N
N

N

HAL

open science

Numerical study of the stabilization of 1D locally
coupled wave equations.
Stéphane Gerbi, Chiraz Kassem, Amina Mortada, Ali Wehbe

» To cite this version:

Stéphane Gerbi, Chiraz Kassem, Amina Mortada, Ali Wehbe. Numerical study of the stabilization of
1D locally coupled wave equations.. 2020. hal-02524152v1

HAL Id: hal-02524152
https://hal.science/hal-02524152v1
Preprint submitted on 30 Mar 2020 (v1), last revised 19 Dec 2020 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02524152v1
https://hal.archives-ouvertes.fr

EXACT CONTROLLABILITY AND STABILIZATION OF LOCALLY
COUPLED WAVE EQUATIONS

STEPHANE GERBI, CHIRAZ KASSEM, AMINA MORTADA, AND ALI WEHBE

ABSTRACT. In this paper, we study the exact controllability and stabilization of a system of two
wave equations coupled by velocities with an internal, local control acting on only one equation.
We distinguish two cases. In the first one, when the waves propagate at the same speed: using
a frequency domain approach combined with multiplier technique, we prove that the system is
exponentially stable when the coupling region satisfies the geometric control condition GCC.
Following a result of Haraux ([11]), we establish the main indirect observability inequality. This
results leads, by the HUM method, to prove that the total system is exactly controllable by
means of locally distributed control. In the second case, when the waves propagate at different
speed, we establish an exponential decay rate in the weak energy space. Consequently, the
system is exactly controllable using a result of [11]. Finally, numerically, we provide results that
insure the theoretical results of [13].
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1. INTRODUCTION

1.1. Motivation and aims. Let 2 be an empty connected open subset of RY having a boundary
T of class C2. In [6], F. Alabau et al. considered the energy decay of a system of two wave equations
coupled by velocities

(1.1) ut — alAu + p(z,ug) +b(x)yy = 0 in Q@ xR,
(1.2) Yy — Ay — b(x)uy = in xR,
(1.3) u=y = 0 on I' x RY,

where a > 0 constant, b € C°(Q,R) and p(x,u;) is a non linear damping. Using an approach
based on multiplier techniques, weighted nonlinear inequalities and the optimal-weight convexity
method (developed in [3]), the authors established an explicit energy decay formula in terms
of the behavior of the nonlinear feedback close to the origin. Their results are obtained in the
case when the following three conditions are satisfied: the waves propagate at the same speed
(a = 1), the coupling coefficient b(z) is small and positive (0 < b(z) < by, by € (0,b*] where b*
is a constant depending on Q and on the control region) and both the coupling and the damping
regions satisfying an appropriated geometric conditions named Piecewise Multipliers Geometric
Conditions (introduced in [17] and denoted by PMGC in short). In their work, the case where the
waves are not assumed to be propagated with equal speeds (a is not necessarily equal to 1) and/or
the coupling coefficient b(z) is not assumed to be positive and small has been left as an open
problem even when the damping term p is linear with respect to the second variable. Recently,
C. Kassem et al. in [13], answered this important open question by studying the stabilization of
the following linear system:

(1.4) uge — aAu + c(x)u +b(x)yy = 0 in Q xRY,
(1.5) yu — Ay —b(x)uy = 0 in Q xRY,
(1.6) u=y = 0 on I' x RY,

in the case where the waves propagate with equal or different speeds and the coupling coefficient
is not assumed to be positive and small. Indeed, they distinguished two cases. The first one
is when the waves propagate at the same speed (i.e. a = 1), but unlike the works of [6], the
coupling coefficient function b is not necessarily assumed to be positive and small. In this case,
under the condition that the coupling region and the damping region have non empty intersection
satisfying the PMGC conditions, they established an exponential energy decay rate for weak initial
data. On the contrary (i.e. a # 1) they first proved the lack of the exponential stability of the
system. However, under the same geometric condition, an optimal energy decay rate of type % was
established for smooth initial data. The aim of this paper is to investigate the exact controllability
of the following system:

(1.7) uy —aAu+b(z)y, = c(z)v in Q xRY,

(1.8) Yy — Ay —b(x)uy = 0 in QxR%,

(1.9) u=y = 0 on I' x RY,

with the following initial data

(1.10) u(z,0) = uo, y(z,0)=1yo, ui(z,0)=uy and y;(z,0) =y1, =€ Q,

under appropriate geometric conditions. Here, a > 0 constant, b € C°(Q,R), ¢ € C°(Q,R")
and v is an appropriate control. The idea is to use a result of A. Haraux in [11] for which the
observability of the homogeneous system associated to (1.7)-(1.9) is equivalent to the exponential
stability of system (1.4)-(1.6) in an appropriate Hilbert space. So, we provide a complete analysis
for the exponential stability of system (1.4)-(1.6) in different Hilbert spaces. First, when the waves
propagate at the same speed (i.e., a = 1), under the condition that the coupling region is included
in the damping region and satisfies the so-called Geometric Control Condition (GCC in Short), we
establish the exponential stability of system (1.4)-(1.6). Consequently, an observability inequality

of the solution of the homogeneous system associated to (1.7)-(1.9) in the space (H{ () x LQ(Q))2
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is established. This leads, by the HUM method introduced by Lions in [15], to the exact controlla-
bility of system (1.7)-(1.9) in the space (H~*(£2) x LQ(Q))Q. Noting that, the geometric situations
covered here are richer than those considered in [6] and [13]. Furthermore, on the contrary when
the waves propagate at different speeds, (i.e., a # 1), we establish the exponential stability of
system (1.4)-(1.6) in the space H{(2) x L?(Q) x L?(Q) x H~(Q) provided that the damping
region satisfies the PMGC condition while the coupling region includes in the damping region and
satisfying the GCC conditions. Consequently, an observability inequality of the solution of the
homogeneous system associated to (1.7)-(1.9) is established. This leads, by the HUM method,
to the exact controllability of system (1.7)-(1.9) in the space L2(Q2) x H~1(Q) x H}(Q) x L*(Q).
Finally, we perform numerical tests in the 1-D case to insure the theoretical results obtained here
and in [13]. In fact, the numerical results show a better behavior that the one expected by the
theoretical results.

1.2. Literature. Since the work of J. L. Lions in [15], the observability and controllability of
coupled wave equations have been studied by an intensive number of publications. In [15], J.
L. Lions studied the complete and partial observability and controllability of coupled systems of
either hyperbolic-hyperbolic type or hyperbolic-parabolic type. These results assume that the
coupling parameter is sufficiently small. In [1] and [2], F. Alabau studied the indirect boundary
observability of an abstract system of two weakly coupled second order evolution equations where
the coupling coefficient is strictly positive in the whole domain. In particular, using a piecewise
multiplier method, she proved that, for a sufficiently large time T, the observation of the trace
of the normal derivative of the first component of the solution on a part of the boundary allows
us to get back a weakened energy of the initial data. Consequently, using Hilbert Uniqueness
Method, she proved that the system is exactly controllable for small coupling parameter by means
of one boundary control. Noting that, the situation where the waves propagate with different
speeds is not covered. Later, the indirect boundary controllability of a system of two weakly
coupled one-dimensional wave equations has been studied by Z. Liu and B. Rao in [19]. Using
the non harmonic analysis, they established several weak observability inequalities which depend
on the ratio of the wave propagation speeds and proved the indirect exact controllability. The
null controllability of the reaction diffusion System has been studied by F. Ammar-Khodja et al.
in [8], by deriving an observability estimate for the linearized problem. The exact controllability
of a system of weakly coupled wave equations with an internal locally control acted on only one
equation has been studied by A. Wehbe and W. Youssef in [22] and [23]. They showed that, for
sufficiently large time, the observation of the velocity of the first component of the solution on a
neighborhood of a part of the boundary allows us to get back a weakened energy of initial data of
the second component, this if the coupling parameter is sufficiently small, but non- vanishing and
by the HUM method, they proved that the total system is exactly controllable. F. Alabau and
M. Léautaud in [5], considered a symmetric systems of two wave-type equation, where only one of
them being controlled. The two equations are coupled by zero order terms, localized in part of the
domain. They obtained an internal and a boundary controllability result in any space dimension,
provided that both the coupling and the control regions satisfy the Geometric Control Condition.

1.3. Description of the paper. This paper is organized as follows: In section (2), first, we show
that the system (1.4)-(1.6) can be reformulated into a first order evolution equation and we deduce
the well posedness property of the problem by the semigroup approach. Second, by using Theorem
2.2 of [13], we show that our problem is strongly stable without geometric conditions. In section 3,
we show the exponential decay rate of system (1.4)-(1.6) when the coupling region b is a subset of
the damping region ¢ and satisfies the geometric control condition GCC. After that, we show that
our system is exactly controllable by using Proposition 2 of A. Haraux in [11]. In section 4, we
show the exponential decay rate of system (1.4)-(1.6) in the weak energy space provided that the
damping region satisfies the PMGC condition while the coupling region is a subset of the damping
region and satisfies the GCC condition. Section 5 is devoted to the numerical approximation of
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the problem by a finite difference discretization and to the validation of the theoretical results
stated in the previous sections.

2. WELL POSEDENESS AND STRONG STABILITY

2
Let us define the energy space H = <H& () x L2(Q)> equipped with the following inner product

and norm, respectively

(U, U)y = a/(w.va)dx + / v'ﬁdw+/(Vy~V@)d:r +/ 2zdx, |U |, = (U, U)n,
Q Q Q Q

for all U = (u,v,y,2), U= (u,v,y,2) € H.

