N

N

Exact controllability and stabilization of locally coupled wave
equations : theoretical results
Stéphane Gerbi, Chiraz Kassem, Amina Mortada, Ali Wehbe

» To cite this version:

Stéphane Gerbi, Chiraz Kassem, Amina Mortada, Ali Wehbe. Exact controllability and stabilization of locally
coupled wave equations: theoretical results. Zeitschrift fiir Analysis und ihre Anwendungen, 2021, 40 (1),
pp-67-96. <10.4171/ZAA/1673). <hal-02524152v2)

HAL Id: hal-02524152
https://hal.science/hal-02524152v2

Submitted on 19 Dec 2020

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-02524152v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

EXACT CONTROLLABILITY AND STABILIZATION OF LOCALLY
COUPLED WAVE EQUATIONS : THEORETICAL RESULTS

STEPHANE GERBI, CHIRAZ KASSEM, AMINA MORTADA, AND ALI WEHBE

ABSTRACT. In this paper, we study the exact controllability and stabilization of a system of two
wave equations coupled by velocities with an internal, local control acting on only one equation.
We distinguish two cases. In the first one, when the waves propagate at the same speed: using
a frequency domain approach combined with multiplier technique, we prove that the system is
exponentially stable when the coupling region is a subset of the damping region and satisfies the
geometric control condition GCC (see Definition 1 below). Following a result of Haraux ([10]),
we establish the main indirect observability inequality. This results leads, by the HUM method,
to prove that the total system is exactly controllable by means of locally distributed control.
In the second case, when the waves propagate at different speed, we establish an exponential
decay rate in the weak energy space under appropriate geometric conditions. Consequently, the
system is exactly controllable using a result of [10].
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1. INTRODUCTION

—_

1.1. Motivation and aims. Let § be a nonempty connected open subset of RV having a bound-
ary T' of class C2. In [6], F. Alabau et al. considered the energy decay of a system of two wave
equations coupled by velocities

(1.1)
(1.2)
(1.3)

uge — aAu + p(z,ug) +b(x)yy = 0 in xR,
ye — Ay —b(x)uy = 0 in xR,
u=y = 0 on I' x RY,

where a > 0 constant, b € C°(Q,R) and p(z,u;) is a non linear damping. Using an approach
based on multiplier techniques, weighted nonlinear inequalities and the optimal-weight convexity
method (developed in [3]), the authors established an explicit energy decay formula in terms
of the behavior of the nonlinear feedback close to the origin. Their results are obtained in the
case when the following three conditions are satisfied: the waves propagate at the same speed
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(a = 1), the coupling coefficient b(z) is small and positive (0 < b(z) < bg, bg € (0,b*] where b*
is a constant depending on 2 and on the control region) and both the coupling and the damping
regions satisfying an appropriated geometric conditions named Piecewise Multipliers Geometric
Conditions (introduced in [16], recalled below in Definition 2 and denoted by PMGC in short). In
their work, the case where the waves are not assumed to be propagated with equal speeds (a is
not necessarily equal to 1) and/or the coupling coefficient b(z) is not assumed to be positive and
small has been left as an open problem even when the damping term p is linear with respect to
the second variable. Recently, C. Kassem et al. in [12], answered this important open question by
studying the stabilization of the following linear system:

(1.4) use — aAu + c(x)ur + b(x)yry = 0 in xR,
(1.5) y — Ay —b(x)uy = 0 in xR,
(1.6) u=y = 0 on I' x RY,

in the case where the waves propagate with equal or different speeds and the coupling coefficient
is not assumed to be positive and small. Indeed, they distinguished two cases. The first one
is when the waves propagate at the same speed (i.e. a = 1), but unlike the works of [6], the
coupling coeflicient function b is not necessarily assumed to be positive and small. In this case,
under the condition that the coupling region and the damping region have non empty intersection
satisfying the PMGC conditions, they established an exponential energy decay rate for weak
initial data. On the contrary (i.e. a # 1 ) they first proved the lack of the exponential stability
of the system. However, under the same geometric condition, an optimal energy decay rate of
type % was established for smooth initial data. Notice that, the PMGC conditions is much more
restrictive than the Geometric Control Condition (introduced in [8], recalled below in Definition
1 and, denoted by GCC in short). The natural question is then whether or not stabilization and
the exact controllability still hold in the case where the coupling region and the damping region
have non empty intersection satisfying the GCC condition?

The aim of this paper is to investigate the exact controllability of the following system:

(1) upy —alAu+b(x)yy = c(x)v in Q@ xRY,
(1.8) ye — Ay —b(x)uy = 0 in @ xR,
(1.9) u=y = 0 on I' x RY,

with the following initial data
(110) u(x,O) = Uo, y(x,O) = Yo, ut(IaO) = u1 and yt(xvo) =Y, TE Qa

under appropriate geometric conditions. Here, a > 0 constant, b € C°(Q,R), ¢ € C°(Q,R*)
and v is an appropriate control. The idea is to use a result of A. Haraux in [10] for which the
observability of the homogeneous system associated to (1.7)-(1.9) is equivalent to the exponential
stability of system (1.4)-(1.6) in an appropriate Hilbert space. So, we provide a complete analysis
for the exponential stability of system (1.4)-(1.6) in different Hilbert spaces. First, when the waves
propagate at the same speed (i.e., a = 1), under the condition that the coupling region is included
in the damping region and satisfies the so-called Geometric Control Condition (GCC in Short), we
establish the exponential stability of system (1.4)-(1.6). Consequently, an observability inequality

of the solution of the homogeneous system associated to (1.7)-(1.9) in the space (H§ () x L*()) 2
is established. This leads, by the HUM method introduced by Lions in [14], to the exact controlla-
bility of system (1.7)-(1.9) in the space (H~*(£2) x LQ(Q))Q. Noting that, the geometric situations
covered here are richer than those considered in [6] and [12]. Furthermore, on the contrary when
the waves propagate at different speeds, (i.e., a # 1), we establish the exponential stability of
system (1.4)-(1.6) in the space H}(Q) x L?(2) x L?(2) x H~*(Q) provided that the damping
region satisfies the PMGC condition while the coupling region includes in the damping region and
satisfying the GCC conditions. Consequently, an observability inequality of the solution of the
homogeneous system associated to (1.7)-(1.9) is established. This leads, by the HUM method, to
the exact controllability of system (1.7)-(1.9) in the space L?(Q) x H=1(Q) x H}(Q) x L*(9).
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1.2. Literature. Since the work of J. L. Lions in [14], the observability and controllability of
coupled wave equations have been studied by an intensive number of publications. In [14], J.
L. Lions studied the complete and partial observability and controllability of coupled systems of
either hyperbolic-hyperbolic type or hyperbolic-parabolic type. These results assume that the
coupling parameter is sufficiently small. In [1] and [2], F. Alabau studied the indirect boundary
observability of an abstract system of two weakly coupled second order evolution equations where
the coupling coeflicient is strictly positive in the whole domain. In particular, using a piecewise
multiplier method, she proved that, for a sufficiently large time T', the observation of the trace
of the normal derivative of the first component of the solution on a part of the boundary allows
us to get back a weakened energy of the initial data. Consequently, using Hilbert Uniqueness
Method, she proved that the system is exactly controllable for small coupling parameter by means
of one boundary control. Noting that, the situation where the waves propagate with different
speeds is not covered. Later, the indirect boundary controllability of a system of two weakly
coupled one-dimensional wave equations has been studied by Z. Liu and B. Rao in [18]. Using
the non harmonic analysis, they established several weak observability inequalities which depend
on the ratio of the wave propagation speeds and proved the indirect exact controllability. The
null controllability of the reaction diffusion System has been studied by F. Ammar-Khodja et al.
in [7], by deriving an observability estimate for the linearized problem. The exact controllability
of a system of weakly coupled wave equations with an internal locally control acted on only one
equation has been studied by A. Wehbe and W. Youssef in [21] and [22]. They showed that, for
sufficiently large time, the observation of the velocity of the first component of the solution on a
neighborhood of a part of the boundary allows us to get back a weakened energy of initial data of
the second component, this if the coupling parameter is sufficiently small, but non- vanishing and
by the HUM method, they proved that the total system is exactly controllable. F. Alabau and
M. Léautaud in [5], considered a symmetric systems of two wave-type equation, where only one of
them being controlled. The two equations are coupled by zero order terms, localized in part of the
domain. They obtained an internal and a boundary controllability result in any space dimension,
provided that both the coupling and the control regions satisfy the Geometric Control Condition.

