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Abstract

The capability of cells to alter their phenotype in response to signals is crucial to the understanding of different morphogenetic
pathways. We focus presently on the case of Epithelial-to-Mesenchynaml Transition (EMT) and its reverse Mesenchymal-to-Ep-
ithelial Transition (MET), which are considered as a plausible mechanism at the base of tumours onset and spread. We propose
a simplified mathematical model, consisting of two coupled differential equations, aiming to describe the minimal dynamics of
Epithelial and Mesenchymal cells. Differently from many previous models arising in various contexts, the basic assumption is the
presence of a cooperative-like structure between the two families determined by the presence of a source term (possibly nonlinear)
involving cells of the opposite compartment, in addition to an inherent apoptosis term. Finally, being the Mesenchymal phenotype
characterised by high-level motility, the presence of motion is included into its dynamics by means of a diffusive-like term. In
case the source term is truly nonlinear and, as a consequence, multiple equilibria may coexist, propagating fronts connecting such
different states can be numerically observed. For different values of the parameters, specifically the relaxation times o and z, the
measure of invasiveness A and i , together with functions f and g, the model is capable to describe various directions of propaga-
tion, also suggesting a possible simple mechanism responsible for tumour reversion.
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1. Introduction treatments, is remarkable, thus constituting an effective

research path worth being deeply investigated.
In order to pursue investigation concerning cancer oc-

currence and development, mathematical modelling
turns out to be a powerful tool of analysis experimen-

Presently, we focus on the application to Epithe-
lial-to-Mesenchymal Transition (EMT) and its rever-
sal mechanis Mesenchymal-to-Epithelial Transition
(MET). These are comprised among the experimental
hallmarks of cancer, as responsible also for the activa-
tion of invasion and metastasis (Hanahan and Wein-
berg, 2000, 2011; Magi et al., 2017; Thiery, 2006;
Thiery and Sleeman, 2006; Thompson and Newgreen,

particularly made with the aim of developing suitable 2005). Altogether, EMT and MET display dynamical
models that could account for the processes leading to

tumour cells production and spreading. Although such

tal studies might rely on. Nowadays, indeed, trials in
cancer research are one of the most challenging and
interdisciplinary contexts, so that the possibility of im-
proving strategies for approaching the subject to deliver
better and faster results is imperative. A lot of effort is

behaviours which resemble those observed in physical
systems during abrupt macroscopic changes between
qualitatively separated stable states, also known as
phase transitions (Davies et al., 2011). Also, such tran-
sitions are active in other important morphogenetic
processes, such as early embryogenesis, tissue genera-

techniques are typically bounded by limitations math-
ematical abstraction inevitably brings with it, the rec-
ognition of their relevance is increasingly perceptible
inside scientific groups: the contribution in terms of

predicting cells evolution, and potentially forecasting tion and wound healing (Kalluri and Weinberg, 2009).
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More precisely, EMT is the process which allows a
polarised epithelial cell, interacting with the basement
membrane via its basal surface, to experience a pheno-
typical switch that permits it to acquire a mesenchymal
phenotype. Such new epiphany is characterised by the
loss of connectivity (usually as a consequence of down
regulation of internal E-cadherin), improved migratory
skills, enhanced invasiveness and elevated resistance to
apoptosis. From a biomedical point of view, cells phe-
notypic differentiation turns out to be a crucial step
for determining cancer onset and evolution. A charac-
teristic element to be taken into consideration is that
even gradual variation in a few control parameters and/
or unknown densities can switch cells into distinct and
specific phenotypes. The possibility of inducing MET,
namely the reverse process of EMT, by means of some
external stimuli, is giving rise to perform promising
studies at the base of which lies the ultimate ambition to
revert an apparently already sealed fate for cells having
acquired malignant features.

Apparently, after some previous pioneering work,
the first experimental studies showing the presence of
a phenotypic transition have been published during
the ‘80s (Greenburg and Hay, 1982). Nevertheless, the
attention to this phenomenon has been limited until
2000, when the number of publications on these topics
has drastically increased (Nieto, 2011). Since then, the
exploration of the subject is considered as an emerging
research front.

