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DISPERSIVE ESTIMATE FOR QUASI-PERIODIC SCHRODINGER
OPERATORS ON 1-d LATTICES

DARIO BAMBUSI AND ZHIYAN ZHAO

ABSTRACT. Consider the one-dimensional discrete Schrodinger operator Hp:
(Hoq)n = —=(gn+1+ gn-1) + V(0 +nw)gn , n€Z,
with w € R? Diophantine, and V a real-analytic function on T = (R/27Z)®. For
V sufficiently small, we prove the dispersive estimate: for every ¢ € ¢*(Z),
(2+(1)))%d

. In &g a(lnln
(1) le™ 0l ee < e (t)s ol , () :=V1412,
3
with a and Ko two absolute constants and €¢ an analytic norm of V. The estimate
holds for every 6 € T<.

1. INTRODUCTION AND MAIN RESULTS
Consider the quasi-periodic Schrédinger operator Hy : £2(Z) — ¢?(Z), defined as
(2) (Ho@)n = —(Gnt1 + qn-1) + V(0 + nw)gn , neZ,

with V : T — R an analytic potential, d > 1, and w € R? a Diophantine frequency
vector, it is well known that its spectrum, that we shall denote by ¥, is independent
of 8. It is also well known that when the potential function V is sufficiently small,
the operator Hy has purely absolutely continuous spectrum (see e.g. [Avi08, Eli92],
see also [ADO8]) and that for generic potential it is a Cantor set. Furthermore, the
time evolution e~*¢ presents ballistic transport (see [Zhal6]).

In the present paper we prove that e o also fulfills the ¢!-¢>° dispersive esti-
mate (1). As usual, from this estimate one can deduce Strichartz estimates [KT98]
as well as decay and scattering for the small amplitude solutions of the nonlinear
Schrodinger equation

(3) ign = (HoqQ)n * |au” t g0, nez,

provided p is large enough (see e.g. [SK05, KPS09]). Here we concentrate just on
initial data in ¢! and dispersive decay in /> and give the result for p > 5.
We recall that for the free Schrodinger operator,

(4) (_Aq)n = _(qn-‘rl + qn—l) ’ n ez ;
the £1-¢> estimate

C
(t)s

(5) 1€ 23] le < —F bl , VYV PELNZ), (t):=V1+2,
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2 DARIO BAMBUSI AND ZHIYAN ZHAO

is well known (see [SK05], see also [MP10]). For the operator H : (2(Z) — (*(Z),

(HQ)n = —(qny1 + Qn—l) +Vogn, neZ,
Pelinovsky-Stefanov [PS08] have shown that

C lole . Yoel(@),
(1)

(6> ‘|e_itHPac¢H€°° <

for “generic”! potentials Vj, decaying sufficiently fast at infinity. Here P,. denotes
the projection on the absolutely continuous part of the spectrum. For other related
works, one can refer to [KKK06, KPS09, CT09, Bam13, EKT15].

In all these examples the continuous spectrum is the union of disjoint intervals.
We emphasize that our result is the first one in which the continuous spectrum is a
Cantor set.

In order to state precisely our main theorem we need a few preliminaries.

Definition 1.1. A wvector w € R% will be said to be Diophantine if 3 v > 0 and
T>d-—1, s.t,

v
k[T

(7) inf |{k,w) = gm| > v ke z\ {0},

where (-,-) is the scalar product on R%,

We will assume that there exists a positive r s.t. the potential extends to a
bounded complex analytic function on |36| < r. We will denote

(8) go:=|V]. := sup |[V(0)| .

" s)<r
We will also denote this class of functions by C¥(T¢9).

Our main result is the following theorem.

Theorem 1.2. There exists e, = ex(r,v,7,d) > 0 and two absolute constants a,
Koy > 0 such that if ey < €y, then for any @ € T, any t € R, the following estimate
holds:

Inln(2+(t)))%d

(t)3

It is immediate to get the following

|1n€0’a(

(9) le™ 0]l < Ko gl . ¥ 6 e l(Z) .

Corollary 1. Assume ey < €4, with €, as in Theorem 1.2, then given any 0 < { < %,
there exists K1 = K1(gq,C) s.t. for any 6 € T, any t € R,

Kl 1

— , Yoel(Z).
<t><H¢||£1 ¢ ( )

One also has the following standard corollary on the £°° decay of the solution of
(3) with p > 5 and small ¢! initial datum.

(10) e 50 b oo <

Corollary 2. Consider Eq. (3) with p > 5, assume ¢ < €. and fix ¢ fulfilling
1 1

— < (< .
p—2 ¢ 3

ISee Definition 1 of [PS08].
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Then there exists 0, > 0, with §, = 6.(r,v,7,d,€0,() such that if the initial datum
¢ = q(0) fulfills

80 := [|pllpr(zy < 0«
then the solution q(t) of (3) fulfills

4K
(11) g (t)[lpee < <t—>§ I8llpz)

where K is the constant in Corollary 1.

For the sake of completeness, we will give the proof of Corollary 2 in Section 5.

From (9) one can also deduce, as in [SK05, KPS09], Strichartz estimates as well as
decay and scattering for all the solutions of the linear Schrodinger equation. From
this one can also deduce scattering for all solutions of (3) with small initial data in
the energy space 2, provided p > 7.

Scheme of the proof of Theorem 1.2. For the free Schrodinger operator (4), the
dispersive estimate is proved by using the Fourier transform which allows to write
e®¢ as an oscillatory integral, which is estimated through the Van der Corput
lemma which gives the =5 decay. The variable of integration in the integral to be
estimated is the wave number.