Let (u,ut,y,y:) be a regular solution of the system (1.4)-(1.6). Its associated energy is defined by

1
B0 = 5 [ (l +alVuP + lf + [3l?) o

A straightforward computations gives
Et) = —/ o(@)|ue2dz < 0.
Q

Consequently, system (1.4)-(1.6) is dissipative in the sense that its energy is non-increasing with
respect to t. Setting U = (u, ut, y, y¢), system (1.4)-(1.6) may be recast as:

Ut = -AUv in (O,—FOO), U(O) = (u07u17y07y1)7

where the unbounded operator A : D(A) C H — H is given by:

21) D) = () 0 (@) 1)
and
(2.2) AU = (v,alu — bz — cv, 2z, Ay + bv), VU = (u,v,y,2) € D(A).

Note that due to the fact that ¢(z) > 0, the operator A is dissipative in %. And, by applying the
Lax-Milgam Theroem, it is easy to prove that the operator A4 is maximal in H i.e. R(I —A) =H.
Consequently, it generates a Co-semigroup of contractions (e4);>o. So, system (1.4)-(1.6) is well-
posed in H.

We need now to study the asymptotic behavior of E(t). For this aim, we suppose that there
exists a non empty open w., C (2 satisfying the following condition

{zeQ:c(z) >0} Dw,,. (LH1)

On the other hand, as b(x) is not identically null and continuous, then there exists a non empty
open wy C £ such that
{z € Q:b(x) # 0} Dwp. (LH2)

If w=we, Nwy # 0 and condition (LH1) holds, then system (1.4)-(1.6) is strongly stable using
Theorem 2.2 in [13], i.e.

lim ||€tA(u07U17y0,y1)HH =0 V(UO,Ul,yO,yl) €EH.

t——+o0
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3. EXPONENTIAL STABILITY AND EXACT CONTROLLABILITY IN THE CASE a =1

3.1. Exponential stability. This subsection is devoted to study the exponential stability of
system (1.4)-(1.6) in the case when the waves propagate at the same speed, i.e., ¢ = 1 under an
appropriate geometric conditions.

Before we state our results, we recall the Geometric Control Conditions GCC introduced by Rauch
and Taylor in [21] for manifolds without boundaries and by Bardos, Lebeau and Rauch in [9] for
domains with boundaries.

Definition 1. We say that a subset w of 2 satisfies the GCC if every ray of the geometrical
optics starting at any point x € Q) at ¢ = 0 enters the region w in finite time 7.

We recall also the Piecewise Multipliers Geometric Condition introduced by K. Liu in [17].

Definition 2. We say that w satisfies the Piecewise Multipliers Geometric Condition (PMGC in
short) if there exist ; C Q having Lipschitz boundary I'; = 0Q; and z; € RN, j=1,...,J such
that ;N€Q; = 0 for j # i and w contains a neighborhood in  of the set U‘j]:fyj (z;)U(Q\ U;-leﬂj)
where vj(z;) ={z €T : (x — x;) - vj(x) > 0} and v; is the outward unit normal vector to I';.

Remark 1. The PMGC is the generalization of the Multipliers Geometric Condition (MGC in
short) introduced by Lions in [15], saying that w contains a neighborhood in §2 of the set {z € T":
(x — z0) - v(z) > 0}, for some xo € R, where v is the outward unit normal vector to I' = 9.

Now, we are in position to state our first main result by the following theorem :

Theorem 3.1. (Ezponential decay rate) Let a = 1. Assume that conditions (LH1) and (LH2) hold.
Assume also that wy C w,, satisfies the geometric control conditions GCC and that b, c € W (Q).
Then there exist positive constants M > 1, 6 > 0 such that for all initial data (ug,u1,Y0,y1) € H
the energy of the system (1.4)-(1.6) satisfies the following decay rate:

(3.1) E(t) < Me " E(0), Vt>0.

Remark 2. The geometric situations covered by Theorem 3.1 are richer than those considered
in [13] and [6]. Indeed, in the previous references, the authors consider the PMGC geometric
conditions that are more restrictive than GCC. On the other hand, unlike the results in [6], we
have no restriction in Theorem 3.1 on the upper bound and the sign of the coupling function
coefficient b. This theorem is then a generalization in the linear case of the result of [6] where the
coupling coefficient considered have to satisfy 0 < b(z) < by, by € (0,b*] where b* is a constant
depending on 2 and on the control region.

In order to prove Theorem 3.1, we apply a result of Huang [12] and Priiss [20]. A Cp- semigroup

of contraction (e*4);>0 in a Hilbert space H is exponentially stable if and only if
iR C p(A) (H1)
and
geﬁﬁfﬂm | (BT — A)™" || 2 < o0 (H2).

Since the resolvent of A is compact and 0 € p(A), then from the fact that our system is strongly
stable, we deduce that condition (H1) is satisfied. We now prove that condition (H2) holds, using
an argument of contradiction. For this aim, we suppose that there exist a real sequence 3, with
Bn — 400 and a sequence U,, = (tn, Vn,Yn, 2n) € D(A) such that

(3.2) | Un l=1,
and

(3.3) dim || (i8] = A)Un [l3= 0.
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Next, detailing equation (3.3), we get

(3.4) iBrtn —vn = fr — 0 in  H(Q),
(3.5) iBnvn — Aty + bz, +cv, = gt — 0 in  L*Q),

(3.6) iBoyn —2n = fo — 0 in  Hy(Q),
(3.7) iBpzn — Ay —bv, = g2 — 0 in L*Q).
Eliminating v,, and z, from the previous system, we obtain the following system
(38) ﬂ%un + Auy — ifBnbyn — iBncuy = 79; - bfsz - Zﬂnfrll - C.frln
(3.9) o+ Ay + iBubun = =i+ bf, — gr.

On the other side, we notice that v, and z, are uniformly bounded in L*(Q). It follows, from
equations (3.4) and (3.6), that

o(1 o(1
(3.10) /Q|yn\2dx = (2) and /Q|un|2dx = %

n

For clarity, we divide the proof into several Lemmas.

Lemma 3.2. The solution (Un,Vn,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimates

(3.11) / A|Buun2dz = 0(1)  and |Btin|2dz = o(1).
Q we,

Proof. First, since U, is uniformly bounded in , then from (3.3), we get
(3.12) Re {iB, || Uy |13 — (AU, Uy} = / c(x)|vn|?dz = o(1).
Q

Under condition (LH1), it follows that

(3.13) / |vn|?dx = o(1).
UJC+

Then, using equations (3.12) and (3.4), we get

(3.14) / c| Bnun*dr = o(1).

Q
Consequently, we have

/ |Buttn 2z = o(1).

-+
The proof is thus complete. O

Lemma 3.3. The solution (Up,Un,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimates

(3.15) / c|Vu,|*dz = o(1) and |Vuy,|?dr = o(1).

Q We
Proof. Multiplying equation (3.8) by cu,, integrating by parts and using the fact that w,, =0 on
I', we get

/ c| Bnun|*dr — / |V, |*dx — / (Ve - Vug)updr —i | Bubyncuydx
Q Q Q Q

(3.16) —i | Bpeuptn,dr = /(—g,ll —bf2 —iBufl —cfhcu,da.
Q Q

Using the fact that fl, f2 converge to zero in H}(Q), g} converges to zero in L?(Q) and 3,7, is
uniformly bounded in L?(Q2), we obtain

(3.17) /Q (—gh — b2 — iBuf? — efV)edz = o(1).
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Using the fact that Vu,, 3,Yn, Batn are uniformly bounded in L%(Q) and [ju,| = o(1), we get

(3.18) — / (Ve Vuy,)updx — Z/ Brbynctn,dr — z/ BrncuyUpdr = o(1).
Q Q Q

Inserting (3.17) and (3.18) into (3.16), we get

(3.19) /c|6nun|2dx— / c|Vu,*dz = o(1).
Q Q

Finally, using estimation (3.11) in (3.19), we deduce

/ |Vu,|[2de = o(1).

°+

The proof is thus complete. U

Lemma 3.4. The solution (Upn,Vn,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.20) / |Vyn|*de = o(1).

Proof. The proof contains three points.
i) First, multiplying equation (3.8) by %A@n, then using Green’s formula and the fact that
un, = f! =0 on T, we obtain

1
—/Bn(Vun-Vyn)dx—i——/ AunAﬂndcx—i—i/(VhV@n)ynda:
Q Bn Ja Q
(3.21) +i/ b|Vyn|2d:r+i/(Vc-Vyn)undx+i/ c(Vuy, - V7, )dx
Q Q Q

- / (=g — b2 — cf )~ Ag, de + i / (VfL - Vp,)de.
Q Q

n

As £ £2 converge to zero in H}(Q), gL converges to zero in L?() and the fact that iAyn, Viyn
are uniformly bounded in L?(f2), we have

(3.22) /Q (—gh — b2 — cf)) = Ag,du + i /Q (Vf1-V5,)dz = o(1).

n

Using the fact that Vy, is uniformly bounded in L*(Q), [un| r2(0) = o(1), [|ynllz2() = o(1) and
using the estimation (3.15), we get

(3.23) Z/ (Vb -V, )yndx + 1 / (Ve V7, ) undr + Z/ c(Vuy, - Vg, )dz = o(1).
Q Q Q

Inserting now (3.22) and (3.23) into (3.21), we get
1
(3.24) —/ Brn(Vuy, - VY, )dx + B—/ Au, Ay, dz —|—z’/ b|Vy,|2dx = o(1).
Q n JQ Q

ii) Similarly, multiplying equation (3.9) by %Aﬂn, then using Green’s formula and the fact that
Yn = f2 =0 on I, we obtain

1
— | Bn(Vyn - Vu,)dx + —/ Ay, A, dx — z/ (Vb -V, )updx
Q Bn Ja Q

1
(3.25) —i/ b|Vun\2da:=/(b i—gi)—Aﬂndx+i/(Vfi Va,)de.
Q Q ﬁn 0



8 STEPHANE GERBI, CHIRAZ KASSEM, AMINA MORTADA, AND ALI WEHBE

Using the fact that fl, f2 converge to zero in HZ (), g2 converges to zero in L?(2) and the fact
that %Aun, Vu,, are uniformly bounded in L?(2), we get

(3.26) /Q(bf}L - gg)ﬂimndx i /Q(Vf,f Va,)de = o(1).