The most traditional approach is based on a bot-
tom-up procedure, supposed to be predominant for
describing how global structures are the result of un-
derlying microscopic counterparts. Indeed, a large
part of the literature is devoted to a detailed descrip-
tion of activators and inhibitors of the transitions as
determined at molecular level, sometimes comparing
an appropriately proposed mathematical model with
experimental results. As an example, it is a well-known
fact that transforming growth factor 8 (TGF-5) plays a
pivotal role in EMT (Xu et al., 2009) and, thus, finding
which elements could enhance its presence has been an
issue in the last years (Snail, ZEB, Slug, Twist, ...). Cor-
respondingly, up regulation of E-cadherin promotes
the epithelial phenotype; thus, a big effort has been
devoted to understand which are the specific ingre-
dients (at the molecular scale) making its level grow-
ing (e.g. myo-inositol). In addition, the eventual ap-
pearance of an intermediate cells phenotype between
the epithelial and mesenchymal ones has also
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been considered (Jolly et al., 2014).

However, more recently, such point of view has
been widely disputed, leaving the space to different
approaches based on special types of modelling pro-
grammes (Bertolaso, 2016). Actually, it has been pro-
posed that critical events are the result of emerging
properties at a scale that is larger than the microscopic
ones, according to the influence of external constraints.
Therefore, a novel strategy should be applied, ground-
ed on what it is nowadays a well-established discipline,
the so-called Systems Biology approach (Bizzarri et al.,
2008; Bizzarri et al., 2013; Hornberg et al., 2006). More
specifically, instead of focusing on the role of individu-
al genes, proteins or other local pathways in biological
phenomena, a pertinent alternative is to characterise
the ways molecular parts adopt for interacting with
each other to determine the collective dynamics of the
system as a whole.

Therefore, following the same philosophy, we con-
centrate on the mechanisms emerging from a cumula-
tive account of the different elements contributing to
EMT and MET. Indeed, the main idea underlying the
Systems Biology approach is to replace the reductionist
paradigm by describing biological systems as a whole,
through an holistic view by virtue of which the bio-
medical processes cannot be exhausted considering the
system as the mere sum of its components; that is why,
instead of focusing on the role of individual agents, the
purpose is to define how essential components interact
to characterise the collective dynamics.

In this direction, we propose a simplified mathemat-
ical model, which does not pretend to provide any quan-
titative description of the phenomenon under scrutiny,
but only to attempt a qualitative analysis. Such a mod-
el considers a very limited number of unknowns —one
for the epithelial and one for the mesenchymal pheno-
type— and also a minimal set of parameters, then con-
centrating on the presence of propagating fronts which
typically correspond to the invasion of one state into the
other. We stress that the inclusion of a nonlinear term
is crucial for the dynamics, since it guarantees the ex-
istence of fronts through the emergence of several dis-
crete stationary states (we shall introduce the definition
of these mathematical objects later on).

The majority of mathematical models relevant to the
description of EMT/MET is based on ordinary differ-
ential equations, i.e. systems where the unknowns are
considered as functions solely of the time variable. The
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resulting models are usually rather entangled, often
consisting of very large systems, with each unknown
variable possessing a stringent biological meaning
(Bocci et al., 2018; Gasior et al., 2017; Guerra et al.,
2018; Laise et al., 2012; MacLean et al., 2014; Turner
and Kohandel, 2010).

Regrettably, the absence of physical space depen-
dency limits dramatically their range of application,
together with the capability of catching the correct and
complete biological behaviour. As a matter of fact, cells
migration requires some (spatial) destination. Thus,
more recently, attention has been paid to a different
type of modelling based on partial differential equa-
tions (Hellmann et al., 2016; Sfakianakis et al., 2018).
In such an extended framework, as a consequence of
the presence of a single (and simple) term accounting
for the motility of cells with mesenchymal phenotype,
propagation fronts take place and such appearance par-
ticipate to the investigation in a crucial way.

In this article, EMT/MET analysis is carried out
by exploiting a simplified one-dimensional hyperbol-
ic-parabolic partial differential system. Specifically, the
densities of epithelial and mesenchymal phenotypes
are the unknown variables, and the main purpose con-
sists in establishing the existence of traveling waves
by means of numerical simulations. A reliable approx-
imation of the propagating fronts speed is provided by
the so-called LeVeque-Yee formula (LeVeque and Yee,
1990). One of the most interesting results arising from
the model currently under investigation lies in the pos-
sibility of reproducing the property of being/not being
invasive, according to the dependence on a reduced
number of control parameters. Numerical simulations
are based on finite difference schemes and carried out
by employing an Implicit-Explicit strategy (Quarteroni,
2017).

