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We analyze work extraction from a qubit into a waveguide (WG) acting as a battery, where work is the
coherent component of the energy radiated by the qubit. The process is stimulated by a wave packet whose
mean photon number (the battery’s charge) can be adjusted. We show that the extracted work is bounded by
the qubit’s ergotropy, and that the bound is saturated for a large enough battery’s charge. If this charge is
small, work can still be extracted. Its amount is controlled by the quantum coherence initially injected in the
qubit’s state, that appears as a key parameter when energetic resources are limited. This new and
autonomous scenario for the study of quantum batteries can be implemented with state-of-the-art artificial
qubits coupled to WGs.
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A central part of thermodynamics consists in designing
protocols to extract energy from physical systems, without
extracting their entropy. These key sequences are called
“work extraction,” the physical systems being “working
substances.” Work can then be immediately used, or stored
into a battery. In the quantum realm, such protocols have
been fruitfully modeled by unitary operations, the maximal
amount of extractable work defining the so-called ergo-
tropy of the working substance [1]. In quantum optics, the
maser provides a paradigmatic example of such sequence
[2]. Namely, a qubit (the working substance) provides work
to a resonant electromagnetic mode (the battery) by
stimulated emission. The battery is initially charged with
a coherent field containing a large number of photons, a
large enough initial charge ensuring that the entanglement
between the field and the qubit remains negligible under
free evolution. Therefore the reduced qubit’s evolution can
be safely taken as unitary. Because of its conceptual
simplicity, work extraction by stimulated emission remains
the core mechanism to analyze the performances of
quantum heat engines, both theoretically [3,4] and exper-
imentally [5]. It is also at play in recent implementation of
quantum Maxwell’s demons [6,7], where work is inferred
from energy measurements performed on the working
substance. Direct and experimentally feasible strategies
to evidence work extraction, based on the measurement of
the battery itself, are thus highly desirable.
This is a strong motivation for investigating resonant

work extraction in quantum batteries, an emerging topic
that currently attracts great interest [8]. Work extraction
was shown to be affected by the charging dynamics [9,10],
the quantum correlations between the working substance
and the battery [11,12], the collective effects between the
subsystems forming the battery [9,10,13–16]. It was first
studied in an abstract way, the battery being a collection of

identical quantum systems charged by an external time-
dependent operator [9,10,13,14]. Then, more concrete
systems, such as qubits in a cavity [12,15] or spin-chains
[16], were considered. Most studies focus on the maximi-
zation of either the charging power [9–11,13–16] or the
ergotropy [9,10,12,13].
In this Letter, we take another standpoint and study how

the initial quantum coherence present in the working
substance, as well as the initial charge of the battery impact
work extraction. Theworking substance is a qubit embedded
into a waveguide (WG), i.e., a reservoir of electromagnetic
modes that acts as a battery. Work (heat) is defined as the
coherent (incoherent) fraction of energy radiated by the qubit
in the battery. The emission process is stimulated by a
resonant wave packet propagating in the WG, the mean
photon number it contains defining the initial (and adjust-
able) charge of the battery. Studying this scenario offers a
number of advantages. First, it provides a new and autono-
mous scenario for the study of quantum batteries coupled to
working substances by energy conserving transformations.
Second, it matches the textbook situation of work extraction
by stimulated emission, in the limit of large number of
photons. Finally, it corresponds to a realistic experimental
framework dubbed waveguide quantum electrodynamics
(WG-QED) [17,18] that is routinely implemented both in
superconducting [19] and semiconducting circuits [20–22].
We first show that the qubit’s ergotropy is an upper

bound for work extraction, and that this bound is saturated
in the limit where the reduced qubit’s evolution is unitary.
The price to reach this bound is thus a large initial battery’s
charge, which corresponds to heavy energetic resources.
We then consider the case of an initially uncharged battery.
Originally, work can be spontaneously extracted even
though the mechanism is dissipative. The amount of
extracted work scales like the quantum coherence initially
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injected in the qubit’s state. We finally consider the case of
a battery of intermediate charge. The battery’s energy and
the qubit’s coherence appear as complementary resources
to optimize work extraction. These results reveal that
quantum coherence is bound to play a key role to control
energetic transfers with limited energetic supplies.
The setup under study involves a qubit (working sub-

stance) and a WG (battery) as depicted in Fig. 1. The
qubit’s excited (ground) state is denoted jei (jgi), its
transition frequency ω0. The WG is a reservoir of electro-
magnetic modes, an initially empty battery corresponding
to all modes set at zero temperature. In this case, the qubit-
WG coupling induces the spontaneous emission rate γ. This
coupling can possibly be switched off by an external
operator, such that γ ¼ 0. Conversely, the battery can
initially be filled with a coherent input field of complex
amplitude binðtÞ resonant with the qubit’s frequency. In the
input-output formalism, jbinðtÞj2 ¼ _NðtÞ (Pin ¼ ℏω0