Also, using the fact that Vu, is uniformly bounded in L*(), [|un | r2(0) = o(1), we have
(3.27) —i/ (Vb - Vi, )uyde = o(1).
Q

Inserting (3.26) and (3.27) into (3.25), we get

1
(3.28) —/ Bn(Vyn, - VU, )dx + —/ Ay AU, dx — z/ b|Vu, [*dz = o(1).
0 Br Ja )

iii) Finally, by combining (3.24) and(3.28) and taking the imaginary part, we obtain

(3.29) / bV 2dz = / bV 2z + o(1).
Q Q
Since wy C we+, it follows from (3.15) and (3.29) that

|Vyn|dz = o(1).

Wh

The proof is thus complete. O

Lemma 3.5. The solution (Un,Vn,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

b

Proof. Multiplying equation (3.9) by by,,. Then using Green’s formula and the fact that y, = 0
on I', we obtain

/b\ﬂnyn|2d$—/b|Vyn|2d$—/(Vb'Vyn)?ndI
Q Q Q

(3.31) —H/ﬁ%%%ﬁz/@ﬂﬁ%ﬁﬁfﬁWMm
Q Q

2

2 converges to zero in L?(£2) and 3, y, is uniformly bounded

As £l f2 converge to zero in H}(Q), g
in L2(9), we get

(3.32) /Q (=iBuf? + bfL — g )bg,da = o(1).

Using the fact that 3,u, and Vy, are uniformly bounded in L?(Q) and |y, r2(0) = o(1), we get

(3.33) /Q(Vb -Vyn)y, +1 /Q V2 Bpung,dr = o(1).

Inserting (3.32), (3.33) into (3.31), we obtain

/ bl Bnyn| *da — / b|Vy,|*dz = o(1).
Q Q

Using the estimation (3.20) in the previous equation, we get

/ b| Bryn |2 dr = o(1).
Q
This yields

|ﬁnyn|2dac =o(1).

Wh

The proof is thus complete. O
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Lemma 3.6. Let f,, be a bounded sequence in L*(Q2). Then the solution ¢, € Hi(Q) N H?(Q) of
the following system

(3.34) { o ~ 0 on T

|
=
.
s
=

verifies the following estimate

(3.35) Awwﬁ+wmﬁms04mfm

where C' is a constant independent of n.

Proof. Consider the following wave equation

b —Ap+bpy = 0 in €
(3.36) {tt 10) t = 0 on T.

System (3.36) is wellposed in the space H = H}(Q) x L?() and since w;, verifies GCC condition
then it is exponentially stable (see [9]). Therefore, following Huang [12] and Priiss [20], we deduce
that the resolvent of its corresponding operator

Aguz : D(Aguz) — HF () x L*(Q)

defined by D(Aaus) = (H2(Q) N HA(Q)) x H}(Q) and  Ague(¢, @) = (¢, Ap — b) is uniformly
bounded on the imaginary axis.

On the other hand, system (3.34) can be rewritten in the form:

Zﬁnqsn - én = 0,
So,
(3.38) (iBn — Aguz) (zn) _ ((}) .
Equivalently,

(3.39) (ﬁ:) = (iBn — Aqus) (_(30”) :

This yields
1(Dns ) 3 < (B — Aaua) ™ 2 10, = fu) |7
(3.40) < c/ (o2,
Q

where C' is a constant independent of n. Consequently, we deduce

[ (Bu6u2 + 190Prde < € [ |5, P,
The proof is thus complete. O

Lemma 3.7. The solution (Up,Un,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.41) /Q |Brtun|*da = o(1).

Proof. Taking f, = u, in Lemma 3.6 and multiplying equation (3.8) by 824, where ¢, is a
solution of (3.34). Then using Green’s formula and the fact that u, = ¢, =0 on I', we obtain

[ 2un(836, + 85, )dz — i [ 069,625, ~ i [ cBrunpi5ds
Q Q Q
(3.42)
= [ (cak —bri = cfBGdn —i | 515G
Q Q
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Substituting the first equation of system (3.34) into the first term of (3.42), we get

/ Bt df‘z/ B2, bBntind — / bfnin 2B — / Brtin 3260
(3.43)

= [ ok —bs2 = efBude —i | 5,525
Q Q

As fL f2 converge to zero in H}(Q) and 32¢,, is uniformly bounded in L?(£2) due to (3.35), we
get

(3.4 [ (oh =82 = 1525,z = o).
Q
From the first equation of (3.34), we have $2¢,, =, — A¢,, — ibB,d,,. Consequently, we have

i / Bufl B2 de = —i / Buf (T — AG, — b8, )da

_ 1 . T ol _ 1452
(3.45) =—i /Q Br frlindz — i /Q Bn(V,, -V f)dzx /Q bfnbBrdn
which yields
Q

because f! converges to zero in H{ () and Bnun, B2¢n, Bn Vo, are uniformly bounded in L?().

Substituting now (3.44) and (3.46) into (3.43)
(3.47) / |Brtin|?dx — —i / B2, bBnundr —i / bBnyn B, dx — i / cBrtin B, dx = o(1).
Q Q Q Q

Finally, using estimations (3.11), (3.30) and the fact that 324, is uniformly bounded in L%(Q)
into the previous equation, we obtain

(3.48) / |Brtin|2da = o(1).
Q
The proof is thus complete. O

Lemma 3.8. The solution (Up,Un,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.49) [ 1Bz = o).

Proof. Taking f, = y, in Lemma 3.6. Multiplying equation (3.9) by 82¢,, where ¢, is a solution
of (3.34). Then using Green’s formula and the fact that y, = ¢, = 0 on I', we obtain

/ B2y (826, + OB, )da + i / bBtn B2, d
Q Q
(3.50)

_ 20277 1 2\a27
S /Q B L2825, + /Q (bf} — g2)523,du.

Then, substituting the first equation of problem (3.34) into the first term of (3.50), we get

/ o2 — i / D32, Bunda + i / bntin 2, da
(3.51) N ! N

— 20277 1_ 2 27
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Since B2¢,, is uniformly bounded in L2(€2), f} converges to zero in H{(f2) and g2 converges to
zero in L?(Q2), we have

(3.52) /Q (—bf! — g2)B2B,di = of1).

Moreover, using the first equation of problem (3.34) and integrating by parts yields

. 2 52T _ — AT . — 2
z/glﬁnfnﬁnqbndx Z/Q(yn A, — ibBnd,,)Bn frdx

_ 25 — . ” 2 _ 2027
(3.53) = Z/anﬁnyndx Z/Qﬂn(qun.an)dx /Qbfnﬁn(bndx.

Using the fact that 8,y,, 82é, and 3, V¢, are uniformly bounded in L?(2) and f2 converges to
zero in H}(Q) in (3.53), we get

(3.54) —i / BufaBadnde = o(1).
Q
Inserting (3.52), (3.54) into (3.51), we obtain
(3.55) /Q |Brtyn|*dz — i‘/gzbﬁignﬁnyndx +i /Q bBntin B2 6, dx = o(1).

Finally, using (3.30), (3.41) and the fact that 82¢,, is uniformly bounded in L?(£2), we deduce

/ Butnl2dz = o(1).
Q

The proof is thus complete. (]

Lemma 3.9. The solution (upn,Vn,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimates

(3.56) / Vup[2dz = o(1) and / V|2 = o(1).
Q Q

Proof. Multiplying equation (3.8) by @, applying Green’s formula and using the fact that u, =0
on I', we get

(3.57) / | Brttn|?d —/ |V, |2dx — z/ Bnby,uy,dx —i/ Brcuptndr = o(1).
Q Q Q Q

Using the fact that B,u,, Bnyn are uniformly bounded in L2(Q), ||u,|| = o(1) and the estimation
(3.41) in (3.57), we obtain

(3.58) /Q Vup|2dz = o(1).

Similarly, multiplying equation (3.9) by ¥,, and applying Green’s formula and using the fact that
Yn =0 on I', we get

(3.59) / |Bnyn|?dz —/ |Vyn|2dx +i/ Brbuny,dr = o(1).
Q Q Q

Using the fact that B,u, is uniformly bounded in L%*(Q), ||lyn| = o(1) and (3.49) in (3.59), we
obtain

(3.60) / Vyn?dz = o(1).
Q
The proof is thus complete. O

Proof of Theorem 3.1 It follows from (3.41), (3.49) and (3.56) that ||Uy,|%x = o(1) which is a
contradiction with (3.2). Consequently, condition (H2) holds and the energy of system (1.4)-(1.6)
decays exponentially to zero. The proof is thus complete. O
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3.2. Observability and exact controllability. First, we consider the following homogeneous
system associated to (1.7)-(1.9) for a =1 by:

(3.61) Yy — DAY +b(x)pr = 0 in QO xRy,
(3.62) o —Ap—blx)yyy = 0 in Q xRy,
(3.63) v=¢p = 0 on I'x R,
(3.64) Y(+,0) =0, % (-,0) = ¥1,0(-,0) = 9o, 0:(-,0) = 1 in Q.