1.3. Description of the paper. This paper is organized as follows: In section (2), first, we show
that the system (1.4)-(1.6) can be reformulated into a first order evolution equation and we deduce
the well posedness property of the problem by the semigroup approach. Second, by using Theorem
2.2 of [12], we show that our problem is strongly stable without geometric conditions. In section
3, we show the exponential decay rate of system (1.4)-(1.6) when the coupling region b is a subset
of the damping region ¢ and satisfies the geometric control condition GCC. After that, we show
that our system is exactly controllable by using Proposition 2 of A. Haraux in [10]. In section
4, we show the exponential decay rate of system (1.4)-(1.6) in the weak energy space provided
that the damping region satisfies the PMGC condition while the coupling region is a subset of the
damping region and satisfies the GCC condition.

2. WELL POSEDENESS AND STRONG STABILITY

2
Let us define the energy space H = (H& (Q) x LQ(Q)) equipped with the following inner product

and norm, respectively : for all U = (u,v,y,2), U = (4,v,y,2) € H,

U, Uy = a/ vﬂd:z:—l—/(Vy-V@dx +/ zzdx, [|U]ly = (U, U)y,
Q

(Vu - Vu)dz + /
Q Q

Q

Let (u,ut,y,y:) be a regular solution of the system (1.4)-(1.6). Its associated energy is defined by

1
E(t) = 5/Q (|u,5|2 +alVul? + |y® + |Vy|2) dz.
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A straightforward computations gives E'(t) = — / c(x)|ug[*dz < 0. Consequently, system (1.4)-
Q

(1.6) is dissipative in the sense that its energy is non-increasing with respect to t. Setting U =
(u, ut, y,yt), system (1.4)-(1.6) may be recast as:

Ut = AU7 in (07 +OO)7 U(O) = (u07 uy, y07y1)7
where the unbounded operator A : D(A) C H — H is given by:

(2.1) D(A) = ((H2(Q) NH(Q)) x H&(Q)) and
(2.2) AU = (v,aAu — bz — cv, z, Ay + bv), VU = (u,v,y,2) € D(A).

Note that due to the fact that ¢(z) > 0, the operator A is dissipative in H. And, by applying the
Lax-Milgam Theroem, it is easy to prove that the operator 4 is maximal in H i.e. R(I —A) =H.
Consequently, it generates a Cp-semigroup of contractions (e*);>o. So, system (1.4)-(1.6) is
wellposed in H.

We need now to study the asymptotic behavior of E(t). For this aim, we suppose that there exists
a non empty open w., C (2 satisfying the following condition

{xeQ:c(z) >0} Dw,,. (LH1)

On the other hand, as b(x) is not identically null and continuous, then there exists a non empty
open wp C ) such that
{z € Q:b(x) # 0} Dwp. (LH2)
If w=we, Nwy # 0 and condition (LH1) holds, then system (1.4)-(1.6) is strongly stable using
Theorem 2.2 in [12], i.e.
lim ||e"*(uo, w1, yo,91) [l =0 ¥(uo,u1,y0,91) € H.

t——+oo

3. EXPONENTIAL STABILITY AND EXACT CONTROLLABILITY IN THE CASE a = 1

3.1. Exponential stability. This subsection is devoted to study the exponential stability of
system (1.4)-(1.6) in the case when the waves propagate at the same speed, i.e., a = 1 under an
appropriate geometric conditions. Before we state our results, we recall the Geometric Control
Conditions GCC introduced by Rauch and Taylor in [20] for manifolds without boundaries and
by Bardos, Lebeau and Rauch in [8] for domains with boundaries and the Piecewise Multipliers
Geometric Condition introduced by K. Liu in [16].

Definition 1. We say that a subset w of § satisfies the GCC if every ray of the geometrical
optics starting at any point x € Q at t = 0 enters the region w in finite time 7.

Definition 2. We say that w satisfies the Piecewise Multipliers Geometric Condition (PMGC in
short) if there exist ©; C Q having Lipschitz boundary I'; = 9§, and x; € RV, j = 1,...,J such
that Q;NQ; = 0 for j # ¢ and w contains a neighborhood in Q of the set U;-I:ﬁj (z;)U(\ U;-Izlﬂj)
where v;(z;) ={z €T : (x — ;) - vj(x) > 0} and v; is the outward unit normal vector to I';.

Remark 1. The PMGC is the generalization of the Multipliers Geometric Condition (MGC in
short) introduced by Lions in [14], saying that w contains a neighborhood in €2 of the set {z € I":
(x — o) - v(z) > 0}, for some 2y € RY, where v is the outward unit normal vector to I' = 9.

Now, we are in position to state our first main result by the following theorem :

Theorem 3.1. (Exponential decay rate) Let a = 1. Assume that conditions (LH1) and (LH2) hold.
Assume also that wy, C w., satisfies the geometric control conditions GCC and that b,c € W (Q).
Then there exist positive constants M > 1, 6 > 0 such that for all initial data (ug,u1,y0,y1) € H
the energy of the system (1.4)-(1.6) satisfies the following decay rate:

(3.1) E(t) < Me " E(0), Vt>0.
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Remark 2. The geometric situations covered by Theorem 3.1 are richer than those considered
in [12] and [6]. Indeed, in the previous references, the authors consider the PMGC geometric
conditions that are more restrictive than GCC. On the other hand, unlike the results in [6], we
have no restriction in Theorem 3.1 on the upper bound and the sign of the coupling function
coefficient b. This theorem is then a generalization in the linear case of the result of [6] where the
coupling coefficient considered have to satisfy 0 < b(x) < by, by € (0,b*] where b* is a constant
depending on €2 and on the control region.