In the presence of a quasi-periodic potential, generically, the spectrum is a Cantor
set and the object generalizing the wave number is the fibered rotation number of
the corresponding Schréodinger cocycle (see Appendix A for a precise definition).

Now, in the quasi-periodic case the fibered rotation number (rotation number for
short) can be approximated through a perturbative construction. After J steps of
such a construction, the approximate rotation number p; is a piecewise monotonic
function defined on the union of a very large number of intervals. More precisely,
there is a total number of intervals proportional to |In 60]2J2d. The approximate
rotation number py is of class C¥ (in our case k = 3 is enough) in the interior of

cach interval but it behaves as E2 at the boundaries of each interval (E being the
spectral parameter), so that its derivatives diverges at such points, which in the
limit are dense in the spectrum.

Following [Zhal6], the idea of the proof is to stop the construction at some step,
say the J-th one, and to apply Van Der Corput lemma on each one of the small
intervals. Still one has to make a regularization at the boundaries of the intervals,
and this will be explained in a while. First, one has to know the improper eigen-
functions of Hy. Now, it is known how to construct such improper eigenfunctions
perturbatively: they are the quasi-periodic solutions of the quasi-periodic cocycle
associated to Hy. However, it is not known how to construct the spectral measure
and how to normalize the improper eigenfunctions. The idea is to choose an approx-
imate normalization, which in some sense is the most natural one, and to modify
it slightly in order to regularize the integrals to be estimated. It turns out that
this is possible, and that, if one uses such “normalized” eigenfunctions to define a
spectral transform, then such a transformation is not unitary, but it is bounded with
a bounded inverse and thus suffices to get the result. This was done and proved in
[Zhal6]. Here we just recall the needed results.

In the present paper we use such a spectral transform in order to write down
an approximate representation formula for the solution of the Schrédinger equation
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in terms of oscillatory integrals that we estimate by approximating them through
integrals over intervals which in turn are estimated through the Van Der Corput
Lemma. In order to get the result, the last difficulty is to estimate the errors related
to the use of approximations. This is purely technical and consists in writing down
all the estimates taking into account the dependence on the approximation step and
on the other parameters and then to choose all the free parameters in a suitable
way. The main technical lemma of the paper gives this estimate and is Lemma 3.1.

The rest of paper is organized as follows. In Sect. 2 we recall some known facts on
the structure of the spectrum of the Schrédinger operator and on the construction of
the spectral transform. In Sect. 3 we prove the main technical lemma of the paper,
namely Lemma 3.1. In Sect. 4 we conclude the proof of the main theorem. In Sect.
5 we prove Corollary 2. We also add two Appendixes. In Appendix A we recall a
few facts on the rotation number, while in Appendix B we recall the version of the
Van Der Corput Lemma that we use in the paper.

2. PRELIMINARIES ON SCHRODINGER OPERATOR AND SCHRODINGER COCYCLE

In this section, we recall some basic notions and some important results for the
spectrum of the quasi-periodic Schrédinger operator Hy : £2(Z) — (2(7Z),

(HGQ)n = _(Qn—H + Qn—l) + V(e + nw)Qn , N€Z,

with V' and w given as in the statement of Theorem 1.2. We will also consider the
Schrodinger cocycle (w, Ag + Fo):

(12) () = () + oo+ ) ()

An n—1

with Ag(E) = ( 71E Bl ) and Fy(-) := ( VO() 8 ) Note that (w, Ay + Fp) is

equivalent to the eigenvalue problem Hyq = FEJq.

2.1. Structure of the spectrum.

We review here the KAM theory of Eliasson [Eli92] and Hadj Amor [HA09] for
the reducibility of the Schrodinger cocycle (w, Ag + Fp(+)). These works relate the
reducibility and the fibered rotation number (for the definition see Appendix A)
globally, and improve the previous works by Dinaburg-Sinai [DS75] and Moser-
Péschel [MP84]. Here we will not prove the corresponding results (Theorem 2.1 and
2.2) referring to the work [Zhal6] where a detailed proof was given. However, we
will explain the strategy of proof with the aim of making the paper as self contained
as possible, without adding too many details on known facts.

With g9 = |V, 0 = 505, define, as in [HA09], the sequences:

200°
€j+1=€]1-+0 s Nj:4j+1a\ln5j\ y ]ZO
All along the paper we will denote
k
(13) (Ko = | ’2°“’> , kez?,

and by |-|ox () the C¥ norm of a function which is Whitney smooth on a set S C R,
Cy ()

and for a function which is analytic on T¢ (or 2T¢) and Whitney smooth on S, we
will denote by "’C"},(S),'Jl‘d or "’C"ﬁV(S),TH‘d the supremum norm on T¢ (or 2T%) and CE,
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norm on S. In particular, if § is a union of finitely many intervals, we will omit the
subscript W in the above norms.

Furthermore, we denote the fibered rotation number of the Schrédinger cocycle
(w, Ao + Fo) by p = p(u,A9+Fp)- 1t 18 necessary to mention that p : R — [0, 7] is a
non-decreasing function with

=0, E <infX¥
p(E)S €(0,m), FEe€(inf¥supy) |,
=, E >supX

By the gap-labeling theorem [JM82], p is constant in a gap of ¥ (i.e., an interval on
R in the resolvent set of Hy), and each gap is labeled with & € Z? such that p = (k),,
mod 7 in this gap.