Let ® = (¢, ¢y, @, @) be a regular solution of system (3.61)-(3.63), its associated total energy is
given by:

1
(3.65) B(O) =5 [ (P + 90 + o+ [Vl do.
A direct computation gives
d
3.66 —FE(t)=0.
(3.60) Z (1)

Thus, system (3.61)-(3.63) is conservative in the sense that its energy E(t) is constant. It is also
wellposed and admits a unique solution in the energy space H.

Now, we establish the direct and indirect inequality given by the following theorem:

Theorem 3.10. Let a = 1. Assume that conditions (LH1) and (LH2) hold. Assume also that
wp C we, satisfies the geometric control condition GCC and that b, ¢ € W'>°(Q). Then there
exists a time Ty such that for all T' > Tj, there exist two constants M; > 0, M > 0 such that the
solution of system (3.61)-(3.63) satisfies the following observability inequalities:

T
(3.67) M |@oZ < / / () lin|Pdadt < Mo|Pol2,
0 Q

for all @ = (Yo, ¥1, 0, ¥1) € H.

Proof. The direct inequality follows from the definition of the total energy for all T' > 0. While
the proof of the inverse inequality is a direct consequence of Proposition 2 of Haraux in [11] for
which the exponentially stability (3.1) implies the existence of a time Ty > 0 such that for all
T > Tp there exist two constants M; > 0 and Ms > 0 such that (3.67) holds. The proof is thus
complete. O

Now, we are ready to study the exact controllability of a system (1.7)-(1.9) by using the HUM
method. First, thanks to the direct inequality, the solution of the system (?7?) can be obtained as
usual by the method of transposition (see [15] and [16]). Let vy € L?(0,T; L*(w,, )), we choose
the control

d

(3.68) v(t) = —vo(t) € [H'(0,T5 L (we, )]

where the derivative % is not taken in the sense of distributions but in the sense of the duality
H'(0,T; L*(we, ) and its dual [H'(0,T; L*(w., ))’, i.e.,

T q T d
- / A B pt)dt = / o)L uydt, Vpe HY(0,T: L., ).

Then we have the followig result:

Theorem 3.11. Let T > 0 and a = 1. Assume that conditions (LH1) and (LH1) hold. Assume
also that wy, C wcy satisfies the geometric control condition GCC and that b, c € W1>°(Q). Given

Uo = (uo, u1,y0,91) € (L*(Q) x H1(Q))?, v = —%Uo € [HY(0,T; L*(we,))],

the controlled system (1.7)-(1.9) has a unique weak solution

U = (u,ur,y,9e) € CO([0,T], (L*(Q) x H™H(2))?).
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Proof. Let (¢, 14, o, p¢) be the solution of (3.61)-(3.63) associated to ®g = (1o, 1, vo,¢1). Mul-
tiplying the first equation of (1.7)-(1.9) by % and the second by ¢ and integrating by parts, we
obtain

Ammﬂﬂw+/wmwﬂm—LMﬂMﬂM
(T

Q
—/u(T)wt(T)dx—/ bu )cp(T)dm—i—/ by(T)yw(T)dx =
(3.69) @ Q@ @

X m>@M+/ wwwmf/¢m>@m

/d)t 0)dx Qb (0)<p(0)dx+/ by (0 der/ / (t)dadt.

Note that H' = (H~1(Q) x L?(2))2. Then we have

< (ut(T7 .'17), _U(Ta $)7 yt(Ta .17), _y(T7 .'L')), q)(T) >'H'><7'l =
T

((u1, —u0, Y1, —Y0), Po) ' xn +/ /Cv(twdxdt = L(®o).
0 Ja

(3.70)

Using the direct observability inequality (3.67), we deduce that

(3.71) 1L lleaery < lvo llezo,rizzw., )y + [ Uo 1w -

Using the Riesz representation theorem, there exists an element Z(xz,t) € H’ solution of

(3.72) L(®g) = (Z,P0 )9 xn, VP €H.

Then, define the weak solution U(x,t) of system (1.7)-(1.9) by U(z,t) = Z(x,t). The proof is
thus complete. O

Next, we consider the indirect locally internal exact controllability problem: For given 7" > 0
(sufficiently large) and initial data Uy, does there exists a suitable control v that brings back the
solution to equilibrium at time 7', that is such the solution of (1.7)-(1.9) satisfies u(T") = u(T) =
y(T) = y:(T) = 0. Indeed, applying the HUM method, we obtain the following result.

Theorem 3.12. Let a = 1. Assume that conditions (LH1) and (LH2) hold. Assume also that
wp C we, satisfies the geometric control condition GCC and that b, ¢ € Wh(Q). For every
T > My, where My is given in Theorem 3.10 and for every

Up € (L*(Q) x H1(Q))?,
there exists a control

u(t) € [H'(0,T; L*(we, )],
such that the solution of the controlled system (1.7)-(1.9) satisfies

W(T) = u(T) = y(T) = yo(T) = 0.

Proof. We will apply the HUM method. Thanks to the indirect observability inequalities (3.67),
we consider the seminorm defined by

T
ol = [ [ forPaade,
0 wp

where ® = (1, ¢y, ¢, ¢1) designate the solution of the homogeneous problem (3.61)-(3.63).
Take the control v = %wt. Now, we solve the following time reverse problem:

Cee — A+ by = cdyy in (0,T)xQ,
(3.73) Yo — Ax — bG — 0 in (0,7)xQ,
X(T)=x¢(T) =¢(T) =G(T) = 0.

By Theorem 3.11, the system (3.73) admits a solution
\I/(l’, t) = (Ca Cta Xs Xts ) € CO([Ov T]v H,)
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We define the linear operator A by:
A H = (Hy(Q) x L*(Q))* — (H1(Q) x L*(2))*,
where
A®g = (¢+(0), =¢(0), x¢(0), —x(0)) ¥ @ € (Ho(Q) x L*(Q)).
In addition, we define the following linear form

T
(3.74) (ADg, ) = / Ubpdadt = (B, Do)y, ¥ Do € H,
0 wWe

where (.,.)y is the scalar product associated to the norm ||.|/%.
Using Cauchy-Schwarz in (3.74) , we deduce that
(3.75) [{A®o, Do) x| < | PolllPollse: Vo, Bo € H.

In particular, we have

[(ADo, ®o)pxar| = [[PollF, YV Po € H.
Then the inverse inequality in Theorem 3.10 implies that the operator A is coercive and continuous
over H. Thanks to the Lax-Milgram theorem, we have A is an isomorphism from # into H’ . In
particular, for every Uy € (L?(Q2) x H~1(2))?, there exists a solution ®, € H, such that

A(@o) = =Uo = (¢:(0), =¢(0), x¢(0), —x(0))-
It follows from the uniqueness of the solution of problem (3.73) that

U=1.

Consequently, we have
w(T) =u(T) =y(T) =y (T) = 0.
The proof is thus complete. D

4. EXPONENTIAL STABILITY AND EXACT CONTROLLABILITY IN THE CASE a # 1

4.1. Exponential stability in the weak energy space. The aim of this subsection is to show
the exponential stability of system (1.4)-(1.6) in a weak energy space in the case when the waves
do not propagate with same speed, i.e., a # 1. For this, we define the weak energy space

D = H}(Q) x L*(Q) x L*(Q) x H ()
equipped with the scalar product

(U,U) = / (aVu.Vi + vo + yj + (=A) " 22(=A)"V23)dx,
Q

for all U = (u,v,y,2) € D and U= (a,v,9,2) € D.
Next, we define the unbounded linear operator A, : D(A;) C D — D by
AU = (v,aAu — bz — cv, z, Ay + bv ),
D(Aq) = ((Hg () N H?*()) x Hy(Q) x Hy(Q2) x L*(Q)), YU = (u,v,y,2) € D(Ay).
We define the partial energy associated to a solution U = (u, u,y,y:) of (1.4)-(1.6) by

1
ei(t) = §(CLHVUH%2(Q) + llutlF2)-
We define also the weakened partial energy by

5 1
éa(t) = 5(”%”?{—1(9) + llylZ2(0))

and the total mixed energy by

E,.(t) = e1(t) + éa2(t).
In order to study the exponential decay rate, we need to assume that w., satisfies the geo-
metric conditions PMGC. Then there exist € > 0, subsets ; C Q, 7 = 1,...,J, with Lips-
chitz boundary T'; = 9Q; and points z; € RY such that Q; N Q; = 0 if i # j and w} D
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Ne (U)Zyy5 (25) U (\ U)Z,95)) N Q with V(0) = {z € RY : d(2,0) < €} where O C RY,
vi(x;) ={z €T : (x — ;) vj(x) > 0} where v; is the outward unit normal vector to I'; and that
wy satisfies the GCC condition and

wy, C (2\U19;). (LH3)
Now, we are ready to establish the following main theorem of this section:

Theorem 4.1. (Ezponential decay rate) Let a # 1. Assume that conditions (LH1) and (LH2)
hold. Assume also that w., satisfies the geometric conditions PMGC, wy satisfies GCC condition
and (LH3) and b, ¢ € L*>°(Q)). Then there exist positive constants M > 1, 8 > 0 such that for all
initial data (ug,u1,yo,y1) € D the energy of system (1.4)-(1.6) satisfies the following decay rate:

(4.1) En(t) < Me %E,,(0), Vt>0.

In order to prove the above theorem, we apply the same strategy using Huang [12] and Priiss [20].