2. A simple mathematical model

Following Simeoni et al., 2018, we propose a proto-
typical model which consists of two coupled differential
equations aiming to reproduce the EMT/MET dynam-
ics. The first is an ordinary differential equation for the
nonnegative density u=u(t,x) and it illustrates the time
variation % of the amount of cells displaying the epithe-
lial phe- notype. The second is a partial differential
equation of reaction-diffusion type for the time varia-
tion % of mesenchymal cells, with density denoted by
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v=v(t,x). After rescaling the variables, the system reads
as
U% =—u+idf (v)
ot
(11

T& =—v+u [u) +&
2 T e

for some given positive parameters o, 1, A, 4 and
functions fand g.

The two equations of system (1) have a strong simi-
larity in their structure, guaranteeing a sort of symme-
try of the underlying physical mechanisms. However,
there are two crucial differences. Firstly, the presence of
the parameters o and 7 is needed to incorporate differ-
ent time-scales in the phenomena, often required when
dealing with non-equilibrium thermodynamics. We fo-
cus mostly on the choice of
0 =T = 1, corresponding to the case of same time-scale
for both the unknowns, although individual choices
could be more appropriate, depending on the context.

values

Secondly, the last term in the equation for v, which rep-
resents a motility given by the second order space de-
rivative ;’7.3 of the unknown, is expressed as a diffusive
term,
pearance of an underlying brownian random walk

which, on its turn, is the macroscopic ap-

(Taylor, 1920). Such term is mandatory, since one hall-
mark of the mesenchymal phenotype is its high degree
of motility. Possible alternatives of modelling could also
be considered, essentially corresponding to different
types of random walk, such as the correlated random
walk (Zauderer, 1983). Let us stress that modelling mo-
tility terms is one of the major issues in order to obtain
a reliable model, but we made the choice of the above
form to keep the presentation as simple as possible.
The unknowns u and v are interpreted as the amount
of cells having epithelial and mesenchymal phenotype,
respectively, inside some tissue under observation. The
choice of the functions fand g is also crucial, and it con-
stitutes one of the points where the interaction between
applied mathematicians and theoretical biologists is
pivotal, as mentioned in the introduction. We assume
that both functions f and g are nonnegative and mono-
tone increasing, according to the modelling assumption
that the system (1) is cooperative, i.e. a higher presence
of epithelial phenotype determines a higher production
of mesenchymal phenotype and viceversa.
Disregarding the coupling term f, the density # of
the epithelial phenotype is destined, asymptotical- 1 y
in time, to the extinction (due to the apoptosis-like term
—u in the first equation), that suggests a stabilisation
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towards the equilibrium point with an exponential de-
cay rate (as characteristic for solutions to linear equa-
tions). A similar fate is expected for the other unknown
v when neglecting the coupling term g, thus providing
convergence —again, with an exponential decay rate—
to its asymptotic equilibrium.

Examples for fand g, being considered in the forth-
coming discussion, are

(Z)f(v): vandg(u):

u}’

1+u"’

for some p>1. The former is a standard linear func-
tion, while the latter is an S-shaped function, as for the
classical saturating Hill form (Gesztelyi et al., 2012;
Weiss, 1997). Such choice is motivated by the assump-
tion that the default state of mesenchymal cells is prone
to become motile without any limitation. On the con-
trary, epithelial cells have an inherent tendency to gen-
erate mesenchymal cells with an asymptotic bounded
range of availability. Different choices can be easily im-
plemented without specific and/or additional difficulty.

The presence of the coupling terms f and g deter-
mine the possible existence of a second stable equilibri-
um point with larger coordinates (u,v). The parameters
Aand u are interpreted, respectively, as a factor enhanc-
ing cell-cell adhesion (hence, structural stability typical
of epithelial phenotype) and an inflammatory factor,
inducing the transition towards a motile mesenchymal
phenotype.

A reaction-diffusion system similar to (1) has already
been discussed in Capasso and Maddalena, 1981. In that
(epidemiological) context, the meaning of the variables
u and v is different: the unknown u represents the av-
erage concentration of bacteria and v the infective hu-
man population inside an urban community; moreover,
attention is drawn to convergence towards constant
equilibrium states. Presently, we concentrate on the ex-
istence of propagating fronts, which are interpreted as
epiphanies of EMT and/or MET, depending on the sign
of the propagation speed.