Theorem 2.1. There exists e, = e4(y,7,7,d) > 0 such that if |V|, = ¢ < e,
then, for any j € N, there exists a Borel set ¥; C X, with {¥;}; mutually disjoint,
satisfying

p(Sj1) | < 3lle,Mg , j>0,

}E\i‘ =0, Y= Uj>02;

such that the following statements hold.
(1) The Schrddinger cocycle (w, Ag + Fy) is reducible on Y. More precisely,
there exist Z and B, with Z = ¥ x 2T¢ — SL(2,R) analytic on 2T¢ and
B:¥ — SL(2,R) s.t. Z conjugates Ao+ Fy to B, namely

Z(-+w) (Ao + Fo() Z(-) = B .

Furthermore B is C* in the sense of Whitney on each %, and

1
(14) 1B —Aolet o) <665 |Bley 5,0 <N, 520

(2) The eigenvalues of B‘Z_, are of the form et€, with € € R, and, for every
J

Jj >0, there is k; : Y — 7%, such that
e 0< |kj| <Njon¥Xjy1, and k=0 on X; forl> j,
e {=p— leo<kl>w and 0 < |§|2j+1 < 253—.

Theorem 2.1 describes the result of a KAM procedure. If one stops the procedure
at a finite step one gets a picture that will be needed for our construction and which
is contained in the next theorem (which of course constitutes the main step for the
proof of Theorem 2.1).

Theorem 2.2. Let |V|, = g9 < e« be as in Theorem 2.1. Given any J € N, for
0 <j<J, there exists I‘gf]) C [inf ¥, sup X], satisfying

ox; TV foro<j<y,

. {FE-J) }37:0 are mutually disjoint and U}]:o Fg.‘]) = [inf X, sup ¥

o szo Fg.‘]) consists of at most |Ineg|2’* open intervals,

o IfJ > 1, then ‘p (rgffl)‘ < 3|Inej[eg for0<j < J—1.
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Furthermore, the following statements hold.

Ay TV = SL(2,R)
(S1) There exist < Fj: 5.‘]) x T% = gl(2,R) analytic on T¢ , 055 < J,
Zy: Fg.J) x 2T¢ — SL(2,R) analytic on 2T¢

all of which are smooth on each connected component of FE.J), such that

ZJ(' + w)fl(A() + Fo()) ZJ(‘) =A;+ FJ() ,

with |Fy| <e;,0<5<J, and

c3(r{?),md

1
(15) ’A AO‘cS F(J) < 58 ’ ‘ — Id. ’C?’ F(‘]) 2Td = €

If J>1, then for0<j<J-—1,

(16) |AJ|C3 F(I) ) < 5 ;i ° ’ |ZJ|Cs F<]) ) oTd < 5]'_§ )
(/)

and, on I';\,

(17) el <|(trd;)| < N7

Moreover, for 0 < j < J,

1
(18) |As = Bley (s;) < €J v |21 =Zley (s;)0ma S €5 -

(S2) A has two eigenvalues % with a; € RUIR. For &5 := Ray, we have
1
o |65 =&y, <ed, 0< < J.

1
e &y —P’Fg}) <ej.
o IfJ>1, then
= 8ilpe < 29,0 <j <J-1.

— There is k;j Ul ol ) 7%, 0 < j < J—1, constant on each connected
component OfUl:o l( ) with 0 < |kj| < Nj on P( )1 cmd k=0 on F§+)1

. J—
for 1> j+1 such that |£5 + Zl:()l(k:l)w —p ) < sJ.
J
1
(S3) szo{f‘g-‘]) singy| > 3 €7°} has at most 2|In 50|2J2d connected components, on

which &y is smooth with £; = gtgﬁé If J > 1, then, on {F]H |sin&y| > 3630}
0<j<J-1,

3a

1 107 E-T N207‘
19 —<t, < —J < S
(19) 3 &< |sin ¢ 4] sin &3 <&y ]smfﬂ‘g

1
(S4) [p({(inf £,sup X) : [sin ;| < 3e2})| <2t andfor() <j<J, |§J(F§~J)\2j)| <

7o
8
€y -
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From now on, we denote py := &5+ 22]:_()1<kl>w, which gives an approximation of
p. In particular, pg = &, and

1
(20) lps —ply, < -

Scheme of the proof of Theorems 2.1 and 2.2. The procedure of proof is a KAM
procedure in which one increases iteratively the order of the time dependent part of
the cocycle. The main point is that, in order to get a quite complete description of
the spectrum, one has to do the construction for a set of £’s which is of full measure
(not only of large measure). It is well known that the conjugacy of Ag+ Fp to a time
independent cocycle can be obtained through a close to identity transformation
only if some non-resonant relations are fulfilled and this is typically true only in
sets of large measure. To describe the non-resonance condition, consider first the
eigenvalues of Ag: they can be written in the form e with pg = po(E) :=
arcos (—%), |E| < 2. The relevant non-resonance condition in order to construct

the first transformation is
O'

(21) po() = {k)el = s 0.< k] < No

For the values of E' s.t. (21) is fulfilled, the classical construction of the KAM step
produces a close to identity transformation which conjugates Ag + Fp to AL+ Fy
with |F}| ~ &1 and 4; € SL(2,R) having eigenvalues of the form e*"1, with p; close

to po. Such a set of E’s is F(()l).

