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Abstract

We model a 3D turbulent fluid, evolving toward a statistical equilibrium, by adding
to the equations for the mean field (v, p) a term like −α∇ · (`(x)Dvt), which is of the
Kelvin-Voigt form, where the Prandtl mixing length ` is not constant and vanishes at

the solid walls. We get estimates for velocity v in L∞
t H

1
x ∩W

1,2
t H

1/2
x , that allow us to

prove the existence and uniqueness of a regular-weak solutions (v, p) to the resulting
system, for a given fixed eddy viscosity. We then prove a structural compactness
result that highlights the robustness of the model. This allows us to pass to the limit
in the quadratic source term in the equation for the turbulent kinetic energy k, which
yields the existence of a weak solution to the corresponding RANS system satisfied by
(v, p, k).

Key words : Fluid mechanics, Turbulence models, Navier-Stokes Equations, Turbulent
Kinetic Energy.
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1 Introduction

The purpose of this paper is to model incompressible turbulent flows as generalized vis-
coelastic materials involving the Prandtl mixing length ` (see in [24]), to show the existence
and uniqueness of regular-weak solutions to the resulting system of Partial Differential
Equations (PDE),

(1.1)

{
vt − α∇ · (`(x)Dvt) +∇ · (v ⊗ v)− ν∆v −∇ · (νturbDv) +∇p = f ,

∇ · v = 0,
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for a given turbulent viscosity (eddy viscosity) νturb. We then study the existence weak
solutions to the corresponding NSTKE1 system,

(1.2)


vt − α∇ · (`(x)Dvt) +∇ · (v ⊗ v)− ν∆v −∇ · (νturb(k)Dv) +∇p = f ,
∇ · v = 0,

kt + v · ∇k −∇ · (µturb(k)∇k) = νturb(k)|Dv|2 − (`+ η)−1k
√
|k|,

where, to fix the notation,

• v is the mean velocity2, vt =
∂v

∂t
;

• Dv = 1
2(∇v +∇vt) is the deformation stress;

• p is the mean pressure;

• k is the Turbulent Kinetic Energy (TKE);

• ν > 0 is the kinematic viscosity, νturb the eddy viscosity;

• µt is the eddy diffusion and η > 0 is a small constant;

• the length scale α is that of the boundary layer, given by the relation

(1.3) α =
ν

u?
,

here u? is the so called friction velocity (see [5]);

• f is a given source term.

As usual, the systems are set in a bounded Lipschitz domain Ω ⊂ IR3. The mixing length
` = `(x) ≥ 0 is defined over Ω and, according to well known physical laws (see (2.5)
and (2.6) below), ` ∈ C1(Ω) and vanishes at the boundary Γ = ∂Ω as follows:

(1.4) `(x) ' d(x,Γ) = ρ(x), when x→ Γ, x ∈ Ω.

Model (1.1) is close to viscoelastic materials models, given by the Kelvin-Voigt relation:

(1.5) σ = E ε+ η εt,

where σ denotes the Cauchy stress tensor and ε the strain-rate tensor. In this case, E
is the modulus of elasticity and η the viscosity (see for instance in P. Germain [8] or in
M. Gurtin [10]). In fluid mechanics, ε = Dv, and this model is used to describe some non
Newtonian fluids, such as lubricants. For such flows, the law (1.5) becomes

σ = −p Id + µDv + γ2Dvt,

that yields the incompressible Navier-Stokes-Voigt equations:

(1.6)

{
vt − γ2∆vt +∇ · (v ⊗ v)− ν∆v +∇p = f ,

∇ · v = 0.

1RANS = Reynolds Averaged Navier-Stokes. NSTKE = Navier-Stokes-Turbulent-Kinetic-Energy.
NSTKE model is a specific RANS model.

2Usually, the mean velocity is denoted by v. Throughout the paper we omit the over-line for simplicity,
except in Section 2, devoted to turbulence modelling.

2

/Generalized_Voigt-V6, July 18, 2019, 0:28



Mathematical investigations about system (1.6) were first carried out by A. Oskolkov, who
proved the existence and uniqueness of weak and strong solutions in some particular sense,
see [22, 23]. Then, several mathematical problems raised by (1.6) have been studied by
Titi et al. [11, 15, 25], making a clear relation between Navier-Stokes-Voigt and turbu-
lence modeling. In particular, in [12] Larios & Titi showed the connection between the
Navier-Stokes-Voigt equations and the simplified Bardina’s model introduced by Layton
& Lewandowski [13], designed as a Large-Eddy simulation model. In Berselli, Kim, and
Rebholz [3] an interpretation of the Navier-Stokes-Voigt equations in terms of approximate
deconvolution models is also given.

In this paper we connect the Prandtl-Smagorinsky’s model to the Turbulent Kinetic En-
ergy (TKE) model to calculate the eddy viscosity νturb. To make it clear, let σ(r) denotes
the Reynolds stress. We will show how, combining the energy inequality with the equa-
tion satisfied by k (without any closure assumption) we are led to set –in certain specific
regimes, such as the convergence to stable statistical states see (2.13)– the following con-
stitutive law

σ(r) = −α`Dvt − νturbDv +
2

3
k Id,

instead of the usual one

σ(r) = −νturbDv +
2

3
k Id.

This yields the PDE system (1.1) including the term −α∇ · (`Dvt), and then also the
NSTKE system (1.2) after having performed the usual closure procedure about k, where
νturb = νturb(k) = `

√
k.

Turning to the analysis of the systems, we observe that according to assumption (1.4) about
the mixing length `, the additional generalized Kelvin-Voigt term −α∇ · (`Dvt) enforces

for the equations a natural functional structure in the space H
1/2
00 (Ω) = [H1

0 (Ω), L2(Ω)]1/2,
which is the famous interpolation space initially introduced by Lions & Magenes [19]. In
particular, we obtain for the velocity sharp estimates in W 1,2(0, T ;H1/2(Ω)3), as well as in
L∞(0, T ;H1

0 (Ω)3). We are then able to prove the existence and uniqueness of regular-weak
solution to (1.1) (see Theorem 4.1 and Remark 4.5).

However, we believe that the most interesting result of this paper is the compactness
result we prove in Lemma 5.1. We consider an eddy viscosities sequence (νnturb)n∈IN which
is bounded in L∞([0,∞[×Ω) and in addition converges a.e. to νturb in [0,∞[×Ω as n→∞.
We also show that the corresponding regular-weak sequence of solution (vn)n∈IN converges,
in some sense, to the regular-weak solution v of the limit problem with νturb as eddy
viscosity. Moreover, we get the convergence of the energies, that is νnturb|Dvn|2 → νturb|Dv|2
in the sense of the measures.

This compactness result allows us to prove the existence of a solution to the NSTKE-Voigt
system (1.2) (see Theorem 5.1 below). We stress that the usual system coupling v, p and
k only yields a variational inequality for k when passing to the limit in the equations,
because of the lack of strong convergence of the energies (see [5, 16]), making Theorem 5.1
a very interesting and original result.

Plan of the paper. The paper is organized as follows: Section 2 is devoted to modeling
and to explain the motivations for the systems of PDE we study. Then, in Section 3 we
use functional analysis and interpolation theory to provide estimates in various spaces,
especially in H1/2(Ω). The proof of the existence and uniqueness results for the general-
ized Navier-Stokes-Voigt equations (1.1) and (4.1) is developed in Section 4. Finally, the
compactness result and analysis of the NSTKE-Voigt system is performed in Section 5.
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2 Kelvin-Voigt modeling for turbulent flows

In this section (and only in this section) v and p denote the velocity and pressure of the
fluid respectively (and not the mean fields unlike in the rest of the paper). Hence, the
couple (v, p) solves the Navier-Stokes equations,

(2.1)

{
vt +∇ · (v ⊗ v)− ν∆v +∇p = f ,

∇ · v = 0.

We first recall some results about basic turbulence modeling to derive the equation for the
mean v and to define the Reynolds stress σ(r). Then, we show how –when simultaneously
using the Prandtl-Smagorinsky and the turbulent kinetic energy models and the equation
satisfied by the TKE– we get the additional term −α∇ · (`Dvt) in the equation for v in
specific regimes, such as the convergence to a statistical equilibrium (see Remark 2.2).