_N)
corresponds to the input photon rate (the input power),
allowing us to define the initial battery’s charge as
N̄ ¼ R∞

0 dtjbinðtÞj2. The Hamiltonian ruling the qubit’s
evolution is ĤðtÞ ¼ Ĥ0 þ ĤdðtÞ where Ĥ0 ¼ ðℏω0=2Þ
ðσ̂z þ 1Þ is the free Hamiltonian and ĤdðtÞ ¼
iℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γðtÞ _NðtÞ

q
ðσ̂−eiω0t − σ̂þe−iω0tÞ the drive Hamiltonian.

We have introduced σ̂z ¼ jeihej − jgihgj, σ̂− ¼ jgihej ¼
σ̂†þ and γðtÞ ∈ fγ; 0g, depending whether the WG is
coupled or not to the qubit. Denoting the dissipator as
D½O�ρ ¼ OρO† − fO†O; ρg=2, the evolution of the qubit’s
state ρðtÞ obeys the Lindblad equation

_ρ ¼ −
i
ℏ
½ĤðtÞ; ρ� þ γðtÞD½σ̂−�ρ: ð1Þ

Conversely, the output field operator b̂out and the output
power Pout ¼ ℏω0hb̂†outb̂outiðtÞ verify (see the Supple-
mental Material [23])

b̂outðtÞ ¼ binðtÞ þ ffiffiffi
γ

p
σ̂−ðtÞ; ð2Þ

PoutðtÞ ¼ PinðtÞ − _EðtÞ: ð3Þ

EðtÞ ¼ Tr½ρðtÞĤðtÞ� stands for the qubit’s mean energy. As
expected, the battery collects all the power radiated by the
qubit [see Eq. (3)]. Owing to the WG geometry enabling the
efficient detection of light, the power change resulting from
the qubit-field interaction can be measured in state-of-the-art
superconducting and semiconducting devices [20,22,30,31].
More originally with respect to recent studies [8,10,12,
14,15,32], our battery also plays the role of a drive, that
induces a time-dependent Hamiltonian on the working
substance and performs work on it. The present framework
captures the three scenarios for work extraction illustrated in
Fig. 1 that will be considered. In the case (i) [Fig. 1(a)], the
WG’s state is characterized by some constant photonic rate
_N. An external operator controls the duration of the qubit-
WG interaction, γðtÞ ¼ γ for t ∈ ½0; τopt�, γðtÞ ¼ 0 for
t ≥ τopt. In the case (ii) [Fig. 1(b)], the qubit is constantly
coupled to the uncharged WG: γðtÞ ¼ γ and _N ¼ 0. In the
case (iii) [Fig. 1(c)], the qubit is constantly coupled to the
WG charged with a wave packet of duration τ: γðtÞ ¼ γ and
_NðtÞ ¼ _N for t ∈ ½0; τ�, _N ¼ 0 for t ≥ τ. In contrast to (i), the
cases (ii) and (iii) are “autonomous” in the sense that no
external operator is involved.
In all scenarios, the qubit is initially prepared in the

quantumstateρð0Þ ¼ pj−θih−θj þ ð1 − pÞjþθihþθj,where
p ∈ ½0; 1=2�, θ ∈ ½0; π� with jþθi ¼ sinðθ=2Þjei þ
cosðθ=2Þjgi and j−θi¼−cosðθ=2Þjeiþsinðθ=2Þjgi. This
initial state can be prepared experimentally by means of
unitary (Rabi oscillations) or nonunitary operations (bath
engineering techniques [33]). It is characterized by its mean
energy Eð0Þ ¼ Tr½ρð0ÞĤ0�, its coherence in the energy basis
sð0Þ ¼ Tr½ρð0Þσ̂−�, and its ergotropyWð0Þ. As stated above,
the “ergotropy” of a quantum state is the maximal amount
of energy that can be extracted by unitary operations [1],
a positive (null) ergotropy defining active (passive) states.
The qubit’s ergotropy equals in the present case Wð0Þ ¼
ℏω0ð1 − 2pÞ sin2ðθ=2Þ [see Fig. 2(a) and [23] ] and obvi-
ously verifies Wð0Þ ≤ Eð0Þ. As passive states, the thermal