In order to prove Theorem 3.1, we apply a result of Huang [11] and Priiss [19]. A Cp- semigroup
of contraction (etA)t>0 in a Hilbert space H is exponentially stable if and only if the two following
hypotheses are fulfilled:

(1) iR C p(A)
(H2) limsup || (i1 — A)~" [z < o0
B ER,|f|=+oo
Since the resolvent of A is compact and 0 € p(A), then from the fact that our system is strongly
stable, we deduce that condition (H1) is satisfied. We now prove that condition (H2) holds, using

an argument of contradiction. For this aim, we suppose that there exist a real sequence 3, with
Brn — 400 and a sequence Uy, = (Upn, Un, Yn, 2n) € D(A) such that

(3.2) | Unlle=1 and

(3.3) T || (1] — AU, [l =0.

Next, detailing equation (3.3), we get

(3.4) Bty —vn = fr — 0 in  Hy(),
(3.5) 1Bpvp — Auy + bz, + v, = g}I -0 in L*Q),
(3.6) iBnln —2n = [f2 — 0 in  HH(Q),
(3.7) iBnzn — Ayn —bv, = g2 — 0 in L*Q).
Eliminating v, and z, from the previous system, we obtain the following system
(3.8) Brtin + Aty = 18nbyn — iBpcun = —gp = bf = iBnfn = cfp,
(3.9) 2y + Ay + iBpbuy, = —iBnf2 +bfr — g2

On the other side, we notice that v, and z, are uniformly bounded in L?(Q). It follows, from
equations (3.4) and (3.6), that

O(1 O(1
(3.10) /Q|yn|2d:17 = 6(721) and /Q|un|2d:17 = %

For clarity, we divide the proof into several Lemmas.

Lemma 3.2. The solution (Un,Un,Yn,2n) € D(A) of system (53.4)-(3.7) satisfies the following
estimates

(3.11) / c|Bnun?dr = o(1) and / |Bnttn|?dx = o(1).
Q w

“+

Proof. First, since U, is uniformly bounded in H, then from (3.3), we get
(3.12) Re {iB, || Uy 13 —(AUn, Up)n } = / c(x)|v, > dx = o(1).
Q

Under condition (LH1), it follows that

(3.13) / lon [2dz = o(1).

Then, using equations (3.12) and (3.4), we get
(3.14) / c|Bnun2dr = o(1).
Q
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Consequently, we have

/ |Brtn|?dz = o(1).

The proof is thus complete. [ (|

Lemma 3.3. The solution (Un,Vn,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimates

(3.15) / c|Vu,|?dr = o(1) and / |Vun,|2de = o(1).
Q we

Proof. Multiplying equation (3.8) by cu,, integrating by parts and using the fact that w,, =0 on
I', we get

/c|6nun|2d:v—/ c|Vun|2dx—/(Vc-Vun)Undx—i/Bnbyncﬂnd:v
Q Q Q Q

(3.16) — i | Bneuptndx = / (—gL —bf2 —iBuft — cfDcunde.
Q Q

Using the fact that fl, f2 converge to zero in H}(Q2), gL converges to zero in L?*(Q) and 3,7, is
uniformly bounded in L?(Q), we obtain

(3.17) [ (o =b82 = iBus} ~ cbcmndz = of1).
Q
Using the fact that Vu,, Bnyn, Bnun are uniformly bounded in L?(Q) and [Ju,|| = o(1), we get

(3.18) — / (Ve Vup)updr —i | Bubyncundx —i | Bpeunundx = o1).
Q Q Q

Inserting (3.17) and (3.18) into (3.16), we get

(3.19) /C|ﬂnun|2dx— / |V, |2dz = o(1).
Q Q

Finally, using estimation (3.11) in (3.19), we deduce

/ Vun2dz = o1).

ot

The proof is thus complete. [ (Il

Lemma 3.4. The solution (Un,Un,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.20) / |Vyn|?de = o(1).

b

Proof. The proof contains three points.
i) First, multiplying equation (3.8) by ﬂLAyn, then using Green’s formula and the fact that

up = f} =0on I, we obtain

1
—/ﬁn(Vun-Vyn)d:C—i——/ AunAynd:v—i—i/(Vb-Vyn)yndx
Q Bn Ja Q
(3.21) —I—i/Qb|Vyn|2da:+i/Q(Vc~V@n)undx+i/gzc(Vun~Vyn)dx

1
- / (—gh b2 — cf ) Ag,de + i / (VfL - V5, )dz.
Q Q

n
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As fy, [ converge to zero in H{(9), g5, converges to zero in L?(Q2) and the fact that 5-Ayy, Vy,
are uniformly bounded in L?(f2), we have

(3.22) /Q(— —bf:—cf}t )ﬁ Ayndx—l—l/z(Vfi~V§n)dx:0(1).

Using the fact that Vy, is uniformly bounded in L*(Q), [|un | r2(0) = o(1), |ynllz2(0) = o(1) and
using the estimation (3.15), we get

(3.23) i/Q(Vb -V, )yndz +i/

Q
Inserting now (3.22) and (3.23) into (3.21), we get

(Ve- V7, )undr + z/ c(Vuy, - VT, )dz = o(1).
Q

1
(3.24) ﬂn(Vun VY, )dr + — [ Au, Ay, dz + z/ b|Vyn|?dz = o(1).
Q Q

ii) Similarly, multlplylng equation (3.9) by ﬁ—Aun, then using Green’s formula and the fact that
= f2=0o0n T, we obtain

— / Bn(Vyn - Vu,)dx + i/ Ay, A, dx — z/ (Vb - Vi, )uydz
Q Bn Ja Q

(3.25) —i/ b|vun|2d:c=/(bf; —g%)iAﬂnd:c—i—i/(Vfﬁ-Vﬂn)dx
Q Q Bn Q

Using the fact that fl, f2 converge to zero in HJ (), g2 converges to zero in L*(Q2) and the fact
that %Aun, Vu,, are uniformly bounded in L?(), we get

(3.26) /(bf; g2)— Aund:cﬂ/(wﬁ-Wn)dxzo(l).
Q Bn Q
Also, using the fact that Vu, is uniformly bounded in L*(Q), ||un||12(0) = o(1), we have
(3.27) —1 / (Vb - Vi, )updr = o(1).
Q
Inserting (3.26) and (3.27) into (3.25), we get
(3.28) /ﬁn Vyn - VU, )dx + —/ AynAundx—z/ b|Vu,|*dx = o(1).
iii) Finally, by combining (3.24) and(3.28) and taking the imaginary part, we obtain
(3.29) / b|Vyn|2de = / b|Vuy|?dz + o(1).
Q Q

Since wp C we+, it follows from (3.15) and (3.29) that

|Vyn|*de = o(1).
wp
The proof is thus complete. [ O

Lemma 3.5. The solution (Un,Un,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.30) / |BrynPdz = o(1).

b

Proof. Multiplying equation (3.9) by b7,. Then using Green’s formula and the fact that y, = 0
on I', we obtain

/b|ﬂnyn|2dx—/b|Vyn|2dx—/(Vb~Vyn)ynd:1:

Q Q Q

(3.31) + z/ b2 Bnung,dr = / (—iBnf? +bfL — g2)by,, dx.
Q Q
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As fl, f2 converge to zero in H}(Q), g2 converges to zero in L?(Q) and 3,y is uniformly bounded

in L2(Q), we get
(3.32) lﬂﬁmﬁuﬁ—ﬁmwwmm.
Q

Using the fact that 3,u, and Vy, are uniformly bounded in L?(Q) and |y, 12(0) = o(1), we get

(3.33) /Q(Vb -Vyn)y, +1 /Q b2 Brunf,dr = o(1).

