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Anisotropic and crystalline mean curvature
flow of mean-convex sets

Antonin Chambolle * , Matteo Novaga |

We consider a variational scheme for the anisotropic (including crystalline) mean
curvature flow of sets with strictly positive anisotropic mean curvature. We show
that such condition is preserved by the scheme, and we prove the strict conver-
gence in BV of the time-integrated perimeters of the approximating evolutions,
extending a recent result of De Philippis and Laux to the anisotropic setting. We
also prove uniqueness of the flat flow obtained in the limit.
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1. Introduction

We are interested in the anisotropic mean curvature flow of sets with positive anisotropic mean curva-
ture. More precisely, following [11, 9] we consider a family of sets ¢t — E(t) governed by the geometric
evolution law

V(m,t) = _Q/J(VE(t))’i%(t)(w)a (1)

where V(z,t) denotes the normal velocity of the boundary 0F(t) at z, ¢ is a given norm on R, Ii%( £
is the anisotropic mean curvature of OE(t) associated with the anisotropy ¢, and v is another norm
(usually called mobility) evaluated at the (outer) unit normal vg ) to OE(t). We recall that when ¢ is
differentiable in R™ \ {0}, then Ii% is given by the tangential divergence of the so-called Cahn-Hoffman
vector field [6]

Ky = div, (Vo(vp)), (2)

while in general (2) should be replaced with the differential inclusion
/ﬁ% =div, (n%) , n}é € 0¢(vg).
It is well-known that (1) can be interpreted as gradient flow of the anisotropic perimeter

P¢(E> = (b(l/E)d’Hdil B
OFE
and one can construct global-in-time weak solutions by means of the variational scheme introduced by
Almgren, Taylor and Wang [1] and, independently, by Luckhaus and Sturzenhecker [14]. Such scheme
consists in building a family of discrete-in-time evolutions by an iterative minimization procedure and
in considering any limit of these discrete evolutions, as the time step i > 0 vanishes, as an admissible
solution to the geometric motion, usually referred to as a flat flow. The problem which is solved at
each step takes the form [1, §2.6] B} := T}, E}~!, where T}, F is the solution of

m};nP¢(F)+% /F 4% (z)dz, (3)

where dlgo is the signed distance function of E, with respect to the (non necessarily symmetric) “norm”
1°, which is defined as
d¥ (z) := inf ¢°(z — y) — inf ¥°(y — 2). 4
p (@)= inf *(z —y) - inf O°(y — 2) (4)
t
In [1] it is proved that the discrete solution Ej(t) := E,[l’l], with 1 = 1 and ¢ smooth, converges to a
limit flat flow which is contained in the zero-level set of the (unique) viscosity solution of (1). Such a
result has been extended in [11, 9] to general anisotropies ¢, ¢. In the isotropic case ¢ = = | -] it is
shown in [14] that Ej(t) converges to a distributional solution E(t) of (1), under the assumption that
the perimeter is continuous in the limit, that is,

T T
lim P(EL(t))dt = / P(E(t)) for T > 0. (5)
h—0 Jo 0
Recently, in [12] the authors proved that the continuity of the perimeter holds if the initial set is
outward minimizing for the perimeter (see Section 2.1), a condition which implies the mean convexity
and which is preserved by the variational scheme 3, as already shown in [17].
In this paper we generalize the result in [12] to the general anisotropic case, where the continuity
of the perimeter was previously known only in the convex case [5], as a consequence of the convexity



preserving property of the scheme. Such result is obtained under a stronger condition of strong outward
minimality of the initial set, which is also preserved by the scheme and implies the strict positivity
of the anisotropic mean curvature. As a corollary, we obtain the continuity of the volume and of the
(anisotropic) perimeter of the limit flat flow.

The plan of the paper is the following: In Section 2 we introduce the notion of outward minimizing
set, and we recall the variational scheme proposed by Almgren, Taylor and Wang in [1]. We also
show that the scheme preserves the strict outward minimality. In section 3 we show the strict BV-
convergence of the discrete arrival time functions, we prove the uniqueness of the limit flow, and we
show continuity in time of volume and perimeter, and in Section 4 we give some examples. Eventually,

in Appendix A we recall some results on 1-superharmonic functions, adapted to the anisotropic setting.