A Cy- semigroup of contraction (e4);>¢ in a Hilbert space H is exponentially stable if and only if
iR C p(Ag) (H1)
and
limsup | (G — Ag)™" |l opy< 00 (H2).
B E€R,|B|—+00

Condition (H1) was already proved. We now prove that condition (H2) holds, using an argument
of contradiction. For this aim, we suppose that there exist a real sequence 3,, with 3, — +o0o0 and
a sequence U, = (Up, Un, Yn, 2n) € D(Aq) such that

(4.2) | Un lIp=1,

and

(4.3) nlLH;O [ (iBnI — Aa)Un [[p= 0.

Next, detailing equation (4.3), we get

(4.5) iBpUn — AU, + bz, +cv, = gt — 0 in L*Q),
(4.6) iBuyn — 20 = fh =0 in L*Q),
(4.7) iBrzn — Ayp —bu, = 972; — 0 in Hﬁl(Q)'

Eliminating v,, and z, from the previous system, we obtain the following system

(4.8) B2y + aluy, — iBnbyn — iBncun = —g- —bf2 —iBufl —cft in  L*Q),

(4.9) Bivn + Ay + iBpbun = —iBy f7 +bfy — g7 i HTH(Q).
From (4.2), we have Vu,,, v, and y,, are uniformly bounded in L?({) and z,, is uniformly bounded
in H=1(Q).

Using now (4.2) and (4.4), we deduce that (3,u,, is uniformly bounded in L?(2). In addition, using
(4.2) and (4.6), we deduce that £3,y, is uniformly bounded in H (). More precisely,
0(1) 0o(1)
iz = S = o1) and ol = G2 = o(0),

Lemma 4.2. The solution (tn,Vn,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimates

(4.10) / c|Bnun|?dz = o(1) and / |Brntin|?dx = o(1).
Q we

+
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Proof. First, since U, is uniformly bounded in D and using (4.3), we get

(4.11) Re {ifo || Un |2 —(AqUp, Uy)} = /Qc(x)h}n\zdx — o(1).
Next, using equations (4.11) and (4.4), we get

(4.12) /Qc|5nun|2dx = o(1).

Under condition (LH1), it follows

/ |Brnttn|?dx = o(1).

+
The proof is thus complete. O
Now as w,+ satisfies the PMGC condition, let the reals 0 < &1 < €2 < € and define
Qi = N., (U1 () U (Q\U/,9))), i=1,2
Since RN \ w+ N @, = ), we can construct a function / € C$°(Q) such that
Nx)=0 ifzeQ\w,, 0<n0x)<1, 7)=1 if zecQ,.

Lemma 4.3. The solution (un,Vn,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimates

(4.13) / i | Vuy, |? de = o(1) and / | Vu, |2 dz = o(1).
Q Q2nQ

Proof. First, multiplying equation (4.8) by #4,. Then, using Green’s formula and the fact that
u, = 0 on I', we obtain

/ﬁ|ﬁnun|2dx—a/ i | Vu, |? dx —a/ U (V1) - Vg, )dz — iﬂn/ b1y i, dx
Q Q Q Q
(4.14)

—if, /Q cﬁ\un|2daz = /Q(—g; — bf,% — zﬁnfrlt — cfﬂb)ﬁﬂndx.

As fl converges to zero in Hg (), f2, g1 converge to zero in L?(2) and 3,,u,, is uniformly bounded
in L2(Q), we get

(4.15) / (=g — b2 — iBuf? — cfV)itinde = o(1).

Using the fact that Vu,, y, are uniformly bounded in L*(Q2), ||un|lr2(0) = o(1) and estimation
(4.10), we will have

(4.16) / 7| B tin | dx — a/ Un (V7 - Vuy)dz — zﬂn/ by unde — zﬂn/ cilun|?de = o(1).
Q Q Q Q

Finally, inserting (4.15) and (4.16) into (4.14), we deduce

/ fi | Vuy |* dz = o(1) and / | Vu, |? dz = o(1).
Q Q2N

The proof is thus complete. O

Lemma 4.4. The solution (Un, Un, Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.17) |Yn|?dz = o(1).

Wh
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Proof. The proof contains two steps.
Step 1. (Boundedness of ﬁiVyn) Multiplying equation (4.9) by ﬁ%ym we obtain

1 _ . 1 . 1 _
(4.18) / 2+ < A, T > sy HE )= — / L 2y dot / bl Ly de
o 52 o B iy

1_
- < g2, Bjyn ZH-1(Q)xHL(Q) -
n

Since f} converges to zero in H}(Q), f2

in L?(Q), we get

1
(4.19) / nyndx+/ bfp—5Undr = o(1).
Inserting (4.19) into (4.18), we will have after integrating by parts
Vi |

converges to zero in L?()) and ¥, is uniformly bounded

1_
= / lyn|?da+ < g2, 727 > -1 xmi) To(l).
Q n

Using Cauchy-Schwarz and Young inequalities in the previous equation, we obtain that

1| Vyy, 2 1
352 LS Wl + e + o)
B 2o
It follows, from the uniform boundedness of ¥, in L?(Q2) and g2 in H~1(Q2), that
Vo ||
(4.20) ’ By —0(1).

Step 2. (Main asymptotic estimation). Multiplying equation (4.8) by ﬁﬁiy . Later, using

Green’s formula and the fact that y, = 0 on I', we get

1 1
/ WButtnTndz — a / L oV, - Vg, )z —a / L (Vi Vun)g,de
Q Q 6 Q

n

(4.21)
<i [ Vil Pz i [ cuniigado = [ (~gk = bfE ~ iBufi ~ cf}) Spdo
o Q o Br
Next, using the definition of 7 and equations (4.13) and (4.20), we get
1
(4.22) fa/ —1(Vu, V7, )dz = o(1).
Q ﬁn
Using (4.10), (4.13) and the fact that y,, is uniformly bounded in L?(2), we obtain
(4.23) —o [ S (ViVugde — [ g =i [ cnivnds = o),
Q 5n Q Q

Using the fact that f! converges to zero in H}(Q), f2, g converge to zero in L*(Q) and vy, is
uniformly bounded in L?(Q2), we will have

(4.24) /Q(— —bf2 —ifnfl —cf} )

Finally, inserting (4.22)-(4.24) into (4.21), we get

/ bilyal2dz = o(1).

It follows, from condition (LH3), that
/ [yn|?dz = o(1).
wp

The proof is thus complete. O

5, Ypdr = o(1).
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Lemma 4.5. The solution (tn,Vn,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.25) /Q [Yyn|?dz = o(1).

Proof. Noting that wj, satisfies the GCC condition, so we can taking f, = y, in Lemma 3.6.
Multiplying equation (4.9) by ¢,,. Then, we have

/Qﬂ%nyndx— < AYn, b > p-1(0)x HY Q) +i/ﬂﬁnbun$ndx =— i/ﬂﬁnﬂ%ndff

(4.26) + /Q bfn@ndr— < g, Gr > H-1(Q)x HI(Q) -
Using the fact that ¢, € H2(2) N HE(Q) and y, € H(Q), then we have

(4.27) — < AYny by >H-1(xui ()= QyHAandI'

It follows, from the first equation of (3.34) and (4.26), that
(4.28) / |y |? daz :i/ bﬁnanyndx—i/ Brbin @, d
Q Q Q
—i [ Bufiado+ [ b1Gde— < 0250 > oy -

Using the fact that 3,¢, is uniformly bounded in L2(€), f! converges to zero in H}(Q), f2

converges to zero in L2(f2) , g2 converges to zero in H~!, (4.17) and |ju,| = o(1) in equation
(4.28), we obtain
(4.29) / [yn|?dx = o(1).
Q
The proof is thus complete. O

Lemma 4.6. The solution (uy,Un, Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.30) /Q 1B(—A) 2y, Pda = of1),

Proof. Multiplying equation (4.9) by (—A)~'%,,, then integrating by parts and using the fact that
yn =0 on I', we get

/ B (=) 2y, P = / (g 2da — i / Bubitn(—A) 7, da
Q Q Q

(4.31) —i / Ba(=A) 2 A (=0) "2y da + / bf(=A)""G,dx
Q Q
- <gn (-A)"'7, ZH-1(Q)xHL(Q) -
Using Cauchy-Schwarz and Poincaré inequalities, we get
(4.32) I/Q Bn(=A) 2 f2(=A) Py da] < [[(=A) T2 £ 2@l B (—A) T 2G| 2

< coll fall 2@ 1 BuBnll -1.0-
It follows, from the convergence to zero of f2 in L?(2) and the boundedness of 3,y, in H~1(Q),

that

(4.33) /Q Bu(—A) "2 f2(—A) V2, di = o(1).
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Similarly, we have
(4.34) 1< g (=) 'Y, > a1 @)xmi@)| = A(—M‘”%Z(—M‘”@Mw

<=2) 202 2@ 1 (=2) 7?7, p2(e)
< llgallzr-1 (@[Tl -1 () -
It follows, from the convergence of g2 and ¥, to zero in H~1(Q), that
(4.35) <gr,(-A)"'7g, > 1)< mi @)= o(1).
Note that (—A)~! is compact operator from L? to L2. Then (—A)~ly, is uniformly bounded in
L?. Finally, using (4.10), (4.25), (4.33), (4.35) and the fact that f! converges to zero in H}(Q)

into equation (4.31), we deduce

[ 18u(=8) 2y, s = o).
Q
The proof is thus complete. O

Lemma 4.7. The solution (tn,Vn,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.36) / (1Vttn |2 + |Butin|?)dez = o(1).
Q\(Q2n)

Proof. Since (2 \ Q2) N Q1 = (), we define the function v; € C§°(RY) by:
Yi(x)=0 ifze@, 0<¢; <1, Yjx)=1 ifzxeQ;\Qa.
For m;(x) = (z — ), we define h;(z) = ¢, (x)m;(x).