(a)

(b)

(c)

FIG. 1. Three different scenarios of work extraction from a
qubit (working substance) into a WG (battery). The spontaneous
emission rate is denoted γðtÞ, the input photon rate _NðtÞ ¼
jbinðtÞj2. The extracted work rate reads _W ¼ ℏω0½jboutðtÞj2−
jbinðtÞj2�, see text. (a) The input photon rate is constant, the
qubit-WG coupling is switched off after τopt: _NðtÞ ¼ _N, γðtÞ ¼ γ
for t ∈ ½0; τopt�, γðtÞ ¼ 0 for t ≥ τopt. (b) The WG is initially
uncharged, the qubit-WG coupling is constant: _N ¼ 0, γðtÞ ¼ γ
for all t. (c) The qubit-WG is constant, the WG charged with a
wave packet of duration τ: γðtÞ ¼ γ, _NðtÞ ¼ _N for t ∈ ½0; τ�,
_N ¼ 0 for t ≥ τ.
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states (hσ̂zi ∈ ½−1; 0�; hσ̂xi ¼ hσ̂yi ¼ 0) contain no ergo-
tropy. Reciprocally pure states verify Eð0Þ ¼ Wð0Þ, mean-
ing that all the qubit’s energy can be extracted unitarily.
At t ¼ 0, the qubit is coupled to the WG through Eq. (1).
We now precise how to assess the quality of the work

extraction from the qubit into the WG. In recent proposals
[8,12,32], the battery’s ergotropy has been chosen as the
proper quantity to maximize. However by definition,
extracting the ergotropy of a quantum system like the
battery requires the ability to perform unitary operations.
As we show below, such ability consumes heavy energetic
resources. Here we rather choose to optimize the prepara-
tion of some directly useful state of the battery. Being more
specific, the battery prepared in such state should be able to
perform a thermodynamic work on another quantum
system without any further transformation. As seen above,
such state simply corresponds to a coherent state. We shall
thus define as “work” (“heat”) the energy carried by the
coherent (incoherent) component of the field radiated by
the qubit in the WG. Introducing boutðtÞ ¼ hb̂outðtÞi, the
work rate reads _W ¼ ℏω0ðjboutðtÞj2 − jbinðtÞj2Þ, yielding
(see the Supplemental Material [23])

_WðtÞ ¼ ℏω0fγjsðtÞj2 þΩℜ½sðtÞeiω0t�g; ð4Þ

_QðtÞ ¼ ℏω0γ½PeðtÞ − jsðtÞj2� ð5Þ

_QðtÞ stands for the heat rate and by energy conservation
− _EðtÞ ¼ _WðtÞ þ _QðtÞ. PeðtÞ is the population of the
excited level and the qubit’s dipole reads sðtÞ ¼
Tr½ρðtÞσ̂−�, such that _Q ≥ 0. We now investigate how to
optimize work extraction in the three scenarios listed above
and in Fig. 1.
We first consider the scenario (i). The qubit-WG cou-

pling time τopt is externally adjusted to maximize the
amount of extracted work,Wopt ¼

R τopt
0

_Wdt.Wopt is plotted
in Fig. 2(b) as a function of _N=γ and θ, for a pure qubit’s
initial state ρð0Þ ¼ jþθihþθj. For fixed θ, Wopt increases
with _N and reaches a maximal value when _N ≫ γ [see
Fig. 2(c)]. This condition corresponds to the stimulated
regime of light-matter interaction, where the dissipation
induced by spontaneous emission captured by the
Lindbladian of Eq. (1) is negligible. Therefore _Q ¼ 0
and all the energy radiated by the qubit corresponds to
work funneled into the driving mode. In this limit, the
qubit-WG interaction is a unitary minimizing the qubit’s
energy, yielding Wopt ¼ Wð0Þ by definition of the ergo-
tropy. A maximal work extraction is obtained for θ ¼ π

and τopt ¼ π=2
ffiffiffiffiffiffi
γ _N

p
realizing a π pulse, which describes

a single photon amplifier [34].
More generally, the initial qubit’s ergotropy is an upper

bound for work extraction, allowing to define a yield for the
protocol η ¼ W=Wð0Þ [see Fig. 2(d) and [23] for a general

demonstration]. This is the first result of this Letter.
As shown above, the bound is saturated in the limit of
unitary operations. Interestingly, our framework reveals
that this limit requires heavy energetic supplies. Even if
we only consider the number of photons having interacted
with the qubit,Nint ¼ _Nτopt, this limit corresponds to a very
large Nint. As explained above, the qubit evolves unitarily

when _N ≫ γ, which occurs when Nint ≈
ffiffiffiffiffiffiffiffiffi
_N=γ

q
≫ 1.

