in [29]. Here, p, g3y is the fibered rotation number of cocycle
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(o, S3). Recall that for any A : T¢ — SL(2,R) is continuous and homotopic to the
identity, fibered rotation number of («, A) is defined as

pla, A) = /¢dﬂ mod 7Z

where 9 : T4 — R is lift of A such that

ate)- (Sam) = uteo) (Supnls V00D,

and [i is invariant probability measure of (z,y) — (z + o,y + ¢¥(x,y)) (according to
[26], it does not depend on the choices of ¥, fi).

Note that (a, S fE‘) is a discrete dynamical system, however, with the help of Local
Embedding Theorem (Theorem 6.1), we can embed the cocycle («, S3) into a quasi-
periodic linear system (w, B(F) + F(E,-)). For an individual cocycle, the Local
Embedding Theorem was already shown in [38]. Nevertheless, the crucial point here
is that we really need a parameterized version of Local Embedding Theorem, that
means the embedded system (w, B(E) + F(E,-)) should have smooth dependence
on E.

To show the parameterized version of Local Embedding Theorem, let us first
introduce more notations. Given f € C?(Z), define

[fle=D_ sup[F™).
0Smes BET
For any f(E,0) =) cza ﬁ(E)62m<k’9> which is C?2 wr.t. E€Z, C¥ wr.t. 6 € T?
denote R
1£1ln =" | fr(B)] P < oo,
keZd

and we denote by C¥(Z x T?, C) all these functions with || f||5, < co. Then our result
is the following;:

Theorem 6.1. [Local Embedding Theorem] Given d > 2, h > 0 and G € Cy¥(Z x
T4=1,s1(2,R)), suppose that p € T™' such that (1,p) is rationally independent.
Then, for any v € C*(I) satisfying

1
(37) sup [V (E)| - |Z] < 2,
E€ez 6

there exist € = €(|v|«,h,|p|) > 0, ¢ = c(|v|+, h,|p|) > 0, and F € C¥, (T x

14|
T?,s1(2,R)) such that the cocycle (u, e*™7 G 1)) is the Poincaré map of linear system

/
(59 () =wreren(§). w=0mw
provided that |G|, < €. Moreover, we have HFH% <2¢||G||p-
THw

We postpone the proof of Theorem 6.1 to Appendix A.

Now let us show how we can apply Theorem 6.1 to finish the proof of Theorem
1.5. First note the constant matrix e? can be rewritten as

v () ()
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where

M::1<cos(y) —sin(l/)>’

recalling that

cos(v(F)) = —g, sin(v(E)) =

cos(v) —sin(v) \ 0 —v
sin(v)  cos(v) - P v 0 ’
we see that B can be written as B= M - (vJ) - M L.

For v(E) = cos_l(—g), there exists Z C [—24 9,2 — 0] such that (37) is satisfied.

2 2
VBT VBT
for w € (1, ), we have a quasi-periodic linear system (w, B(E) + F(F,-)) from the
quasi-periodic Schrédinger cocycle (o, Sp):

/
(39) (¢) -w@+rEw(§).
Through the change of variables
z T
=M 2 ),
(€)=(%)

(w, B(E) 4+ F(F,-)) is conjugated to

~ / ~

T\ 0 —v —1 x

()= (00 77) rrmans) (2)

Then by Theorem 1.1 and 1.2, Theorem 1.5 is shown with

BE,)  eE,) \ _ .
< —a(B,-) —b(E,") ) = MP(E, )M~

Hence, by noting

For example, we can take Z =] [. Therefore, according to Theorem 6.1,

Finally we point out that p., pE)+r(E,) = ﬁ(aﬁg(l)), since (o, S3) is the
Poincaré map of linear system (w, B(E) + F(E,")). Let
ka .
o J ‘} )
then by well-known result of Avila-Jitomirskaya [2], Leb(f\(_p’k)) > 0, for every
k € Z such that Ay intersect with Z.

= ka—p .
A-pry = {E €L P BE)+F(E,) =~ = Wn

APPENDIX A. PROOF OF THEOREM 6.1

The main ideas of the proof will follow Theorem 3.2 of [38], we sketch the proof
and point out the differences. First we need the following key observations.

Lemma A.1. Forany k € 7371, and for any v € C?(I) satisfying (37), there exists
k = k(k) € Z which is independent of E, such that

~ )
](k,u)+2v+k!€{0,6], VEeT.
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Proof. For any given E, we can define k = k(k, E) € Z by
(40) [(k, 1) + 20(E) + k| = inf [(k, ) + 20(E) + l,
j

we only need to show that k can be chosen independent of E.
To do this, we only need to consider two extreme cases. If there exists Fy € 7
such that infrey [(k, u) + 2v(Eo) + k| = 0, then k(k) is uniquely defined, and by
assumption (37),
~ 1
[(ks ) + 20(E) + k| < 2|v(E) = v(Eo)| < 2sup [V (E)] - [Z] < 3.
EeT

If there exists Ey € T such that infrez |(k, 1) + 2v(Eo) + k| = 3, then k(k) is not

uniquely defined, and one can choose k(k) to be the smaller one which satisfies (40).
By assumption (37), one has

[k, ) +2v(E) + k| <

<

(k, 1) + 2v(Ep) + k| + 2|v(E) — v(Ey)|

1
2 EeT
5

< O

5
Once we have Lemma A.1, we can define the resonance sites S C Z% as follows

S = {(l;:,k) ke Zdil}.