In Section 2.1, we preliminarily consider basic prop-
erties of the ordinary differential equations obtained by
disregarding the second order spatial derivatives. Then,
we move to the case where space dependency is taken
into account, hence leading, in particular, to the emer-
gence of propagating fronts for describing invasion of
one-state into another. Depending on the values A and
U, invasion can be modulated and also reverted, thus
corresponding to a possible tumour reversion scenario.
Of course, the present model is too simple to be capa-
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ble of providing quantitative predictions of such phe-
nomenon, but is regarded as an attempt at a qualitative
description of the basic elements at the core of tumour
reversion.

2.1 Space independent solutions

Neglecting the space dependency, system (1) reduc-
es to standard ordinary differential equations, usually
describing the dynamics of a well-stirred mixture, that
is

U@ =—u+Af(v)
dt

(3% "
T— =—v+uglu)
dt

Analogous models are already present in the liter-
ature since decades. Among others, we quote Green
and Sleeman, 1974 and its descendants, where the
FitzZHugh-Nagumo system is proposed in the context
of axon signalling, with variables u and v denoting ap-
proximately the potential of nerve axons and a (qual-
itative) feature of the ionic channels opening/closure
mechanism, respectively. The effect of the variable u
inside the equation for v is completely different with
respect to the model (3) presently considered: indeed,
we attempt at simulating a particular type of cellular
mechanism, distinguished by a cooperative-type cou-
pling, for which each variable positively contributes to
the increase of the other. Finally, in Jones et al., 2004,
a system with analogous cooperative structure —arising
in the context of wound healing experiments (Barriere
et al., 2015)— is proposed, but with a mixed product
# -v as consequence of the mass action law assumption,
with the variables u and v describing the area of dead
tissue and the spatially-evolving section of the wound,
respectively.

A standard procedure for analysing differential
equations consists in evaluating constant steady states,
i.e. special constant solutions which are preserved by
the dynamics. For system (3), these are given by

O'@ = Oandr@ =0,
t dt

which correspond to the request that
(4) 4 = Af(v)andv = ug(u).

As an example, we consider the functions in (2) with
p=2, for some parameters i,.>0. In such a case, the
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modelling function g is said to have a Holling type III
response form (Holling, 1959). Substituting into (4), we
deduce the polynomial equation

(1= Agr-u+u* Ju=0,

which admits one, two or three solutions depending
on the value of the product A . Indeed, for 0 < 4 <2 we
compute a single (physically meaningful) solution #_,
for Au=2 two solutions » =, and, finally, for Au >2
three solutions always with coordinates

u=u,=0u=u ,u=u,

where
" = ;(/m ~Jwy 4)
and

", = ;(/’L;z +JAuy 4)

In the latter case, the constant solutions #, =0 and
u, are shown to be asymptotically stable equilibria of
the system (3), while the intermediate state #_ is un-
stable. In the present context, stability is referred to the
behaviour of small perturbations to the corresponding
state: stability being a (local) synonym of attractive, and
instability of repulsive dynamics, respectively.

The limiting regime of system (3) as ¢ — 0" is said to
be a singular dynamics, since the first equation reduc-
es to the algebraic identity —u + 4/ (v) =0, which turns
out to be a constraint for the overall dynamics. Cor-
respondingly, there is no need of specifying an initial
condition for the unknown #thus being determined by
the relation itself. In such regime, system (3) reduces to
the first order differential equation

adv oOH
Slt—=———(v A
(5)r 2 Ty 0
where

o

(6)~ -(nAu)=v—pg(Af(v))

[T 1 ,.-"'}

N~

ot

Figure 1. Graphs of the potential function H given in (7) for different

values of the parameters.
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Therefore, in the singular limit ¢ — 0 , the equation
for v has a special form, which is usually called a gradi-
ent-like structure. Indeed, after multiplying both sides
of (5) by % , we deduce the identity

d dv ’
7H V'/’L +7T| — :0
Ft ( 2 :/J) [ Fl‘} 2

which shows that the function H is dissipated (it has
nonpositive variation) along trajectories of the variable

H(v; A, p1t) :1172—&,[;”5_;;(0')6:’0'
(7) 2 A :