Now, let k with 0 < |k| < Ny be s.t. there exists a segment Zj, on which equation
(21) is violated, then it is known how to construct a time dependent matrix Hy, 4,
(Which is not close to identity) conjugating Ao+ Fy to a new cocycle Ay + Fo, where
Ay has eigenvalues e with g := pg — (k). Furthermore, by the fact that w is
Diophantine, there are no k with &k # k s.t. (21) is violated for E € Z,. It follows
that (21) is fulfilled by jo and therefore, on Zj, one can conjugate Ay + Fy to a new
cocycle Ay + Fy with |Fy| ~ €1, and A; having eigenvalues of the form e, with
a1 close to pg, which in turn is close to 0. It follows that for some values of E, the
quantity «; can fail to be real. The values of E s.t. a1(F) is purely imaginary are
outside the approximate spectrum of Hy, while the others belong to the approximate
spectrum. We put & (F) := R(a1(E)) and p1(E) = &(E) + (k)y,.

The union of the intervals Zj, is the set Fll)

1)

In order to iterate we proceed as follows. For FE € F(() one considers the non-

resonance condition
g

(22) p1(E) — (k)| z%; V0 < |kl <N

The set of the E € Fél) for which (22) is satisfied is F[()Q) and here one can construct

a close to identity transformation conjugating A; + Fi to Ag + Fy with |Fy| ~ &9

and Ay € SL(2,R) having eigenvalues of the form e*2 with py close to py.
Consider an element E € I‘(()l) s.t. (22) is violated for some k. Such E’s are the

first part of Fg). For such E’s, one proceed as we did at the first step in Fgl).

Consider now Fgl). For these values of E the relevant non-resonance condition is

(23) 1E1(E) — (k)| > :{T : VO<|k|[ <N
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If it is fulfilled one proceeds as in I‘(()l), namely, one constructs a close to identity
transformation conjugating A; + Fy to As + F» with |Fh| ~ €9 and Az € SL(2,R)

having eigenvalues of the form e*€2, with & close to &;. Such E’s constitute ng)'

Consider now the E € Fgl) s.t. 3 k with 0 < |k| < Ny s.t. (23) is violated. The

union of such E’s is the remaining part of Fg). Here one proceeds as we did for the

first step in Fgl). Iterating and adding the estimates one gets the proof of Theorem
2.2.
In order to get Theorem 2.1 one has simply to pass to the limit J — oco. We

do not discuss such a limit, which is standard, but just recall that the sets XJ; are
defined as

(24) 2= () TV U ot (k) -

J:J>j kezd

2.2. Spectral transform.

For E € ¥, let K(E) and J(E) be two linearly independent generalized eigen-
vectors of Hy and consider the spectral transform Sq defined as follows: for any
q € 1*(Z), put

n n E
25) soE)= (Z i)

o1y d
o1 e ) let £2(dy) be
dpa1  dpao

the space of the vectors G' = (g;),=1,2, with g; functions of E € R satisfying

Given any matrix of measures on R, namely dy = <

2
(26) 162y = 3 /R 05 Gk dipy < o .
k=1

Theorem 2.3 (Chapter 9 of [CL55]). There exists a Hermitian matriz of measures
1= (fjk)j k=12, with ;i non-decreasing functions, such that S : (*(Z) — L%(dp) is
unitary.

Remark that by this theorem the spectral transform is invertible. As anticipated
in the introduction it is not known how to construct the measure du, however in
[Zhal6] a procedure to construct an approximate measure was developed.

Recall that o = s, |V, = €0 < &, (as in Theorems 2.1 and 2.2) and the sequence

{e;}; is defined by €41 = 5}“’.

Proposition 2.4. On the full measure subset Y= Uj>0 Y; of the spectrum, for any

fized @ € T¢, any F € i, there exist two linearly independent generalized eigenvectors
K(E) and J(E) of Hp with the following properties: define the spectral transform
according to (25) and consider the matriz of measures de given by

1/p 0
then we have, for any q € (*(7Z),

2

o2 o
(27) <1 - o) alBoizy < 1502 0 < (1 +e&0) gl -



and also
2

1 o2
< &0’ llglle= -

il /Z (gl(E)’Cn(E) + 92(E)jn(E)) ,OIdE o

™

(28)

Furthermore, the functions K(E) and J(E) have the following properties:
(29)
Kn(B)= > Buna(E)sinnap(E), Tu(E)= Y Buna(E)cosnap(E),

na=n,n+t1 na=n,ntl

with p the fibered rotation number of the cocycle (w, Ag + Fy) and

1
|BTL77LA - 5n,nA|Eo < 561 ) |Bn,nA|2j+1 < E?, 7>0.
Given any J € N, there exist B;{ynA, smooth on each connected component of Fg.‘]),
satisfying
J i
(30) |/Bn,nA - 5n,nA}cg(F(()J)) < €y >

and if J > 1, then

J 30 .
Moreowver,
1
(32) |ﬁnanA B ﬁri,nA‘Ej < 105j , 0<5<J.

Idea of the proof. The construction and the estimates of S are actually given in
Section 4.2 of [Zhal6]. The generalized eigenvectors K and J are constructed as
Bloch waves exploiting the reducibility procedure and in particular the matrices
Z and B of Theorems 2.1 and 2.2. The construction naturally leads to a family of
generalized eigenfunctions which do not depend in a smooth way on F (in particular
Eq. (30) and (31) do not hold) so one modifies the normalization in order to get
such properties. The price to pay is that S is no more unitary, but turns out to be
just a bounded transformation with bounded inverse. For completeness we add now
the details of the construction of K and J, while we refer to [Zhal6] for the details
of the proofs of the estimates.

__ First we remark that one can construct Bloch-waves of Schrodinger operator Hy on
Y using the reducibility of Schrédinger cocycle. Indeed, with an additional transform
(see (3.17) of [Zhal6]), one can find Z : ¥ x 2T% — SL(2,C) and B : & — SL(2,C),
with two eigenvalues e, such that

Z(-+w) Ao+ Fo() Z() =B .

