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�G J ?LBgADGCA?O L MYOI K?g?OAI L MAOLA\ ALYD @ IYC DI sGA>I DIg?O LIYh G@@>? KHID C>pD LAd B>IOCID �
bGOD gG @>IJ Ap>I 	 gID ?>FGOADJ ID O MG@@G>GADDIOC @GD LI J GOAp>I AOLA\ ALYIggI ; 
O K?ODALp>I
Gg?>D YOI LIODACB LI @ ?@YgGCA?O 	 K MIDC�]�LA>I 	 rYI g M?O K?ODALp>I gI O?Jq>I L MAOLA\ ALYD @G>
YOACB LI >BFA?O ?Y @G> YOACB LI \?gYJ I ; b GOD gG DIK?OLI 	 gID LoOGJ ArYID LI KHGrYI AOLA\ALY
D?OC LBK>ACID LI J GOAp>I Ih@gAKACI ; fI J ?LpgI G L?OK YO @ ?AOC LI \YI �JAK>?DK?@ArYI ; fI
J ?LpgI L?AC J ICC>I IO B\ALIOKI LID @>?@>ABCBD K?ggIKCA\ID LBCI>J AOBID @G> gI K?J@?>CIJ IOC LI
KHGrYI AOLA\ALY ; �ID AOLA\ALYD >BGFADDIOC F>�KI GYh AOs?>J GCA?OD >I�Y LI gIY> IO\A>?OOIJ IOC
g? KGg IC LID >IgGCA?OD g? KGgID LB\Ig?@@ BID G\IK gID AOLA\ ALYD LI D?O \?ADAOGFI ; � ?YD G\?OD
KH?ADA LI LB\Ig?@@ I> gI DIK?OL J ?LpgI 	 IC @ ?Y> DI sGA>I 	 Ag IDC O?O DIYgIJ IOC OBKIDDGA>I LI
D@ BKA�I> gID BCGCD LI KHGrYI AOLA\ALY 	 JGAD O?YD LI\?OD GYDDA 	 ] KHGrYI J ?J IOC 	 L?OOI>
g MBCGC LI gG DC>YKCY>I K?ODCACYBI LID AOLA\ ALYD AOCI>�GFADDGOCD ; �I O?Jq>I L MAOLA\ALYD @ IYC
B\?gYI> GY K?Y>D LY CIJ@D ;
_ ; � AOLIOJ GoI> G 	 gI @>IJ AI> 	 LB\Ig?@@ B YO s?>J GgADJ I @ I>J ICCGOC LI DAJYgI> gI LB\Ig?@@ I�

JIOC L MYO ?>FGOADJ I JYgCA�KIggY gGA>I KHG�OI �P� ; fI s?>J GgADJ I D MG@@ IggI gID ��DoDCpJ ID ;
=YAD 	 gG CHB?>AI LID ��DoDCpJ ID O MG KIDDB LI D MIO>AKHA> IC =; =>YDAO� AI� AK� G BCIOLY gID
��DoDCpJ ID G�O LI DAJYgI> gID AOCI>GCA?OD IOC>I YOI @gGOCI rYA DI LB\Ig?@@ I IC D?O IO\A>?O�
OIJ IOC �[ 	 ^ 	 `� ;
b GOD O?C>I KGD 	 YOI K?g?OAI O MG @GD s?>KBJ IOC YOI DC>YKCY>I L MG>q>I IC gG FIDCA?O L MYOI

DC>YKCY>I @gYD K?J@gIhI OBKIDDACI g MYCAgADGCA?O L MYO F>G@HI KG@GqgI L MB\?gYI> GY K?Y>D LY
CIJ@D ; �ID O?IYLD LY F>G@HI K?>>ID@ ?OLIOC Gg?>D GYh AOLA\ALYD IC gID G>ZCID GYh gAIOD �
K?JJYOAKGCA?O 	 K??@ B>GCA?O 	 BKHGOFI� IOC>I LIYh AOLA\ALYD ;

� ?YD G@@ Ig?OD 4k4)l53 ,k(85 /S-3 9m+7-)/n YO DoDCpJ I LoOGJ ArYI CIg rYI gI F>G@HI
DY> gIrYIg IDC LB�OA gI DoDCpJ I B\?gYI GY K?Y>D LY CIJ@D ;

� � �$"%$���$ �$% � #���$% � !! �!$""$%

� ?C?OD
+
	
×
IC

¯
gID ?@ B>GCA?OD LI LADN ?OKCA?O 	 LI K?ON ?OKCA?O IC LI OBFGCA?O GDD?KABID ]

g MIODIJqgI
B = {0, 1}

; fID ?@ B>GCA?OD D?OC LB�OAID LI J GOAp>I KgGDDArYI K?JJI DYAC �
+ 0 1

0 0 1

1 1 1

× 0 1

0 0 0

1 0 1

¯

0 1

1 0=?Y> C?YC
n ∈ N

∗ 	 O?C?OD Bn×n g MIODIJqgI LID J GC>AKID q ??gBIOOID KG>>BID L M?>L>I n
;

� ?YD LB�OADD?OD gG D?JJ I IC gI @>?LYAC LI J GC>AKID q ??gBIOOID ;
" 9#(/)/+( 0 $& $ X?AIOC

A ∈ Bn×n IC B = Bn×n CIggID rYI A = (aij)
IC

B = (bij)
;

•

O LB�OAC gG D?JJ I LI LIYh J GC>AKID q ??gBIOOID @G> � + : Bn×n × Bn×n → Bn×n

(A,B) → SCIg rYI
S = (sij)

IC
sij = aij + bij

;

:



•

O LB�OAC gI @>?LYAC LI LIYh J GC>AKID q ??gBIOOID @G> � + : Bn×n × Bn×n → Bn×n

(A,B) → PCIg rYI
P = (pij)

IC
pij =

∑n
k=1(aik + bkj)

;

•

O LB�OAC gI K?J@gBJ IOCGA>I L MYOI J GC>AKI q ??gBIOOI @G> � ¯: Bn×n → Bn×n

A → C

CIg
rYI

C = (cij)
IC

cij = āij
;

� �� �������	�


� ?C?OD

• 0n
gG J GC>AKI LI

Bn×n GoGOC C?YD DID K? I� KAIOCD OYgD 	

• 1n
gG J GC>AKI LI

Bn×n OI K?OCIOGOC GYKYO K?I� KAIOC OYg 	

• In
gG J GC>AKI ALIOCACB LI

Bn×n

� MGLLACA?O LI J GC>AKID q ??gBIOOID IDC GDD?KAGCA\I 	 K?JJYCGCA\I IC ALIJ@?CIOCI ;
0n
IDC

g MBgBJ IOC OIYC>I LI
Bn×n @ ?Y> g MGLLACA?O ; 1n + A = 1n

IC
A + Ā = 1n

;
b GOD gG J IDY>I ?� YOI J GC>AKI q ??gBIOOI O?O OYggI O MGLJ IC @GD L M?@@ ?DB 	

(Bn×n,+)O MIDC @GD YO F>?Y@ I ;
�G JYgCA@ gAKGCA?O LI J GC>AKID q ??gBIOOID G @ IY LI @>?@>ABCB � IggI IDC GDD? KAGCA\I IC

0nIDC GqD?>qGOC ;
b GOD gG J IDY>I ?� gG @>?@>ABCB L MALIJ@ ?CIOKI O MIDC @GD \B>A�BI 	

(Bn×n,+,×)
O MIDC @GD

YOI GgFpq>I LI q ??gI ;
" 9#(/)/+( 0 $0 $ � ?C?OD

Pn
g MIODIJqgI LID qAN IKCA?OD LI

{1, 2, ..., n}
LGOD

{1, 2, ..., n}
;
Pn
IDC

G@@ IgB F>?Y@ I LI @ I>JYCGCA?OD DY>
n
BgBJ IOCD ; X?AC

A = (c1, ..., cn)
YOI J GC>AKI q ??gBIOOI

L M?>L>I
n
	
ci
BCGOC gG

ieme K?g?OOI LI A
IC D?AC

p ∈ Pn
	
(cp(1), cp(2), ..., cp(n))

IDC ?qCIOYI ]
@G>CA> LI

A
IO @ I>JYCGOC gID \IKCIY>D K?g?OOID ; =G> IhCIODA?O 	 ?O O?CI YOI CIggI J GC>AKI

p(A)
;