Inserting (3.32), (3.33) into (3.31), we obtain

Q Q

Using the estimation (3.20) in the previous equation, we get

/ bl Bryn |2 dx = o(1).
Q
This yields

|Bryn [Pdz = o(1).

Wy

The proof is thus complete. [ (|

Lemma 3.6. Let f, be a bounded sequence in L*(Q). Then the solution ¢, € H} () N H%(Q) of
the following system

(3.34) { b - 0 on T,

verifies the following estimate

(3.35) Ammm+W%mmsCAmﬁm

where C' is a constant independent of n.

Proof. Consider the following wave equation

b —Ap+bpy = 0 in Q,
(3.36) {tt 10} t = 0 on T.

System (3.36) is wellposed in the space H = H}(Q) x L*(Q) and since w;, verifies GCC condition
then it is exponentially stable (see [8]). Therefore, following Huang [11] and Priiss [19], we deduce
that the resolvent of its corresponding operator

Az : D(Aauz) — HJ(Q) x L*(Q)

defined by D(Aauz) = (H?(Q) N HY(Q)) x HF(Q) and  Agu(¢, @) = (¢, Ap — b) is uniformly
bounded on the imaginary axis.
On the other hand, system (3.34) can be rewritten in the form:

Zﬂn(bn - (Jgn = O,
So,
(3.38) (iBn — Auuz) (zn) _ (—Ofn) .
Equivalently,

(3.39) (2:) = (iBn — Aauz) (—?fn) .
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This yields
1(6ns @)1 < 1B — Agua) ™ 12 e 10, = fu) 17
(3.40) < C/ |fnl*de,
Q

where C' is a constant independent of n. Consequently, we deduce

[ (Bunl? + 90 < € [ 1f, P
The proof is thus complete. [ (Il

Lemma 3.7. The solution (Un,Vn,Yn,2zn) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.41) /Q |Brnttn|?dx = o(1).

Proof. Taking f, = u, in Lemma 3.6 and multiplying equation (3.8) by 824, where ¢, is a
solution of (3.34). Then using Green’s formula and the fact that u, = ¢, = 0 on T, we obtain

[ Bun(525, + 85,)do ~ i [ V8,055, ~ i [ B, 535, o
Q Q Q
(3.42)
= [k~ s = edn i [ 512635, de
Q Q
Substituting the first equation of system (3.34) into the first term of (3.42), we get

25 27 . 27 o 27
» /Q ButtnPde — i /Q 826, bBtindz — i /Q DBy de — i /Q Brtin 2 de

= [t b2 =t gBada i [ 55255,
Q Q

As fL, f2 converge to zero in H}(Q) and 32¢,, is uniformly bounded in L?(£2) due to (3.35), we
get

(3.44) [ ok =82 = 135,z = o).
Q
From the first equation of (3.34), we have $2¢,, = U, — A¢,, — ibBno,,. Consequently, we have

i /Q B L35, dr = —i / Buf (T — Ay — ibudy)de

. _ . - oyl _ 1927
(3.45) =i [ Bufimde i [ 5,95, — [ b6,
which yields

because f! converges to zero in HJ () and Buntin, B2dn, BnV o, are uniformly bounded in L?(€2).
Substituting now (3.44) and (3.46) into (3.43)

(3.47) /Q | Brttn|?dz — —i/ﬂﬁ?ﬁnbﬁnundw -4 /Q bBnyn 20, dx — i/ﬂcﬁnunﬁfland:v =o(1).

Finally, using estimations (3.11), (3.30) and the fact that 324, is uniformly bounded in L?(Q)
into the previous equation, we obtain

(3.48) |Bnttn|?dx = o(1).
Q

The proof is thus complete. [ (|
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Lemma 3.8. The solution (Un,Un,Yn,2zn) € D(A) of system (3.4)-(3.7) satisfies the following
estimate

(3.49) /Q |Bnyn|*d = o(1).

Proof. Taking f, = y, in Lemma 3.6. Multiplying equation (3.9) by 82¢,, where ¢, is a solution
of (3.34). Then using Green’s formula and the fact that y, = ¢, = 0 on I', we obtain

/ B2y (826, + OB, )dz + i / bBatin 826, do
Q Q
(3.50)

_ 2327 bl — o2\823. d.
; /Q B 2523, + /Q (bf1 — g2)523,dx

Then, substituting the first equation of problem (3.34) into the first term of (3.50), we get

|[3nyn|2d:17 —i/ bﬁignﬂnynd:r +i/ bﬂnunﬂiandx
Q Q Q
(3.51)

S L A L
Q Q

Since 82¢,, is uniformly bounded in L2(), f! converges to zero in Hg () and g2 converges to
zero in L?(2), we have

(3.52) [ (b8~ 2)82,dz = o).
Q
Moreover, using the first equation of problem (3.34) and integrating by parts yields
Q Q

(3.53) =—1 fﬁﬂngndx —1 ﬂn(vaanz)dI — / bfiﬂiandx
Q Q Q

Using the fact that 8,yn, 82¢n and 3, Ve, are uniformly bounded in L?(2) and f2 converges to
zero in H}(Q) in (3.53), we get

(3.54) i [ B.12638,dz = o).
Q
Inserting (3.52), (3.54) into (3.51), we obtain
25 . 27 : 27 g _
(3.55) /Q|Bnyn| dx z/ﬂbﬁn¢nﬁnynd:v—l—z/{zbﬁnunﬁn@zda@ o(1).

Finally, using (3.30), (3.41) and the fact that 32¢,, is uniformly bounded in L?(f2), we deduce

/ Buynl?dz = o(1).
Q

The proof is thus complete. [ ([l

Lemma 3.9. The solution (un,Vn,Yn,2n) € D(A) of system (3.4)-(3.7) satisfies the following
estimates

(3.56) / |Vun,|?dz = o(1) and / |Vyn|?dr = o(1).
Q Q

Proof. Multiplying equation (3.8) by u,, applying Green’s formula and using the fact that u, =0
on I', we get

(3.57) / |Brttn|?dx —/ |V, |[2de —i/ Bnbyn Ty, dx —i/ Brcuntndr = o(1).
Q Q Q Q
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Using the fact that 8,un, Bnys are uniformly bounded in L?(Q), ||u,|| = o(1) and the estimation
(3.41) in (3.57), we obtain

(3.58) |Vun2de = o(1).
Q

Similarly, multiplying equation (3.9) by 7,, and applying Green’s formula and using the fact that
yn =0 on I', we get

(3.59) /|ﬁnyn|2dx—/ |Vyn|2d:c+i/Bnbunyndx:o(l).
Q Q Q

Using the fact that 8,u, is uniformly bounded in L?(2), |lyn|| = o(1) and (3.49) in (3.59), we
obtain

(3.60) / |Vyn|*dz = o(1).
Q
The proof is thus complete. [ (|

Proof of Theorem 3.1. It follows from (3.41), (3.49) and (3.56) that ||U,|% = o(1) which is a
contradiction with (3.2). Consequently, condition (H2) holds and the energy of system (1.4)-(1.6)
decays exponentially to zero. The proof is thus complete. O

3.2. Observability and exact controllability. First, we consider the following homogeneous
system associated to (1.7)-(1.9) for a =1 by:

(3.61) Yy — AV +b(x)pr = 0 in Q@ xRy,
(3.62) o —Ap—bx)yy = 0 in Q xRy,
(3.63) v=¢p = 0 on I' x Ry,
(3.64) P(0) = 0,9 (-,0) =1, 0(,0) = o,0:(-,0) = @1 in Q.