2. Preliminary definitions

2.1. Outward minimizing sets

Definition 2.1. Let £ be an open subset of R and let £ CC Q be a finite perimeter set. We say
that E is outward minimizing in Q (see [12, 17]) if

P4(E) < Py(F) YF D E,FCCQ. (MC)

Note that, if F, ¢ are regular, (M C') implies that the ¢-mean curvature of OF is non-negative.
We observe that such a set (or rather its complement) satisfies the following density bound: there
exists v > 0 such that for all x € E such that |B(z, p) \ E| > 0 for all p > 0, one has:

Bl p) \ E|
[B(z.p)]

whenever B(z, p) C . A consequence is that whenever x € E is a point of Lebesgue density one, then
there is p small such that (6) does not hold, and it follows that for a smaller radius o/, |B(z, p')\ E| = 0.
(This is even quantitative in the following sense: if | B(x, p)\ E| < v27¢|B(z, p)| then |B(y, p/2)\ E| <
~¥|B(y, p/2)| for all y € B(x, p/2) so that |B(z,p/2) \ E| = 0.) Identifying thus E with its points of
Lebesgue density one, one will always assume that F is an open subset of R

(6)

Conversely if E C R? is bounded and C?, ¢ is C?(R?\ {0}), and its mean curvature is positive, then
one can find Q DD F such that E is outward minimizing in 2. More precisely, if F is of class C? then,
in a neighborhood of JF, dd; is C2, while in a smaller neighborhood we even have div qu(d%o) >4
for some § > 0. Let £ be the union of E and this neighborhood, and set n% = ng(dd;): then if
ECFcCccCq,

Py(F) > / n% cvpdHT! = —/ n% -Dxr
o*F Q

while by construction Py(E) = — [, n% - Dxg. Hence,

P,(F) 2P¢(E)/Qn%~D(XFXE)P¢(E)+/F\Edivn%2P¢(E)+5|F\E|.

Observe (see [12, Lemma 2.5]) that equivalently, one can express this as:
Py(ENF) < Py(F)—4|F\E| VFcCcqQ. (MCs)

Clearly, condition (MCj) is stronger and reduces to (M C') whenever § = 0.



Remark 2.2 (Non symmetric distances). As in the standard case (that is when ¢° is smooth and even),
the signed “distance” function defined in (4) is easily seen to satisfy the usual properties of a signed
distance function. First, it is Lipschitz continuous, hence differentiable almost everywhere. Then, if x
is a point of differentiability, d}go () > 0 and y € OF is such that ¢°(z —y) = d}go (x), then for s > 0
small and h € R? d}go (x+sh) > ¢°(x+sh—y) > °(x—y)+sz-hfor any z € 9¢°(x—y) and one deduces
that 00°(z — y) = {VdY (z)}. If d¥ (z) < 0, one writes that ¢°(y — z) = —d% (z) for some y € OF
and uses °(y —x — sh) > 1°(y —x) — sz - h for some z € 9°(y — x), hence dg} (x+sh)—d(z) < sz-h
to deduce now that 0¢°(y —z) = {lego ()}. In all cases, one has qb(Vd}iio (x)) =1 ae. in {dﬁo # 0}
(while of course Vdjéo () =0 a.e. in {d}go = 0}), and Vdi(z) - (x —y) = d}go (x), which shows that
y €z —dy (2)0¢(Vdy (x))).

2.2. The discrete scheme

We now consider here the discrete scheme introduced in [14, 1] and its generalisation in [8, 5, 11, 10].
It is based on the following process: given h > 0, and E a (bounded) finite perimeter set, we define

T, FE as a minimizer of
1 o
min Py(F) + — [ dy (z)dz (ATW)
F h Jr
where d}go is defined in (4). If E satisfies (M C') in €, it is clear that for A > 0 small enough, one has
TwE C E. Indeed, for h small enough one has T, E C 2, and it follows from (MC') that

1 o 1 o 1 o
Py(TLE N E) + —/ d¥ (z)de < Py(ThE) + E/ 4 (z)dz — —/ ¥, (z)dz,
ThENE ThE Ty E\E
showing that |TpE \ F| = 0. We recall in addition that in this case, TR E is also ¢-mean convex in
Q, see the proof of [12, Lemma 2.7]. If E satisfies (M Cjs) for 6 > 0, we can improve the inclusion

wWE C b

Lemma 2.3. Assume that E satisfies (MCs), 6 > 0. Then for h > 0 small enough, T, E + {¢° <
Sh} C E. In particular, dY, > dy + 6h and TE C {dy < —0h}.

Proof. Assume h is small enough so that T, E C E and E+{¢° < §h} C Q2. Choose 7 with °(7) < dh
and consider F := T, E + 7. We show that also I' C E. The set F' CC ) is a minimizer of

1 o
P¢(F)—|——/ d}g (x — 7)dx.
hJr

In particular, we have

1 o 1 o
P¢(F)+E/d% (ac—T)dngd,(FﬂE)—i—E/ d¥ (x — 7)dz
F

1 o
—d¥ (x — 1)+ b da.

1 o
§P¢(F)+—/d}ii (m—T)dx—/
hJp el

By definition of the signed distance function, for z ¢ E, d}go (x—7) > =¢°(z—(x—7)) = —¢°(7) > —0h
so that if |F'\ E| > 0 we have a contradiction. We deduce that Tp, E + {¢° < éh} C E.