We wish to mention that a very close modeling process has been previously performed in
Yao, Layton, and Zhao [26]. The latter paper gave to us some inspiration for this modelling
procedure we develop here. One main difference is that we study the TKE equations, while
in their paper, Yao, Layton, and Zhao considered a rotational structure, without involving
the equation for the turbulent kinetic energy. Moreover, they were looking at back-scatter
terms, so that our point of view and interpretation are –at the very end– rather different.

2.1 Recalls of basic turbulence modeling

According to the Reynolds decomposition, v and p are decomposed as the sum of their
mean and fluctuation

v = v + v′, and p = p+ p′,

where the mean filter is linear, commutes with any differential operator (namely Dψ =

Dψ), and it is idempotent (that is ψ = ψ). From this, one gets the relation

v ⊗ v = v ⊗ v + σ(r),

where the Reynolds stress σ(r) is given by

σ(r) = v′ ⊗ v′.

Therefore, applying the mean operator to the NSE (2.1) yields

(2.2)

{
vt +∇ · (v ⊗ v)− ν∆v +∇ · σ(r) +∇p = f ,

∇ · v = 0.

To “close” (2.2), one must express σ(r) in terms of mean quantities. As we already said
in the introduction, the Boussinesq assumption [4] yields

σ(r) = −νturbDv +
2

3
k Id,

where we recall that νturb is the eddy viscosity, k = 1
2 |v′|2 the turbulent kinetic energy

(TKE), and Dv = 1
2(∇v +∇vT ) the deformation tensor.

The challenge in turbulence modelling is the determination of νturb. In what follows, we
combine the Prandtl-Smagorinsky’s model with

(2.3) νturb = `
√
α`|Dv|,

4
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where the boundary layer length scale α is given by (1.3), and the NSTKE model with
νturb is given by

(2.4) νturb = `
√
k.

Dimensionless constants may be involved in the above equations. We have set them equal
to 1 for the sake of simplicity. Both models involve the Prandtl mixing length `. In the
case of a flow over a plate Ω = IR2 × {z > 0}, one finds in Obukhov [21] the following law

(2.5) ` = `(z) = κz,

where κ ∈ [0.35, 0.42] is the Von Kármán constant. A more sophisticated formula, however
very popular especially for the use in the computation of the turbulent channel flow, can
be found in Van Driest [28]:

(2.6) ` = `(z) = κz(1− e−z/A),

where A depends on the oscillations of the plate and ν. Alternative formulas are provided
in [18]. In all cases, ` satisfies the law (1.4).

2.2 Modelling process

We start from the natural energy inequality deduced from the equation (2.2) by usual
integration by parts, at any time positive time t3,

(2.7)
1

2

d

dt
‖v(t)‖2 + ν‖∇v(t)‖2 + 〈∇ · σ(r),v(t)〉 ≤ 〈f(t),v(t)〉.

We aim to evaluate the contribution of the term

T (t) = 〈∇ · σ(r),v(t)〉,

which will be deduced from the equation satisfied by k (see [5, Sec. 4.4.1])

∂tk + v · ∇k +∇ · e′v′ = −σ(r) : ∇v − ε+ f ′ · v′,

where e = k + e′ = 1
2 |v
′|2 denotes the kinetic energy of the fluctuations, and ε is the

turbulent dissipation,
ε := ν|Dv′|2.

Integrating formally this equation in space, leaving apart eventual boundary condition
issues, leads to

d

dt

∫
Ω
k(t) = T (t)−

∫
Ω
ε(t) + 〈f ′,v′〉,

that we insert in the inequality (2.7) to obtain

(2.8) 〈vt,v〉+
d

dt

∫
Ω
k + ν‖∇v(t)‖2 +

∫
Ω
ε(t) ≤ 〈f(t),v(t)〉+ 〈f ′(t),v′(t)〉.

In order to eliminate the term
d

dt

∫
Ω
k from (2.8), we enforce equality between the Prandtl-

Smagorinsky’s model (2.3) and the NSTKE one (2.4), which leads to the closure equality

(2.9) k = α`|Dv|2.
3We use ‖ · ‖ for the L2-norm in this section.
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Then, by using (2.9), we get the formal identity

(2.10)
d

dt

∫
Ω
k = α

d

dt

∫
Ω
`|Dv|2 = −〈α∇ · (`Dvt),v〉.

Finally, we combine (2.8) with (2.10), which leads to the inequality

(2.11) 〈vt − α∇ · (`Dvt)− ν∆v,v〉+

∫
Ω
ε(t) ≤ 〈f(t),v(t)〉+ 〈f ′(t),v′(t)〉.

Combining (2.7) to (2.11), suggests to put

σ(r) = −α`Dvt − νturbDv +
2

3
kId,

and yields the following energy inequality

(2.12)
1

2

d

dt
(‖v(t)‖2 + α‖

√
`Dv‖2) + ν‖∇v(t)‖2 + ‖

√
νturbDv‖2 ≤ 〈f(t),v(t)〉.

Comparing inequalities (2.12) and (2.11), we see that all this makes sense when:

(2.13) ‖
√
νturbDv‖2 + 〈f ′(t),v′(t)〉 ≤ ‖

√
ε(t)‖2,

and in this case the system satisfied by v becomesvt − α∇ · (`Dvt) +∇ · (v ⊗ v)− ν∆v −∇ · (νturbDv) +∇
(
p+

2

3
k

)
= f ,

∇ · v = 0.

Remark 2.1. When ` is constant and equal to 2α (to set ideas), and as ∇ · vt = 0, we
have α∇ · (`Dvt) = α2∆vt. Therefore, we get by this way the Kelvin-Voigt term involved
in Equation (1.6).

Remark 2.2. Condition (2.13) asks for comments. To see if it may happen, let us take a
constant source term f(t) = f , without turbulent fluctuation, which means f ′ = 0. In this
case relation (2.13) simplifies to

(2.14) ‖
√
νturbDv‖2 ≤ ‖

√
ε(t)‖2.

The usual closed equation for k is

kt + v · ∇k −∇ · (µturb∇k) = νturb|Dv|2 − ε,

giving, while ignoring possible boundary conditions,

d

dt

∫
Ω
k = ‖

√
νturbDv‖2 − ‖

√
ε(t)‖2.

Therefore, (2.14) indicates a decrease of TKE, which means a decrease of the turbulence,
towards a laminar state, or a stable statistical equilibrium, such as a grid turbulence.

3 Functional setting and estimate

The analysis of system (1.1) yields immediately standard a priori estimates in L∞t L
2
x and

L2
tH

1
x, taking the solution itself as test function. The question is whether the Voigt term

−α∇ · (`Dvt) provides additional regularity. The issue is the degeneration of the mixing
length ` at the boundary, according to (3.1) below. The purpose of this section is to derive
from the interpolation theory a general estimate, that will enable us to show later that
the term −α∇ · (`Dvt) yields additional W 1,2(0, T ;H1/2) and L∞(0, T ;H1) regularity.

6
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3.1 Framework and preliminaries

As usual in mathematical fluid dynamics, we use the following spaces,

V =
{
ϕ ∈ D(Ω)3, ∇ ·ϕ = 0 in Ω

}
,

H =
{
v ∈ L2(Ω)3, ∇ · v = 0 in Ω, v · n = 0 on Γ

}
,

V =
{
v ∈ H1

0 (Ω)3, ∇ · v = 0 in Ω
}
,

and we recall that V is dense in H and V for their respective topologies [9]. Here L2(Ω)
and H1

0 (Ω) stand for the usual Lebesgue and Sobolev spaces.

Throughout the rest of the paper, the mixing length ` = `(x) ∈ C1(Ω) is such that

(3.1)

{
∀K⊂ Ω, K compact, inf

K
` > 0,

`(x) ' d(x,Γ) = ρ(x), when x→ Γ, for x ∈ Ω.