Conversely, it appears in Figs. 2(b) and 2(c) that a non-
negligible work extraction is possible for _N ≤ γ. This can
be realized if θ ∼ π=2, i.e., provided some coherence is
initially injected in the qubit’s state. Quantum coherence
thus appears as a key parameter, that compensates for a
weak battery’s charge and can therefore be fruitfully used if
energetic resources are limited.
To further explore the role of quantum coherence, we

focus on the scenario (ii). The battery is initially empty
N̄ ¼ 0, which corresponds to the spontaneous regime of
light-matter interaction. From now on the considered
scenarios are fully autonomous, i.e., do not require an
external control of the qubit-battery coupling time.
Integrating Eq. (4) with _N ¼ 0 yields W ¼ ℏω0s2ð0Þ,
revealing a fundamental and so far overlooked relation
between work and coherence. Therefore as soon as
sð0Þ ≠ 0, a non-negligible fraction of the qubit’s ergotropy
Wð0Þ can be spontaneously released as work, even though
it is a dissipative mechanism. The work extracted W is
plotted in Fig. 3 together with the qubit’s initial energy Eð0Þ
and ergotropyWð0Þ as a function of θ for p ¼ 1=2; 1=4; 0.

(a) (b)

(c) (d)

FIG. 2. Continuous regime of work extraction [case (i), see
text]. (a) Ergotropy Wð0Þ of the qubit’s initial state ρð0Þ ¼
ð1 − pÞjþθihþθj þ pj−θih−θj in the Bloch representation.
(b) Maximal work extracted Wopt after the optimal coupling
time τopt, as a function of the input photon rate _N (in units of γ)
and θ, for a qubit’s initial state ρð0Þ ¼ jþθihþθj. (c) Wopt as a

function of _N=γ for θ ¼ π=2 (solid black) and θ ¼ π (dotted
blue). (d) η as a function of _N=γ for θ ¼ π=2 (solid black) and
θ ¼ π (dotted blue).
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We verify that W ≤ Wð0Þ ≤ Eð0Þ. W is maximized for
θ ¼ π=2 and p ¼ 0 which corresponds to the maximal
initial coherence sð0Þ ¼ 1=2. On the opposite, W vanishes
for θ ¼ π, which corresponds to the case of a single photon
source. Conversely as it appears on the figure, η tends to 1
in the limit θ → 0. Therefore in the case of an initially
empty battery, work and yield cannot be optimized
simultaneously.
To get an intuitive interpretation of these behaviors, it is

fruitful to consider the quantum state of light spontaneously
emitted in the WG during the process (see insets of
Fig. 3 for a graphical representation). For p ¼ 0 it
reads jψoutðθÞi ¼ cosðθ=2Þj0i þ sinðθ=2Þj1i, where jni
are the n-photon Fock states in the mode defined as b̂ ¼
ffiffiffi
γ

p R
τ
0 dtb̂outðtÞ. By definition, work corresponds to the

energy carried by the coherent component of jψoutðθÞi of
amplitude βθ ¼ hψoutðθÞjb̂jψoutðθÞi, such that W=ℏω0 ¼
cos2ðθ=2Þ sin2ðθ=2Þ. This translates the fact that single
photons have no phase, such that single photon sources do
not produce any work. Conversely, the yield compares the
work to the total energy carried by the field, i.e.,
ℏω0hψoutðθÞjb̂†b̂jψoutðθÞi. This brings out η ¼ cos2ðθ=2Þ.
Thus η measures the overlap between the emitted field and
the vacuum state, and is all the larger as the extracted work
is lower.