In particular, if z € TR,E and y ¢ E is such that dg} (z) = —¢°(y — x), then ¢y = y — dh(y —
x)/Y°(y — x) € T E hence d#:E > —y°(y —x) = dlgo () —oh. If x € E\THLE, d}go () = =9y — x)
for some y € Q\ E, and d#:E(:c) = ¢(z — ') for some y € TpE. Since Y(z —y') + Yy — z) >
Y(y —y') > 6h we conclude. Eventually if ¢ E, for y € T, F with d%jE(ac) = ¢°(z — y) we have



y + dh(x — y)/¢°(x — y) € E, so that d}go () < ¢°(x —y) — dh = d#:E(x) — 0h. This shows that
dy, p > dy + 0h. O

Corollary 2.4. For anyn > 1, T}?HE + {¢° < 6h} C TJ'E, and d%;E > d}go — dnh.

Proof. The first statement is obvious by induction: assuming that for 7 with ¢°(7) < éh one has
TWE+71 C T,?ilE (which is true for n = 1), one has applying T}, again and using the translational
covariance that T;:HE + 7 C I'E. The second statement is obviously deduced, as in the previous
proof. O

Remark 2.5 (Density estimates). There exists v > 0, depending only on ¢ and the dimension, and
rg > 0, depending also on 1, such that the following holds: for z such that |B(z,7) NT,E| > 0 for all
r > 0 one has |B(x,r) NT,E| > vr? if r < roh. For the complement, as T}, E is ¢-mean convex in (2,
we have as before that for = such that |B(x,r) \ T, E| > 0 for all » > 0, one has |B(x,r) \ TLE| > yr?
for all r with B(z,r) C , ¢f (6).

2.3. Preservation of the outward minimality

In the sequel, we show some further properties of the discrete evolutions and their limit. An interesting
result in [12] is that the (M Cjs)-condition is preserved during the evolution. We prove that it is also
the case in the anisotropic setting.

We first show the following result:

Lemma 2.6. Assume E satisfies (MCj5) in 2, with 6 > 0. Then for any F CC Q, §|F| < Py(F).
Proof. Since 0|F| =4|FNE|+0|F\E| <|FNE|+ (Py(F)— Py(FNE)) (using (MCs)), it is enough
to show the result for F' C E. We introduce for any s > 0 E; the largest minimizer of

1 o
Py(E,) + - / ¥, da. (7)
Es

S

which is obtained as the level set {ws; < 0} of the (Lipschitz continuous) solution ws of the equation
—sdivzg + ws = d}iiz, zs € 0(Vwy),

see for instance [8] for details. It turns out that there exists some so > 0 such that for s < sg, Fs C Q.
This is true because by comparison it is easy to show that Fs C E + B(0,C/s) for some constant
C depending only on ¢,, but in fact, as soon as the minimizer of the same problem (7) with P,
replaced with Py (-;€) is strictly in €2 (hence in F, ¢f Lemma 2.3), then it coincides with E and it
even follows that E; CC E. In addition, ¢(Vw,) <1 = 1/1(qu§) a.e. in R%. For s < s, we denote
also B! = {ws < 0} the smallest minimizer of (7).

As Py(Es) < Py(E), lims_g Py(Es) = P,(E) and one deduces that for any F' C E, lims_g Py(F N
E,) = Py(F). Indeed,

Py(F NEg) + Py(F UEy) < Py(F) + Py(Ey),

and FFUFE; — FE, so that

P(E) +limsup Py(F N E;) < Py(F) 4+ Py(E),

which shows the claim.



Thanks to Lemma 2.3, one has that d%o < —s6 on OFs = {ws < 0}. Now if z € Es and y € OFs,
ws(x) > ws(y) —Y°(y —x) = —¢°(y — 2) (using ¢¥°(Vw,) < 1). If z ¢ E and y € [z,2] N OE,,
one has ¢¥°(z — x) = ¥°(z — y) + ¥°(y — =) (by one-homogeneity) so that 0 < ws(z) +¢¥°(y — ) =
ws(x) + ¥°(z — ) —¢°(z — y) < ws(x) + ¢¥°(2 — x) — s6. Taking the infimum over z, we see that
86 < ws(x) — d}go (x). Hence divzs; > 0 a.e. in E.

Let now F' C E, one has Py(F N E,) > fQ div zsxFng, > O0|F N Eg|. The lemma follows letting
s — 0. O

We can then deduce the following:

Lemma 2.7. Let 6 > 0, E (open) satisfy (MCjs) in Q, h > 0 small and T,E C E the solution of
(ATW). Then TLE satisfies (MCs).