According to (3.1), we recall that

H
1/2
00 (Ω) = [H1

0 (Ω), L2(Ω)]1/2 =
{
u ∈ H1/2(Ω), s.t. `−1/2u ∈ L2(Ω)

}
,

where H1/2(Ω) = [H1(Ω), L2(Ω)]1/2. In the following we will consider the following Hilbert
space

V1/2 =
{

v ∈ H1/2(Ω)3 ; ∇ · v = 0 in Ω and v · n = 0 on Γ
}

equipped with the norm of H1/2(Ω)3.
Finally, we know that when Ω is connected, the operator D = 1/2(∇+∇t) is well defined
over Hs(Ω)3 whatever s ≥ 0, and (see [20]),

K := KerD =
{
v ∈ Hs(Ω)3 s.t. ∃ (a,b) ∈ IR3 × IR3; v(x) = b× x + a

}
and we recall the following Korn inequality

(3.2) ∀v ∈ H1(Ω)3, ‖v‖H1(Ω)3/K ≤ C‖Dv‖L2(Ω)9 ,

where for any given Banach space B and any its closed subspace E, B/E denotes the
quotient space. Moreover, for any v ∈ H1

0 (Ω)3, we have ‖v‖H1(Ω)3 ≤ C‖Dv‖L2(Ω)9 ,
because in this case the kernel K is reduced to 0.

3.2 Main general estimate

We deduce now the most relevant inequality, which derives from the generalized Voigt
model when using the solution itself as test function.

Theorem 3.1. Let v ∈ D′(Ω)3 such that
√
`Dv ∈ L2(Ω)9. Then v ∈ H1/2(Ω)3 and there

exists a constant C = C(Ω) such that

(3.3) ‖v‖H1/2(Ω)3/K ≤ C‖
√
`Dv‖L2(Ω)9 .

In particular,

(3.4) W =
{

v ∈ H;
√
`Dv ∈ L2(Ω)9

}
↪→ V1/2,

with continuous embedding.

7
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Proof. We argue in two steps.

Step 1. Let v ∈ D′(Ω)3 such that
√
`Dv ∈ L2(Ω)9 and ϕ ∈ D(Ω)9. As v ∈ H1

loc(Ω)3, then
we have

|〈Dv,ϕ〉| =
∣∣∣∣∫

Ω

√
`Dv :

ϕ√
`

∣∣∣∣ ≤ C‖√`Dv‖
L2(Ω)9

‖ϕ‖
H

1/2
00 (Ω)9 .

Because of the density of D(Ω) in H
1/2
00 (Ω), this shows that Dv ∈

[
H

1/2
00 (Ω)9

]′
with the

estimate

(3.5) ‖Dv‖[
H

1/2
00 (Ω)9

]′ ≤ C‖√`Dv‖L2(Ω)9 .

Step 2. According to [1, 6], we have

∀v ∈ L2(Ω)3, ‖v‖L2(Ω)3/K ≤ C‖Dv‖H−1(Ω)9 .

Therefore, we deduce from classical interpolation theorems and from the following identi-
ties (see in [19]),

[H1(Ω)3/K,L2(Ω)3/K]1/2 = H1/2(Ω)3/K, and [L2(Ω), H−1(Ω)]1/2 = [H
1/2
00 (Ω)]′,

the inequality
‖v‖H1/2(Ω)3/K ≤ C‖Dv‖[

H
1/2
00 (Ω)9

]′ .
Hence the estimate (3.3) follows by using (3.5) and obviously the embedding (3.4).

4 Well-posedness for the generalized Navier-Stokes-Voigt
equations

In this section we start with the analysis of system (1.1) without any eddy viscosity,
that means νturb = 0, both for simplicity of presentation and to highlight the role of
the generalized Voigt term. The resulting system, called generalized Navier-Stokes-Voigt
equations, is the following:

(4.1)


vt − α∇ · (`Dvt) + (v · ∇) v − ν∆v +∇p = f in (0, T )× Ω,

∇ · v = 0 in (0, T )× Ω,

v|Γ = 0 on (0, T )× Γ,

vt=0 = v0 in Ω,

which is set in QT = (0, T )×Ω, where Ω is a given Lipschitz bounded domain in IR3 with
its boundary Γ = ∂Ω, T a fixed positive time4, and ` satisfies (1.4). The main results of
this section are the existence and uniqueness of regular-weak solutions (see Definition 4.1
below), when the initial velocity v0 ∈ V .

Throughout the rest of the paper, the L2-norm of a given u is simply denoted by ‖u‖, ‖·‖p
and ‖ · ‖s,p denote the standard Lp and W s,p norms.

4Remind that when ∇ · v = 0, then ∇ · (v ⊗ v) = (v · ∇)v. We use either of these forms without
necessarily warning, depending on the situation.

8
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4.1 Strong solutions

This aim of this subsection is to prove that given a finite time T , any strong (classical)
solution v of (4.1) has natural bounds in L∞(0, T ;V ) ∩ W 1,2(0, T ;V1/2) derived from
energy balances, showing that the term −α∇ · (`(x)Dvt) –despite the degeneracy at the
boundary– brings a strong regularizing effect on the system. In particular, the generalized
Voigt term provides stronger a priori estimate when compared to the usual (non regu-
larized) Navier-Stokes equations, since it allows to show bounds in critical spaces. These
estimates are essential for proving the existence result of the next subsection.

Following [14, 17], when considering v0 ∈ V ∩C(Ω)3, we say that (v, p) is a strong solution
to (4.1) over QT = [0, T ]× Ω, if

• ∀ τ < T , v ∈ C2(Qτ )3, p ∈ C1(Qτ ), and they satisfy the relations ((4.1), i), ii)) in
the classical sense in Qτ = [0, τ ]× Ω,

• v(t, ·) ∈ C(Ω)3 for all t < T , and v(t, ·) = 0 on Γ,

• v(t, ·) uniformly converges to v0 as t→ 0+.

Remark 4.1. We frequently talk about the velocity v as a strong solution, without men-
tioning the pressure p. This means that we have implicitly projected the system over
divergence-free vector fields by the Leray projector, which eliminates the pressure. The
pressure can be recovered via the De Rham procedure (see e.g. Temam [27]).

Remark 4.2. We say that a strong solution v of (4.1) has a singularity at a given time
0 < T ? < ∞ if ‖v(t)‖∞ → ∞ as t → T ?, t < T ?. At this stage, we are not able to show
that any strong solution has no singularity. We do not even know if there exist strong
solutions, which is an open problem.

The estimates we get are based on the following non standard version of Gronwall’s Lemma,
the proof of which is carried out, e.g., in Emmrich [7].

Lemma 4.1. Let λ ∈ L1([0, T ]), with λ(t) ≥ 0 for almost all t ∈ [0, T ], let g ∈ C([0, T ])
be a non-decreasing function, and let f ∈ L∞([0, T ]), such that ∀ t ∈ [0, T ], it holds

f(t) ≤ g(t) +

∫ t

0
λ(s)f(s) ds.

Then, we have

f(t) ≤ g(t) exp

(∫ t

0
λ(s) ds

)
.

In this subsection we assume that f(t) = f ∈ C(Ω) does not depend on t, and we denote
by F either ‖f‖2−1,2 or ‖f‖2 so far non risk of confusion occurs, and C denotes any constant
(normally Cp‖f‖ ≤ ‖f‖−1,2, Cp being the Poincaré’s constant). Among many choices for
the functional spaces of the source term (see also the discussion in the next subsection,
where different choices are considered), this one has the advantage that it yields a clear
and neat bound of the growth of the r.h.s in the estimates for statistical equilibrium.
The main result of this subsection is the following.
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Lemma 4.2. Let v be a strong solution of (4.1) in QT = [0, T ]× Ω, for a given time T .
Then, the following estimates hold true for all s ∈ [0, T [:

‖v(s)‖21/2,2 + ν

∫ s

0
‖∇v(t)‖2 dt ≤ C

(
Fs

ν
+ E(0)(α, `)

)
,(4.2)

ν‖∇v(s)‖2 ≤
(
ν‖∇v0‖2 + Fs

)
exp

{
C

αν2

(
Fs

ν
+ E(0)(α, `)

)}
,(4.3)

and

(4.4) Cα

∫ s

0
‖vt(t)‖21/2,2 dt+ α

∫ s

0
‖
√
`Dvt(t)‖2 dt ≤ Fs+ ν‖∇v0‖2

+
C

αν2

(
ν‖∇v0‖2 + FT

)(Fs
ν

+ E(0)(α, `)

)
exp

{
C

αν2

(
FT

ν
+ E(0)(α, `)

)}
,

where 2E(0)(α, `) = ‖v0‖2+α‖
√
`Dv0‖2. In particular, v has natural bounds in L∞(0, T ;V )

∩ W 1,2(0, T ;V1/2) and
√
`Dvt ∈ L2(0, T ;L2(Ω)9).