Let ® = (¢, 44, 0, 1) be a regular solution of system (3.61)-(3.63), its associated total energy is
given by:

1
(3.65) B() = 5 [ (i + V6P + i + V) do.
A direct computation gives
d
3.66 —FE(t)=0.
(3.66) ZE(t)

Thus, system (3.61)-(3.63) is conservative in the sense that its energy E(t) is constant. It is also
wellposed and admits a unique solution in the energy space H.
Now, we establish the direct and indirect inequality given by the following theorem:

Theorem 3.10. Let a = 1. Assume that conditions (LH1) and (LH2) hold. Assume also that
wy C we, satisfies the geometric control condition GCC and that b, ¢ € Wh*°(Q). Then there
exists a time Ty such that for all T > Ty, there exist two constants My > 0, My > 0 such that the
solution of system (3.61)-(3.63) satisfies the following observability inequalities:

T
(367 Mool < [ [ el oPasde < )0l
0 Q

for all ®o = (Yo, %1, ¢o, p1) € H.

Proof. The direct inequality follows from the definition of the total energy for all T > 0. While
the proof of the inverse inequality is a direct consequence of Proposition 2 of Haraux in [10] for
which the exponentially stability (3.1) implies the existence of a time Ty > 0 such that for all
T > Ty there exist two constants M7 > 0 and My > 0 such that (3.67) holds. The proof is thus
complete. O O
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Now, we are ready to study the exact controllability of a system (1.7)-(1.9) by using the HUM
method. First, thanks to the direct inequality, the solution of the system of equations (1.7),
(1.8), (1.9) can be obtained as usual by the method of transposition (see [14] and [15]). Let
vg € L*(0,T; L*(w, )), we choose the control

d

(3.68) v(t) = —=-vo(t) € [H'(0, T; L2 (we, )],

where the derivative % is not taken in the sense of distributions but in the sense of the duality
H'(0,T; L*(wc, )) and its dual [H'(0,T; L*(w., ))]’, i.e.,

T 4 T d X ,
— —u(t)p(t)dt = vi(t)—p(t)dt, Ve H (0,T; L (we,).

Then we have the followig result:
Theorem 3.11. Let T > 0 and a = 1. Assume that conditions (LH1) and (LH1) hold. Assume
also that wy, C wey satisfies the geometric control condition GCC and that b, c € WH>(Q). Given

d
Up = (uo, u, yo,91) € (L*(Q) x HH(Q))%, v =——vo € [H'(0,T; L*(w,))],

the controlled system (1.7)-(1.9) has a unique weak solution
U = (u,ue, y, ) € CO([0, T, (L*(Q2) x H™(2))?).

Proof. Let (¢, ¢, p, pt) be the solution of (3.61)-(3.63) associated to ®o = (1o, 1, ¥o, ¢1). Mul-
tiplying the first equation of (1.7)-(1.9) by % and the second by ¢ and integrating by parts, we
obtain

/Q u(T)p(T)der + /Q un(TYb(T)dir — /Q y(T)pu(T)dz

- [ umymye — [ vuT)pnde + [ byT)ois -

(3.69) @
/Q s (0)p(0)dx + / u(0)(0)dz — / o0 (0)y(0)dx

T
-/ Y (0)u(0)dx — /Q bu(0)p(0)dx + /Q by(0)y(0)dx + /0 /Q c(z)v(t)pdadt.
Note that H' = (H~(Q) x L?(£2))2. Then we have
< (ut(Tv ZE), _U(Tv :C)v yt(Tv ZE), _y(gjv .CC)), (I)(T) >H/><'H =
(fun =03, =) B+ [ [ cottyooat = L)

Using the direct observability inequality (3.67), we deduce that

(3.70)

(3.711) I L llzeemy < N vo llzzo,rsz2 (e, )y + 11 Uo llae -

Using the Riesz representation theorem, there exists an element Z(z,t) € H' solution of

(3.72) L(®g) = (Z,P0 )nursxu, VP €H.

Then, define the weak solution U(x,t) of system (1.7)-(1.9) by U(z,t) = Z(z,t). The proof is
thus complete. O (I

Next, we consider the indirect locally internal exact controllability problem: For given 7" > 0
(sufficiently large) and initial data Uy, does there exists a suitable control v that brings back the
solution to equilibrium at time T, that is such the solution of (1.7)-(1.9) satisfies u(T") = u(T) =
y(T) = y:(T) = 0. Indeed, applying the HUM method, we obtain the following result.

Theorem 3.12. Let a = 1. Assume that conditions (LH1) and (LH2) hold. Assume also that
wy C we, satisfies the geometric control condition GCC and that b, ¢ € W1>°(Q). For every
T > My, where My is given in Theorem 3.10 and for every

Uo € (L*(Q) x H~1(Q))?,
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there exists a control
o(t) € [HY(0,T; L*(we, )],
such that the solution of the controlled system (1.7)-(1.9) satisfies

w(T) = w(T) = y(T) = yo(T) = 0.

Proof. We will apply the HUM method. Thanks to the indirect observability inequalities (3.67),
we consider the seminorm defined by

T
|@0ll2, = / / [P,
0 Wwp

where ® = (¢, ¥4, v, p1) designate the solution of the homogeneous problem (3.61)-(3.63).
Take the control v = %wt' Now, we solve the following time reverse problem:

Gt — AC + bxy = cdyy in (0,T)xQ,
(3.73) Xt — Ax — bG = 0 in (0,7)xQ,
X(T)=x(T)=¢(T)=G(T) = 0.

By Theorem 3.11, the system (3.73) admits a solution
U(z,t) = (¢, X, xt,) € CO([0, T, HY).
We define the linear operator A by:
A H = (Hy(Q) x L*(Q))* — (HH(Q) x L*(Q))?,
where
Ay = (6:(0), =€(0), x+(0), =x(0)) ¥ ®o € (Hy () x L*(9)).

In addition, we define the following linear form
~ T ~ ~ ~
(374) <A‘I)Q, (I)0> = / Prhrdadt = (‘I)Q, (I)Q)'H, V&) eH,
0 wWe

where (.,.)y is the scalar product associated to the norm ||.||%.
Using Cauchy-Schwarz in (3.74) , we deduce that

(375) |<A(I)0,(I;0>'H><'H/| < ”(I)OH'HH(I;O”H7 V(I)(),(i)o e H.