Proof. We remark that the sets Eg, E built in the previous proof satisfy E, C E’, for s > s’. This
follows from the fact that the term s — d%o (x)/s < 0 is increasing for « € E. In particular, if s, — s,
sp < s, then B, — E,, while if 5, > 5, Q\ E/ converges to Q\ E,. Moreover, as the sets satisfy
uniform density estimates (for n large enough), these convergences are also in the Hausdorff sense. In
particular, we deduce that £\ E, = Uy, <,(Es \ E.) (we recall Ey \ B}, = {wy = 0}).

Let € > 0. The previous analysis also shows that there exists n > 0 (depending only on ¢) such that
for any s € (0,s0), in Ny = {x : dist(z, E5) < sn}, one has divzs > § — ¢ (we use here that wy — d%o
is Lipschitz continuous).

Let h > 5> s> 0. The set E; \ E. is covered by the open sets Ny \ E, 0 < s < h. Hence one can
extract a finite covering indexed by s; > sy > -+ > sy_1. We observe that necessarily, h > s; > §
and we let sy 1= s. Let F' CC Q and up to an infinitesimal translation, assume H?~1(9* FNOE;,) = 0
fori=1,...,N. One has for i € {1,...,N}

Py(Es,,, NF) — Py(Es, N F) > / zs, - vdAHIT!

o (FNE., ,\Es,)

:/ div zg,dx > (0 —¢)|F N Ey,,, \ Es,|
FNE., ,\E.,

so that, summing from ¢ = 1 to N, we find that
Py(Es, NF) < Py(Es N F) = (6 —€)[(Es \ Bs,) N F.
Since E; is outward minimizing, Py(Es N F) < Py(ENF) < Py(F) — (§ —¢)|F \ E|, so that:
Py(Esy NF) < Py(F) = (6 —e)([F\ B[+ |(Es \ Es,) 0 FY).

Sending § < s1 to h and s to 0, we deduce that P, (E, NF) < Py(F)— (6 —¢)|F \ E| hence the thesis
holds, since ¢ is arbitrary. O

3. The arrival time function

Consider an open set Q C RY and a set E° CC € such that (MCjs) holds for some § > 0. As
usual [14, 1] we let Ex(t) = T,Et/h] (E®), here [] denotes the integer part. Being the sets T;'(E°)
mean-convex, we can choose an open representative. We can define the discrete arrival time function

as
up(z) == max{txg, ) (z),t > 0},



which is a l.s.c. function! which, thanks to the co-area formula, satisfies
o(-Du) < [ o(-Dv) (®)
Q Q

for any v € BV (R?) with v > uy, v = 0 in R4\ Q — hence a (¢-)1-superharmonic function in the sense
of [16], see Sec. A. One easily sees that (up)p is uniformly bounded in BV (Q2) so that a subsequence
up, converges in L*(£2) to some u (which again is 1-superharmonic).

In addition, as E° satisfies (M Cs), we have thanks to Corollary 2.4 that wu; has a sort of global
Lipschitz bound. More precisely, for z,y € € there holds
¢°(y — =)

5

Indeed, one has up(z) =t = up(x+7) > t—h for any t > 0 and 7 with ¢°(7) < §h. The claim follows
by induction.

up(w) —up(y) < h+

As a consequence we obtain that u; converges uniformly, up to a subsequence, to a limit function
u, which is also Lipschitz continuous, and satisfies
¢°(y — x)

u(z) —uly) < 5 9)

for any z,y € Q. Moreover, recalling Lemma 2.7, we have that the functions u;, and u are (¢,d)-1-
superharmonic, in the sense of Definition A.1 below.

We will show that the function w is unique, and is the arrival time function of the anisotropic
curvature flow starting form E°, in the sense of [9].

Theorem 3.1. Under the previous assumption on E°, the arrival time function wuj converge to a
unique limit u, as h — 0, which is such that (z,t) — {u(x) <t} is a solution of (MCF) starting from
E. Moreover, there holds

lim qu(—Duh):/Q(b(—Du).

h—0

Proof. Let us denote E° the (open) sets {u > s}. Since given z, p with B(z, p) C E, one knows that
the curvature flow starting from B(x, p) will contain x for a time of order p?, one has u(z) > p?. It
follows that « € E* for some s ~ p® so that (J,., E* = E.

As a consequence of the existence and uniqueness result in [11, 9]), for a.e. s > 0 the arrival time

T,[Lt/ " ps converge uniformly to a unique limit »*. In particular,

functions uj, < uy, of the discrete flows
considering the subsequence up, , one has u® < u. On the other hand, thanks to Corollary 2.4 and the
Remark 2.5, given s > 0 there is 7, > 0 such that T,[LTS/h]E0 C E®. Then, T,[LTS/}L]JF"E0 C TP E® by
induction so that uj, — 75 — h < uj. If v is the limit of a converging subsequence of (u), we deduce
v—7s < u® < wu. Sending s — 0 we deduce v < u. Since this is true for any pair (u,v) of limits of
converging subsequences of (up,), this limit is unique and up — w.