Proof. We take the dot product of ((4.1), i)) by v. We integrate by parts and we use the
identity 〈(v · ∇) v,v〉 = 0. These calculations are justified because v is a strong solution,
and this gives for any s ∈ [0, T ],

1

2

d

dt
(‖v(t)‖2 + α‖

√
`Dv(t)‖2) + ν‖∇v(t)‖2 = 〈f(t),v(t)〉 ≤ F

2ν
+
ν

2
‖∇v(t)‖2,

hence (4.2) follows after having integrated in time over [0, s], by using (3.3), the fact that
the norm of V1/2 is that inherited from H1/2(Ω)3, and H1/2(Ω) ↪→ L2(Ω) with continuous
dense injection.
We next take the dot product of ((4.1), i)) by vt. In this case the non-linear term brings
a contribution in this new energy budget, given by

‖vt(t)‖2 + α‖
√
`Dvt(t)‖2 +

ν

2

d

dt
‖∇v(t)‖2 = 〈f(t),vt(t)〉 − 〈(v · ∇) v,vt〉(t),

As we can estimate

|〈f(t),vt(t)〉| ≤
F

2
+

1

2
‖vt(t)‖2,

we obtain by using (3.3), keeping half of the contribution of the term α‖
√
`Dvt(t)‖2,

(4.5)
1

2
‖vt(t)‖2+Cα‖vt(t)‖21/2,2+

α

2
‖
√
`Dvt(t)‖2+

ν

2

d

dt
‖∇v(t)‖2 ≤ F

2
+|〈(v·∇) v,vt〉(t)|.

To deal with the nonlinear term, we use standard interpolation inequalities. The key
of the process is the continuous embedding H1/2(Ω) ↪→ L3(Ω)3, which is the limit case.
Therefore, we have

|〈(v · ∇) v,vt〉(t)| ≤ ‖v(t)‖6‖∇v(t)‖ ‖vt(t)‖3
≤ C‖∇v(t)‖2 ‖vt(t)‖1/2,2
≤ 1

2Cα
‖∇v(t)‖4 +

Cα

2
‖vt(t)‖21/2,2,

so that (4.5) becomes

(4.6) ‖vt(t)‖2 + Cα‖vt(t)‖21/2,2 + α‖
√
`Dvt(t)‖2 + ν

d

dt
‖∇v(t)‖2 ≤ F +

1

Cα
‖∇v(t)‖4.

10
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In particular it follows from the above estimate that

ν
d

dt
‖∇v(t)‖2 ≤ F +

1

Cα
‖∇v(t)‖4,

that we integrate over [0, s], s ∈ [0, T ], so that

ν‖∇v(s)‖2 ≤ ν‖∇v0‖2 + Fs+
1

Cα

∫ s

0
‖∇v(t)‖4 dt.

From there, Lemma 4.1 is applied on every time interval [0, τ ] for τ < T , with

f(t) = ν‖∇v(t)‖2 and λ(t) =
1

Cαν
‖∇v(t)‖2,

both are in L1(0, τ)∩L∞(0, τ) and g(t) = ν‖∇v0‖2+Ft which is a non decreasing function,
which leads to

ν‖∇v(s)‖2 ≤ (ν‖∇v0‖2 + Fs) exp

{
1

Cαν

∫ s

0
‖∇v(t)‖2 dt

}
,

and yields (4.3) by using (4.2). Therefore, the inequality (4.4) is deduced from (4.6)
combined with (4.2)-(4.3).

4.2 Existence and uniqueness of regular-weak solutions

We start by giving the definition of a ”regular-weak solution” to the generalized Navier-
Stokes-Voigt system (4.1). This definition is based on Lemma 4.2. We say ”weak solution”
since it is given by a weak formulation, ”regular” since, because of Lemma 4.2, we will
search for a solution in L∞(0, T ;V ) ∩W 1,2(0, T ;V1/2). This space is considerably smaller
than that involved in “standard” Leray-Hopf weak solutions to the Navier-Stokes equations
(NSE) that are just in L∞(0, T ;H)∩L2(0, T ;V ). As we shall see it, regular weak solutions
are unique and satisfy the energy equality, a fact which is still not known about weak
solutions to the NSE.

Definition 4.1. We say that a function v ∈ L∞(0, T ;V ) ∩W 1,2(0, T ;V1/2) is a regular-
weak solution of the initial boundary value problem (4.1) if it holds true that

d

dt

[
(v,φ) + α(`Dv, Dφ)

]
+ ν(∇v,∇φ) + ((v · ∇) v,φ) = 〈f ,φ〉 ∀φ ∈ V,

in the sense of D′(0, T ) and the initial datum is attained at least in the sense of V1/2, that
is

lim
t→0+

‖v(t)− v0‖V1/2
= 0.

The main theorem we prove is the following one, showing the well-posedness of the system,
globally in time. To fix the ideas and for the simplicity, we stay in a usual weak solutions
framework by taking the source term f = f(t) in the space L2(0, T ;H−1/2(Ω)3)5. However,
many variants can be considered, starting with f ∈ L2(0, T ;V ′1/2), or f(t) = f ∈ L2(Ω)3

following the previous subsection, which does not change too much. An interesting case
would be f ∈ L2

uloc(IR
+;V ′1/2), for which additional work remains to be done in the context

of the long-time behavior (see [2]).

5Be aware that H−1/2(Ω) ( [H
1/2
00 (Ω)]′ and that [H

1/2
00 (Ω)]′ is much bigger than H−1/2(Ω), see Lions-

Magenes [19].
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Theorem 4.1. Let be given v0 ∈ V and f ∈ L2(0, T ;H−1/2(Ω)3). Then, there exists a
unique regular-weak solution of the initial boundary value problem (4.1) in [0, T ], which
satisfies the energy (of the model) equality for all t ≥ 0,

(4.7) E(t)(α, `) + ν

∫ t

0
‖∇v(s)‖2 ds = E(0)(α, `) +

∫ t

0
〈f(s),v(s)〉 ds.

where E(t)(α, `) := 1
2

(
‖v(t)‖2 + α‖

√
`Dv(t)‖2

)
.

Proof. The proof follows by a standard Faedo-Galerkin approximation with suitable a-
priori estimates, compactness argument, and interpolation results. It is divided into the
following four steps:

1) Construction of approximate solutions, locally in time;

2) Estimates;

3) Passing to the limit in the equations;

4) Energy balance and uniqueness.