Multiplying equation (4.8) by 2(h; - V4, ) and integrating over €2;, using the dissipation (4.10)
and the fact that Vu,, is uniformly bounded in L?(Q), we obtain

252/9

J

> [ Conbg gty Ve =21 [ gusiGhy -V

J

U (hj - V,)dx + 2a/ Auy(hj - Vi, )dx — 2i/ Brbyn(hj - Vuy,)de =
(4.37) 2 %

i) Estimation of the second member of (4.37). First, using Green’s formula and the fact that
up =0on (I';\v;) NI and h; =0 on ~;, we get

(4.38) fzz'/gﬂnf}b(hj-vm)dx:m/ﬂﬂnan(hj-ijl)dx+2i/ﬂﬂnanf;(divhj)dx.

So, from the fact that f! converges to zero in HJ () and SB,u,, is uniformly bounded in L?(2),
we obtain

(4.39) —22’/ Bufr(h; - Vg )dz = o(1).
Q;

Next, as f! converges to zero in Hg(Q), f2, g} converge to zero in L?(2) and the sequence (Vu,)
is uniformly bounded in L?(£2), we deduce

(4.40) 2/Q (—gh —bf2 —cf)(h;.Vau,)dz = o(1).

J

Finally, we deduce that the second member of (4.37) is o(1).

ii) Estimation of the first integral of equation (4.37). Using Green’s formula, we get

(4.41) Re{2/ 53un(hj-vun)dx} = —/ (divhj)|ﬂnun|2dm+/ (hj - v;)|Bnun|?dl ;.

Q; Q; r;
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Since ¥; =0 on 7; and u,, =0 on (I'; \ ;) N T, then we have

(4.42) Re{2 / B2un(hj - Vi, )dz} = — / (divh;)|Bpun*dz.
Q; Q;
iii) Estimation of the second integral of equation (4.37). Using Green’s formula, we get
N
(4.43) Re{Za/Q Aug(hj - Vun)} = —2aRe{ Z /Q 8ih§8iun6kundx}+
i ik=1"

a/ (divhj)|Vun|2dx—a/ (hj-vj)|Vun|2dFj—|—2aRe{/ ayjun(hj-vun)drj}.
. F]

Q; J
According to the choice of 1, only the boundary terms over (I'; \ 7;) NT" are non vanishing in
(4.43). But on this part of the boundary u,, = 0, and consequently Vu,, = (yun) -v = (9y,un)v;.
Then, we have

(4.44) —a/ (hj - v;)|Vu,[*dT; +2aRe{/.(ayjun)(hj-vun)drj} =

a/ (d)jmj . uj)|8Ujun\2dFj < 0.
(Tj\v;)NC
Inserting (4.44) into (4.43), we get
N
(4.45) Re{2a/ Aun(hj-Vun)} < —2aRe{ Z / &-h;‘?@-unakundaz}—f—a/ (divhj)|vun‘2dx.
Q; Q; ;

ik=1 Q2

iv) The main estimation. Inserting equations (4.39), (4.40), (4.42) and (4.45) into (4.37) and
using the fact that ¢; = 0 on Q1, we get

N
/ [div(wjmj)(ﬂnun2 — a|Vuy,|?)dz + 2a Z 5‘i(1/)jm§)6iun8kun} dz
Q5\(@1N%;)

ik=1

+2i/ Bubyn (Yjm; - Vi, )dz < o(1).
Q;\(Q1NQy)
Thus, summing over j and using the fact that ¢; = 1 on Qij \ Q2, we get

(4.46) N |Brtin |2da 4 (2 — N)a/ |V, |?dx
Q\(Q2n) Q\(Q2n8)

J
+2Re{i Z/ Brbyn (jm; - Vun)dac}
=17\ (@1NYy)

N
[div(z/}jmj)(|ﬁnun|2 — a|Vuy,|*)dz + 2a Z (r“)i(wjmf)@iunakun] dx + o(1).

ik=1

.

j=1 QR2N%;
Using (4.10) and (4.13), we deduce

J N
(4.47) - Z/ {div(@bﬂnj)(|ﬁnun|2 — a|Vuy,|?)dz + 2a Z @(@[ijf)ﬁiunakun] dx = o(1).
j=17Q20% ik=1
Inserting (4.47) in (4.46), we obtain
(4.48) N | Brtin |2da 4 (2 — N)a/ |V, |?de+
AN\ (Q2nQ) A\ (Q2n9Q)

J
2Re 12/ Bnbyn (Yjm; Vu,)dz p < o(1).
=172\ (Q1N%y)
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Under condition (LH3) and the definition of 1;, we will have

Z/ ﬁnbyn(¢]m]Vﬂn)dl‘ =0.
Q2;\(Q1NQ5)
Inserting the previous estimation into (4.48), we get

(4.49) N | Brttn|?dx + (2 — N)a/ |Vu,|?dr < o(1).
O\ (Q2n0) O\ (Q2n€)

Multiplying (4.8) by (1 — N)@,. Then integrating on {2, using Green’s formula, the fact that y,
and 3, u, are bounded in L?(2) and the estimation (4.10), we obtain

(4.50) (=) [ (8o = (1= N / YV 2de = o(1).
Using (4.10) and (4.13) in (4:.50)7 we deduce

(4.51) (1-N) | Bntin |2da — (1 — N)a/ |V, |?dr = o(1).
A\ (Q2nQ) A\ (Q2n9Q)

Finally, combining (4.49) and (4.51), we get the following estimate

[ (aluf + B = o)
2\ (Q2nQ)
The proof is thus complete. U

Proof of Theorem 3.10 It follows from (4.10) (4.13), (4.25), (4.30) and (4.36) that ||U,|| = o(1)
which is a contradiction with (4.2). Consequently, condition (H2) holds and the energy of system
(1.4)-(1.6) decays exponentially to zero in the weak energy space D. The proof is thus complete.

4.2. Observability and exact controllability. First, we consider the following homogeneous
system associated to (1.4)-(1.6) for a # 1 by:

(4.52) Y — aAp +b(x)pr = 0 in Q xRy,
(4.53) o —Ap—blx)yy = 0 in O xRy,
(4.54) Yv=¢p = 0 on I' xRy,
(4.55) V(- 0) = o, ¥e(-,0) = ¥1,0(,0) = o,0:(-,0) = 1 in Q.

Let ® = (v, 44, 0, 1) be a regular solution of system (3.61)-(3.63), its associated total energy is
given by:

1
(4.56) En(t) =3 (a||v¢||2L2(Q) + 19l 220y + leellm-—1) + ||I‘JHL2(Q)) :
A direct computation gives
d
4.57 2B, =o0.
(457 @ Bt

Thus, system (4.52)-(4.54) is conservative in the sense that its energy E,,(t) is constant. It is also
wellposed and admits a unique solution in the energy space D.

Now, we establish the direct and indirect inequality given by the following theorem:

Theorem 4.8. Let 0 < a # 1. Assume that conditions (LH1) and (LH2) hold. Assume also that
we, satisfies the PMGC, wy satisfies GCC condition and (LH3) and b, ¢ € L>(2). Then there
exists a time Ty such that for all T > Ty, there exist two constants C7 > 0, Co > 0 such that the
solution of system (4.52)-(4.54) satisfies the following observability inequalities:

(4.58) C1|| @03, < / / x) [y |2 dadt < Cy|| P |5 de,

for all @9 = (o, Y1, ¢o,¢1) € D.
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Proof. The direct inequality follows from the definition of the total energy for all 7' > 0. While
the proof of the inverse inequality is a direct consequence of Proposition 2 of Haraux in [11] for
which the exponentially stability (4.1) implies the existence of a time Ty > 0 such that for all
T > Ty there exist two constants Cq > 0 and C2 > 0 such that (4.58) holds. O

It is well known that observality of the homogeneous system (4.52)-(4.54) implies the exact con-
trollability of the system .

5. NUMERICAL APPROXIMATION: VALIDATION OF THE THEORETICAL RESULTS

This section is devoted to the numerical approximation of the problem that we considered by a
finite difference discretization and to the validation of the theoretical results stated in the previous
sections. We will firstly construct in detail a discretization in the 1D case and we will define its
corresponding discrete energy. Numerical experiments are performed to validate the theoretical
results. In fact, the numerical results in 1D show an exponential stabilization in any case when
a = 1 and a polynomial stabilization in any case in the case a # 1. They are better than expected.

5.1. Finite difference scheme in one dimensional space. We firstly introduce the finite
difference scheme we will work on. Then we will construct the corresponding energy and finally
we will perform numerical experiments. Let us firstly recall the problem we are considered.

Consider 2 = [0,1]. We are interested to study the controllability of the following coupled wave
equations by velocities:

Ut — AUgy + b(x)ys + c(z)uy = 0 2€(0,1),t>0
(5.1) Ytt — Yoo — O(T)uy = 0 z2€(0,1),t>0
u(0,t) =u(l,t) =y(0,t) =y(1,t) = 0 t>0,
with the following initial data
(5.2) u(z,0) = up(x), and y(z,0) = yo(z) =z € (0,1)
and
(5.3) ug(2,0) = up (z) and y(x,0) = y1(z), =« €(0,1)

where a > 0 constant, b € C°([0,1],R) and ¢ € C°([0,1],RT). We will study the two cases a = 1
and a # 1.

5.1.1. Construction of the numerical scheme. Let N be a non negative integer. Consider the
subdivision of [0, 1] given by
O=2g<z1<..<zy<2TNp1=1, le zj=7Az,j=0,...,N+1.