. : > Zn Zi2 > 5 ( Bi1 DBis > :
With the matrices Z = ~ ~ and B = ~ ~ , one can easily see
< Z21 Z22 B21 322 Y
that, defining
fn(e) = [211(0 —w+ nw)Bm — 212(0 —w+ TLOJ)BU] e iP + 212(9 —w + nw)

Q;n = einpfn(e) )
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then such a 1/; fulfills H@IZJ = El/; for E € ¥. In order to get smooth dependence on
E we modify its normalization in X; for j > 1, defining

fn s EeY,

= €™ f, with f, = -
lp f f { fnSin5§7 E62j+17 ]20

Then we define K, := S(e"f, fo) and J, = R(e" fnfo) on ¥ and Knlps =
jn‘R\i := 0. By a direct calculation, we see

e fo = Z Brma AP |
na=n,ntl

with some (3, ,, which can be shown to fulfill the estimates claimed in the state-
ment (for the details see [Zhal6]). Thus one gets K, = 37 Bnnasinnap,
Tn = nx Brna COSTAD.

Finally one has to show the important estimates (27) and (28). They were proved
n [Zhal6]. Here we just recall that the main step for its proof are the following
inequalities

71T/ (IC,%(E) —I-an(E)) p'dE—l’ < 6(;% ,

P

1 @
/(’Cm(E)ICn(E)+~7m(E)jn(E)) p/dE’ < 0 Tz m#EN
TJs |m —n|'Ts

the second of which is obtained from an estimate of an oscillatory integral (Lemma
4.1 of [Zhal6]) which is very close to the estimate given in Lemma 3.3 of the present
paper. U

3. AN OSCILLATORY INTEGRAL ON THE SPECTRUM

In this section, by using the division of [inf ¥, sup ¥] given in Theorem 2.2, we
estimate an integral on the spectrum. This will be applied in analyzing the time
evolution, and deducing dispersion in the next section.

Recall that 0 = o5, |[V|r = o < &, and the sequence {e;};>¢ is defined by

+cr
Ej+1 = 6

Lemma 3.1. Leth: ¥ — R be a function s.t. for any J > 0 there exists a function
hy: UOSJ’SJ Fg-‘]) — R which is C* on each connected component ofI‘g-J)

the following assumptions

, and satisfies

1
EO) |hy — hl|s. <107 for0<j < J and |hy—hls. <2 forj>J+1,
5 J %,

16
( ) ‘h’chl F(J) S 15
(B2) [hslenin) < e 0<j<T-1,if J>1.
Then, there exists a positive constant a < 80802 s.t. for any M € R, one has

526’ Ineg |a(1n In(24(t)))%d

33 1
(33) (t)s

/ he Ft cos Mp - p dE| <
2
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The rest of the section is devoted to the proof of such a lemma.

From now on we assume that £, is such that all the smallness conditions that we
will assume are satisfied.

We denote

Tm(S) = / he Pt cos Mp-p'dE, SCR,
S
and
Z(S) == / hye Bt cosMp-p'dE, SCR.
S
We first give three lemmas, the first of which allows to approximate Zp; through
IJ‘\]J. For the estimate of Z]‘\]/[, we have to separate the cases of small M and large M:

they are treated in two different lemmas. Finally we will summarize the results and
deduce Lemma 3.1.

Lemma 3.2. For any positive J and any M € R, under the assumptions of Lemma
3.1, one has

3o

(34) T (2) = ZH (D) < ef

Proof. By the fact that |p(X;41)] < 3| 1n5j|2d5?, we have

J L J
Z / (h — hy)cos(Mp) - e Pty dE| < 106j2/ |p'| dE
j=0 [/ %i j=0 ">
J
= 10e5 ) / p'dE
7=0"%
L
< 1025 Y [p(%))]
=0
1
< 1023 | 27+ > 367 |ngy*
Jj=20
1
< 10e3 (27 + 4¢)
1
< §€J

and

30
4

. 1
h— hy)cos(Mp)-e Ey dE| < Z¢
9 J
X

>

Jj=J+1

Hence we get that the error is bounded by

1 1 1 3¢ 30

Lemma 3.3. Assume that for some positive J > 0 the function hy fulfills (E2) and
(E3), then for every M € R\ {0} and t € R, we have
32 1 |2.]2d 32

1
i (D) < = —11 Z_ _(supX —inf 2)(t) .
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Proof. Since p' =0 on [inf X, sup X] \ X, then we have

sup X .

Ti(%) = / hye Bt cos Mp - p' dE .
inf 3

The above integral on the right hand side is indeed the sum of integrals over the con-

nected component (Ey, F.) C F§J). Since p is absolutely continuous, by integrating
by parts on each connected component, we obtain

sup % )
/ hye Ft cosMp - o dE
infE

= MZ Z hye Bt sinMp|(E*,E**)

(Ex, E**)CF(J)

connected component

——Z Z / h (hye 'EY sin MpdE .