Step 1. Construction of approximate solutions, locally in time. Let {ψn}n ⊂ V be a
Hilbert basis of V which we can suppose, without lack of generality, to be orthonormal in
H as well as orthogonal in V . We look for approximate Galerkin functions

vn(t, x) =

n∑
j=1

cnj(t)ψj(x) for n ∈ IN,

which has to solve the generalized Navier-Stokes-Voigt equations projected over Wn =
Span(ψ1, . . . ,ψn), that is

d

dt

[
(vn,ψm) + α(`Dvn, Dψm)

]
+ ν(∇vn,∇ψm) + ((vn · ∇) vn,ψm) = 〈f ,ψm〉,

(vn(0),ψm) = (v0,ψm),

for m = 1, . . . , n. The above problem is a Cauchy problem for a system of n-ordinary
differential equations in the coefficients cnm(t). We define the following quantities for
j, l,m = 1, . . . , n:

αjm := α(`Dψj , Dψm), βjm := ν(∇ψj ,∇ψm),

γjlm := ((ψj · ∇)ψl,ψm), fm(t) := 〈f(t),ψm〉,

and we have a non-homogeneous system of ordinary differential equations with constant
coefficients (which we write with the convention of summation over repeated indices)

c′nj(t)(δjm + αjm) + cnj(t)βjm + cnj(t)cnl(t)γjlm = fm(t), m = 1, . . . , n,

where δij denotes the standard Kronecker delta notation. The above system is not in
normal form. In order to obtain a system for which we can apply the Cauchy-Lipschitz
Theorem, we have to show that the matrix (δjm + αjm) can be inverted. Hence, since we
work in a finite dimensional spaces it is enough to show that its kernel contains only the
zero vector. So let ξ = (ξ1, . . . , ξn) ∈ IRn be such that

(δjm + αjm) ξj = 0.

12
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Multiplying the above equation by ξm and summing also over m = 1, . . . , n leads to

0 = ‖ξ‖2 + α(`φ, φ) = ‖ξ‖2 + α(
√
`φ,
√
`φ) ≥ ‖ξ‖2 with φ :=

n∑
j=1

ξjDψj ,

due to the facts that α > 0 and `(x) ≥ 0. Hence, this implies that ξ ≡ 0, hence that the
matrix (δjm + αjm) can be inverted. This allows to rewrite the system of ODEs for the
coefficients cnj as follows

c′nj(t) + cnj(t)(δjm + αjm)−1βjm + cnj(t)cnl(t)(δjm + αjm)−1γjlm = (δjm + αjm)−1fm(t),

and to apply the basic theory of ordinary differential equations. Note that the coefficient
from the right-hand side fm(t) = 〈f(t),ψm〉 is not continuous but just L2(0, T ), hence one
has to resort to an extension of the Cauchy-Lipschitz theorem, with absolutely continuous
functions, under Carathéodory hypotheses (see Walter [29]).

Since the system for the coefficients cnj(t) is nonlinear (quadratic) we obtain that there
exists a unique solution cnj(t) ∈W 1,2(0, Tn), for some 0 < Tn ≤ T .

Step 2. Estimates. By taking vn as test function, one gets the identity

(4.8)
1

2

d

dt

(
‖vn(t)‖2 + α‖

√
`Dvn(t)‖2

)
+ ν‖∇vn(t)‖2 = 〈f ,vn〉,

from which it follows

d

dt

(
‖vn(t)‖2 + α‖

√
`Dvn(t)‖2

)
+ ν‖∇vn(t)‖2 ≤ CP

ν
‖f‖2−1/2,2,

where CP = CP (Ω) is the Poincaré-type constant such that

‖u‖21/2,2 ≤ CP ‖∇u‖
2 ∀u ∈ H1

0 (Ω).

Hence, integrating over (0, t) for t < Tn we get

(4.9) En(t)(α, `) + ν

∫ t

0
‖∇vn(s)‖2 ds ≤ En(0)(α, `) +

CP
ν

∫ t

0
‖f(s)‖2−1/2,2 ds.

where En(t)(α, `) := ‖vn(t)‖2 + α‖
√
`Dvn(t)‖2. Next, we observe that since vn(0) → v0

in V and 0 ≤ ` ∈ C(Ω), then it holds

α‖
√
`Dvn(0)‖2 ≤ αmax

x∈Ω
`(x) ‖∇vn(0)‖2 ≤ αmax

x∈Ω
`(x) ‖∇v0‖2,

which shows that, under the given assumptions on v0 and f the r.h.s of (4.9) can be
bounded independently of n ∈ IN and consequently, a standard continuation argument
proves in fact that Tn = T . Moreover, it also holds

(4.10) vn ∈ L∞(0, T ;H) ∩ L2(0, T ;V ) and
√
`Dvn ∈ L∞(0, T ;L2(Ω)9),

with norms bounded uniformly in n ∈ IN. Therefore, according to Theorem 3.1, we also
obtain

‖vn(t)‖2+‖vn(t)‖2V1/2
+

∫ t

0
‖∇vn(s)‖2 ds ≤ C

[∫ t

0
‖f(s)‖2−1/2,2ds+ ‖v0‖2 + ‖∇v0‖2

]
,
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for a constant C depending on ν, α, ` and Ω. In addition, this inequality proves that

vn ∈ L∞(0, T ;V1/2),

with bounds independent of n ∈ IN.

In order to give a proper meaning to the time derivative, we now use as test function vnt ,
which is allowed, since it vanishes at the boundary and it is divergence-free. We get

(4.11) ‖vnt (t)‖2 + α‖
√
`Dvnt (t)‖2 +

ν

2

d

dt
‖∇vn(t)‖2 = (f ,vnt )− ((vn · ∇) vn,vnt ).

We estimate the r.h.s of (4.11), thanks to the Cauchy-Schwarz, Hölder, Young and Sobolev
inequalities, which give us

|(f ,vnt )| ≤ Cε‖f‖2−1/2,2 + ε‖vnt ‖2V1/2
,

and

|((vn · ∇) vn,vnt )| ≤ ‖vn‖6‖∇vn‖‖vnt ‖3 ≤ C‖∇vn‖2‖vnt ‖V1/2
≤ Cε‖∇vn‖4 + ε‖vnt ‖2V1/2

.

By the above inequalities we can absorb terms in the l.h.s, to obtain

C‖vnt (t)‖2V1/2
+
ν

2

d

dt
‖∇vn(t)‖2 ≤ Cε

[
‖f(t)‖2−1/2,2 + ‖∇vn(t)‖4

]
,

for some Cε = C(`, α,Ω). Integrating over [0, s] for s ∈ [0, T ], one obtains

(4.12) C

∫ s

0
‖vnt (t)‖2V1/2

dt+
ν

2
‖∇vn(s)‖2 ≤ ν

2
‖∇vn(0)‖2 + Cε

∫ s

0
‖f(t)‖2−1/2,2 dt

+ Cε

∫ s

0
‖∇vn(t)‖4 dt,

hence

C

∫ s

0
‖vnt (t)‖2V1/2

dt+
ν

2
‖∇vn(s)‖2 ≤ ν

2
‖∇v0‖2+Cε

(∫ s

0
‖f(t)‖2−1/2,2 dt+

∫ s

0
‖∇vn(t)‖4 dt

)
,

and in particular,

ν

2
‖∇vn(s)‖2 ≤ ν

2
‖∇v0‖2 + Cε

∫ s

0
‖f(t)‖2−1/2,2 dt+ Cε

∫ s

0
‖∇vn(t)‖4 dt.

We apply the Gronwall’s lemma 4.1 to get

(4.13)
ν

2
‖∇vn(s)‖2 ≤

(
ν

2
‖∇v0‖2 + Cε

∫ s

0
‖f(t)‖2−1/2,2 dt

)
exp

{
Cε

∫ s

0
‖∇vn(t)‖2 dt

}
,

and the r.h.s of (4.13) is bounded uniformly in n due the a priori estimate (4.10). This
proves that

vn ∈ L∞(0, T ;V ),

from which we also deduce by using (4.12) that

vnt ∈ L2(0, T ;V1/2), and therefore by (4.10) vn ∈W 1,2(0, T ;V1/2),
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with uniform bounds in n ∈ IN. Beside estimates in V1/2, it is important to stress that
with the same track, starting from (4.11) as in the proof of Lemma 4.2, we also have

√
`Dvnt ∈ L2(0, T ;L2(Ω)9),

again with uniform bound in n ∈ IN.