In particular, we have
[(ADo, Po)rxw| = || Poll3 Vdy e H.

Then the inverse inequality in Theorem 3.10 implies that the operator A is coercive and continuous
over H. Thanks to the Lax-Milgram theorem, we have A is an isomorphism from # into H' . In
particular, for every Uy € (L?(Q) x H~1(9))?, there exists a solution ®y € H, such that

A(®o) = —Uo = (¢:(0), —=¢(0), x¢(0), —=x(0)).
It follows from the uniqueness of the solution of problem (3.73) that

U=1.

Consequently, we have

The proof is thus complete. [ O
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4. EXPONENTIAL STABILITY AND EXACT CONTROLLABILITY IN THE CASE a # 1

4.1. Exponential stability in the weak energy space. The aim of this subsection is to show
the exponential stability of system (1.4)-(1.6) in a weak energy space in the case when the waves
do not propagate with same speed, i.e., a # 1. For this sake, we define the weak energy space

D = H}(Q) x L*(Q) x L*(Q) x H1(Q)

equipped with the scalar product : for all U = (u,v,y,2) € D and U= (a,0,9,2) € D,
(U,U) = / (aVu.Vi + vi + yj + (—A) " 22(=A)"V23)d.
Q

Next, we define the unbounded linear operator A4 : D(Ay) C D — D by
AU = (v,aAu — bz — cv, z, Ay + bv),

D(Aq) = ((Hy (@) N H?(Q)) x Hy () x Hy () x L*(Q)), VU = (u,v,9,2) € D(Ag).
We define the partial energy associated to a solution U = (u,ut, y, y:) of (1.4)-(1.6) by

1
ei(t) = Q(GHVUH%z(Q) + lutl 7))

We define also the weakened partial energy by

N 1
é2(t) = 5(”%”?{71(9) + ||y||2L2(Q))

and the total mixed energy by
E,.(t) = e1(t) + éa(t).

In order to study the exponential decay rate, we need to assume that w., satisfies the geo-
metric conditions PMGC. Then there exist € > 0, subsets Q; C Q, j = 1,...,J, with Lips-
chitz boundary T'; = 99; and points z; € RY such that Q; N Q; = 0 if i # j and w} D
Ne (U175 () U (Q\ UZ,95)) N Q with V(0) = {2 € RY : d(2,0) < €} where O C RY,
vi(x;) ={z €T : (x—x;) vj(x) > 0} where v; is the outward unit normal vector to I'; and that
wyp satisfies the GCC condition and

wy C (Q\ U, 9;). (LH3)
Now, we are ready to establish the following main theorem of this section:

Theorem 4.1. (Ezponential decay rate) Let a # 1. Assume that conditions (LH1) and (LH2)
hold. Assume also that w., satisfies the geometric conditions PMGC, wy satisfies GCC condition
and (LH3) and b, ¢ € L>(Q). Then there exist positive constants M > 1, 0 > 0 such that for all
initial data (uo,w1,y0,y1) € D the energy of system (1.4)-(1.6) satisfies the following decay rate:

(4.1) En(t) < Me % E,,(0), Vt>O0.

In order to prove the above theorem, we apply the same strategy using Huang [11] and Priiss [19].

A Cp- semigroup of contraction (e*);>¢ in a Hilbert space H is exponentially stable if and only if
(H1) iR C p(Ag) and
(H2) limsup || (:81 — Adrl ||L(D)< 00

B ER,|B|—=+o0

Condition (H1) was already proved. We now prove that condition (H2) holds, using an argument
of contradiction. For this aim, we suppose that there exist a real sequence 3,, with £, — +0co and
a sequence Uy, = (Un, U, Yn, 2n) € D(Ag) such that

(4.2) |Unllp=1 and

(4.3) Tim || (18,1 — Ad)Us 1 = 0.
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Next, detailing equation (4.3), we get

(4.4) iBotn —ve = [y =0 in  Hg(),
(4.5) iBpn — AU, + bz, +cv, = gt — 0 in  L*Q),
(4.6) iBntn —2n = f2 =0 in L*Q),
(4.7) iBpzn — Ayp —bv, = g2 =0 in H Q).

Eliminating v, and z, from the previous system, we obtain the following system

(4.8) B2y + aluy, — iBnbyn — iBpcun = —gh —bf2 —iBufl —cft in  L*Q),

(4.9) Byn + Ayn + iBpbuy, = —iBpfr+bfr —g2 in  H Q).

From (4.2), we have Vu,,, v, and y,, are uniformly bounded in L?($) and z,, is uniformly bounded
in H71(Q). Using now (4.2) and (4.4), we deduce that f3,u, is uniformly bounded in L?(2).
In addition, using (4.2) and (4.6), we deduce that S3,,y, is uniformly bounded in H~1(£2). More
precisely,

O(1 o1

funllzen = S =001) and gl = S = o(1),

Bn Bn
Lemma 4.2. The solution (un,Un,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimates

(4.10) / c|Bnun|?dr = o(1) and / |Brntin|?dx = o(1).
Q w

ot

Proof. First, since U, is uniformly bounded in D and using (4.3), we get
(4.11) Re {iBy || Up ||> —=(AaUn,Un)} = /Q c(x)|vn|?dz = o(1).
Next, using equations (4.11) and (4.4), we get

(4.12) /Qc|ﬁnun|2dx =o(1).

Under condition (LH1), it follows

/ |Brntn|?dz = o(1).

ot

The proof is thus complete. [ ([
Now as w,+ satisfies the PMGC condition, let the reals 0 < &1 < g2 < € and define
Q=N (U;—I:fyj (z;) U (Q2\ U;-Izlﬂj)) , i=1,2.
Since RN \ w,+ N Q, = 0, we can construct a function 1 € C$°(2) such that
Hx) =0 if xeQ\w,, 0<q@) <1, #@)=1 if reQs.

Lemma 4.3. The solution (un,Un,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimates

(4.13) / 7| Vun 2 dz = o(1) and / | Vun, |2 dz = o(1).
Q Q2nQ

Proof. First, multiplying equation (4.8) by #u,,. Then, using Green’s formula and the fact that
u, =0 on I', we obtain

[ ltwuade—a [ | Vun [ do—a [ 0,(Vi Vun)do — 15, [ bigmads
Q Q Q Q
(4.14)
<i [ cilenPdz = [ (~g} = bf? = i8S} = of}imnda,
Q Q



16 STEPHANE GERBI, CHIRAZ KASSEM, AMINA MORTADA, AND ALI WEHBE

As fl converges to zero in Hg (), f2, gL converge to zero in L?(2) and S, uy, is uniformly bounded
in L2(Q), we get

(4.15) /Q (—gh — bf2 — iBufd — e[ )iinde = o(1).

Using the fact that Vu,, y, are uniformly bounded in L?*(Q2), ||un| r2(0) = o(1) and estimation
(4.10), we will have

(4.16) / 7| B tin |*dx — a/ Un (V7 - Vuy,)dz — zﬁn/ by upde — zﬁn/ cilun|?dz = o(1).
Q Q Q Q
Finally, inserting (4.15) and (4.16) into (4.14), we deduce

/ 7 | Vuy, |* de = o(1) and / | Va, |* dx = o(1).
Q

Q2N
The proof is thus complete. [ ([

Lemma 4.4. The solution (un,Vn,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.17) |yn|*dz = o(1).