 *+T +4/)/+( 0 $Q $
p(A) = Ap(In)

 *3-m3 =?D?OD
A = (aij) ∈ Bn×n 	 (p(A))ij = aip(j)

; �?C?OD
B = p(In) = (bij)

	
bij = 1

DA
i = p(j)

IC
0
DAO?O ;

b?OK
(Ap(In))ij =

∑n
k=1 aikbkj = aip(j)bp(j)j = aip(j)

IC
p(A) = Ap(In)

" 9#(/)/+( 0 $j $ 
O G@@ IggI C>GOD@ ?DACA?O C?YCI @ I>JYCGCA?O LI
{1, ..., n}

K?ODADCGOC ] BKHGOFI>
gG @gGKI LI LIYh BgBJ IOCD gGADDGOC �hI gID GYC>ID ; 
O O?CI

Tn
g MIODIJqgI LID C>GOD@ ?DACA?OD

DY>
n
BgBJ IOCD ;

=?Y> C?YC
p ∈ Pn

	 Ag Ih ADCI
(t1, t2, ..., ts) ∈ (Tn)s

CIg rYI
p = ts ◦ ts−1 ◦ ... ◦ t1

;
_ AODA 	

p(A) = ts◦ts−1◦...◦t2◦t1(A) = ts◦ts−1◦...◦t2(At1(In)) = . . . = At1(In)t2(In)...ts(In)
;

IC
t1(In)t2(In)...ts(In) = p(In)

;

E



 *+T +4/)/+( 0 $t $ ��
∀t ∈ Tn, (t(In)) = t(t(In))

� �
∀t ∈ Tn, (t(In))2 = In

�

 *3-m3
<;

t
IDC YOI s?OKCA?O LI C>GOD@ ?DACA?O L?OK Ag Ih ADCI

(i, j) ∈ ({1, ..., n})2
CIg rYI

t(i) = j
	

t(j) = i
IC

i 6= j
; XA

l 6= i
IC

l 6= j
Gg?>D

t(l) = l
;

�?C?OD
(bij) = t(In)

Gg?>D
bij = 1

	
bji = 1

IC @ ?Y> C?YC
l 6= i

IC
l 6= j

	 ?O G
bll = 1

; �ID
GYC>ID K?I� KAIOCD LI gG J GC>AKI D?OC OYgD ; 
O IO K?OKgYC �

∀t ∈ Tn, (t(In)) = t(t(In))
;

: ; �?C?OD
αij = (t(In))i,j

	 IC
((t(In))2)ij = bij

;

αij = 1
DA

i = t(j)
IC

0
DAO?O ;

bil =
∑n

k=1 αikαkl = αit(j)αt(j)l
G\IK

i = t(j)
;

•
DA

i = l
	
αit(j) = αt(j)i = 1

IC
bii = 1

•
DA

i 6= l
	
αt(j)l = 0

IC
bil = 0

;

L?OK
(t(In))2 = In

;

 *+T +4/)/+( 0 $w $ �� � ����	

A ∈ Bn×n 
�� ��
�����
 �� 
� �
� �
� 
�� ��

∃p ∈ Pn, A = p(In).

_YC>IJ IOC LAC
A
IDC AO\I>DAq gI DA IC DIYgIJ IOC DA _ IDC YOI J GC>AKI q ??gBIOOI GoGOC YO

IC YO DIYg BgBJ IOC O?O OYg @ ?Y> KHGrYI gAFOI IC KHGrYI K?g?OOI ;
 *3-m3

A ∈ Bn×n IDC AO\I>DAq gI DA IC DIYgIJ IOC DA Ag Ih ADCI B ∈ Bn×n CIggI rYI AB = InIC
BA = In� ?C?OD

A = (aij)
IC

B = (bij)
	
AB = In

AJ@gArYI ∑n
i=1 aikbki = 1

L?OK KHGrYI gAFOI LI
A
L?AC @ ?DDBLI> GY J ?AOD YOI \GgIY> O?O OYggI ; b I J ZJ I 	

BA = In
AJ@gArYI rYI KHGrYI

K?g?OOI LI
A
L?AC @ ?DDBLI> GY J ?AOD YOI \GgIY> O?O OYggI ;

=>?Y\?OD rYI KHGrYI gAFOI IC KHGrYI K?g?OOI L?AC @ ?DDBLI> GY @gYD YOI \GgIY> O?O OYggI ;

f?ODALB>?OD YOI s?OKCA?O LI @ I>JYCGCA?O
q ∈ Pn

IC
A =









lq(1)
lq(2)
...

lq(n)









+ Eij









lq(1)
lq(2)
...

lq(n)









IDC YOI J GC>AKI GoGOC YO BgBJ IOC O?O OYg DY> KHGrYI gAFOI IC KHGrYI K?g?OOI ;

li
gI \IKCIY> gAFOI CIg rYI

(li)i = 1
IC

(li)k = 0
DA

i 6= k
;

a



Eij IDC gG J GC>AKI CIggI rYI (Eij)ij = 1
IC

(Eij)kl = 0
DA

i 6= k
?Y

j 6= l
;

b I @gYD ?O @>IOL @?Y> Ho@?CHpDI rYI
j 6= q(i)

	 GAODA 	 gG J GC>AKI
A
@ ?DDpLI IhGKCIJ IOC

LIYh BgBJ IOCD O?O OYgD DY> gG gAFOI
li
IC LIYh BgBJ IOCD O?O OYgD DY> gG K?g?OOI

j
;

� BD?g\?OD
AB = In

� XA
l 6= i

	 ∑n
k=1 aikbkl = 0

?>
aij = 1

IC
aiq(i) = 1

L?OK
bjl = 0

IC
bq(i)l = 0

@ ?Y> C?YC
l 6= i

;
b I @gYD @ ?Y> C?YC

l 6= i
	 ∑n

k=1 alkbkl = alq(l)bq(l)l = bq(l)l = 1
; 
 > Ag Ih ADCI

l 6= i
CIg rYI

j = q(l)
IC

bjl = 0
; b ?OK

A
O MIDC @GD AO\I>DAq gI ;

=>?Y\?OD rYI @ ?Y> C?YC
p ∈ Pn, A = p(In)

IDC AO\I>DAq gI ;
∀p ∈ Pn,∃(t1, t2, ..., ts) ∈ (Tn)s, p = ts ◦ ts−1 ◦ ... ◦ t1

IC
t1(In)t2(In)...ts(In) = p(In)

; 
 >
∀i = 1, ..., s, (ti(In))2 = In

L?OK
[t1(In)t2(In)...ts(In)][ts(In)ts−1(In)...t1(In)] = In

IC g MAO\I>DI LI
A
IDC

ts(In)ts−1(In)...t1(In)
;

�+*+ 778 /*3 0 $W $
∀p ∈ Pn, (p(In))−1 = (p(In))T

�+*+ 778 /*3 0 $� $ � �����
Πn = {p(In), p ∈ Pn}� (Πn,×)
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�O F>G@HI
G
IDC K?J@?DB L MYO IODIJqgI LI O? IYLD

VG
	 IC L MYO IODIJqgI L MG>ZCID

EG
CIgD

rYI
e ∈ EG

D MAg Ih ADCI LIYh BgBJ IOCD
x
IC

y
LI

VG
CIgD rYI

e = {x, y}
;


O O?CI>G KI F>G@HI
G = (VG, EG)

��?YD gID BgBJ IOCD LI
EG
D?OC LADCAOKCD IC ?O OI K?ODALp>I @GD gI KGD ?� @gYDAIY>D G>ZCID ?OC

gID LIYh J ZJ ID IhC>BJ ACBD ;� bI @gYD 	 ?O O?CI
|VG|

gI O?Jq>I LI O?IYLD LI
G
;

X?AC
x ∈ VG

	 gI \?ADAOGFI LI
x
IDC g MIODIJqgI LID O?IYLD

y ∈ VG
CIgD rYI

{x, y} ∈ EG
�

fID LIYh O?IYLD D?OC LACD GLN GKIOCD� ; 
O O?CI>G
NG(x)

KI \?ADAOGFI ; �
x 6∈ NG(x))

NG(x) ∪ {x}
D MG@@ IggI gI \?ADAOGFI sI>J B LI

x
	 ?O gI O?CI>G

NG(x)
;

gI LIF>B
dG(x)

LY O?IYL
x
LGOD

G
IDC gI KG>LAOGg LI

NG(x)
;