Step 3. Passing to the limit in the approximate equations. By the uniform bounds above
and standard compactness results there exists v ∈ W 1,2(0, T ;V1/2) ∩ L∞(0, T ;V ) and a
sub-sequence (relabelled as vn) such that

(4.14)



vn
∗
⇀ v in L∞(0, T ;V ),

√
`Dvn

∗
⇀
√
`Dv in L∞(0, T ;L2(Ω)9),

vn ⇀ v in Lp(0, T ;V ) for all 1 < p <∞,
vnt ⇀ vt in L2(0, T ;V1/2),

√
`Dvnt ⇀

√
`Dvt in L2(0, T ;L2(Ω)9),

To get strong convergence in appropriate spaces, we use the Aubin-Lions compactness
lemma (see [27]) with the triple

V ↪−→ V3/4 ↪−→ V1/2,

where V3/4 = [V,H]3/4, each embedding being dense and continuous. Moreover, since Ω is
bounded by the Rellich-Kondrachov Theorem, these embeddings are also compact. There-
fore, the sequence (vn)n∈IN is (pre)compact in L2(0, T ;V3/4) and (up to a sub-sequence)

vn → v in L2(0, T ;V3/4),

which implies in particular strong convergence in L2(0, T ;L4(Ω)3). By standard results this
allows to pass to the limit in the weak formulation, showing that indeed v is a regular-weak
solution. We skip the details. It remains to check the initial data. The weak convergence
implies that for 0 ≤ t ≤ T

‖v(t)‖2 +α‖
√
`Dv(t)‖2 +ν

∫ t

0
‖∇v(s)‖2 ds ≤ ‖v(0)‖2 +α‖

√
`Dv(0)‖2 +

∫ t

0
〈f(s),v(s)〉 ds.

Observe that the above inequality is obtained from (4.8), after integration in time and pass-
ing to the limit. The inequality comes from the fact that ∇vn ⇀ ∇v in L2(0, T ;L2(Ω)9),
and we have to consider the inferior limit of the norm. In particular, we observe that
since ∇vn(0) → ∇v0 in L2(Ω), we can suppose, up to a further sub-sequence that
∇vn(0,x) → ∇v0(x) a.e. x ∈ Ω, hence using the boundedness of ` and Lebesgue domi-
nated convergence, we have

‖
√
`Dvn(0)‖2 → ‖

√
`Dv0‖2,

showing also the correct limit at the initial time.

Step 4. Energy balance and uniqueness. We start with the energy balance (4.7). To
this end one has first to justify the use of v as test function. From the results above, we
deduce that v ⊗ v ∈ L∞(0, T ;L3(Ω)9) which yields in particular (v · ∇)v ∈ L2(0, T ;V ′)
and 〈(v · ∇)v,v〉 = 0 according to standard results. From there, the relevant point is to
check that for any s ∈ [0, T ]:

(4.15)

∫ s

0
(`Dvt, Dv) dt =

1

2
‖
√
`Dv(s)‖2 − 1

2
‖
√
`Dv0‖2,
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since all other terms are well-behaved due to the available regularity of v. However,√
`Dv,

√
`Dvt ∈ L2(0, T ;L2(Ω)9). Therefore, by identifying L2(Ω)9 with its dual space,

we naturally have

(`Dvt, Dv) = 〈
√
`Dvt,

√
`Dv〉 =

1

2

d

dt
‖
√
`Dv‖2,

hence (4.15) and then (4.7) follows.

Moreover, this result allows us also to prove uniqueness of regular-weak solutions. In fact,
if v1 and v2 are solutions corresponding to the same initial datum and same external
force, taking the difference and testing (by the above argument this is fully justified)
with V = v1 − v2 one obtains the following differential equality for the difference for any
t ∈ [0, T ]:

‖V(t)‖2 + α‖
√
`DV(t)‖2 + ν

∫ t

0
‖∇V‖2 ds = −

∫ t

0

∫
Ω

(V · ∇) v2 ·V dxds.

Hence, by the usual Sobolev inequalities

‖V(t)‖2 + α‖
√
`DV(t)‖2 + ν

∫ t

0
‖∇V‖2 ds ≤ ν

2

∫ t

0
‖∇V‖2 ds+

C

ν

∫ t

0
‖∇v2‖4‖V‖2 ds,

and since V(0) = 0 the Gronwall’s lemma shows that V ≡ 0, due to the fact that

∇v2 ∈ L∞(0, T ;L2(Ω)9) ⊂ L4(0, T ;L2(Ω)9).

Remark 4.3. The pressure is not involved in Definition 4.1. However, let (v0, f) be given
as in Theorem 4.1 and v the corresponding regular-weak solution. Then by the De Rham
theorem, we easily deduce the existence of p ∈ D′(0, T ;L2(Ω)/IR) such that (v, p) satisfies
System (4.1) in the sense of the distributions. The regularity of the pressure is probably
even better than that, but this point remains to be investigated.

Remark 4.4. Definition 4.1 is equivalent to the following: The field v is a regular-weak
solution to (4.1) if:

1. v ∈W 1,2(0, T ;V1/2) ∩ L∞(0, T ;V ),
√
`Dvt ∈ L2(QT )9,

2. for all w ∈ L2(0, T ;V ), ∀ s < T :∫ s

0
(vt,w) dt+ α

∫ s

0
(
√
`Dvt,

√
`Dw) dt−

∫ s

0

∫
Ω

v ⊗ v : ∇w dxdt

+ ν

∫ s

0

∫
Ω
∇v : ∇w dxdt =

∫ s

0
〈f ,w〉 dt,

3. limt→0+ ‖v(t)− v0‖V1/2
= 0.

Once the above results of existence and uniqueness have been proved for the generalized
Navier-Stokes-Voigt equations, it is straightforward to prove the same also for the model
with an additional turbulent viscosity νturb which is non-negative and bounded. We do
not reproduce here the proof, but we just present the summary as follows:
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Remark 4.5. Let νturb ∈ L∞([0,∞[×Ω) such that νturb ≥ 0 a.e. in [0,∞[×Ω. We consider
the initial problem resulting from Section 2, with an eddy viscosity term:

(4.16)


vt − α∇ · (`Dvt) + (v · ∇) v − ν∆v −∇ · (νturbDv) +∇p = f in (0, T )× Ω,

∇ · v = 0 in (0, T )× Ω,

v|Γ = 0 on (0, T )× Γ,

vt=0 = v0 in Ω.

We express the additional eddy viscosity term −∇ · (νturbDv) by

−〈∇ · (νturbDv),w〉 = (νturbDv, Dw).

Regarding the conditions about νturb, the generalization of Theorem 4.1 to Problem (4.16)
is straightforward, and v0 ∈ V and f ∈ L2(0, T ;H−1/2(Ω)3) being given, (4.16) has a
unique regular-weak solution that satisfies the energy balance6

E(t)(α, `) +

∫ t

0
‖(2ν + νturb)1/2Dv(s)‖2 ds = E(0)(α, `) +

∫ t

0
〈f(s),v(s)〉 ds,

where again E(t)(α, `) =
1

2

(
‖v(t)‖2 + α‖

√
`Dv(t)‖2

)
.

5 Turbulent Voigt model involving the TKE

In this section we consider the generalized Voigt model with turbulent viscosity, coupled
with the equation for the turbulent kinetic energy, and in particular we prove a compact-
ness result which allows to prove existence of weak solutions.

5.1 A compactness Lemma

We consider a family of models as in (4.16), associated with different realizations of the
turbulent viscosity and study the behavior of the solutions, under mild conditions on the
given additional viscosities.
To this end let be given (νnturb)n∈IN such that

∀n ≥ 0, νnturb ∈ L∞([0,∞[×Ω), νnturb ≥ 0 a.e. in [0,∞[×Ω.

Let v0 ∈ V and f ∈ L2(0, T ;H−1/2(Ω)3). Let (vn, pn) finally denote the distributional
solution to
(5.1)

vnt − α∇ · (`Dvnt ) + (vn · ∇) vn − ν∆vn −∇ · (νnturbDvn) +∇pn = f in (0, T )× Ω,

∇ · vn = 0 in (0, T )× Ω,

vn|Γ = 0 on (0, T )× Γ,

vnt=0 = v0 in Ω,

and such that vn is a regular-weak solution to (5.1).
Concerning the behavior of the solutions vn we have the following lemma.