Wy

Proof. The proof contains two steps.
Step 1. (Boundedness of B%Vyn) Multiplying equation (4.9) by B%yn, we obtain
1_
(4.18) /Q lynl?dz+ < Ay, 52 Vn >H-1(Q)x HY (Q)= — z/Q 3. — [, dx +/ bflﬁ2 Ypdx

1_
- < gz, ﬂ_%yn ZH-1(Q)xHL(Q) -

Since f! converges to zero in Hi (), f2 converges to zero in L*(Q) and y,, is uniformly bounded
in L?(Q), we get

1
(4.19) / f2_nd:c+/ bfp—=5Undz = o(1).
Q ﬂn Q ﬂn
Inserting (4.19) into (4.18), we will have after integrating by parts

/ Vi |?
Q ﬁn

Using Cauchy-Schwarz and Young inequalities in the previous equation, we obtain that
1 H Vyn |*

’ﬂ

1_
dx = /Q lyn|?da+ < g2, ﬁ_gyn ZH-1(Q)x H}(Q) +o(1).

< Hyn”L2 @ T35 ||gnHH 1)t o(1).
L2(Q)

It follows, from the uniform boundedness of yn in L?(Q) and g2 in H~1(Q), that

(4.20) H Vo |

= 0(1).

Step 2. (Main asymptotic estimation). Multiplying equation (4.8) by ﬁﬁiyn. Later, using
Green’s formula and the fact that y, =0 on I', we get

1 1
/ NPnunY,dr — a/ —H(Vuy, - VY, )dx — a/ — (V17 - Vug,)y,dx
Q Q B Q

n

(4.21)
i / bilyn 2z — i / i de = / (—gh —bf2 —iBuft — cf) L, de.
Q Q Q n

Next, using the definition of /) and equations (4.13) and (4.20), we get

(4.22) —a/Q ﬂiﬁ(Vun.Vyn)d:v = o(1).

n
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Using (4.10), (4.13) and the fact that y,, is uniformly bounded in L?(Q2), we obtain

B

Using the fact that f} converges to zero in Hi(Q), f2, gL converge to zero in L?*(Q) and y, is
uniformly bounded in L?(Q2), we will have

1
(4.23) —a/ —(Vﬁ.Vun)yndx—/ﬁﬂnungnd:r—i/ CUnMYyndxr = o(1).
Q Q Q

(4.24) /Q<—g,£ b2 = B} ef) e = o),

Finally, inserting (4.22)-(4.24) into (4.21), we get
[ bilonfde = (1),
Q

It follows, from condition (LH3), that

[ twaPdo = o)

The proof is thus complete. [ (|

Lemma 4.5. The solution (un,Un,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.25) /Q lyn2dz = o(1).

Proof. Noting that w;, satisfies the GCC condition, so we can taking f, = y, in Lemma 3.6.
Multiplying equation (4.9) by ¢,,. Then, we have

/Qﬁianyndf— < Ayn, ¢, > H-1(Q)x H1(9) +i/ﬂﬂnbun5nd$ =- i/ﬂﬂnfﬁandx
(4.26) + / bfnn,da
Q

— < gn 0n ZH-1(Q)xHL(Q) -
Using the fact that ¢, € H?(2) N H(Q) and y, € H} (), then we have

(4.27) — < AYny by > a1 () xHIQ)= /QynAEnd:v.
It follows, from the first equation of (3.34) and (4.26), that
(4.28) / |y |?d =i / bBnbpyndr — i / Brbiiy,d,,dx

Q Q Q

_i/ﬂﬁnfg,andx +/Qbf$5nd$— < gn n ZH-Y(Q)xHL(Q) -

Using the fact that $,¢, is uniformly bounded in L2(f2), f! converges to zero in H(Q), f2

converges to zero in L2(f2) , g2 converges to zero in H~!, (4.17) and |ju,| = o(1) in equation
(4.28), we obtain
(4.29) / lyn2dz = o(1).
Q
The proof is thus complete. [ O

Lemma 4.6. The solution (un,Un,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.30) /Q 180 (= A) =2y, [2dz = o(1),
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Proof. Multiplying equation (4.9) by (—A)~1%,,, then integrating by parts and using the fact that
yn =0 on I', we get

/ B~ )2y, [2dz = / a2 — i / Bubtn(—A) 17, dz
Q Q Q

(4.31) — / Ba(—A) V22 A) Vg di ¢ / bfL(—A) g, de
Q Q

- <gr.(-A)'g, >H-1(Q)x HL(Q) -

Using Cauchy-Schwarz and Poincaré inequalities, we get
(4.32) I/Qﬁn(—A)_1/2fﬁ(—A)_1/2§nd$| < (=22 Fll 2@ 18 (=A) V2T, L2

< coll 2Nl 21 BnTnll -1 (o) -

It follows, from the convergence to zero of f2 in L?(2) and the boundedness of 3,y, in H~1(Q),
that

(1.3 [ B8 28y g = o),
Q
Similarly, we have
(4.34) |< 92, (=A) 'Y >p-1ywmi )| = /Q(—A)flﬂgi(—A)*l/zyndﬂ?

< (=A) 22| L2 (=) T, | 2(e)
< Ngalla-1@[Fnllr-10)-

It follows, from the convergence of g2 and ¥, to zero in H~1(Q), that

(4.35) < Gy (=), > g1 @) @)= 0(1)-

Note that (—A)~! is compact operator from L? to L?. Then (—A)~ 'y, is uniformly bounded in
L?. Finally, using (4.10), (4.25), (4.33), (4.35) and the fact that f! converges to zero in H} ()
into equation (4.31), we deduce

/ |ﬂn(_A)7l/Qyn|2d$ =o(1).
Q
The proof is thus complete. [ O

Lemma 4.7. The solution (un,Vn,Yn,2n) € D(Aq) of system (4.4)-(4.7) satisfies the following
estimate

(4.36) / (1Vun]? + Buttn])dz = of1).
Q\(Q2n9)

Proof. Since (2 \ Q2) N Q1 = 0, we define the function v; € C§°(RY) by:
Yi(x)=0 ifze@, 0<¢; <1, Pj(a)=1 ifzey\Qs.
For m;(x) = (x — z;), we define h;(z) = ¥, (x)m;(x).
Multiplying equation (4.8) by 2(h; - Vu,,) and integrating over €;, using the dissipation (4.10)
and the fact that Vu, is uniformly bounded in L?(Q2), we obtain

255/ wn(hj - Vi, )dr +2a | Aup(hj -V, )de —2i | Bubyn(h; - Va,)dr =
(4.37) Q; Q; Q,

2 [ (b =02 = ety VEde =20 [ gk VE)dn

Q; Q;

i) Estimation of the second member of (4.37). First, using Green’s formula and the fact that
up, =0on (I'; \ ;) NI and h; =0 on 5, we get