�O F>G@HI
G
@ IYC ZC>I LB�OA J GC>AKAIggIJ IOC @G> DG J GC>AKI L MGLN GKIOKI ; =?Y> KIgG 	

LB�OADD?OD YOI s?OKCA?O qAN IKCA\I L MBCArYICGFI LID O? IYLD
σ : VG → {1, 2, ..., n}

G\IK
n =

|VG|
;
�G J GC>AKI L MGLN GKIOKI O?CBI

CG
IDC LB�OAI K?JJI DYAC �

∀u ∈ VG,∀v ∈ VG, (CG)σ(u)σ(v) = 1
DA gID D?JJ ICD

u
IC

v
D?OC GLN GKIOCD IC

0
GAggIY>D ;

σ(u)
IDC g MAOLAKI LI gG J GC>AKI L MGLN GKIOKI K?>>ID@ ?OLGOC GY D?JJIC

u
;

=?Y> C?YC F>G@HI
G
	 ?O @ IYC LB�OA> GY J ?AOD YOI J GC>AKI L MGLN GKIOKI

CG
; �ID G>ZCID

LI
G
O MBCGOC @GD ?>AIOCBID 	

CG
IDC DoJ BC>ArYI IC

CG ∈ Bn×n G\IK n = |VG|
;

_ g MAO\I>DI @ ?Y> C?YCI J GC>AKI DoJ BC>ArYI
C ∈ Bn×n 	 Ag Ih ADCI YO F>G@HI G

CIg rYI
C
IDC

YOI J GC>AKI L MGLN GKIOKI LI
G
;

X?AC
G = (VG, EG)

YO F>G@HI CIg rYI
|VG| = n

IC D?AC
σ
YOI s?OKCA?O L MBCArYICGFI LID

O? IYLD LI
VG
; =?Y> C?YC

p ∈ Pn
	
p ◦ σ

IDC GYDDA YOI s?OKCA?O L MBCArYICGFI IC Ag Ih ADCI YOI
J GC>AKI L MGLN GKIOKI GDD?KABI ]

p ◦ σ
;

P



_AODA ] C?YC F>G@HI
G
CIg rYI

|VG| = n
	 ?O @ IYC GDD? KAI> GY @gYD

n!
JGC>AKID L MGLN GKIOKI ;

" 9#(/)/+( 0 $� $ X?AC
A ∈ Bn×n IC B ∈ Bn×n LIYh J GC>AKID q ??gBIOOID ; A

IC
B
D?OC

DIJqgGqgID DA IC DIYgIJ IOC DA Ag Ih ADCI YOI J GC>AKI
P ∈ Bn×n AO\I>DAq gI LGOD Bn×n CIggI rYI

A = PBP−1 ;
�V9+*l53 0 $&� $

A ∈ Bn×n IC B ∈ Bn×n D?OC DIJqgGqgID DA IC DIYgIJ IOC DA A
IC

B
D?OC

LIYh J GC>AKID L MGLN GKIOKI L MYO J ZJ I F>G@HI ;
 *3-m3
XY@@ ?D?OD rYI

A
IC

B
D?AIOC LIYh J GC>AKID L MGLN GKIOKI LY F>G@HI

G
; �g Ih ADCI YOI

s?OKCA?O L MBCArYICGFI
σ
CIggI rYI

A
D?AC gG J GC>AKI L MGLN GKIOKI LI

G
GDD?KABI ]

σ
; b I @gYD 	

O?C?OD
p
gG @ I>JYCGCA?O CIggI rYI

B
D?AC gG J GC>AKI L MGLN GKIOKI GDD?KABI ]

p ◦ σ
;


O G
p(In)A t(p(In)) = B

	 ?> t(p(In)) = (p(In))−1 L?OK A
IC

B
D?OC DIJqgGqgID ;

� BKA@>?rYIJ IOC 	 DA
A
IC

B
D?OC DIJqgGqgID 	 Gg?>D Ag Ih ADCI YOI J GC>AKI q ??gBIOOI AO�

\I>DAq gI
P
CIggI rYI

B = PAP−1 ; f?JJI P
IDC AO\I>DAq gI 	 Ag Ih ADCI YOI @ I>JYCGCA?O

p
CIggI

rYI
P = p(In)

IC
P−1 = tp(In)

;
B = p(In)A tp(In)

IC
A
IC

B
D?OC LID J GC>AKID L MGLN GKIOKI

L MYO J ZJ I F>G@HI ;

" 9#(/)/+( 0 $&& $ X?AC
G
YO F>G@HI 	

CG
YOI LI DID J GC>AKID L MGLN GKIOKI IC

n = |VG|
	

{p(In)CG(p(In))−1, p ∈ Pn}
IDC G@@ IgB gG KgGDDI LID J GC>AKID L MGLN GKIOKI LI

G
	 ?O gG O?CI

ĊG
IC

CG
IDC G@@ IgB >I@>BDIOCGOC LI gG KgGDDI LID J GC>AKID L MGLN GKIOKI LI

G
;

" 9#(/)/+( 0 $&0 $ bIYh F>G@HID
G1
IC

G2
D?OC AD?J ?>@HID D MAg Ih ADCI YOI qAN IKCA?O LI

VG1LGOD
VG2

rYA AOLYAC YOI qAN IKCA?O LI
EG1

LGOD
EG2

xO L MGYC>ID CI>J ID 	
G1
IC

G2
D?OC AD?J ?>@HID D MAg Ih ADCI YOI qAN IKCA?O

f
LI

VG1

LGOD
VG2CIggI rYI

• ∀e = {x1, x2} ∈ EG1
,∃e′ = (f(x1), f(x2)) ∈ EG2

IC

• ∀e′ = {y1, y2} ∈ EG2
,∃e = (f−1(y1), f

−1(y2)) ∈ EG1

;
�+*+ 778 /*3 0 $&Q $ � 
�� � ��� � 
�

G1

�

G2
���� ���� ��� � 
� �� 
� �
� �
� 
�� �� �� 	���� 
 �
�

� ����	
� � ���	 �	
�	
 �

G1


�� 
� ��
 � �� 	���� 
 �
� � ����	
� � ���	 �	
�	
 �

G2

�

bGOD gID IhIJ@gID LI gG DIKCA?O DYA\GOCI 	 O?YD K?ODALB>I>?OD C?YN ?Y>D K?JJI F>G@HI LI
LB@G>C gI F>G@HI

G
CIg rYI

VG = {1, 2, 3, 4, 5}
	

EG = {{1, 2}, {2, 3}, {2, 5}, {3, 4}, {4, 5}}@ ?Y> DAJ@gA�I> 	 O?YD K?ODALB>I>?OD rYI gG s?OKCA?OD L MBCArYICGFI DI>G g MALIOCACB ; b GOD gG
>I@>BDIOCGCA?O LY F>G@HI

G
	 ?O GDD?KAI ] KHGrYI O?IYL D?O BCArYICCI ;

1
2

3 4

5

e



G @ ?Y> J GC>AKI L MGLN GKIOKI �

CG =













0 1 0 0 0
1 0 1 0 1
0 1 0 1 0
0 0 1 0 1
0 1 0 1 0













� ��$ ���$% !� !� # �!"% �$ �� ��$%

bGOD gG J ADI IO ? IY\>I L MIhIJ@gID LI DoDCpJ ID LoOGJ ArYID B\?gYCAsD 	 O?YD G\?OD q ID?AO
L MYO ?YCAg rYA @ I>J ICCI LI >IKGgKYgI> gG O?Y\IggI s?>J I LY F>G@HI ] KHGrYI C>GODACA?O LAD�
K>pCI ; fICCI O?Y\IggI s?>J I LY F>G@HI @ IYC ZC>I L�I ] g MGN ?YC L MYO O? IYL ?Y L MYO F>?Y@ I LI
O? IYLD 	 g MGN ?YC L MYOI ?Y @gYDAIY>D G>ZCID 	 gG DY@@>IDDA?O L MYO ?Y @gYDAIY>D O? IYLD 	 gG DY@�
@>IDDA?O L MYOI ?Y @gYDAIY>D G>ZCID ; � GAD O?YD @ ?Y\?OD G\?A> LID ?@ B>GCA?OD J ?AOD KgGDDArYID
@ I>J ICCGOC YOI K?OC>GKCA?O 	 YO GJ GgFGJ I ?Y YOI Ih@GODA?O LY F>G@HI ;