The last statement is already proved in [12] in a simple way: clearly, one just needs to show that
limsupy, [, (—Dup) < [, #(—Du). As (up)n converges uniformly to u, given & > 0, one has uj, < u+e
for h small enough. On the other hand, since all these functions vanish out of E, it follows up < u+exg.
Hence, being uj ¢-1-superharmonic,

/Q o(=Dup) < /Q H(—D(u+2xp)) = /Q o(—Du) + 2P, (E)

for h small enough, and the thesis follows. O

We can say that u, is a function in BV () with compact support and such that its approximate lower

limit w, is lower semicontinuous.



Theorem 3.1 shows that the scheme starting from a strict ¢-mean convex set always converges to
a unique flow, with no loss of (anisotropic) perimeter. In particular, in the smooth and elliptic case,
following [14] it allows to show that the limit satisfies a distributional formulation of the anisotropic
curvature flow.

Remark 3.2 (Continuity of volume and perimeter). As is well-known for general flat flows (see [14, 7]),
the limit motion ¢ — {u >t} is 1/2-Hélder in L'(€2), in the sense that, for s >t > 0,

Hs>u>tInQ| < Clt —s|*/?,

where C' depends on the dimension and on the perimeter of the initial set. In particular, |{u =t}| =0
for all ¢ > 0, so that up to a negligible set, {u > t} = {u > t}. (For t = 0 it may happen that
[{w > 0}| > 0, as shown in the second example below.)

In addition, since each set {u > t} is d-superharmonic for ¢ > 0, for s > ¢t > 0 one also has that

Py({u> s}) +0l{s > u > t}] = Py({u > t})

so that t — Py({u > t}) is strictly decreasing, until extinction. Since J,.,{u > s} = {u > t} one
also sees that ¢ — Py ({u > t}) is right-continuous. On the other hand, whether it could jump or not

remains an open question.

4. Examples

4.1. The case 6 =0

If the initial datum E° satisfies (M C) we should distinguish two cases: If ¢ is smooth and elliptic, 1
is smooth and OE? is also smooth, then there exists a smooth solution to (1) on a time interval [0, T),
for some 7 > 0 (see [15, Chapter 8]). Moreover, by the parabolic maximum principle, the solution
E(t) become strictly mean-convex for ¢ > 0. In particular, for any e € (0, 7) there exist . > 0 and an
open set Q. such that E(t.) CC Q., d. — 0 as € — 0, and E(t) satisfies (MCs,) in Q. for t € (g, 7).
As a consequence, the previous results hold in all the time intervals [e,4+00), so that and the limit
function w it is still unique and continuous, and it is locally Lipschitz continuous in the interior of E°.

On the other hand, for an arbitrary anisotropy ¢, the function u could be discontinuous on the
boundary of E°. As an example let us consider, in two dimensions, the case ¥(£,1) = ¢(£,1) = €]+ |n|
(and {¢° <1} ={(x,y): |z| <1,]y| <1}), and the cross-shaped initial datum

EY = ([-1,1] x [-2,2)) U ([-2,2] x [~1,1]) C R?.

It is easy to check that E° is outward minimizing, so that E(t) C E° is also outward minimizing for
all t > 0. Moreover, the solution E(t) = {(z,y) : u(x,y) > t} is unique (see for instance [13]), and can
be explicitly described as follows :

(1,1 % [2+6,2— ) U([~2+t,2 —f] x [-1,1]) for t € [0,1]
B()=1{ [-vI—20-1),yT-20-1)] for t € [1,3] (10)
0

In particular, the function u € BV (R?) is discontinuous on E° \ 9([-2,2] x [-2,2]).



We observe that formula (10) for E(t) can be easily obtained by finding explicit solutions to (ATW),
starting from E; = ([-1,1] x [-L,L]) U ([-L,L] x [-1,1]), L > 1. An approach is as follows: a
“calibration” is given by the vector field (which one defines only in Ej,):

(z,y)  if |z <1yl <1,
2(w,y) = q (z,£1)  if o[ < 1,1 <4y <L,
(£l,y) ifl1<zxx <Lyl <1.