(B, E**)CF(‘])

connected component

we have

(J)

. 2
Since there are at most |Ineg|?/"¢ connected components of U]J:o I

32 2%d
|M| Z Z hye ¥ s1nMp’ (BB S m|lneo|

J=0 (B, Bax)cr(),
connected component

and

E
** 32|t .
1Et
|M| Z Z / (hje ™) sin MpdE| < 15‘M|(Sup2—mf2). O

(Bx, Bx )cr(J)

connected component

Lemma 3.4. Assume that for some positive J > 0 the function hy fulfills (E2) and
(E3), then for every M € R and t € R, we have

Ine 27%d 1 3o
(37) 1Z3,(2)] < 512|<t°>| + zeJ +2\M|5J :
3

Proof. The proof is divided into three parts.
Step 1. Approximation

We will consider the sum of integrals

Z 1 hye Bt cosMpy - p/;dE
=0 {F;J):|sin§\>530}
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instead of Z7,(%). The error is estimated by

J
(38) )= / hye Bt cos Mpy - ply dE
j= {F(J) |Sln§|>€20}
(39) < Z/Z el hJe*iEt(CosMpJ-pf,—cosMpp’) dE
sin EJ
(40) + Z/ 5 hye 't cos Mpy - p/y dE
J)\E || sing|>e? }
(41) + Z/ hye Etcos Mp- o' dE
> |sm§\<€20
(42) +1 D TN
Jj=J+1

e Since |p(Xj41)] < 3 ln5~|2d5§, the term in (42) is bounded by

1 1
e On X, 0 < j < J, we have [{; — | < €. So [sin| < €3 implies that
s
|sing;| < 3e2°. By the assertion (S4) of Theorem 2.2, the term in (41) is

bounded by
155}14 < ey,
e By the fact that ]pJ(FgJ) \25)] < 8?, 0 < j < J, the term in (40) is bounded
by
DAY e < el

1 1
e On {Ej :|sing| > 830}, 0 <j < J, we have |{; — {| < €], which implies

|singy| > 1 210 . Then, by (15)—(18), we get
1|(trdy)"  (trB)
2 sinéy B sin &
|(trAy) sin€ — (trB) sin ¢y

E ST
|(trAy)'||sing — sin&y| + |sin&y||(trB)" — (trA;)'|

o=l =

< . -
= o sing]|sin&|
1 1
< 2€J (25JN107+25j>
1
< ey,
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and, using

M
|cos Mpy — cos Mp| =2 sin?(pJ—&—p)

. M 1
sin’y (s = )| <2 ¢}

we bound of the term (39).

Hence, by combining the above estimates, the error given in (38) is less than

1 3¢ 1

Step 2. Change of variable

Recall that there are at most 2|1Inq|?’ *d connected components of

J 3 1
U{EEF |s1n§J|>25f,°}.

J=0

Let (Ey, E.) be one of these components, on which p;(F) is strictly increasing. So
E = E(py) is well-defined with

(43) dE 1 *E B _3(p))° Y
Py (o)

dps )0 Aoy ()R dp
Since p/; = &; > %, we have |4 E| < 3. Then, for F(py) := (hjo E)(ps), in view of
the condition (E2) and (E3) for hj, we can get

16

( ) |F‘Cl F(J))) < E ; |F|CI(PJ(F§;JF)1)) < 35?0 ) 0 SJ <J-1 (lf J > 1) :

By the change of variable, we get
E** .
/ hye Pt cos Mpy - p'y dE

PJ(E**) . /A .
(45) _ ;/ . F(py) (e_lt[E(PJ)‘f‘%PJ] + e_lt[E(pJ)_¥PJ]) dpy .
PJ (L

Step 3. Van der Corput lemma on each component

We first prove that, for any E € (Ey, Fy) C FE)J), we have

d*E d*E !
(46) either |——| or >1—ef .
dp dpJ
-F -1
By (15) and the fact that Ay = 1 o ) Wecansee

1
|(brAy) + 1], [(trAy)"|, |(trA))"| <22 on Ty .

Since py = &y on I‘( ) and ¢ = ;;’i"g] combining with (43), we have

d’FE o A(trAy)” sin?p;  2cospy

dp?] a (tl"A])/3 (tI“AJ)/

d>F 24(trAy)"?sin py  8(trAy)"sindpy;  12(trAy)’cospysinp;  2sinpy

dp?, (trdy)® (trA,)* (trd )" (trdy)
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and hence
?E| | |dE 2 ! :
> (|cosps| + |sinps|) —40ed > 2(1 —¢f) ,
dp% | 1dp% | = |(trAy)| ° °

which implies (46).
Let J C (E, E.x) be the subset such that

dE 1 d*E 1
>l—¢esonJ; |—=|<l—¢ion(Ey,Eu)\J.
dpJ 0 dp3 0
Since
d*E 0
—— —2sinpy
dp%
1 1
. 1 96¢ 16e3 24¢el
< |sinpy| |2 T+ — 1]+ Ol + Ol + Ol
1-2¢2 (1—-2e2)° (1—-23)F (1—2¢¢)3

1
< €8|Sian| s

1 1
and py € <—6j,7r + 5j>, one has that J C (Ey, Fy) is composed at most by one

sub interval (maybe empty) and (Ey, E..)\ J consists of at most two sub-intervals,
saying &1 and Ss.

On J, we apply Van der Corput lemma (Corollary B.2) with k£ = 3, and get (for
t[>1)

1 16
<18(1—gf) s (14 m)[t|73 < 240[¢ 73 .

Jun

/ F(PJ)e_it[E(p‘])i¥pJ] dpy
pa(J)

On &1 and Sz, we have \ | >1- 50 in view of (47), then, by applying Corollary
B.2 with k = 2, we get, for l =1,2,and [t| > 1
—it[B(p,) £ ] 1.1 16 1 _1
F(py)e PIETPIdpy| < 8(1—¢f) 2-3(1—1—7r)|t| 2 <108t "2 .
ps(S1)

Hence, the integral in (45) is bounded by 456|t|7% for every connected component
(E4, E.x) contained in I'y. Recalling that there are |In 50\2‘] *d connected components
in T'g, we get

Jivor iy e osMps - dE| < meof 456 i~}
To:|sin&|>e

26 - 456|In o2/ 4(t) "5 |

(47)

since V1|:|rt < 23 for [t| > 1.