� ?YD O?YD AOCB>IDD?OD ] LID ?@ B>GCA?OD O?O KGO?OArYID LI J GC>AKID q ??gBIOOID rYA O?YD
@ I>J ICC>?OC LI K?ODALB>I> LI J GOAp>I BrYA\GgIOCI LID C>GODs?>J GCA?OD LI F>G@HI IC LID
?@ B>GCA?OD J GC>AKAIggID ;

� ?C?OD

• Ik
gG J GC>AKI ALIOCACB L M?>L>I

k �

• Onm
gG J GC>AKI OYggI ]

n
gAFOID IC ]

m
K?g?OOID �

• Unm
gG J GC>AKI LI

1
]

n
gAFOID IC

m
K?g?OOID �

• Dk,l gG J GC>AKI ] k + l
gAFOID IC ]

k + l + 1
K?g?OOID LB�OAI @G> �

(

Ik Ok,1 Ok,l

Ol,k Ol,1 Il

)

 *+T +4/)/+( Q $& $
Dkl tDkl = Ik+l

bGOD C?YCI KICCI DIKCA?O O?YD O?C?OD
σ
YOI s?OKCA?O L MBCArYICGFI LID O? IYLD LY F>G@HI

G
;

	 �� 
�����

��� �� 
� ��	 � ���� 
��	� �� 	�
���

xCGOC L?OOB
G
YO F>G@HI ]

n
O?IYLD CIg rYI

u ∈ VG
IC

v ∈ VG
; 
O O?CI

G + {u, v}
gI

F>G@HI
G
GYrYIg IDC GN ?YCB g MG>ZCI

{u, v}
;
VG+{u,v} = VG

IC
EG+{u,v} = EG∪{u, v}

; _N ?YCI>
YOI G>ZCI IOC>I gID O? IYLD

u
IC

v
LI

G
>I\AIOC ] GN ?YCI> YO

1
] gG

σ(u)eme gAFOI IC σ(v)eme

K?g?OOI IC ] gG
veme gAFOI IC ueme K?g?OOI LI gG J GC>AKI L MGLN GKIOKI LI G

;
X?AC

Euv gG J GC>AKI KG>>B L M?>L>I n
LB�OAI K?JJI DYAC �

(Euv)ij = 1
DA

(i = σ(u) et j = σ(v)) ou (i = σ(v) et j = σ(u))
(Euv)ij = 0

DAO?O ;

[



Gg?>D
CG+{u,v} = CG + Euv

bI J ZJ I 	 BCGOC L?OOB
G
YO F>G@HI ]

n
O?IYLD CIg rYI

u ∈ V
	
v ∈ V

IC
{u, v} ∈ E

; 
O
O?CI

G − {u, v}
gI F>G@HI

G
GYrYIg IDC DY@@>AJ B g MG>ZCI

{u, v}
;

CG−{u,v} = CG − Euv

� IJ G>rYI � �G D?YDC>GKCA?O O MIDC @GD YOI ?@ B>GCA?O q ??gBIOOI KgGDDArYI ; �KA ?O LB�OAC
YOI ?@ B>GCA?O q ??gBIOOI @G>CAIggI �

1 − 1 = 0
	
1 − 0 = 1

IC
0 − 0 = 0

;

	 �� 
�����

��� � ��� ����� 
��� 
�����

��� ��
 
��	�
 ��� ����	�
 � ��
�����

" 9#(/)/+( Q $0 $ X?AC
G
YO F>G@HI IC

u
YO D?JJIC LI KI F>G@HI 	 ?O O?CI

G′ = G − u
gI

F>G@HI
G
@>A\B LY D?JJIC

u
;
VG′ = VG−{u}

IC
EG′ = EG−{{u, v}, v ∈ VG∧{u, v} ∈ EG}

;
�G DY@@>IDDA?O L MYO O? IYL >I\AIOC J GC>AKAIggIJ IOC ] IOgI\I> YOI gAFOI IC YOI K?g?OOI LI

gG J GC>AKI L MGLN GKIOKI ; �?C?OD
k = σ(u)

GAODA 	

CG−u = Dk−1,n−k × CG × tDk−1,n−k

=

(

Ik−1 Ok−1,1 Ok−1,n−k

On−k,k−1 On−k,1 In−k

)

× CG ×





Ik−1 Ok−1,n−k

O1,k−1 O1,n−k

On−k,k−1 In−k





f?ODALB>?OD g MIhIJ@gI DYA\GOC ?�
G
G P D?JJICD BCArYICBD IC ?�

G′ = G − 2
;

1
2

3 4

5

1

2 3

4

CG =













0 1 0 0 0
1 0 1 0 1
0 1 0 1 0
0 0 1 0 1
0 1 0 1 0













et CG−2 = D1,3 × CG ×t D1,3 =









0 0 0 0
0 0 1 0
0 1 0 1
0 0 1 0









�G s?OKCA?O L MBCArYICGFI LI
CG−u

O MIDC @gYD
σ
JGAD IggI IDC ?qCIOYI ] @G>CA> LI

σ
; xO

IdIC 	 O?C?OD
σ′ gG s?OKCA?O L MBCArYICGFI LI CG−u

	 =?Y> C?YC
v ∈ VG−u

	 DA
σ(v) < σ(u)

Gg?>D
σ′(v) = σ(v)

IC DA
σ(v) > σ(u)

Gg?>D
σ′(v) = σ(v) − 1

;

^



	 �	 �� ��	 � ��� �����
" 9#(/)/+( Q $Q $ X?AC

G
YO F>G@HI IC

u
YO D?JJIC CIg rYI

u /∈ VG
	 ?O O?CI

G′ = G + u
gI

F>G@HI
G
GYrYIg ?O GN ?YCI gI D?JJ IC

u
;
VG′ = VG + {u}

IC
EG′ = EG

;
_N ?YCI> YO O?IYL IDC BrYA\GgIOC ] >GN ?YCI> YOI gAFOI IC YOI K?g?OOI LI

0
IOC>I gG gAFOI

�>I@ IKC ; gG K?g?OOI�
k
IC gG gAFOI �>ID@ IKC ; gG K?g?OOI�

k+1
LI gG J GC>AKI ; X?AC

σ′ gG s?OKCA?O
L MBCArYICGFI LI

G′ = G + u
CIggI rYI

σ′(u) = k + 1
IC @ ?Y> C?YC

v ∈ VG
	 DA

σ(v) ≤ k
Gg?>D

σ′(v) = σ(v)
IC DA

σ(v) ≥ k + 1
Gg?>D

σ′(v) = σ(v) + 1
;

CG+u = tDk,n−kCGDk,n−k =





Ik Ok,n−k

O1,k O1,n−k

On−k,k In−k



 × CG ×

(

Ik Ok,1 Ok,n−k

On−k,k On−k,1 In−k

)

Dk,n−k ∈ Mn,n+1

 *+T +4/)/+( Q $j $ � ���� ���� 

A


�
B

�
�� �����	
� 	���

� � �����

n�

������ ��� 
� �
�����

A+(k) = tDk−1,n−k+1ADk−1,n−k+1 
�
A− (k) = Dk−1,n−kA tDk−1,n−k �����

�
���� ���� �

��
(A + (k)) × (B + (k)) = (A × B) + (k)

� �
(A + (k)) + (B + (k)) = (A + B) + (k)

� �
(A + (k)) − (k) = A

xO IdIC 	 LI J GOAp>I B\ALIOCI �
(A+(k))×(B+(k)) = tDk−1,n−k+1×A×Dk−11,n−k+1×

tDk−1,n−k+1 × B × Dk−1,n−k+1 	 ?> Dk−1,n−k+1 × tDk−1,n−k+1 = In
L?OK

(A + (k)) × (B +
(k)) = (A × B) + (k)

;
=?Y> gG J ZJ I >GAD?O 	 ?O G

(A + (k)) − (k) = A
;

� 358*S-3 Q $t $ bGOD gG J IDY>I ?� tDk−1,n−k ×Dk−1,n−k 6= In+1
	 ?O O MG @GD BFGgACB IOC>I

(A − (k)) + (k)
IC

A
;

uv35T73 Q $w $ � I@>IO?OD gG J ZJ I J GC>AKI rYI @>BKBLIJJIOC ; � ?YD D?YHGAC?OD ] @>BDIOC
>GN ?YCI> YOI gAFOI IC YOI K?g?OOI ] g MIJ@gGKIJ IOC E �

D2,3 =





















1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1





















et tD2,3 =



























1 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1



























`



tD2,3AD2,3 =



























0 1 0 0 0 0

1 0 0 1 0 1

0 0 0 0 0 0

0 1 0 0 1 0

0 0 0 1 0 1

0 1 0 0 1 0



























	 �� � �������	��� � ��� ����� �� ��
�
�
" 9#(/)/+( Q $W $ bBK?OOIKCI> gI O? IYL

u
LY F>G@HI

G
K?ODADCI ] DY@@>AJ I> C?YCID gID G>ZCID

L?OC g MYOI LID IhC>BJ ACBD IDC
u
;

X?AC
G′ gI F>G@HI G

GYrYIg ?O G LBK?OOIKCB gI O? IYL
u
	

VG′ = VG
IC

EG′ = EG −
{{u, v}, {u, v} ∈ EG}

;
� M?@ B>GCA?O J GC>AKAIggI >IgGCA\I ] gG LBK?OOIKCA?O LY O?IYL

u
IDC �

CG−u+u
; fICCI

?@ B>GCA?O @ IYC ZC>I DAJ@gA�BI IO �

CG−u+u = tDk−1,n−k(Dk−1,n−k × CG × tDk−1,n−k)Dk−1,n−k

G\IK
σ(u) = k

IC

tDk−1,n−kDk−1,n−k =





Ik−1 Ok−1,n−k

O1,k−1 O1,n−k

On−k,k−1 In−k





(

Ik−1 Ok−1,1 Ok−1,n−k

On−k,k−1 On−k,1 In−k

)

=





Ik−1 Ok−1,1 Ok−1,n−k

O1,k−1 O11 O1,n−k

On−k,k−1 On−k,1 In−k





	 �� ����	
	��� ��
 ������	���
 � ��� ����� � �� 
�	�� �����
" 9#(/)/+( Q $� $ D?AC

G
YO F>G@HI IC

u
IC

v
LIYh O?IYLD LI

VG
	
e = {u, v}

YOI G>ZCI LI
KI F>G@HI 	 ?O O?CI

G →u v
gI F>G@HI

G
CIg rYI g M?O GdIKCI ]

v
C?YCID gID K?OOIKCA?OD rYI

@ ?DDpLI
u
GAODA

VG→uv = VG
IC

EG→uv = EG ∪ {{v, i}, {u, i} ∈ EG}
;

_�O LI FBOB>I> gI O?Y\IGY F>G@HI
G →u v

O?YD LB�OADD?OD YOI O?Y\IggI ?@ B>GCA?O DY>
gID J GC>AKID q ??gBIOOID G@@ IgBI D?JJ I g?FArYI @G> >G@@ ?>C ] LIYh AOLAKID ;
" 9#(/)/+( Q $� ��+553 7+U/S-3 T8* *8TT+*) � ,3-v /(,/.34� $ X?AC

A
IC

B
LIYh

J GC>AKID KG>>BID LI J ZJ I ?>L>I
n
; g M?@ B>GCA?O LI D?JJI J GC>AKAIggI LI _ @G> � @G> >G@@ ?>C

GYh AOLAKID
i
@YAD

j
IDC O?CB

A +i Bj
IC IDC LB�OA @G> � =?Y> C?YC

l ∈ [1, n] ∩ N
IC @ ?Y> C?YC

k ∈ [1, n] ∩ N

(A +i Bj)kl = Akl si k 6= i ou l 6= i ou l = i = k

<c



(A +i Bj)il = Ail + Bjl avec l 6= i

(A +i Bj)li = Ali + Blj avec l 6= i

_AODA
CG→ji = CG +i (CG)jIC DY> g MIhIJ@gI 	

1

2

3 4

5 1

2

3 4

5

IC
CG→32 = CG +2 (CG)3 =













0 1 0 0 0
1 0 1 1 1
0 1 0 1 0
0 1 1 0 1
0 1 0 1 0













	 �� ���	�
�	��� � ���� 
��	�
" 9#(/)/+( Q $&� $ D?AC

G
YO F>G@HI IC

e = {u, v}
YOI G>ZCI LI KI F>G@HI 	 ?O O?CI

G ↓ egG K?OC>GKCA?O LI g MG>ZCI
e
LY F>G@HI

G
;
VG↓e = VG − {v}

IC
EG↓e = EG − {{x, v}, x ∈

VG ∧ {x, v} ∈ EG} ∪ {{x, u}, x ∈ VG ∧ {x, v} ∈ EG}
;

fICCI ?@ B>GCA?O DI LBK?J@ ?DI IO LIYh ?@ B>GCA?OD BgBJ IOCGA>ID rYA IDC � g MGdIKCGCA?O LID
K?OOIKCA?OD LY O?IYL

v
GY O?IYL

u
IC gG DY@@>IDDA?O LY O?IYL

v
;

_ AODA 	

CG↓{u,v} = C(G→vu)−v

CG↓{u,v} = C(G→vu)−v

IDC BFGg ]
CG↓{v,u} = C(G→uv)−u

] YOI @ I>JYCGCA?O LI gAFOI IC
LI K?g?OOI @>pD ;
_@@gArY?OD KICCI ?@ B>GCA?O ] O?C>I IhIJ@gI @>BKBLIOC �

1

2

3 4

5
1

2 3

4

CG↓{3,2} = C(G→23)−2 =









0 1 0 0
1 0 1 1
0 1 0 1
0 1 1 0









fICCI ?@ B>GCA?O K?ODI>\I gG K?OOIh ACB L MYO F>G@HI ;

<<



	 �� ��� ��
 �� ���	���� � �



�	 �
� �� �����
" 9#(/)/+( Q $&& $ X?AC

G
YO F>G@HI IC

u
YO D?JJIC LI KI F>G@HI 	

G −→
u

IDC gI F>G@HI LID
KHIJ AOD LI g?OFYIY>

2
L?OC gI O? IYL J AgAIY IDC

u
;

VG−→
u

= VG
IC

EG−→
u

= {{i, j}, {i, u} ∈

EG ∧ {u, j} ∈ EG}
� ?YD LB�OADD?OD YOI ?@ B>GCA?O J GC>AKAIggI G@@ IgBI @>?LYAC @G> >G@@ ?>C ] YO AOLAKI G�O

LI KGgKYgI>
G −→

u

;
" 9#(/)/+( Q $&0 � *+,-/) T8* *8TT+*) � -( /(, /.3 � $ X?AC

A
IC

B
LIYh J GC>AKID KG>>BID

LI J ZJ I ?>L>I ; g M?@ B>GCA?O LI @>?LYAC J GC>AKAIg LI _ @G> � @G> >G@@ ?>C ] g MAOLAKI
i
IC O?CB

A ∗i B
IC IDC LB�OA @G> � =?Y> C?YC

l ∈ [1, n] ∩ N
IC @ ?Y> C?YC

j ∈ [1, n] ∩ N

(A ∗i B)lj = Ali × Bij

_AODA
CG−→

u
= CG ∗u CG.

=?Y> KICCI ?@ B>GCA?O 	 gG J GC>AKI OYggI IDC g MBgBJ IOC GqD?>qGOC 	 gG J GC>AKI K?ODCACYBI LI
< IDC g MBgBJ IOC OIYC>I ] L>?ACI IC ] FGYKHI ;

� I@>IO?OD g MIhIJ@gI �

1

2

3 4

5 1

2

3 4

5

CG−→
2

=





















1 0 1 0 1

0 0 0 0 0

1 0 1 0 1

0 0 0 0 0

1 0 1 0 1





















	 �� 
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��� � ��� ����� 
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��	�

" 9#(/)/+( Q $&Q $ X?AC

G
YO F>G@HI 	 ?O O?CI

G′ = G − u
gI F>G@HI

G
GYrYIg ?O G DY@@>AJ B

gI D?JJ IC
u
�
VG′ = VG−{u}

� IC CIggID rYI DA
{u, v} ∈ EG

IC
{u,w} ∈ EG

Gg?>D
{v,w} ∈ EG′

;
fICCI ?@ B>GCA?O IDC gI @>?LYAC LI LIYh ?@ B>GCA?OD � �G @>IJ Ap>I K?ODADCI ] KGgKYgI> gID

KHIJ AOD LI g?OFYIY> : LI\GOC @GDDI> @G> gI D?JJ IC
u
DGOD ZC>I g MYOI LID IhC>BJ ACBD ; �G

LIYh ApJ I ?@ B>GCA?O IDC g M?@ B>GCA?O KgGDDArYI LI DY@@>IDDA?O ;
_ AODA gI F>G@HI

G − u
G @ ?Y> ?@ B>GCA?O

CG−u = CG−u + C(G−→
u

)−u

;
fICCI ?@ B>GCA?O K?ODI>\I gG K?OOIh ACB L MYO F>G@HI ;
XY> gI J ZJ I IhIJ@gI 	

<:



1

2

3 4

5
1

2 3

4

CG−2 =









1 1 0 1
1 1 1 1
0 1 0 1
1 1 1 1









	 �� ������� 	�	
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" 9#(/)/+( Q $&j $ X?AC
G
YO F>G@HI IC

u
YO D?JJIC CIg rYI

u /∈ VG
	 ?O O?CI

G′ = G + ugI F>G@HI
G
GYrYIg IDC >GN ?YCB gI D?JJ IC

u
K?OOIKCB ] C?YD gID GYC>ID D?JJ ICD LI

G
;

VG′ = VG + {u}
IC

EG′ = EG + {{u, v}, v ∈ EG}
;

i?AOL>I C?CGgIJ IOC YO O?IYL ] YO F>G@HI K?ODADCI ] K>BI> YO O?Y\IGY O?IYL IC gI K?O�
OIKCI> ] g MIODIJqgI LID O?IYLD IhADCGOCD GAODA

MG+u = tDn,0MGDn,0 +

(

On,n Un,1

U1,n O1,1

) ;

" 9#(/)/+( Q $&t $ X?AC
G
YO F>G@HI IC

u
YO D?JJIC CIg rYI

u /∈ VG
IC D?AC

µ ⊂ V
	?O O?CI

G′ = G + uµ
gI F>G@HI

G
GYrYIg IDC >GN ?YCB gI D?JJ IC

u
K?OOIKCB ] C?YD gID GYC>ID D?JJ ICD

LY D?YD�IODIJqgI
µ
LI

G
;
VG′ = VG + {u}

IC
EG′ = EG + {{u, v}, v ∈ VG}

;

� GC>AKAIggIJ IOC O?YD ?qCIO?OD g M?@ B>GCA?O DYA\GOCI �
MG+uµ

= tDn,0MGDn,0+

(

On,n V µ

tV µ O1,1

) ;
?�

V µ IDC YO \IKCIY> LI >GOF n
CIg @ ?Y> C?YC

i ∈ [1, n] ∩ N
	 DA

i ∈ µ
Gg?>D

V µ
i = 1

IC
0DAO?O ;

� �$% %�%#�� $% ��" � ���$% !�! ��# ��%

�O DoDCpJ I LoOGJ ArYI B\?gYCAs K?J@>IOL LID K?J@ ?DGOCID K?OCAOYID �gG LoOGJ ArYI LID
O? IYLD ?Y gG LoOGJ ArYI LID G>ZCID� IC LID K?J@?DGOCID LADK>pCID �gG LoOGJ ArYI LY F>G@HI� ;
�g IDC L?OK OGCY>Ig LI J ?LBgADI> YO CIg DoDCpJ I @G> YO DoDCpJ I Hoq>ALI ;

�G LB�OACA?O L MYO DoDCpJ I Hoq>ALI �:� 	 �<c� 	 OI O?YD @ I>J IC @GD LI J ?LBgADI> gI KHGOFI�
JIOC LY F>G@HI ; � ?YD @>?@ ?D?OD L?OK YOI IhCIODA?O LI gG O?CA?O LI DoDCpJ I Hoq>ALI rYI
O?YD G@@ BgI>?OD DoDCpJ I Hoq>ALI BCIOLY ;

� �� 
�
	�� ��	���� �	����
�O DoDCpJ I Hoq>ALI BCIOLY IDC YO IODIJqgI ] ^ BgBJ IOCD

(Q, E ,G,D,A,U ,F ,H,R)
CIg rYI �

<;
Q
IDC g MIODIJqgI LBO?Jq>GqgI LID BCGCD LADK>ICD ;

<E



: ;
E ⊂ Q×Q

IDC g MIODIJqgI LID C>GODACA?OD ;
E ;

G = {Gq, q ∈ Q}
IDC YO IODIJqgI LI F>G@HID ;

a ;
D = {Dq, q ∈ Q}

IDC YOI K?ggIKCA?O LI L?J GAOID gABI GYh O?IYLD ;
∀q ∈ Q

	
Dq =

Πx∈VGq
Sx
?�

Sx
IDC g MIODIJqgI LID BCGCD LY O?IYL

x
;

P ;
A = {Aq, q ∈ Q}

IDC YOI K?ggIKCA?O LI L?J GAOID gABI GYh G>ZCID ;
∀q ∈ Q

	
Aq =

Πy∈EGq
Ty
?�

Ty
IDC g MIODIJqgI LID BCGCD LI g MG>ZCI

y
;

e ;
U = {Uq, q ∈ Q}

IDC gG K?ggIKCA?O LID L?J GAOID LI K?OC>� gI ;
∀q ∈ Q

	
Uq
IDC YO D?YD�

IODIJqgI LI
Πx∈VGq

Sx × Πy∈EGq
Sy
;

[ ;
F = {Fq, q ∈ Q}

IDC gG K?ggIKCA?O LID KHGJ@D LI \IKCIY>D ;
∀q ∈ Q, Fq : Dq×Aq×Uq →

Dq × Aq
; �

Fq
LB�OAC gG LoOGJ ArYI LID O? IYLD IC LID G>ZCID�

^ ;
H = {He, e ∈ E}

IDC gG K?ggIKCA?O LID FG>LID ;
∀e = (q, q′) ∈ E ,He ⊂ Dq × Aq

;
` ;

R = {Re, e ∈ E}
IDC gG K?ggIKCA?O LID s?OKCA?OD >IDICD

∀e = (q, q′) ∈ E , Re : G ×
He → G × Dq′ × Aq′

; 
O DY@@ ?DI rYI @ ?Y> C?YC
Zq ∈ He

	
Re(Gq, Zq) 6= (Gq′ , ∅)

IC
Re(Gq, Zq) 6= (∅, Zq′)

;

�g @ IYC o G\?A> @gYDAIY>D C>GODACA?OD L M?>AFAOI
q
; X?AC

e
IC

e′
LIYh C>GODACA?OD L M?>AFAOI

q
	

?O @ IYC G\?A>
He ∩ He′ 6= ∅

; KI KGD IDC O?O LBCI>J AOADCI IC L?OOI LIYh F>G@HID LAdB>IOCD ;
_ O?CI> rYI g M?O G GYDDA gI KGD LY O?O LBCI>J AOADJ I ] g MAOCB>AIY> L MYOI KIggY gI ;

� �� ��� ���
	��� 
�� 
� 
	��
 ���
 ����
 ��� ��	��

� ?YD J ?LBgAD?OD YO DoDCpJ I LoOGJ ArYI @G> YO DoDCpJ I Hoq>ALI BCIOLY K?OCIOGOC YO IO�
DIJqgI L MBCGC

Q
IC 	 @ ?Y> KHGrYI BCGC

q
	

<; YO F>G@HI
Gq = (Vq, Eq)

LB�OA @G> DG J GC>AKI L MGLN GKIOKI
Cq

	
: ; YOI \G>AGqgI L MBCGC LID O?IYLD

Xq
�
Xq
IDC AOLIhBI DY>

Vq
IC @>IOL DG \GgIY> LGOD YO

L?J GAOI
Dq

� 	
E ; YOI \G>AGqgI L MBCGC DY> gID G>ZCID

Yq
�
Yq
IDC AOLIhBI DY>

Eq
IC @>IOL DG \GgIY> LGOD YO

L?J GAOI
Aq

� 	

a ; YOI LoOGJ ArYI LI O?IYLD
Ẋq = Fq(Xq, Yq)

CIggI rYI g MBrYGCA?O ˙(Xq)i = (Fq)i(Xq, Yq)LB@ IOL IhKgYDA\IJ IOC LI g MBCGC LID O?IYLD LY \?ADAOGFI sI>J B LI
i
IC LID G>ZCID L?OC

YOI IhC>BJ ACB IDC
i
	

P ; YOI LoOGJ ArYI L MG>ZCI
Ẏq = Gq(Xq, Yq)