For any f(F,01,0) = Y o hezdt fkk( )il (kO1+(k.6)) ¢ C¥(Z x T¢,C), we define its
weighted norm by

I, = ST | f ()]s kI OF DA
keZd—l
and then we can define the linear sub-space Bsh(z % Td, C) of o (T x ’JI‘d, C)

BUATxTLC) =R [ f(B.01,0) = Y i (B)emHnt o) pjp < o
kezd—1
In the following, we will show that B’; . (T xT? C) is actually isomorphic to
P14 pl
CY(Z x T9=1,C), therefore a Banach space. The space will be used to construct the
embedded linear system.

Proposition A.1. For any v € C%(T) satisfying (37), the linear operator
T:B" , (IZxT4C) — CY(ZIxTLC)

v
P14

1 ~ .
1B.0) = [ HELT+ e
0

is bounded. Moreover, there exists numerical constant ¢ > 0 such that

LOREx T C) = B, (ITxTYC)

Vo T ]

is also bounded with estimate ||T~|| < c|v|s.
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Before giving the proof of Proposition A.1, we introduce the following auxiliary
function, which is quite important for the proof.

Lemma A.2. For the function

62771171
o ={ T

3 5
41 H e|l—,1 A < —.
(a) H@le | 2] Vi<
Proof. By Taylor expansions, one can easily check that H € C’OO[—%, %] Since
sin(7x)
|H(z)| = |——|,
T

then (41) follows from the simple fact

2 us

Zit in(t)| <), ¢ [0, f} .

—lt] <Isin(t)] < [¢] S
Consequently, H~! is also a C* function. O

Proof of Proposition A.1. For any f € B“ » (T x T4 C), direct computations
Yo T [l
show that

Z Z fk:k: H((k,p) +2v(E )_|_];=)e27ri(k,6>.

keZd=1 (kk)eS

Here we shall use the crucial fact that k is independent of E, thus by Lemma A.1,
(k, w)+2v(E) +k € C*(T), and |(k, 1) +2v(E) + k| < 2. By Lemma A.2, H({k, j1) +
20(E) + k) is well defined and H((k, ) + 2v(E) + k) € C?(Z). Consequently, there
exists numerical constant ¢ such that

ITfln =3 UTHele " < el fI*

71+
kezd—1 Iul

Hence T is a bounded linear operator.
On the other hand, for any ¢ € C}’(Z x T=1,C), we write

P(E,0)= 3 Bu(E)T.

kezd-1
Deﬁne ﬁl’ ( ) by
P (E) s
Srr i (E) H((k,pu)+2v(E)+k)’ k1 —lj:
0, k1 # k

where (k, k) € S. Then one can check that

E 91, Z fkl, e2mi(k161+(k, 0)) c lej,h(I % Td,C)
kezd—1
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is uniquely defined and it satisfies T'f(E, 0, 0) = ¢(E, ). By Lemma A.1 and Lemma
A2, HY({k,u) + 2v(E) + k) € C?*(Z), consequently, we have

I, < elvllelln
P14 ul

Hence || T < ||+
For any v € C%(Z), we then can define the Banach space

B:{(lg _ﬁf) feBl , (IxTiR),geB' , (IxT.C)},
N [l

VTt
then B C C*, (T x T% su(1,1)). Note the algebra su(1,1)
1+|pl

phic with isomorphism given by B — M ~'BM where

- 1 —i
M= ( 1 i ) '
Therefore, we have B:= M~'BM c C¥, (I x T¢,sl(2,R)). O

T+ p
As a corollary of Proposition A.1, we have the following:

m
and sl(2,R) are isomor-

Corollary A.1. For any v € C?(I) satisfying (37), then the linear operator
L:B — C¥IxT%¥1s1(2,R))

1
F / 672TI’ZIJSF(8’0+S,UI)€27TVJS ds
0

18 bounded. Moreover, there exists numerical constant ¢ > 0 such that
L7t C¥(T x T 81(2,R)) — B
is bounded with ||L71| < c|v|.

Proof. It is an immediate corollary of corollary of Proposition A.1, similar proof can
be found in Corollary 3.1 of [38]. We omit the details. O

Proof of Theorem 6.1. Now we can finish the whole proof of Theorem 6.1. We
will use quantitative Implicit Function Theorem (c.f. Theorem 3.1 of [38]) to prove
the result. Suppose that ®!(E, ) is the fundamental solution matrix of (38),

t
H(E, 0) = 2Bt (Id + / e P EVSP(E 0 4 sw)®°(E, H)ds) :
0

where Id denotes the identity matrix.

We will show that the cocycle (u, e2™ eG(E’é)) can be embedded into the linear

system (38), which means ®!(FE, 0, HN) = eZW(E)JeG(E’é), ie.,
1 ~
e2mv] <Id+/ 6—27TVJSF(E’S’0+ SM)(I)S(E,O,Q)dS> _ 627WJ€G(E’9).
0

We then construct the nonlinear functional
U :Bx C¥(T x T s1(2,R)) = C¥(T x T 1, gl(2,R))
by defining

1 ~ ~
U(F,G):=1d + / e TISE(B, 5,0 + sp)®°(E,0,0)ds — eFF0)
0

Immediate check shows that ¥(0,0) =0, [|¥(0,G)|| < ||G||n, and
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~ 1 ~ ~
DrVU(F,G)(F) = /e—2wJSF(E,s,9+sw)ch(E,o,e)ds
0
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1 ~ ~
+/ B_QWVJSF(E,S,G—|—SH)DF(I)S(O, Q)F(E,S’H—l—s,u)d&
0

Consequently, we have

By

~ 1 ~ ~
DpV(0,0)(F) = / e 2™ISE(E, 5,0 + sp)e?™ 75 ds.
0

Corollary A.1, Dp¥(0,0)~! : C¥(T x T¢"1,s1(2,R)) — B is a bounded linear

operator with estimate ||DpW¥(0,0)7 | < c|v|..
The rest proof are quite standard, one can consult Theorem 3.2 of [38] for details,
we omit the details. 0
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