(4.38) —Qi/gzﬂnfrll(hj-Vﬂﬁdwz%/ﬂﬂnﬂn(hj-Vfﬁ)d:v—f—%/ﬂBnﬂnfrll(divhj)d:v.
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So, from the fact that f! converges to zero in HJ(Q2) and SB,u,, is uniformly bounded in L?(£),
we obtain

(4.39) —2¢/ Bufr(hj -V, )dr = o(1).
Q;

Next, as f! converges to zero in Hi(Q), f2, g} converge to zero in L?(£2) and the sequence (Vuy,)
is uniformly bounded in L2(f2), we deduce

(4.40) 2 [ (~gh = b1 = cf)(hy-V,)dn = o(0).
Q;

Finally, we deduce that the second member of (4.37) is o(1).

ii) Estimation of the first integral of equation (4.37). Using Green’s formula, we get

(4.41) Re{2 ﬂiun(hj-vm)dx} :—/ (divhj)|ﬂnun|2dx+/ (hj - V)| Brun|?dl.
Q; )

J J

Since ¥; =0 on 7; and u, =0 on (I'; \ ;) N T, then we have

(4.42) Re{2 /Q ﬂ,%un(hj-wn)dx} =— / V(divhj)|ﬁnun|2dx.

J

iii) Estimation of the second integral of equation (4.37). Using Green’s formula, we get

N
(4.43) Re{Qa/ Auy(hj - Vﬂn)} = —2aRe{ Z / Bihfaiunakundx}—i—
Qj Qj

ik=1
a/ (divh;)|Vu, |*dz — a/ (hj - v)|Vu, [2dT; + 2aRe{/ Oy tn(hyj - Vﬂn)dFJ—}.
j J Ly
According to the choice of 1, only the boundary terms over (I'; \ v;) N T are non vanishing in

(4.43). But on this part of the boundary u,, = 0, and consequently Vu,, = (yun) -v = (9y,; un)v;.
Then, we have

(4.44) —a/ (hj - vj)|Vu,|*dl; +2aRe{/_(aujun)(hj-vm)drj} =

a/ (¥5m; - )|y, un|*dL; < 0.
(T \y;)NC
Inserting (4.44) into (4.43), we get

N
Z 3ih?3iun8kund:r}
Q;

Re{Qa Auy(h; - Vﬂn)} < —2aRe{
Q; ik=1

(4.45) +a/ (divh;)|Vuy,|*dx.

Q;

iv) The main estimation. Inserting equations (4.39), (4.40), (4.42) and (4.45) into (4.37) and
using the fact that ¢; = 0 on @1, we get

N
/ [div(wjmj)(|ﬁnun|2 — a|Vu,|[})dz + 2a Z Bi(wjmf)aiunakun dx
Q;\(Q1N;) k=1

Q;\(Q1NQy)
Thus, summing over j and using the fact that 1; = 1 on Q; \ Q2, we get

(4.46) N |Brtin |2da + (2 — N)a/ |V, |?dx
Q\(Q2n€) Q\(Q2nQ)
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+2Re{zZ/z

Brbyn (hjm; - Vﬂn)dfﬂ}
\ leQ

J N
< - Z/Q 0 |:diV(1/}jmj)(|ﬂnun|2 — a|Vu,|?)dz + 2a Z 3i(¢jm§)8iun8kun] dz + o(1).
2M82;

ik=1
Using (4.10) and (4.13), we deduce

J

— Z/szgv [div(wjmj)(|6nun|2 — a|Vun|2)d:v

(4.47) +2a Z 0i(1;m 8 un(?kun] dx = o(1).

i,k=1

Inserting (4.47) in (4.46), we obtain

(4.48) N | Bt |2 da 4 (2 — N)a/ |V, | ?de+
\(Q2n9) \(Q2n9)

J
2Re ZZ/ Bnbyn (Yjm; Vuy,)dz p < o(1).
5\ (Q1N;)

Under condition (LH3) and the definition of ;, we will have

J
zZ/ Brbyn (¥m; .V, )dz p = 0.
=172\ (@1nY;)
Inserting the previous estimation into (4.48), we get

(4.49) N |Brttn |2 dz + (2 — N)a/ |Vu,|?de < o(1).
Q\(Q2NQ) Q\(Q2n9)

Multiplying (4.8) by (1 — N)@,. Then integrating on €, using Green’s formula, the fact that y,
and S,u, are bounded in L?(Q) and the estimation (4.10), we obtain

(4.50) (1-N / |Bnttn|2d — (1 — / |Vu,|?de = o(1).

Using (4.10) and (4.13) in (4.50), we deduce

(4.51) (1= N) |Btin 2 — (1 — N)a/ Vun2de = o1).
O\ (Q2nQ) O\ (Q2nQ)

Finally, combining (4.49) and (4.51), we get the following estimate

[ (aluf B = o)
O\ (Q2nQ)
The proof is thus complete. [ (Il

Proof of Theorem 3.10 It follows from (4.10) (4.13), (4.25), (4.30) and (4.36) that |U,| =
o(1) which is a contradiction with (4.2). Consequently, condition (H2) holds and the energy of
system (1.4)-(1.6) decays exponentially to zero in the weak energy space D. The proof is thus
complete. O
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4.2. Observability and exact controllability. First, we consider the following homogeneous
system associated to (1.4)-(1.6) for a # 1 by:

(4.52) Ve —aAy +b(x)pr = 0 in xRy,
(4.53) o —Ap—blx)yYyy = 0 in Q xRy,
(4.54) v=¢p = 0 on I' x Ry,
(4.55) V(- 0) = o, ¥ (-, 0) = 1,0(,0) = 9o, 0:(-,0) = 1 in Q.

Let ® = (¢, 44, 0, 1) be a regular solution of system (3.61)-(3.63), its associated total energy is
given by:

1
(4.56) Bn(t) = 5 (allVel3) + [¥ellia) + el + Iylliae)
A direct computation gives
d
4.57 —E,(t) =0.
(4.57) = En (1)

Thus, system (4.52)-(4.54) is conservative in the sense that its energy E,,(¢) is constant. It is also
wellposed and admits a unique solution in the energy space D.
Now, we establish the direct and indirect inequality given by the following theorem:

Theorem 4.8. Let 0 < a # 1. Assume that conditions (LH1) and (LH2) hold. Assume also that
we, satisfies the PMGC, wy satisfies GCC condition and (LH3) and b, c € L>(Q). Then there
exists a time Ty such that for all T > Ty, there exist two constants C7 > 0, Co > 0 such that the
solution of system (4.52)-(4.54) satisfies the following observability inequalities:

T
(4.58) Cy||®o]|% < / / ()| Pdxdt < Col|®ol|% da,
0 JQ

for all ®o = (1o, %1, ¢o, ¢1) € D.

Proof. The direct inequality follows from the definition of the total energy for all T' > 0. While
the proof of the inverse inequality is a direct consequence of Proposition 2 of Haraux in [10] for
which the exponentially stability (4.1) implies the existence of a time Ty > 0 such that for all
T > Ty there exist two constants C; > 0 and Cy > 0 such that (4.58) holds. O O

It is well known that observality of the homogeneous system (4.52)-(4.54) implies the exact con-
trollability of the system .
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