Set t"t! —¢" = At for all n € N. For j =0,...,N + 1, we denote b; = b(z;), ¢; = c(x;). The
explicit finite-difference discretization of system (5.1) is thus, forn € Nand j =1,..., N:

n+1 n—1 n+1 n—1 n+1 n—1
ufTt = 2ul + uj _au?+1—2u§b+u?_1+blyj — Y +C.“j Y —0
At2 Az? I 2At J 2At
1 -1 1 -1
gl op T g iy w .
(5.4) At2 Az2 T oAt '

n __ n —
uofuN_HfO

Yo =Yn41 =0
According to the initial conditions given by equations (5.2), we have firstly: for j =1,..., N,

(5.5) u(; = up(x;)

(5.6) y = yol;) -
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We can use the second initial conditions (5.3) to find the values of v and y at time t' = A,
by employing a “ghost” time-boundary (i.e. t~! = —At) and the second-order central difference
formula for j =1,..., N:

ou uf —u;!
5.7 )= = =2 __J L O
( ) ul(xj) at 25,0 2At + ( )
Thus we have for j =1,..., N:
(5.8) u;l = uj — 2At uy(z;) .
We use the same discrete form of the initial conditions for y, for j =1,..., N:
(5.9) y; =y — 20t yi(ay) |

Setting n = 0, in the numerical scheme (5.4), the two preceding equalities permit us to compute
(uj, y})j:O’N. Finally, the solution (u,y) can be computed at any time ¢".

At?
5.1.2. Practical implementation and CFL condition. Let us denote A = INTh We easily remark
x
that the discrete scheme (5.4) is composed of N linear systems of two equations which can be
written under the form:

’UJ;L+1 Aj
(5.10) forj=1,...,N, M; - =
y ! B;
where
c; At b; At
1 J J
+ 2 2
M; =
—b; At
1
2

n Cj n— n n b n—
Aj =2(1 —al)u] + (EjAt — Duf T4 aX(ujq +uj_q) + EjAtyj !

and

b
-1 J n—1
Thanks to the hypothesis Vz € (0,1), ¢(xz) >0, for j =1,..., N the determinant of M; given by

At [(biAL\?
=1 SR (B2

By = 2(1 = Ny + Aur +91) 1]

is a strictly positive quantity.
Consequently, system (5.10) admits a unique solution given by: for j =1,..., N,

(5.11) ul*t = (1—aX)oyu +AB; (ufy +uf_y) +5u) = (1= N)ojuf — A& (W) 1 +y) )+

(5.12) Yt = (1=Na,y} +A8; (yf 1 +y) ) 750+ (A —aX)gjuf + A& (ulfyy +uf ) +FRju) !
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where we have set:

N 2 3 a
= 2 J = 2
1+2At+( 5 L+ S A+ (=2
2
] i)
) 2At+<2At) 1 ; bAt
J = 2 ;= 2
1+ %AH (bJQAt> 1+ %JAH (bjzm>
b; At b; At
§ = 4 ’ pANT Kj = . : DALY 2
2<1+2At+(]2 )) 1+2’At+(’2 >
. 2 - ) 2
G =2 (b;At) o1 (b At)

2 2 ?
2<1+2At—|—< 5 4 1+2At+ 5

_ (b;At)? ~ b; At

Vi = By -1, 05 = )
ﬁ bjAt 1 &At bjAt
2 <1+ 5 At + ( 5 + 9 + 5

2
ﬁ bjAt _
o abjAt ~ 2 At+ ( 2 1 bjAt

- c A " ¢ bAt\E | 2
e g 1+ ZAt J
2<1+2At+<2>> +2 +(2)
The implementation of the numerical discretization of the problem (5.1) consists finally of equa-
tions (5.5), (5.6), (5.11), (5.12) where (u~!,y7!) used for n = 0, are defined by (5.8), (5.9).
By a standard von Neumann stability analysis (that is a discrete Fourier analysis, see for instance

[7]), the numerical scheme is stable if and only if, the following Courant-Friedrichs-Lewy, CFL,
condition holds:

)

At? < Az? and a At? < Az?

which is equivalent to

(5.13) At < min (1, \}a) Az

1
f) is called the CFL number and is denoted in the following by CF' L.
a
5.1.3. Discrete energy: definition and dissipation. The aim of this section is to design a discrete

energy that might be preserved in the case ¢ = 0 and to obtain the dissipation of the discrete
energy in the case ¢ > 0. To this end, let us define:

The number min (1,

N n+1 2
n
e the discrete kinetic energy for u as: Ef , = E Z b A
C ke g = At
1 n+1
a un_‘_l —um” uﬂj_rl —u”
e the discrete potential energy for u as: B, = — ( d 1 1 1
DU
2 = Ax Az

1 L ()
e the discrete kinetic energy for y as: By, = 3 Z <H>

1 Y, — oyt gl gyt
e the discrete potential energy for u as: B, = 3 Z ( jHA d > ( JHA d )
K x x
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The total discrete energy is then defined as
(5.14) E"=Ey,+E;,+E;, +E},.

Let us prove now that this definition of the energy fulfills the two properties stated above. For

this sake, we multiply the first equation of (5.4) by (u; ntl_y”71) and we sum over j =1,...,N.

J
We obtain:

N oyt oy 4ot —2uf + ul

e —aZ SRC AR

u

gt =yl uptt -
(5.15)  + b +ch—:0.

Estimation of the first term of (5.15) We firstly have:

N | n+l n n—1 N | n+l n n n—1
ul! T = 2u” 4 u; L T (I T
j J j +1 ~1y _ J J J J +1 ~1
YU ) =Y - a7
j=1 j=1
N n+1 2 N n+1 n—1\ 2
(0 m) 2 (e
, At / At
j=1 7j=1
(5.16) =2(E¢, — ELY.
Estimation of the second term of (5.15). Using the same trick we have:
2’1,L +U N u' —u” - un—uni
—a Z U (u;-”rl —uf ) =-a Z it Ax(Q R (uitt — ™

N —
g e
Ax?

j=1

N+1 1 1
vo 32 00 -
Ax?
i=1

So, by translation of index in the second term in the previous sum, we will have:

N +1 —1
—a Z Ui 25 + Uy Lty = —q Z (s —uf)(Wj™” —uj™)
J J p Ax2
N —
ta) (e — uf) (s — i)
= Az?2
N
o 3 U D )
= Ax?
N - -1
Lo 3o e e D )
= Ax?
(5.17) =2(E}, — E}L).

Substituting (5.16) and (5.17) into (5.15), we get

(5.18)
n+1 n—1

n+1 n—1 _
2 (B, + B~ Bpt - E;;1>+2Atz:cj <> +Zb o) =0,



26 STEPHANE GERBI, CHIRAZ KASSEM, AMINA MORTADA, AND ALI WEHBE
Similarly, by multiplying the second equation of (5.4) by (y;-"H — y?_l), and using the same

algebraic tricks, we will get:
N un+1 _ u’l'.Lfl

(5.19) 2B, +Ep, - B - Byt - Y bt~y =o.
j=1

Using the definition of the total discrete energy, (5.14), and the two equations (5.18), (5.19) leads
to:

N ur}+1 o unfl 2
n _ en—1 . J J —
(5.20) (=€) + ALY ¢ <2 N > 0.

j=1

Consequently, the total discrete energy of system (5.4) is decreasing along time.

5.2. Numerical experiments: validation of the theoretical results. In every experiment,
we have chosen:

up(r) = z(z — 1), wi(z) = x(z—1), yo(r) = —z(z — 1), y1(x) = —z(z - 1).

At
The mesh size is chosen as NV = 100 so that Az = 0.01 and the time step is chosen as N CFL.
x

In order to validate the different theoretical results, we have chosen different functions b and ¢
synthesized in the list below:

e No coupling: by (x) = 0 or no dissipation ¢;(z) = 0,
Full coupling ba(z) = 1 1(g,1)(x) or full dissipation ca(z) =1 191 (x),
Partial coupling b3(x) = 1j0.1,0.2)u[0.8,0.9] (%) or partial dissipation e3(z) = 1 1{g.1,0.2)u0.8,0.9] (%),
Partial coupling by(x) = 1 1jg.1,0.2)(%) or partial dissipation c4(x) =1 1jg.1,0.9)(),
Partial coupling b5(x) = 1 1jg.4,0.6](x) or partial dissipation cs5(x) =1 1jg.4,0.6](7)-

Combining the different choices of the coupling and damping functions in order to have or not
wp Nwe, # () will permit us to validate the theoretical results.

Let us notice that in the special case of the dimension 1, the geometric control condition GCC
holds as soon as we, # 0.

5.2.1. Same propagation speed: a = 1. For every numerical simulation, the final time 7T is chosen
as T' = 500.

5.2.1.1. No damping: conservation of the total energy. Firstly, let us verify that when no damping
are present, the discrete energy is conserved. We present in figure 2 the numerical experiment
when ¢ = ¢; =0 and b = b3 = 1 1j9.1,0.2)u[0.8,0.9](%). Indeed, the total energy is conserved along
time.

Remark 3. This numerical test where no damping is applied shows that without a damping term,
the total energy is completely conserved. This fact suggests that the numerical scheme does not
produce numerical dissipation. So the numerical behavior observed thereafter is only due to the
considered model.