6Remind that since ∇ · v = 0, then ∆v = 2∇ · Dv. Therefore, 〈−ν∆v + ∇ · (νturbDv),w〉 = ((2ν +
νturb)Dv, Dw).
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Lemma 5.1. Assume that the sequence (νnturb)n∈IN is uniformly bounded in L∞([0,∞[×Ω)
and converges almost everywhere to νturb in Q∞ = [0,∞[×Ω.
Then, it follows that:

1) The sequence (vn)n∈IN weakly converges in W 1,2(0, T ;V1/2)∩Lp(0, T ;V ), for all p <∞,
to a regular-weak solution v of the limit problem
(5.2)

vt − α∇ · (`Dvt) + (v · ∇) v − ν∆v −∇ · (νturbDv) +∇p = f in (0, T )× Ω,

∇ · v = 0 in (0, T )× Ω,

v|Γ = 0 on (0, T )× Γ,

vt=0 = v0 in Ω.

2) The sequence (νnturb|Dvn|2)n∈IN converges in the sense of measures to νturb|Dv|2 in QT ,
which means that

(5.3) ∀ϕ ∈ C(QT ),

∫ T

0

∫
Ω
νnturb|Dvn|2ϕdxdt −→

n→∞

∫ T

0

∫
Ω
νturb|Dv|2ϕdxdt.

Proof. In order to simplify the notation we extract sub-sequences, without changing the
notation. However, by the uniqueness result of Theorem 4.1, we finally get convergence
for the whole sequence because of the uniqueness of solutions to the limit problem.

1) As νturb ≥ 0 and νturb ∈ L∞, we can repeat the proof of Theorem 4.1, which yields
the existence of a unique v ∈ W 1,2(0, T ;V1/2) ∩ L∞(0, T ;V ). Moreover, Theorem 4.1
shows also that each of the approximating problem has a unique solution vn such that the
sequence of their solutions verifies (4.14), with compactness in L2(0, T ;V3/4). Passing to
the limit in the equations is straightforward, except in the eddy viscosity term. To this
end let be given w ∈ L2(0, T ;V ), we can write

〈−∇ · (νnturbDvn),w〉 =

∫ T

0

∫
Ω
νnturbDvn : Dw dxds =

∫ T

0

∫
Ω
Dvn : νnturbDw dxds.

As (νnturb)n∈IN is bounded in L∞(QT ), we have on one hand the following bound

|νnturbDw| ≤ sup
n∈IN
‖νnturb‖L∞t,x |Dw| ∈ L2(QT ),

and the other hand, according to the a.e convergence of νnturb, it follows also

νnturbDw→ νturbDw a.e in QT .

Then, by the Lebesgue dominated convergence theorem, one has that

νnturbDw→ νturbDw in L2(QT ).

The convergence of the eddy viscosity term then follows from

Dvn⇀Dv in L2(QT ),

leading to∫ T

0

∫
Ω
Dvn : νnturbDw dxds→

∫ T

0

∫
Ω
Dv : νturbDw dxds = 〈−∇ · (νturbDv),w〉,

as n→∞. As a consequence, v is indeed a regular-weak solution to (5.2) on [0, T ], for all
positive T .

2) We split the proof into three steps:
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i) Weak convergence in L2(QT ) of the sequence ((2ν+νnturb)1/2Dvn)n∈IN to (2ν+νturb)1/2Dv;

ii) Strong convergence by the “energy method”;

iii) Proof of the convergence in measures from (5.3).

i) We already proved that the sequence ((2ν + νnturb)1/2Dvn)n∈IN is bounded in L2(QT )9,
uniformly in n ∈ IN. Moreover, we already know that Dvn⇀Dv in L2(QT ). Let

An := (2ν + νnturb)1/2Dvn and A := (2ν + νturb)1/2Dv.

We aim to prove that An⇀A in L2(QT )9. To do so, let us fix B ∈ L2(QT )9. By the
hypotheses on (νnturb)n∈IN it follows that

(2ν + νnturb)1/2B → (2ν + νturb)1/2B a.e. in QT .

Moreover, one has also

|(2ν + νnturb)1/2B| ≤ C
(

2ν + sup
n
‖νnturb‖∞

)
|B| ∈ L2(QT ).

Therefore, again by Lebesgue’s theorem we obtain

(2ν + νnturb)1/2B → (2ν + νturb)1/2B in L2(QT ),

hence ∫ T

0

∫
Ω

(2ν + νnturb)1/2B : Dvn dxdt→
∫ T

0

∫
Ω

(2ν + νturb)1/2B : Dv dxdt,

yielding the desired weak convergence.

ii) Energy method. We now prove the strong L2-convergence of the sequence (An)n∈IN

to A. To do so, we use the energy method (see [5, 16]), based on the energy (equality)
balance (4.7) satisfied by both vn and v, with the eddy viscosity terms∫ ∫

Qt

νturb|Dv|2 and

∫ ∫
Qt

νnturb|Dvn|2,

in the corresponding equation. This means, to consider for all t < T ,

(5.4)


E(t)(α, `) +

∫ t

0

∫
Ω
|A|2 dxds =

∫ t

0
〈f ,v〉 ds+ E(0)(α, `),

En(t)(α, `) +

∫ t

0

∫
Ω
|An|2 dxds =

∫ t

0
〈f ,vn〉 ds+ En(0)(α, `),

where, as usual,

E(t)(α, `) =
1

2

(
‖v(t)‖2 + α‖

√
`Dv(t)‖2

)
,

En(t)(α, `) =
1

2

(
‖vn(t)‖2 + α‖

√
`Dvn(t)‖2

)
.
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A critical tool is that of integrating with the respect to the time variable each equation
in (5.4) over [0, T ] and to perform then an integration by parts. This yields the following
two equalities

∫ T

0
E(t)(α, `) dt+

∫ T

0

∫
Ω

(T − t)|A|2 dxdt =

∫ T

0

∫ t

0
〈f ,v〉 dsdt+ TE(0)(α, `),∫ T

0
En(t)(α, `) dt+

∫ T

0

∫
Ω

(T − t)|An|2 dxdt =

∫ T

0

∫ t

0
〈f ,vn〉 dsdt+ TEn(0)(α, `).

Arguing with the usual compactness tools as in the proof of the previous theorems we
obtain that ∫ T

0
‖vn(t)‖2dt→

∫ T

0
‖v(t)‖2 dt,

as well as ∫ T

0

∫ t

0
〈f ,vn〉 dsdt→

∫ T

0

∫ t

0
〈f ,v〉 dsdt

TEn(0)(α, `)→ TE(0)(α, `),

as n→∞. Therefore, by using the integrated energy equalities, we also get by comparison∫ T

0

∫
Ω

[
α`|Dvn|2 + (T − t)|An|2

]
dxdt −→

n→∞

∫ T

0

∫
Ω

[
α`|Dv|2 + (T − t)|A|2

]
dxdt.

Let now Bn be defined as follows

Bn := (α`+ (T − t)(2ν + νnturb))1/2Dvn.

By the weak convergence result as in the previous steps, we immediately conclude that

Bn → B = (α`+ (T − t)(2ν + νturb))1/2Dv in L2(QT )9,

which yields the convergence of An to A in L2(QT ′) for all T ′ < T . As T can be any
positive time, this concludes this step.

iii) Proof of (5.3). By the “Lebesgue inverse Theorem,” since An → A in L2(QT ), we can
extract sub-sequence, still denoted by (An)n∈IN, which converges to A almost everywhere
in QT , and such that there exists G ∈ L2(QT ) which satisfies

(5.5) |A(t,x)| ≤ G(t,x) a.e. in QT .

Let ϕ ∈ C(QT ), ϕ ≥ 0, be fixed and set

Bn :=
√
ϕ
√
νnturbDvn and B =

√
ϕ
√
νturbDv.

By using the definition of An we get

Bn =
√
ϕ

√
νnturb

(2ν + νnturb)1/2
An and B =

√
ϕ

√
νturb

(2ν + νturb)1/2
A.

Obviously, it follows that Bn → B a.e. in QT , and by (5.5),

|Bn(t,x)| ≤ 1

2ν
‖ϕ‖1/2∞ sup

n
‖νnturb‖1/2∞ G(t,x) ∈ L2(QT ).