CIggI rYI g MBrYGCA?O ˙(Yq)(i,j) = (Gq)(i,j)(Xq, Yq)LB@ IOL IhKgYDA\IJ IOC LI g MBCGC LID O?IYLD
i
IC

j
IC LI

(Yq)(i,j)
	

<a



e ; YO IODIJqgI LI s?OKCA?OD >IDIC rYA @ I>J ICCIOC LI @GDDI> L MYO BCGC
q
\I>D YO GYC>I BCGC

q′
; fID s?OKCA?OD D?OC IhIKYCBID g?>DrYI

(Xq, Yq)
GCCIAOL YOI s>?OCAp>I LY L?J GAOI

Dq ×Aq
; �ID s?OKCA?OD >IDIC ?OC @ ?Y> >� gI LI KHGOFI> gG LoOGJ ArYI LID \G>AGqgID

X
IC

Y
] KHGrYI KHGOFIJ IOC L MBCGC IC LI >BAO ACAGgADI> gID \GgIY>D LID \G>AGqgID ; x ggID L?A\IOC

LI @gYD >IKGgKYgI> gI F>G@HI LY O?Y\Ig BCGC ;
_ AODA 	 rYGOL

(Xq, Yq)
GCCIAOL YOI s>?OCAp>I LY L?J GAOI

Dq ×Aq
	 YOI C>GODACA?O LADK>pCI

LI g MBCGC
q
\I>D g MBCGC

q′
D M?@ B>I IC

•
?Y qAIO gG J GC>AKI L MGLN GKIOKI

Cq
IDC ALIOCArYI ]

Cq′
IC ?O >IDCI LGOD gI KGL>I KgGDDArYI

LID DoDCpJ ID Hoq>ALID ;

 x 

M∞

Gq
(Ẋq, Ẏq) = (Fq(Xq, Yq), Gq(Xq, Yq))

�(Xq(t
+
0 ), Yq(t

+
0 ))

(Xq(t
−
1 ), Yq(t

−
1 ))

(Xq′(t
+
1 ), Yq′(t

+
1 ))

(Ẋq′, Ẏq′) = (Fq′(Xq′, Yq′), Gq′(Xq′, Yq′))

•
?Y qAIO

CGq

IC
CGq′

D?OC LAd B>IOCID ; bGOD KI KGD gI KHGOFIJ IOC L MBCGC G AJ@?DB YO
KHGOFIJ IOC LY F>G@HI ; �I O?Y\IGY F>G@HI

Gq′
LB�OA @G> DG J GC>AKI L MGLN GKIOKI IDC

KGgKYgB ] @G>CA> LID s?OKCA?OD � IDICD ; gI O?Jq>I LI O?IYLD GAODA rYI gID G>ZCID @ IY\IOC
KHGOFI> ; �ID s?OKCA?OD >IDICD @ I>J ICCIOC LI @gYD LI >IKGgKYgI> gID LoOGJ ArYID

Fq′
IC

Gq′
IC LI >BAO ACAGgADI> gID O?Y\IggID \G>AGqgID

Xq′
IC

Yq′
;

<P



 x 

Gq

Gq′

(Ẋq, Ẏq) = (Fq(Xq, Yq), Gq(Xq, Yq))

�(Xq(t
+
0 ), Yq(t

+
0 ))

(Xq(t
−
1 ), Yq(t

−
1 ))

(Ẋq′ , Ẏq′) = (Fq′(Xq′, Yq′), Gq′(Xq′, Yq′))

(Xq′(t
+
1 ), Yq′(t

+
1 ))

M∞({0, 1})

� MIhIJ@gI gI @gYD KgGDDArYI LI F>G@HI LoOGJ ArYI B\?gYCAs IDC gI >BDIGY AOs?>J GCArYI ; _
KHGrYI ?>LAOGCIY> K?>>ID@ ?OL YO O?IYL 	 ] KHGrYI KGqgGFI ?Y K?OOIKCA?O � A� K?>>ID@ ?OL YOI
G>ZCI ;

Xq
IDC @G> IhIJ@gI gG KG@GKACB LI KGgKYg LI KHGrYI ?>LAOGCIY> IC

Yq
gG KG@GKACB LI

C>GODJ ADDA?O LI KHGrYI K?OOIKCA?O ; xO qA?g?FAI 	 O?YD D?JJID K?OC>GAOC ] FB>I> LID F>G@HID
LoOGJ ArYID B\?gYCAsD LpD rY MAg D MGFAC LI >I@>?LYKCA?O ?Y LI J ?>C ;

� ��$�� �$% �$ %�%#�� $% ��" � ���$% !�! ��# ��%

�G LIDK>A@CA?O LI g MB\?gYCA?O LI KI Co@ I LI DoDCpJ I LoOGJ ArYI B\?gYCAs IDC K?J@gIhI ; � MID@GKI
L MBCGCD LY DoDCpJ I IDC g MYOA?O LI C?YD gID ID@GKID L MBCGCD LID O? IYLD Ih ADCGOCD ; b I @gYD O?YD
LI\?OD LBK>A>I g MB\?gYCA?O LADK>pCI LY F>G@HI GY K?Y>D LY CIJ@D ;

�G J ?LBgADGCA?O rYI O?YD G\?OD KH?ADA 	 @ I>J IC DY> LID IhIJ@gID LI LBCI>J AOI> LID K?J �
@ ?>CIJ IOCD KoKgArYID ?Y LID K?J@?>CIJ IOCD CIOLGOC \I>D YO K?J@?>CIJ IOC @ B>A?LArYI ; xO
IdIC 	 gG J GC>AKI L MGLN GKIOKI G C?YN ?Y>D @ ?Y> ?>L>I gI O?Jq>I LI O?IYLD LY F>G@HI IC ] YO
O?IYL K?>>ID@ ?OL YO AOLAKI LI gG J GC>AKI 	 GAODA Ag IDC s>BrYIOC g?>D L MYO KHGOFIJ IOC L MBCGC
rYI LI O?Jq>IYh O?IYLD KHGOFIOC LI @ ?DACA?O LGOD gG J GC>AKI IC rY MGAODA gID O?IYLD D?AIOC
>IO?JJBD GY K?Y>D LY CIJ@D ; _ AODA YO KoKgI IDC LBCIKCB g?>DrYI LIYh C>GODACA?OD @ ?DDBLGOC
gID J ZJ ID \G>AGqgID L MBCGC IC gI J ZJ I F>G@HI D?OC >I@ B>BID ;

� �� ����


��� �� 	�
���


X?AC
V
YO IODIJqgI LI KIggY gID ; fIC IODIJqgI G YO IODIJqgI LI K?OOIKCA?OD LB�OA @G>

E
;

fICCI DC>YKCY>I IDC YO F>G@HI
G = (V,E)

;
card(V ) = n

; � MBCGC LI gG KIggY gI
i
IDC LB�OA @G>

gI @G>GJ pC>I
Xi
;
Xi
?q BAC ] g MBrYGCA?O DYA\GOCI �

<e



(Xq)i(t) = (2 −
νq

i

2
)(t − t0) + (Xq)i(t0)


O O?CI
νq

i

gI O?Jq>I LI K?OOIKCA?OD LI gG KIggY gI
i
] g MBCGC

q
;

� ?YD K?ODALB>?OD YOI K?OC>GAOCI LI >I@>?LYKCA?O � XA
(Xq)i = 10

Gg?>D ?O @GDDI LI g MBCGC
q
\I>D g MBCGC

q′
IC YOI O?Y\IggI KIggY gI K?OOIKCBI ]

i
IDC GN ?YCBI ; fICCI O?Y\IggI KIggY gI DI>G

AOLIhBI @G>
n + 1

	
(Xq′)i = 8

IC
(Xq′)n+1 = 2

;
(Dq)i =] −∞, 10[

;
�?>D L MYOI >I@>?LYKCA?O 	 gI KHGOFIJ IOC L MBCGC LI

q
\I>D

q′
K?OLYAC ] YO O?Y\IGY F>G@HI

Gq′
;
�G s?OKCA?O >IDIC rYI g M?O G@@gArYI ] gG J GC>AKI L MGLN GKIOKI

CGq

LI
Gq
GY J ?J IOC ?�

gG KIggY gI
i
DI >I@>?LYAC IDC

CGq′
= tDn,0CGqD

n,0 +

(

On,n V i

tV i O1,1

) ;
?�

V i IDC YO \IKCIY> ] n
gAFOI CIg rYI

V i
i = 1

IC
0
DAO?O ;