5.2.1.2. wy Nwe, # 0. Ezponential stability. Let us now verify the theoretical results when we
suppose that w, Nw,, # 0. For this sake, we present in figure 3, the total energy and the quantity
—1In (E(t))/t versus time ¢ for large time, where we have chosen b = by(z) = 1 1j.1,0.9/(z) and
¢ =c3(x) =1 Lp.1,0.2U0.8,0.9](x). This choice verifies the assumption that wy Nw., # 0 and in
figure 3, it is shown that the energy is decreasing and an exponential decay is observed since it
seems that —In (E(t)) /t tends to a constant as ¢ — 400. The final time profile confirms that u
and y are small and the final profiles of u and y are smooth as expected (high frequency oscillations
are exponentially dissipated).
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5.2.1.3. wp Nwe, = 0. Unpredicted behavior. At the numerical level, we are interested in the long
time behavior of the solution (u,y) when we suppose that w, Nw,, = 0. For this sake, we present
in figure 4, the total energy and the quantity — In (E(t)) /t versus time ¢t for large time, where
we have chosen b = by(z) = 1 Ljg.1,0.9/(z) and ¢ = c5(x) = 1 Ljg.4,0.6)(z). This choice verifies
the assumption that wy Nwe, = 0. In figure 4, it is shown that the energy is decreasing and an
exponential decay is observed since it seems that —In (E(t))/t tends to a constant as ¢ — +o0.
The final time profile confirms that v and y are small and again the couple of solution (u,y) is
smooth . We have not considered this case in the theoretical study and this numerical result shows
a similar behavior as in the case presented before.

So we decided to confirm this behavior by choosing b = bs(z) = 1 1jg.4,0.6)(7) and ¢ = c4(x) =
1 10.1,0.2) (x). This choice verifies also the assumption that wy, Nw., = (. In figure 5, it is shown
that the energy is decreasing and an exponential decay is observed since it seems that — In (E(t)) /t
tends to a constant as ¢ — +oo. The final time profile confirms that u and y are small and again
the couple of solution (u,y) is smooth.

Remark 4. Let us notice that when the propagation speeds are the same for u and y, the final
profiles of the solution u, y presented in figure 3(c), figure 4(c) and in figure 5(c) have the same
form as the initial one, that is no spurious oscillations due to high frequency are present.

5.2.2. Different propagation speed: a > 1. We investigate now the long time behavior of (u,y)
when the propagation speeds are different and specifically when a > 1. So we have chosen to take
a = 2. We firstly investigate the case when the propagation speed for u is greater than the one of
y namely a > 1. We have chosen a = 2.

5.2.2.1. wp Nwe, # 0. Polynomial stability. Let us now verify the theoretical results when we
suppose that wy Nw,, # 0. For this sake, we present in figure 6, the total energy where we have
chosen b = by(z) = 1 Ljo.1,0.2 (z) and ¢ =c3(z) =1 Lj0.1,0.2U[0.8,0.9] (z).

When taking as final time 7" = 500, it seems that the energy does not tend to zero as shown
in figure 6(a). This is the reason why we have chosen for the case when a # 1 as final time
T = 500 000 and figure 6(b) shows that the energy finally goes to zero.

To explore the speed of convergence to zero, we have plotted in figure 7 —In (E(t)) /¢t , t- E(t) and
finally —In (E(t))/In(t) versus t. Figure 7(a) shows clearly that —In (E(t))/t tends to zero and
it permits to conclude that E(¢) tends to zero slower than an exponential. Figure 7(b) permits to
conclude that E(t) tends to zero faster than 1/t. Finally figure 7(c) shows that E(t) tends to zero
as 1/t* with o ~ 1.4.

The final time profile presented in figure 7(d) confirms that v and y are small but it shows also
that high frequencies for the unknown y are not completely controlled.

52.2.2. wy Nwe, = 0. Unpredicted behavior. At the numerical level, we are interested in the
long time behavior of the solution (u,y) when we suppose that wy, Nw., = (. For this sake,
we present in figure 8, the total energy where we have chosen b = by(x) = 1 1g.1,0.9)(7) and
Cc = C5(l’) =1 ]]-[0.4,0.6] (l’)

Again, when taking as final time T = 500, it seems that the energy does not tend to zero as shown
in figure 8(a). Taking as final time 7" = 500 000 , figure 8(b) shows that the energy goes finally to
Zero.

To explore the speed of convergence to zero, we have plotted in figure 9 —In (E(t)) /¢ , t- E(t) and
finally —In (E(t))/In(t) versus t. Figure 9(a) shows clearly that —In (E(t))/t tends to zero and
it permits to conclude that E(t) tends to zero slower than an exponential but figure 9(b) shows
that E(t) tends to zero slower than 1/¢. This fact is confirmed by figure 9(c) which shows that
E(t) tends to zero as 1/t with o ~ 0.9. Eventually, taking a larger time could conclude that the
convergence is like 1/t.

Again, the final time profile presented in figure 9(d) confirms that u and y are small but it shows
also that high frequencies for the unknown y are not completely controlled.

As for the case when the two propagation speeds were identical this results was not predicted by
the theoretical results.
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So we decided to confirm this behavior by choosing b = bs(z) = 1 1jg.4,0.6)(7) and ¢ = c4(z) =
1 1jg.1,0.2)(%). Again, when taking as final time 7" = 500, it seems that the energy does not tends
to zero as shown in figure 10(a). Taking as final time 7" = 500 000, figure 8(b) shows that the
energy goes finally to zero.

To explore the speed of convergence to zero, we have plotted in figure 11 —In (E(t))/t , t- E(t)
and finally —In (E(t))/In(t) versus ¢. Figure 11(a) shows clearly that —In (E(t))/¢ tends to zero
and it permits to conclude that E(t) tends to zero slower than an exponential and figure 11(b)
permits to conclude that the convergence is faster than 1/¢. Finally figure 11(c) shows that E(¢)
tends to zero as 1/t“ with a ~ 1.19.

Remark 5. The final time profile presented in figure 7(d) , figure 9(d) and figure 11(d) confirms
that v and y are small but it shows also that high frequencies for the unknown y are not completely
controlled.

5.2.3. Different propagation speed: a < 1. When a # 1, in order to see if the same behavior occurs
no matter if a is greater or less than 1, we investigate now the long time behavior of (u,y) when
the propagation speeds is less than the one of y namely a < 1. We have chosen a = 0.5.

5.2.3.1. wy Nwe, # 0. Polynomial stability. Let us now verify the theoretical results when we
suppose that w, Nwe, # (. For this sake, we present in figure 12(a), the total energy where we
have chosen b = by(z) = 1 1p.1,0.9)(z) and ¢ = c3(z) = 1 Lj9.1,0.2)U[0.8,0.9] (7).

When taking as final time 7" = 500, it seems that the energy does not tend to zero as shown in
figure 12(a). Taking as final time 7" = 500 000, figure 12(b) shows that the energy goes finally to
Zero.

To explore the speed of convergence to zero, we have plotted in figure 13 —In (E(t))/t , t- E(t)
and finally —In (E(t))/In(t) versus ¢. Figure 13(a) shows clearly that —In (E(t))/¢ tends to zero
slower than an exponential. Figure 13(b) permits to conclude that E(t) tends to zero faster than
1/t. Finally figure 13(c) shows that E(t) tends to zero as 1/t* with a ~ 1.5.

The final time profile confirms that u and y are small but it shows also that high frequencies for
the unknown y are not completely controlled.

5.2.3.2. wy Nwe, = 0: Unpredicted behavior. Again, the numerical level, we are interested in the
long time behavior of the solution (u,y) when we suppose that w, Nw., = . For this sake, we
present in figure 14(a), the total energy where we have chosen b = bs(x) = 1 1jg.1,0.9)(x) and
c=cs(x) =1 1jg4,06/(T)

Again, when taking as final time 7" = 500, it seems that the energy does not tend to zero as shown
in figure 14(a). Taking as final time 7" = 500 000, figure 14(b) shows that the energy finally goes
to zero.

To explore the speed of convergence to zero, we have plotted in figure 15 —1In (E(t))/t , t - E(t)
and finally —In (E(t))/In(t) versus ¢. Figure 15(a) shows clearly that — In (E(t))/¢ tends to zero
slower than an exponential. But figure 15(b) shows that E(t) tends to zero faster than 1/t.
Finally figure 15(c) shows that E(t) tends to zero as 1/t* with o ~ 1.25.

Again, the final time profile presented in figure 15(d) confirms that u and y are small but it shows
also that high frequencies for the unknown y are not completely controlled. This result was not
predicted by the theoretical results.

So we decided to confirm this behavior by choosing b = bs(z) = 1 1jg.4,0.6)(7) and ¢ = c4(x) =
1 1j0.1,0.2(z). Again, when taking as final time 7" = 500, it seems that the energy does not tend
to zero as shown in figure 16(a). Taking as final time 7' = 500 000, figure 16(b) shows that the
energy goes finally to zero.

To explore the speed of convergence to zero, we have plotted in figure 17 —In (E(t))/t , t - E(t)
and finally — In (E(t))/In(t) versus t. Figure 17(a) shows clearly that —In (E(t))/t tends to zero
and it permits to conclude that E(t) tends to zero slower than an exponential but figure 17(b)
shows that E(t) tends to zero faster than 1/t. Finally figure 17(c) shows that E(t) tends to zero
as 1/t* with o ~ 1.15.

Again, the final time profile presented in figure 17(d) confirms that u and y are small but it shows
also that high frequencies for the unknown y are not completely controlled.



CONTROLLABILITY AND STABILIZATION OF COUPLED WAVE EQUATIONS 29

Remark 6. The final time profile presented in figure 13(d) , figure 15(d) and figure 17(d) confirms
that v and y are small but it shows also that high frequencies for the unknown y are not completely
controlled.

Remark 7. When the propagation speeds are not equal, the solution (u,y) has the same behavior
no matter if @ > 1 or a < 1. The polynomial convergence is numerically better than 1/t but it
will be probably be 1/t for greater time. For reason of computation time, we did not perform very
long simulation to confirm.
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Polynomial decay for a = 2.00
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