IN

If J > 1, then for (B, Ey.) C T/}, 0 < j < J — 1, (19) implies that

3o

107 4

Pl < —
|pJ| |€J| = |Sil’l§J| ’ ’p | ‘5] - 4| SID§J|3 )
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Hence the second derivative of the inverse function satisfies
30
1" 4 : 3
_ 1A S Isin&P %
- , pu— . . .
P13~ Alsingy 2 NPT I

d’E
dp?]
So we apply Corollary B.2 with k£ = 2, and get

p(Exx) )
/ F(PJ)G_lt[E(p")i%p"] dpy
p(Ex)

(48)

_ 70 1
<8, 03l (1+mt| 2 <e

Hence, we have

Z/ Jsine] .. hJe_iEtcosMpJ.pi]dE < |1n€0‘2Jd |t| 2
]Jrl sin >5 }

1

(49) | In 50\2‘]2%%" (t)"s .

By combining (47) and (49), we get, for |t| > 1,

IN

1

- 456 +e§“) | Ineo|2°d (1)

NI

Z/F()| i’ 20 hye 1Pt cosMpy-p;dE| < (2
sin >ey
1

< 512 Ineo> ()5

Since the above inequality holds trivially for [t| < 1, this concludes the proof of

Lemma 3.4. O
We are now ready for the

Proof of Lemma 3.1. Fix t, and choose J in such a way that the error in Lemma

3.2 satisfies

5%’ < !
SCE
this gives
1 4 In(t)
50 J>Jy = ———In| — .
(50) - In(1+o0) n<90\1n€0\>

Taking J; to be the smallest integer fulfilling (50), one has that, provided ¢ is small
enough, one has

(51) Jy<Jo+1< Inln(2 4 (t)) < 2011InIn(2 + (1)) .

1
In(1+ o)

If (M| > 22(t >% then we use the estimate (36). In such a case, the second term
at r.h.s of (36) is estimated by 2 m >1 The first term (with J = J;) is estimated by
3

2d
%. Summing up we get the result for the considered values of M.
3(t)3
Consider now |M| < %(t)g and use (37). The first two terms at r.h.s. are

immediately estimated. For the third one just remark that
L 64, 4 ( 3 3 64 a1 64 1 64 1
2‘M’6§§€<t>3 <5J4> < 5<>3 goszggi_

Summing up one gets the result. ([l
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4. PROOF OF DISPERSIVE ESTIMATES

Fix any § € T? Given ¢ € (1(Z), let q(t) = e *Hop. It solves the dynamical
equation i = Hyq with ¢(0) = ¢. Let

G(E,1) = (g;gg) = S(q(t).

E,t : E,0
For a.e. € X, we have (91( ) ) :e—lEt<g1( ) )
92(E7 t)
In view of eq. (28), we have
(52)

001 < 2| [ 0B.0060(5) + (B0 94| + 8 a0l . vnez,

To estimate ||g(t)]|¢=, it is sufficient to control the above integral. By a straightfor-
ward computation, we have

/E (91(E, )Kn(E) 4 g2(E, ) Tn(E)) p'dE
- /E e (g1(E, 0/ (E) + g2(E, 0)Jo(E)) pldE

= LY o (K (B E) + T EVTL(E)

meZ
(53) = / e 1B Z Om Z (Bm.ma Brna cos(ma —na)p) pldE .
z meZ ma,nA
Lemma 4.1. Assume that |V|, = g9 < e, with e, in Theorem 2.1. For any
m7 mA’”? nA}
) 5961 a(In1n(2+(t)))%d

‘/ BinmaBnna cos(ma —na)p-e P p’dE‘ < [In ol T , VteR.

s (t)s
Proof. We just apply Lemma 3.1 with A = BrmaBnnas M = ma —na and hy =

T{wn A ;{n - The result immediately follows. 0

End of the proof of Theorem 1.2. According to (53) and Lemma 4.1, we get, for
every n € Z,

9 - 526 In go (M In(+(1)*d

m lg(O)lr -

[ @B () + 0a(B.07,(2) pde’ -

W=

Finally, by (52), we get, for every ¢t € R,
9526 |Ingp|t(inin(+(t))"d

la(@)lle= < 2 T 1g(0)][er
s (1 - 5010> {t)s
| Ineg ‘a(ln In(2+(t)))%d

w

< 1507 o) lg(O)f[r . O
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5. PROOF OF COROLLARY 2

Fix any 0 < ¢ < %, p > 5and # € T?. Assume that |V|, < e, with &, as in
Theorem 1.2. We prove Corollary 2 for ¢t > 0, the case t < 0 being totally similar.
First remark that ||Hgp¢|ge < 3]|@|l¢c. Denote by f the map

f(g); — (FilglP g, ,

which describes the nonlinearity in (3); one has

(54) 1 (@l < Nlallf
- -2
(55) £ @)l =D lgiP < <sup!qj|p 2) > gl = llallb=? llall -
JEL J J

In particular, from (54) it follows that (3) is locally well posed in ¢°°. Furthermore,
since the solution of equation (3) fulfills

(56) la@®)lle = 1l

it is also globally well posed in ¢2.
Finally we recall the following well known lemma.

Lemma 5.1. Let 0 < ( <1 and p > 1 be fized, then 3 C; > 0 s.t.