One has divz = 1+ x|_1,12 in Er, 2(v,y) € {¢° < 1}, and Py(Ey) = [, 2- vdH?! forany 1 < ¢ < L.
Hence, if L — h > 1 and F C Er, we have

av’ av’
P¢(F)—|—/ EdeZ/ u-del—i—/ Er gy
r h oF rh
wo

1 1 dEL
= v-zdH — v-zdH' + Py(Er_p) + dx
oF OFL Fh

av’ av’
— [ Dxp = Dxe) + PolErn) + [ Prdos [ (e x, ) Eeds
Er—n Er
s s
= Py(Er-n) + / “dr + / (XF = XEr_s) L+ 1+ X2 | da
Er_n h Er h

Now, the last integral is nonnegative, since d}iii /h+1 < 0in Er_p, and is positive outside. As a
consequence, Er_p, solves (ATW) for E = Ep,, and one deduces the first line in (10). The proof of
the second line in (10) is a standard computation (see for instance [5]).

4.2. Continuity of the volume up to t =0

We provide an example of an open set E satisfying (M Cjs) for some 6 > 0, and such that |0E| =
[{uw> 0} > 0.

Let (zn)n>1 be a dense sequence of rational points in Q := B(0,1) C R2. We shall construct
inductively a sequence (r,),>1 of positive numbers with > rd=! < 400 such that the following
property holds: Letting Fy = 0 and E,, = E,_1 U B(x,,r,) for n > 1, the sets F,, all satisfy (MCj)
in Q for some 6 > 0.

Notice first that there exists ¢ > 0 such that each ball B(x,r) C  satisfies (M Cas) in 2. Choose
now r1 > 0 in such a way that Fy = B(x1,r1) C £, then E; satisfies (M Css). Assume now by
induction that E,, satisfies (M C(111/y)s5). Then, if d,, := dist(zn11, En) = 0 we let 7,41 = 0, so that
E,+1 = E,. Otherwise, if d,, > 0 we choose 7,41 € (0,27") in such a way that

cmin (L1 1 §d? dy, (11)
Tnt1 = Wi 2\n n+1/)27C" 6 )’

where the constant C' > 0 will be chosen later in Case 3. Let also N' C N be the (infinite) set of
indices such that r,, > 0.
Let us check that E, 1 satisfies (M Csys/(nt1)). We consider a set F' of finite perimeter such that

En+1 CF C Q, and we distinguish three cases:



Case 1. |F N B(xn,dy,)| > d?/C. In this case we have

P(F) > P(En)+ (1 + %) 5|F\ E,|

1 1 1
> P(E, — 27y, 1+ ——|Jd|F\E, — — —— | §|FNB(xn,d,
> P(Bu) = 2+ (14 g JOIF VBl 4 (5 = ) P 0 B o)
1 1 1 od?
> P(E, 1+ ——|Jd|F\E, - — —n — 277,
> PB)+ (14 77 ) 6P\ Bl + (= g ) 8 — 2w

> P(En+1>+<1+ )5|F\En+1|,

n+1

where in the last inequality we used (11).
Case 2. |F N B(zn,dy,)| < d?/C and HY(F NOB(xy,7)) = 0 for some r € (1,41,dy,). In this case, we
write F' = Fy U Fy, with Fi = FN B(xy,r) D B(2y,ny1) and Fo = F'\ B(zy,,r) D E,, and we have

P(F1)

Y

P(B(n,Tn+1)) + 28|F1 \ B(Tn, rny1)]

P(Fy) > P(E,)+ <1 + %) S| Fp \ Ep).

Summing up the two inequalities above, we get
1
PF) = PUR)+P(F) 2 PEw) + (14 1) 00\ Blonrmn)] +1F2\ B
1
= P(Eny1)+ (1 + ﬁ) O|F\ Ental-

Case 3. |F N B(zn,d,)| < d2/C and H'(F N OB (xn,7)) > 0 for a.e. 7 € (rny1,dy,). In this case, by
coarea formula we have

dy
d, d, R dz,
- — = < —.
‘Fﬂ<B<:cn, 3>\B<:cn, 6))‘ HH(FNOB(xp,r))dr < -

dn
G

It follows that there exists r1 € (d,,/6,d,/3) such that

6dy,
Hl(FﬂaB(mn,rl)) S 7
Similarly we have
Fo (B dn\ B (a0 22 )Y = (7 20 on ar < %
(-Tna n)\ xn;T - 24y ( (:Cnar)) IS 65
3
and there exists rq € (2d,/3,d,) such that
3d,
Hl(FﬂaB(zn,rg)) S F

Using that H*(F N dB(xy,r)) > 0 for all r € (r,41,d,) we deduce that either for a.e. r € (r1,r2),
HO(O*F N B(xp,7)) > 2 and it follows that P(F, B(zn,72) \ B(xpn,r1)) > 2(re —r1) > 2d,,/3, or for
a set of positive measure of radii r € (r1,7r2) one has H'(F N dB(x,,r)) = 27r, however this implies
P(F,B(zp,r2) \ B(xn,m)) > 27r; — 6d,/C > dp(n/3 —6/C) > 2d,/3 provided we have chosen
C >18/(mr —2).