Therefore, Bn → B in L2(QT ), hence (5.3) follows for all non-negative ϕ. The proof for
all ϕ ∈ C(QT ) follows by using the splitting ϕ = ϕ+ − ϕ−, where ϕ+, ϕ− ≥ 0.
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5.2 Application to the NSTKE-Voigt model

We now apply the existence result together with the compactness lemma to study the
Voigt model coupled with the equation of the turbulent kinetic energy. The NSTKE-Voigt
model is in fact obtained by coupling the turbulent Navier-Stokes-Voigt equation to the
equation for the TKE, following the law (2.4), which gives the following system:

(5.6)



vt − α∇ · (`Dvt) + (v · ∇) v − ν∆v −∇ · (νturb(k)Dv) +∇p = f , (i)
∇ · v = 0, (ii)
v|Γ = 0, (iii)
vt=0 = v0, (iv)

kt + v · ∇k −∇ · (µturb(k)∇k) = νturb(k)|Dv|2 − (`+ η)−1k
√
|k|, (v)

k|Γ = 0, (vi)
kt=0 = k0. (vii)

This system calls for two comments:

1) According to Lemma 5.1, we know how to deal with bounded eddy viscosities and not
better. This is why we cannot take the law (2.4) that we replace, as often in this class
of problems, by

(5.7) νturb(k) = ` TN (
√
|k|),

where TN is the usual “truncation function” at height N , for a given large N ∈ IN,
which is defined by for all x ∈ IR

TN (x) :=

{
x if |x| ≤ N,
N x
|x| if |x| > N.

The eddy viscosity (5.7) has the structure of that considered in Lemma 5.1 where
νturb(k) = `ρ(k), with ρ(k) = TN (

√
|k|). Similarly, we assume that the viscosity coeffi-

cient for the kinetic energy satisfies

(5.8) µturb(k) = C`TN ′(
√
|k|),

for some dimensionless constant C and another N ′ ∈ IN.

2) Usually, the dissipation term in the r.h.s of the equation for k should be ε := `−1k
√
|k|.

Unfortunately, due to the degeneration of ` at the boundary Γ, there could be further
issues when passing to the limit in this term. As a precaution, we have approximated
it by ε = (` + η)−1k

√
|k| where η > 0 is a small parameter. We did not have studied

yet the behavior of the solutions when η → 0.

Theorem 5.1. Let be given v0 ∈ V , f ∈ L2(0, T ;H−1/2(Ω)3) and 0 ≤ k0 ∈ L1(Ω).
Assume that νturb and µturb are given by (5.7) and (5.8). Then there exists (v, k) such
that:

1. The vector field v is a regular-weak solution to the subsystem [(5.6)-(i)-(ii)-(iii)-
(iv))],

2. The scalar field k verifies

k ∈ L∞(0, T ;L1(Ω)), k ∈
⋂

1<p<5/4

Lp(0, T ;W 1,p(Ω)) = K5/4,

and is solution of the subsystem [(5.6)-(v)-(vi)-(vii))] in the sense of the distribution
in QT . Moreover, k ≥ 0 a.e. in QT .
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Proof. System (5.6) is very close to that studied in [5, Chapter 8]. Therefore, we only
indicate the changes in the proof of existence, without giving full details, which can be
easily filled by the reader. The main difference is the result of the compactness Lemma 5.1,
which is essential to the proof. The further (compared to the previously studied systems)
regularity enforced by the generalized Voigt term is the key to prove the existence results
for the full NSTKE model.

The issue is due to the quadratic source term νturb(k)|Dv|2 in the TKE equation, which
is a priori in L1(QT ) and not better. To overcome this, we truncate this term as well as
the initial data at height n ∈ IN, leading to the following regularized system:

(5.9)



vt − α∇ · (`Dvt) + (v · ∇) v − ν∆v −∇ · (νturb(k)Dv) +∇p = f , (i)
∇ · v = 0, (ii)
v|Γ = 0, (iii)
vt=0 = v0, (iv)

kt + v · ∇k −∇ · (µturb(k)∇k) = Tn(νturb(k)|Dv|2)− (`+ η)−1k
√
|k|, (v)

k|Γ = 0, (vi)
kt=0 = Tn(k0). (vii)

For a given k̃ ∈ L2(0, T ;H1
0 (Ω))∩L∞(0, T ;L2(Ω)), let v = v(k̃) be the unique regular-weak

solution to the subsystem [(5.9)-(i)-(ii)-(iii)-(iv))] with νturb(k) is replaced by νturb(k̃), so
that the problem reduces to analyze the equation for k, considering

(5.10)

 kt + v(k̃) · ∇k −∇ · (µturb(k)∇k) = Tn(νturb(k)|Dv(k̃)|2)− (`+ η)−1k
√
|k|,

k|Γ = 0,
kt=0 = Tn(k0),

which is a non linear parabolic equation with coefficients and a source term smooth enough
which can be easily handled. The existence of a weak solution k ∈ L2(0, T ;H1

0 (Ω)) ∩
L∞(0, T ;L2(Ω)) to Problem (5.10), it is easily proved and, in addition, it follows kt ∈
L2(0, T ;H−1(Ω)).

Finally the full system (5.9) can be solved by an application of the Leray-Schauder fixed
point theorem (see in [5]). However, we do not know if the resulting solution is unique.
We iteratively construct starting from k̃ = 0 and v0 the corresponding solution.

Let kn denote one solution to (5.10), vn = v(kn). We are left to pass to the limit in the
system
(5.11)

vnt − α∇ · (`Dvnt ) + (vn · ∇) vn − ν∆vn −∇ · (νturb(kn)Dvn) +∇pn = f ,
∇ · vn = 0,
vn|Γ = 0,
vnt=0 = v0,

knt + vn−1 · ∇kn −∇ · (µturb(kn)∇kn) = Tn(νturb(kn)|Dvn−1|2)− (`+ η)−1kn
√
|kn|,

kn|Γ = 0,
knt=0 = Tn(k0).

We know from [5, Chapter 8] that, up to a sub-sequence,

(5.12)


kn ⇀ k in Lq(0, T ;W 1,q

0 ) for all 1 ≤ q < 5/4,

knt ⇀ kt in Lq(0, T ;W−1,q) for all 1 ≤ q < 5/4,

kn → k in Lq(QT ) for all 1 ≤ q < 29/14 and a.e. in QT .
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As x → `TN
√
|x| is a continuous function over IR, νnturb = νturb(kn) → νturb = νturb(k)

a.e. in QT , and because ` ∈ C1(Ω), we also have 0 ≤ νturb ≤ N‖`‖∞, showing that
(νnturb)n∈IN verifies all the requirements of Lemma 5.1, by (5.7) and (5.12). Therefore,
vn → v = v(k), the corresponding regular-weak solution to the subsystem [(5.11), (i), (ii),
(iii), (iv))]. Passing to the limit in the equation for k follows what is done in [5, Chapter
8], except about the quadratic source term. In this case, things are much better since,
according to Lemma 5.1, Tn(νturb(kn)|Dvn|2) → νturb(k)|Dv|2) in the sense of measures.
Finally, since the presence of the truncation function obviously does not affect (5.3), this
ends the proof.

References

[1] C. Amrouche, P. G. Ciarlet, Liliana Gratie, and S. Kesavan. On the characterizations
of matrix fields as linearized strain tensor fields. J. Math. Pures Appl. (9), 86(2):116–
132, 2006.

[2] L. Berselli and R. Lewandowski. On the reynolds time-averaged equations and the
long-time behavior of leray-hopf weak solutions, with applications to ensemble av-
erages. Nonlinearity, to appear. Tech. Report on Arxiv, https://arxiv.org/abs/

1801.08721, 2019.

[3] L. C. Berselli, T.-Y. Kim, and L. G. Rebholz. Analysis of a reduced-order approximate
deconvolution model and its interpretation as a Navier-Stokes-Voigt regularization.
Discrete Contin. Dyn. Syst. Ser. B, 21(4):1027–1050, 2016.
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