Lo 1 > 1 1 C
(57) /ds</ 7—ds§—1, Vi>0.
o = r S Jo T—sC e = e
The main step for the proof of the Corollary 2 is the next lemma.

Lemma 5.2. Define M := 4K; and 6, := (ClMp_Q)_PlTl. Assume that the initial
datum q(0) = ¢ for (3) fulfills o = ||¢||£1(Z) < 84, then, if for some T > 0 one has

(58) sup ()¢ |q(t)llpe < Mo
0<t<T

the solution still fulfills the above inequality with M replaced by %

Proof. By Duhamel formula the solution of (3) fulfills

(59) ﬂﬂ=é“%¢+ﬂe*“”mﬂdﬁw&

Under the assumption (58), we have, for 0 < s < T,

oo M
o)l < 75z -
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In view of (55), for 0 <t < T, the integral is estimated by

’/Ot == Ho f (g (s /H i(t=5)Ho £ ))Hgoods

t K1
S/0 e Il ds

< [ K2 ) d
<) Tose q(s) =" 1la(s) 2 ds

t p—2 9
Ky &, “MP™
S/o {t—s)¢ <><(p 5 lelliz ds
1
P—2 3 rp—2
= 16l 002K / (t — )¢ S>C(p—2)d8
< IMP2 K, %!

()¢

where we used the fact that, under the assumption of the Corollary 2, one has
C(p —2) > 1. Using again (10) in order to estimate the term e *H0¢ at r.h.s. of
(59), one gets

K6
sup [la(®)« < 2% (14 coamg ]
0<t<T (t)

The choice of the constants M and d, made in the statement of the lemma ensures
that the square bracket is smaller than 2 and therefore the proof is completed. [

End of the proof of Corollary 2. First remark that, by local well-posedness in £°°,
there exists 7 > 0 s.t. (58) holds. Assume that there exists a finite T} which is
the largest time for which (58) holds, then from Lemma 5.2, there exists T} > T

s.t. the estimate holds (the £*° norm takes some time to move from 2(ZOT7M>< to f;—ﬂ;[g)
against the assumption that 7T, is the largest time for which the inequality holds.

Thus the solution fulfills (58) with 7" = co. O

APPENDIX A. THE FIBERED ROTATION NUMBER

Related to the Schrodinger cocycle (w, Ag+ Fp), we can define the fibered rotation
number p = p, Ag+F,)- 1t was introduced originally by Herman [Her83] in this
discrete case (see also Johnson-Moser [JM82]). For the precise definition, we follow
the same presentation as in [HA09].

()
)

Given A € C(T¢, SL(2,R)) with A(-) = < Z(.

b() )
, we define the ma
() b
Comd 1 a1
T(W’A) . T X iT — T X §T

(9, 90) = (9 +w, ¢(w,A) (9, QD))

)

where 3T := R/7Z and ¢, 4)(0,p) = arctan (%) . Assume that A(0)

is homotopic to identity, then the same is true for the map T, 4) and therefore it



20 DARIO BAMBUSI AND ZHIYAN ZHAO

admits a continuous lift
Twa: T'xR = T'xR
(97 ()0) = (0 + w, (Z;(w,A) (07 QO))
such that é(w,A) (0,¢) mod m = ¢, 4)(0, » mod 7). The function

(0,0) = G a)(0,0) — ¢
is (27)%¢—periodic in # and 7—periodic in . We define now p(gg(w?A)) by
- ' 1 .-
P(P(w, 4)) = limsup —(p2 o T(;, 4)(0, ) — ) ER,
n—+4oo N

where po(6, ) = . This limit exists for any § € T¢, ¢ € R, and the convergence
is uniform in (6, ) (For the existence of this limit and its properties we can refer
to [Her83]). The class of number p(qg(w, 4)) in 3T, independent of the chosen lift, is
called the fibered rotation number of the skew-product system

(w,A): TIxR? — T¢xR?
0, y) = (@+w, AO)y)
and we denote it by p(,, 4). For further elementary properties, we refer to Appendix
of [HA09)].
APPENDIX B. VAN DER CORPUT LEMMA

For the convenience of readers, we give here the statement of the Van der Corput
lemma and its corollary which are used in this paper, even though they can be found
in many textbooks on Harmonic Analysis (see, e.g., Chapter VIII of [Ste93]).

Lemma B.1. Suppose that 1) is real-valued and C* in (a,b) for some k > 2, and
(60) WP (@) =1, Ve (ab).
For any A € R™, we have

b .
/ el)«t[;(:t) dr

If the hypothesis (60) in the above lemma is replaced by
(61) “GP(@)| >c, Vael(ab)

for some ¢ > 0 independent of x, then we can derive from Lemma B.1 that

b .
/ elAw(z) dr

Moreover, since (61) also holds for —i, Lemma B.1 implies that

b .
/ @) gy

Corollary B.2. Suppose that v is real-valued and C* in (a,b) for some k > 2, and
that |p®) (z)| > ¢ for all x € (a,b). Let h be C* in (a,b). Then

b
/ M@ p(z)da

a

=

< (5-2F1 )\~

<(5-2F1_92)c kAR, VAER,.

< (5281 —2)c kA", VY AeR\{0}.

1 b 1
< (5281 -2y F [|h(b)|+/ |h’(m)|dm} ATF, Y AeR\{0}.
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b b
This corollary is proved by writing / M@ (z)de as / F'(z)y(x)dx with

a a

xX
F(z):= / et integrating by parts, and using the previous estimate
a

IF(z)| < (5- 281 —2)c *A %, Vazelab].
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