10



Then, proceeding as in the previous case we let Fiy = F N B(xy,,r1) and Fr = F\ B(xy,,72), and we

have
P(F) = P(F)+ P(F) - H' (FN3B(wn,1)) — H(F N OB(xn,12)) + P(F, B(2n,72) \ B(2n,71))
1 9d,  2d,
> P+ (142) SR Blowsrnn) + 12\ Ba)) - 22 4 2
1 1\ .2 9d, 2d
> P(E, 14+ = |8|F\ Epia| — (14 - )02 22422
=z ( +1)+(+n)5| \ Ept1] (+n) 5 C+3
1 2049 2d,
> P(En 1+ = |8|F\ Epy1| — ———dp, + ==
> P +1)+( +n) |F'\ Bl C +

1
> P(Enpy1)+ <1 + H) S|FN\ Entql,

as long as we choose C' > 3(26 +9)/2.
We proved that E,, satisfies (M Cj) for all n € N, therefore also the limit set

E=J E.= ] B(@n,m)

neN neN

satisfies (M Cjs) in Q. In this case, the solution w in Theorem 3.1 is explicit and is given by

_ (ra — |z —za|?)*
u@) = 2d—1)

Notice that we have

{u>0}=0F=DB(0,1)\ E,
so that |0{u >0} ==n — |E| > 0.

A. 1-superharmonic functions

The goal of this appendix is to recall some results proved in [16] on 1-superharmonic functions, to give
precise statements in the anisotropic case, and to propose some simple proofs, when possible.

Definition A.1. We say that u is (¢-)1-superharmonic in © if {u # 0} CC Q and for any v with
v>u, {v#0} CCQ, one has

¢(—Du) < o(—Dw),
Q Q

or, equivalently, for any v with compact support in 2,

/ H(—D(uAv)) < / o(~Du). (SH)
Q Q

Given § > 0, we say that u is ((¢, d)-)1-superharmonic in  if {u # 0} CC Q and one has:

/ d(—D(uAv)) < / ¢(—Dv) — 5/ (v—u)tde Vv, {v#0}ccQ. (SHs)
) ) Q

[ ot=Du) =5 [ uds

with respect to larger competitors with the same boundary condition.

Equivalently, u is a minimizer of

11



Obviously then, > 0 (using v = u™ in (SH)). Notice that xg is 1-superharmonic if and only if
the set E is outward minimizing.

Observe that, in this case, the set E° = {u > 0} has finite perimeter and satisfies (MCjs). Indeed,
for E C F CC Q, letting v = exp for € > 0, we have

/ d(—D(uNexr)) = /E Py({u> s} NF)ds
Q 0
< ePy(F) — 5/Q(€XF —u)tdr =¢ <P¢(F) - 5/9()@ - u/€)+dz> .
Hence: .
/ Py(fu >t} N F)dt < Py(F) — o / (xr — u/e)*da.
0 Q

Sending ¢ — 0, we deduce (MCs).
In particular it follows from Lemma 2.6 that for any v € BV () compactly supported, § fQ |v|da <
Jo &( . We then deduce that if u satisfies (SHjs) also u AT for any 7' > 0. Indeed,

— u v — v — v *U+SC
/Qaﬁ( D((wAT) A ))s/st( D(v A T)) 5/9« AT) - u)*d

On the other hand,

| et=pwnm) = [ o(=Dv)~ [ 9(=D-1)") < [ 6(-D0) =5 [ (w=T)" au.

and it follows

P(—D(uAT)Av)) < | ¢(—Dwv) —5/(1}— (uAT))"dx.
Q Q Q
Then, the following characterization holds:

Proposition A.2. Let u satisfy (SHs). Then there exists z € L>®(Q;{¢° < 1}) with divz > ¢,
[z, Du™] = |Dul| in the sense of measures (equivalently, [,utdivzde = [¢(—Du)), and divz =48 on

{u=0}.
Corollary A.3. Let u satisfy (SHs). Then for any s > 0, {u™ > s} and {u™ > s} satisfy (MCs).

Here, u™ is as usual the superior approximate limit of u (defined #?~!-a.e.) and [z, Du™] the pairing

in the sense of Anzellotti [4].