XA @gYDAIY>D KIggY gID DI >I@>?LYADIOC LGOD gI J ZJ I CIJ@D 	 ?O IdIKCYI YOI K?J@?DACA?O LI
KICCI J ZJ I ?@ B>GCA?O ;
_Y CIJ@D

t = 0
	 DY@@ ?D?OD rY MAg O Mo G rY MYOI DIYgI KIggY gI 	 g MBCGC LY DoDCpJ I IDC Gg?>D �

CGq = (0),Xq(0) = (0),Xq(t) = (2t)
;

� I F>G@HI OI KHGOFI @GD NYDrY MGY CIJ@D
t = 5

; _Y CIJ@D
t = 5

YOI C>GODACA?O LADK>pCI
LI

q
\I>D

q′
IDC Id IKCYBI � YOI O?Y\IggI KIggY gI IDC GN ?YCBI g MBCGC LY DoDCpJ I LI\AIOC

CGq′
=

(

0 1
1 0

)

,Xq′(0) =

(

8
2

)

,Xq′(t) =

(

3
2t + 1

2
3
2 t − 11

2

) ;
�?AKA gID @>IJ Ap>ID BCG@ ID LID KHGOFIJ IOCD L MBCGC LY DoDCpJ I GAODA rYI g MB\?gYCA?O LI

Xq
;

1

2

3

4

5

1

2

3

1

2

3
1 1

2

1

2

3

4 4

5

1

2

3

4

5

6

7

8

6

t = 19/3 t = 25/3 t = 31/3 t = 35/3 t = 37/3
t = 5





3
2
t + 1

2

3
2
t − 11

2





(

2t
)













t + 5
3

3
2
t − 11

2

3
2
t − 15

2

































t
2

+ 23
6

3
2
t − 11

2

3
2
t − 15

2

3
2
t − 21

2

















































t
2

+ 23
6

t − 7
3

3
2
t − 15

2

3
2
t − 21

2

3
2
t − 27

2

































































1
2
t + 23

6

t − 7
3

t − 11
3

3
2
t − 21

2

3
2
t − 27

2

3
2
t − 31

2





















































































8
1
2
t + 11

6

t − 11
3

3
2
t − 21

2

3
2
t − 27

2

3
2
t − 31

2

3
2
t − 33

2

3
2
t − 33

2

















































� MB\?gYCA?O LY DoDCpJ I IDC K?J@gBCIJ IOC GDoOKH>?OI ; �G DYACI LID CIJ@D LI C>GODACA?O
�LB�OAD @G> YO @>? KIDDYD LBCI>J AOADCI� O?CBI

{ti}i
LBK>AC @G>CAIggIJ IOC gI K?J@?>CIJ IOC LY

<[



�?C ; � I O?Jq>I LI O?IYLD LY F>G@HI K>?AC IC gI LIF>B J GhAJ Gg LI KHGrYI O? IYL IDC a ;
�I L?J GAOI LID F>G@HID LGOD gIrYIg B\?gYI KI DoDCpJ I O MIDC @GD LI KG>LAOGg �OA ; � GAD gG
DC>YKCY>I LI KI F>G@HI O MIDC @GD IhC>pJ IJ IOC K?J@gIhI @YADrYI 	 DA gI F>G@HI LI LB@G>C IDC
YO G>q>I LI LIF>B J GhAJ Gg a 	 Gg?>D 	 ] O MAJ@?>CI rYIg J ?J IOC 	 gI F>G@HI IDC YO G>q>I LI
LIF>B J GhAJ Gg a ;

� �� ��� ��

•
_ KHGrYI BCGC

q
LY DoDCpJ I ?O GDD? KAI YO F>G@HI

Gq
;

•
fHGrYI O? IYL

i
LI

Gq
G @ ?Y> LoOGJ ArYI

xq
i (t) =

6(t − tq)

νq
i

?�
νq

i

IDC gI LIF>B LY O?IYL
i
IC ?�

tq
IDC gI CIJ@D ] @G>CA> LYrYIg ?O IDC LGOD g MBCGC

qLY DoDCpJ I ; �
O O?CI
Xq = (xq

i )i
�

•
xCGOC L?OOB YOI G>ZCI

e = (i, j)
LY F>G@HI

Gq
; 
O LB�OAC YOI LoOGJ ArYI

yq
ij(t) = t − (tbirth)ij

?�
(tbirth)ij

IDC gG LGCI LI K>BGCA?O LI g MG>ZCI
(ij)
; �

yq
ij

L?OOI g M�FI LI g MG>ZCI
e = (i, j)

� ;
�
O O?CI

Yq = (yq
ij)ij

�


O LB�OAC LI @gYD LID FG>LID @ I>J ICCGOC LI DGYCI> L MYO BCGC
q
\I>D YO BCGC

q′
;

•
f?OC>GAOCID LI >I@>?LYKCA?OD
XA

e = (i, j)
IhADCI IC DA @ ?Y> YO

t∗
L?OOB �

xq
i (t

∗) + xq
j(t

∗) ≥ 12

Gg?>D YO O?Y\IGY O?IYL
k
IDC K>BB ; �ID G>ZCID

(i, k)
IC

(j, k)
� IC

(k, i)
IC

(k, j)
� D?OC

>GN ?YCBD ;

1

0 0

1

dt=0

xq
1(t) = 6(t − tq)

xq
2(t) = 6(t − tq)

xq′

1 (t) = 3(t − tq′)

xq′

3 (t) = 3(t − tq′)

xq′

2 (t) = 3(t − tq′)

bI @gYD 	
yq′

ik(t
∗) = 0

	
yq′

jk(t
∗) = 0

	 �
yq′

ki(t
∗) = 0

	
yq′

kj(t
∗) = 0

� ; �?YD gID
xq′

l (t∗) = 0
;

<^



•
f?OC>GAOCID LI LBKpD
XA

yq
ij(t) ≥ 5

Gg?>D
i
IC

j
D?OC GJ GgFGJ BD GY O?IYL

i
DA

i ≤ j
IC GY @ ?AOC

j
DAO?O ;

42

2

2

2

5

4

2 2

2

22

2 3

2

dt=0

bY K?Y@
Dq = {Xq(t), (i, j) ∈ Eq =⇒ xq

i (t) + xq
j(t) < 12}

IC
Aq = {Yq(t), (i, j) ∈ Eq =⇒ yq

ij(t) < 5}
� M?@ B>GCA?O J GC>AKAIggI GDD? KABI ] gG >I@>?LYKCA?O K?ODADCI ] N ?AOL>I @G>CAIggIJ IOC YO

O?IYL ] YO F>G@HI 	 KIggI GDD? KABI GY LBKpD IDC g MGJ GgFGJ I ;
� IJ G>rYI � _KCYIggIJ IOC 	 DA ] YO CIJ@D

t∗
L?OOB gG FG>LI LI >I@>?LYKCA?O IC L MGJ GgFGJ I

D?OC GCCIAOCID 	 XIYgD gID GJ GgFGJ ID DI>?OC IdIKCYBD ;�=>A?>ACB LI g MGJ GgFGJ I�
�?AKA @>BDIOCB KA�LIDD?YD gI >BDYgCGC LI g MIhIJ@gI LGOD gI KGD ?� gI @ ?AOC LI LB@G>C IDC

K?ODCACYB L MYO K?Y@gI LI KIggY gID K?OOIKCBID �

<`



0

1

0 0

3

2 2

0 0

0 0

0 0

4

2

2

2

2

2

3 3

3

9/2 9/2

9/2

0

0
0

0

0
0

1/2 1/2

1/2

22

2

0

0
0

0

0

0

4 4

42 2 2

2 2

2

0

0

0 0

0

0

3 3

3 1

11

1 1

1

dt=1 dt=2

dt=2

dt=1

dt=3/2

dt=1/2

dt=3/2

dt=1

dt=2

dt=2

� IJ G>rYI � �ID \GgIY>D LI KHGrYI G>ZCID L MYO F>G@HI K?>>ID@ ?OLIOC ] g M�FI LI g MG>ZCI
K MIDC�]�LA>I ] gG \G>AGqgI

yij
;

XY> KIC IhIJ@gI 	 gG LoOGJ ArYI IDC KoKgArYI IC @ B>A?LArYI ;
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