To fully characterize the interplay between the battery’s
charge and the initial qubit’s coherence, we finally consider
the scenario (iii) where work extraction is stimulated by a
resonant wave packet of finite charge and duration.
Namely, we take as the qubit’s initial state ρð0Þ ¼
jþθihþθj, while the WG is filled with a square wave
packet of duration τ ¼ γ−1. The work extracted W and the
process yield η are plotted in Figs. 4(a) and 4(b) as a
function of the battery’s charge N̄ and the angle θ. Three
regimes can be observed. Large initial battery’s charges
(N̄ ≥ 10) induce stimulated emission. The phase of the
coherent field partially radiated by the qubit is set by the
drive. No initial coherence is required, work extraction and
yield are simultaneously optimized for θ ¼ π. The optimal
conditions of the scenario (i) can be recovered, by taking
N̄ → Nint ≫ 1 and τ → τopt ≪ γ−1. In the opposite regime
(N̄ ≪ 1), the phase of the emitted field can only be set by
the quantum phase of the initial qubit’s state, which
requires the injection of coherence in the first place.
Yield (work) is optimized for θ → 0 (θ ¼ π=2). An optimal
amount of extracted work W=ℏω0 ¼ 0.57 is reached in the
intermediate regime N̄ ¼ 1.64where both the qubit’s coher-
ence and the battery’s charge contribute [see Fig. 4(c)].
By improving the mode matching between the input field
and the qubit, pulse shaping allows increasing this amount up
to W=ℏω0 ¼ 0.7 (see the Supplemental Material [23]).
We have shown that quantum coherence and energy are

complementary resources for work extraction in a quantum
battery. Our scenario is dual to former studies where the
working substance is an electromagnetic mode and the

FIG. 3. Spontaneous regime of work extraction [case (ii), see
text]. Initial energy Eð0Þ (solid green), ergotropy Wð0Þ (dashed
red), and spontaneous work extracted W (dash-dotted blue)
as a function of θ for initial state preparation ρð0Þ ¼
ð1 − pÞjþθihþθj þ pj−θih−θj. Upper panel: p ¼ 1=2, middle
panel: p ¼ 1=4, lower panel: p ¼ 0. Insets: Husimi function
of the emitted field QθðαÞ ¼ hαjψoutðθÞihψoutðθÞjαi for θ ¼ 0,
π=2, π and p ¼ 0.

(a) (b)

(c) (d)

FIG. 4. Pulsed regime of work extraction [case (iii), see text].
(a) Work extractedW and (b) yield of the protocol η, for an initial
qubit’s state ρð0Þ ¼ jþθihþθj, as a function of the battery’s
charge N̄ and θ. White color indicates negative work extraction.
(c) W and (d) η as a function of θ for three different charges N̄
(see legend and text).
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battery is made of ensembles of qubits [11,12,15], the
limitation of the work extraction coming from residual
correlations between the mode and the emitters. In the
present case, the limitations come from the quantum nature
of the working substance and the dissipation of heat by its
quantum fluctuations.
Interestingly, the experiments we propose can be realized

in state of the art qubit-light interfaces. Such interfaces are
key components of quantum networks and quantum com-
munication technologies [35]. They are currently imple-
mented in various platforms and involve either a direct
coupling between the qubit and the WG, or a coupling
mediated by a cavity. The two situations are modeled by
our formalism.
Our findings go beyond the thermodynamical framework

they are phrased in. Classical resources are needed to
generate the unitary operations that control quantum
systems [36], e.g., to perform quantum gates [37,38],
interferometric measurements [39], or unlock the ergotropy
contained in a quantum state as presently studied. The
framework we propose fundamentally allows measuring
the energetic cost of classicality, and how quantum coher-
ence can mitigate this cost.
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Goold, S. Vinjanampathy, and K. Modi, Enhancing the
Charging Power of Quantum Batteries, Phys. Rev. Lett. 118,
150601 (2017).

[15] D. Ferraro, M. Campisi, G. M. Andolina, V. Pellegrini, and
M. Polini, High-Power Collective Charging of a Solid-State
Quantum Battery, Phys. Rev. Lett. 120, 117702 (2018).

[16] T. P. Le, J. Levinsen, K. Modi, M. M. Parish, and F. A.
Pollock, Spin-chain model of a many-body quantum battery,
Phys. Rev. A 97, 022106 (2018).

[17] Q. Turchette, R. Thompson, and H. Kimble, One-
dimensional atoms, Appl. Phys. B 60, S1 (1995).

[18] D. Valente, S. Portolan, G. Nogues, J. P. Poizat, M. Richard,
J. M. Gérard, M. F. Santos, and A. Auffèves, Monitoring
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