Proof. For n > 1, let v, be the unique minimizer of

v=0 0N

min qb( v) + /Q g(v —uAn)? —dvde. (12)

(the boundary condition is to be intended in a relaxed sense, adding a term [, |Tro|¢(vq)dH?~! in
the energy if the trace of v on the boundary does not vanish). The Euler-Lagrange equation for this
problem asserts the existence of a field z,, € L>(Q; {¢° < 1}) with bounded divergence such that

divz, + nv, =n(uAn)+46

a.e. in Q, and [, div z v, dz = [, ¢(—Dvy). On the other hand [, ¢(—Dv,) < [, ¢(=D(u An)) <
Jo #(=Du) and we have v, — u, [, (—Dv,) = [, ¢(—Du) as n — oco.
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We show that v, < uAn. Indeed, [, ¢(—D(vy AuAn)) < [ ¢(—Duvn) =6 [(vn — (uAn))tde,
while [, (v, — (uAn))?dz > [((vp AuAn)— (uAn))? Hence,

/Qqﬁ(fD(vn/\u/\n))aLﬁ/((vn/\u/\n) (uAn))ta/(vnAuAn)dz

Q

/¢ —Duy) + /( —(u/\n))de—é/Qvndz

/(v —(n AuAn)) — (v, — (uAn)) de
Q

:/Qqs(van)Jrg/Q(vnf(u/\n))Qd:cfé/Qvndz

and as the minimizer v,, of (12) is unique, we deduce v, = v, AuAn. In particular, it follows div z,, > .
(Observe that since v, > 0, one also has div z,, < d+n(uAn), in particular div z,, = § a.e. in {u = 0}.
Also, |, (40} div z,, < P4(E®), hence (div 2,),>1 are uniformly bounded Radon measures. Hence, up
to a subsequence, we may assume that z, — z weakly-* in L>®(Q; {¢° < 1}) while divz, — divz
weakly-* in M (Q; R, ), that is, as positive measures.

We now write

¢(—Dwvy,) = / v div 2, do < /(u An)div z, dx = / / div z,, dzds,
Q Q Q 0 J{u>s}

hence, since v, — u,

(b —Du) <lim sup/ / div z,, dxds < / lim sup/ div z, dx | ds
n—o0 {u>s} 0 n—o0 {u>s}

thanks to Fatou’s lemma (and the fact |, (ussy iV zn dz < Py (E?) are uniformly bounded).

We now study the limit of || {uss} diV zn dz, for s > 0 given, assuming {u > s} has finite perimeter
(this is true for a.e. s, and in fact one could independently check that s — P,({u > s}) is nonincreas-
ing).

We counsider a set F = {u > s} with finite perimeter, and we recall Dy is supported on the
reduced boundary 0*F. By inner regularity, given € > 0, we find a compact set K C 9*F with
|IDxr|(Q2\ K) < e. We observe that H% !-a.e. on K (which is countably rectifiable), x r has an upper
an lower trace, respectively X; =1 and xz = 0. By the Meyers-Serrin Theorem (or its BV version,
cf [3] or [2, Theorem 3.9]), there exists ¢y a sequence of functions in C*°(\ K;[0,1]) with ¢ — xr
and

/ Hd_l({zEQ\K:cpk(z):k}):/ [Vor|de — |Dxrl(Q\ K) <e
0 K

Moreover, by construction the traces of ¢y in K coincide with the traces of xz (see [2, Section 3.8]).
We choose for each k s € [1/4,3/4] such that H "1 (0{pr > sk} \ K) < 2c. We then define the
closed (compact) sets Fj, := {¢} > sp} UK. One has [, |Dxr — Dxr,| = fQ\K |IDxr — Dxr,| < 3e.
(This shows that F' can be approximated strongly in BV norm by closed sets.)
Then, one has limsup,, f e div zdx < f e div z as the measures are nonnegative and xr, is scs. On
the other hand, | [, div z,(xr — X, )dz| < 3¢, so that

limsup/divzndx§3€+/ divz+/(xpk—xp)divz§35+/
n—oo I F

divz + /(xpk —xr)tdivz.
F

Notice that it is important to specify precisely the set F' that we consider in the last inequality: We
pick for F' the complement F* of its points of density zero, equivalently F'™ = {u™ > s}. In that case,
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up to a set of zero H4 l-measure, x¢ := (xr, — xp+)T = X\ F+ vanishes on K pointwise, moreover
at H% 1l-a.e. x € K, G has Lebesgue density 0. Hence G coincides H% !-a.e. with a Caccioppoli set
strictly inside  and with [, [Dx¢| < 3e. Thanks to [18, Thm 5.12.4] it follows div z(G) < Ce for C
depending only on ¢ and the dimension (see also [16, Prop. 3.5]). As a consequence, since £ > 0 is

lim sup / div z,,dx < / div z.
n—oo J{u>s} {ut>s}

/Qqﬁ(—Du) g/Qqudivz.

The reverse inequality also holds thanks to [16, Prop. 3.5, (3.9)], and can be proved by localizing

arbitrary,

‘We obtain that

and smoothing with kernels depending on the local orientation of the jump. We also deduce that, for
a.e. s >0,

/ divz = Py({u > s}).
{ut>s}

Note that s — divz({u™ > s}) is left-continuous, and s — div z({u+ > s}) is right-continuous, whereas
s+ Py({u™ > s}) is left-semicontinuous, which implies the thesis. O
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