= %\f + %(arctan(ﬂ,v)f ﬁ,v)

¥ and thus, in principle, the solutions converge to its
minima. In the specific case (2) with p=2 and A, u ap-
propriately chosen, the potential H has two distinct
minima. Hence, H actually acts as a switch separating
solutions which asymptotically converge to one of the
two achievable phenotypes. Entering into details, for
F(»)=vand gw)=u"/(1+u"), f from (6) there holds

by using the explicit form of the functions given in
(2) with p=2. For Au>2, the function H has the typical
shape of a double-well potential with wells located at
#, = 0and i, defined above (see Figure 1). In particu-
lar, for a specific choice of the product Au, the two wells
have the same depth, with significant consequences in
the space-dependent case of system (1), as we shall dis-
cuss in the following section.

2.2 Accounting for space dependency

The original model (1) is a simple instance within
a wider class, usually referred to as reaction-diffusion
systems, which very often support special solutions ex-
hibiting a wave-like structure. Roughly speaking, the
interest in such mathematical objects is that they are
designed to reproduce invasive patterns, which are a
key-feature of many biological applications, properly
starting from cancer modelling. A complete review on
this issue and its ubiquity in biological modelling can be
found in Volpert and Petrovskii, 2009.

As already mentioned in Section 2.1, the limit dy-
namics of system (1) as o — 0" is said to be singular
since the mathematical object obtained by (formally)
setting (7)o =0 is not a differential equation, but rather
an algebraic relation. This fact has a number of signif-
icant consequences, relatively to the number of initial/
boundary conditions that can be imposed. In such re-
gime, the system reduces to the identity «=Af(v) to-
gether with the scalar reaction-diffusion equation



where F (v) = —v+;¢g(/’i,f(v)).Depending on the
specific form of function F, the equation (8) may sup-
port special solutions of a traveling wave type, namely
given by v(x,¢)=V{x-cf) for some profile V and prop-
agation speed c (Volpert and Petrovskii, 2009). In ad-
dition, if the profile function V' is such that there exists
finite limits at —co and +00, i.e.

{%V(x)zviandtzzﬂV(x): v,

+

with F{v )=F (v, })=0, then the solution is said to be
a propagating front with speed of propagation c. Let us
stress that both the profile function V' and the speed pa-
rameter ¢ are unknown, and have to be determined by
imposing that they satisfy the scalar reaction-diffusion
equation (8) with boundary data V_and V,.

Inserting the above ansatz into equation (8) gives an
ordinary differential equation for the profile v, parame-
trised by the speed value c, that is

) AL T
dx dx

which satisfies the boundary conditions V(- )=v_
and ¥'(+9)=v_. In mathematical terms, if v_ZE v, we
are looking for a so-called heteroclinic orbit (we note
that, since the equation (9) is autonomous, the solu-
tions are translationally invariant).

In the prototypical cace (9) with n= 2 the reac-

. . v .
tion function becomes ¥ (V):*Vﬂtﬁ, which has a

bistable shape if A =2, and then eq&aﬁfivon (8) supports
propagating fronts. In general, the speed c in equation
(9) does not have an explicit formula, nevertheless it
can be approximated numerically, usually furnishing a
value which depends on the parameter t and the form
of the function F.

When the parameter o is non zero, similar proper-
ties hold for the complete system (1). More precisely, a

traveling wave solution is a special solution of the form

u(x,t) = U(x—cl‘)
(10){v(x,t) = V(xf cz‘)

And we notice that, by definition, both components
are assumed to travel with the same propagation speed.
The system of ordinary differential equations for U and
Vis obtained by substituting (10) into (1), so that
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As before, the solution is said to be a propagating
(or invasion) front if it defines a heteroclinic orbit of
the dynamical system (11) with constant (and different)

B

(IZ)EfmU(x): utandh'mV(x) =v,

x—dmo x—wimo

b

where the asymptotic states (#,,v, ) are forced to be
equilibria of system (1) as given by equations (4).

Incidentally, let us observe that being system (11)
autonomous, the profile functions U and V, whenever
they exist, are determined up to a translation of the in-
dependent variable, as for the scalar case (9).

The parameter ¢ has to be appropriately tuned in
order for the boundary conditions (12) to be satisfied.
Determining the exact —or, at least, an approximate—
value of the propagation speed c is crucial for the un-
derstanding of the EMT/MET phenomenon under in-
vestigation, since it provides the velocity of invasion of
phenotype fronts. Actually, computing an exact solution
for c is, in general, not possible; thus, it is crucial to de-
velop a suitable algorithm producing a reliable numeri-
cal estimate of the speed (refer to Section 3.2).

2.3 A short overview of rigorous results

For the sake of simplicity in the presentation, we fo-
cus on the case of modelling functions (2) with p=2.

In the singular limit i# =0, the model system (1) re-
duces to the scalar reaction-diffusion equation
v aH v
o o A G

where the potential H is given in (7). Whenever the
function H has two wells, there exists a propagating
front connecting the two minima of this potential, with
a unique propagation speed ¢, whose value is linked to
the difference of depth of the potential wells. Moreover,
its stability is rigorously established as in Fife and Mc-
Leod, 1977. An identity for the propagation speed is in-
deed available and it shows that, in the particular case
of two wells of equal depth, the traveling wave is, in fact,
a steady state (¢ = 0).

Similarly, for ¢ >0, when H has the same properties
as mentioned above, there exist positive values A and p
such that system (1) possesses a standing wave with
profiles (U,V)=(U(x),”(x)) corresponding to the speed
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¢ = 0. Such value separates positive and negative
speeds of propagation, and it is determined by the re-
quirements

H (332t} = 390+ Hoarotan( 4, ) - 4,)=0

2 il
and
ot A
5(%,%,#@)—% —H W—

The first condition corresponds to the requisite that
the two wells of H have same depth; the second one
translates the fact that v, is a zero of the variation 84 / v
—hence a singular point of the potential 77 (4, «)— and
consequently a candidate for the asymptotic state v, .
Together, they imply that the speed is zero and the wave
is stationary.

Finally, in that framework, one can compute the sta-
tionary traveling fronts U and V by using the standard
construction of a steady heteroclinic orbit for the dou-
ble-well potential with wells of equal depth (Mascia et
al., 2019). Incidentally, we recall that a rigorous proof
of the existence of propagating fronts for the system (1)
is an open problem in full generality

3. Numerical simulations

In the mathematical literature, there is a number of
numerical schemes of different types for approximat-
ing partial differential equations. The choice depends
mainly on the dynamical features of the numerical
solution one is interested in and, even within the same
framework, various algorithms could be implemented
(Quarteroni, 2017). As regards the numerical strategy
to be applied to the model system (1), we have chosen to
employ an implicit-explicit finite difference algorithm.
Such a choice allows adopting larger time steps com-
pared to fully explicit schemes, which are instead heavi-
ly conditioned by the restrictions that stability requires,
thus leading to less computationally expensive simula-
tions. As a matter of fact, our numerical algorithm dis-
cretises implicitly all the linear terms, whilst the non-
linear reaction functions f and g are treated explicitly.

We denote by dx and dt the space and time steps,
respectively, and by x = jdx, j=L2....the discreti-
sation points located on a uniform mesh, together with
" =ndt, »=12,..., the discrete times. Moreover, the
symbols z” and v indicate numerical approximations
of the values u( Xt ) and v(x} N ), respectively. Then,
the corresponding numerical scheme reads as
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M, —u
T J dt =_Mn+l +ﬂlvn+l
Ve ) TR v
T =—v ,ug(u )
dt ' ! dx’

in the model case (2) with p=2, since the function
; is linear. After simple algebraic manipulations, the
above algorithm becomes a linear system for the un-
known couple (u:+1,vj+l) to be computed in term of the
parameters o, 7, A, 1t and the (known) couple (#/,V" ). By
iterations, one ends up with an explicit approximation
for the unknown variables at time #* (for more details,
see Mascia et al., 2019). In the general case of a nonlin-
ear function f, the same implicit-explicit strategy would
have suggested the modified scheme

Wt -
o i zfu”*lJrlf(v”)
{ dt J Ea
y R
rd J :—v"“-&-,ug(u“)+ g i g
dt ! ! dx?

An approximated solution to system (1) is thus the
result of time iterations starting from some spatial-
ly discretised initial datum which has to be furnished.
Presently, we consider initial data of Riemann type, i.e.
discontinuous profiles consisting of two different con-
stant states at the left and the right of some given point,
usually located at x = 0, namely

13 0)=
(13)u(x0)=4 u, forx=0

with the analogous definition for v(x, 0), where
(u,,v, ) are constant steady states of system (1).

w forx<(Q

3.1. Computational results for EMT/MET

As mentioned in Section 2.2, in the singular regime
o — 0", the system (1) reduces to a standard parabolic
reaction-diffusion equation (8) for the mesenchymal
phenotype. The behaviour of such a model is essentially
well-known, separating EMT invasion and MET regres-
sion regimes by appropriately tuning the model parame-
ters. The general case, for o = (), follows the same quali-
tative analysis with respect to the model parameters.

Figure 3. Graphicillustration of case 3 (propagation from right to left).
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Inparticular,forthereactionfunctionsgivenin(2)with
p = 2 and u= 1, threshold values for the dynamics can be
explicitly computed, which are

0< A =2.0<4 =2.175063

The analysis is straightforward for 0« 4 < 4, , since
any positive initial datum generates a solution (u,v)
which converges to (0,0) as ¢ —» +ec with exponential
rate. Next, we concentrate on the regime A > A,. The
numerical results reported below illustrate only the
profile for the component u, the profile of the compo-
nent v being qualitatively very similar. We also limit the
presentation to the dynamics exhibited by choosing an
initial datum of Riemann type (13).

Case 1: 4= 2.1 A For this choice of the parameter
A, numerical evidence of the existence of a traveling front
is obtained. Moreover, being the stable state #, closer
to the critical state corresponding to the threshold value
A, , the solution exhibits a regressive behaviour, namely
the front travels towards the right-hand side with posi-
tive speed (see Figure 2).

Case 2: ) = ,Since the two wells of the potential
function H have the same depth for this value of A, sys-
tem (1) possesses a stationary solution with the required
asymptotic behaviour for 0 = O. In particular, the dy-
namics is independent from the relaxation parameters
o and 1 and the existence of a traveling wave in the re-
gime o >0, is a straightforward consequence of the ob-
servation that the fronts are actually steady states.

Case 3: 1 =2.25> 7, Again, numerical evidence of
the existence of propagating fronts emerges as the long-
time behaviour of the solution to a Riemann problem
(13). The traveling wave has positive speed, so that we
are in a situation for which invasion is possible, corre-
sponding to the typical EMT/MET phenomenon (see
Figure 2). For more general initial data, competition
between different branches of the solution starts play-
ing a crucial role in featuring the large-time behaviour.

As far as A increases, the numerically computed
speed of the propagating fronts increases in absolute
value and, thus, invasive EMT/MET regimes are more
and more probable.

3.2. Approximation of the speed

Finding a reliable approximation for the velocity
of propagating fronts when an explicit formula is not
available is crucial for many theoretical reasons. In
particular, the speed of propagation ¢ provides an ad-
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ditional parameter which, in principle, could be used
to calibrate the model in practical situations. The nu-
merical approximation of the propagation speed re-
lies on the approach originally proposed in LeVeque
and Yee, 1990, and successfully applied to systems of
reaction-diffusion equations in Lattanzio et al., 2019a,
2019b, Moschetta and Simeoni, 2019.

We provide a brief recasting of the basic idea behind
such method: given a smooth function ¢ with asymptot-
ic states ¢ =¢(+=), there holds

I [gb (x+h)- de
:hjnjgf(x+ eh)deazx:h[aﬁ],

(14)

for any /1 R, where [¢]:= ¢, — ¢, this formula being
obtained by interchanging the order of integration.
Choosing the shift value /= —cdt , we infer that

j [¢5 x ct)]dx

[gﬁ Jdt™*

Denoting by ¢ the approximation of #(x,—ct"), the

numerical counterpart of identity (14) is given by

. (ﬁ ¢n+l
(15)c" = dt; 7

Figure 2. Graphic illustration of case 1 (propagation from left to right).

The approximation (15) is indeed exact whenever
@ is related to a traveling wave solution with constant
speed ¢ and asymptotic states ¢,. In general, the value
c " can be regarded as a space-averaged propagation
speed, which is suppose to stabilise towards the correct
speed ¢ when ¢ converges to the traveling profile.

Because the model system (1) has two dynamical
variables u and v, the respective speed values can be
computed through the LeVeque-Yee formula (15) by ap-
plying it either to # or to v Actually, for large n, the
two numerically estimated values appear to be close one
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to the other, as expected from the theoretical analysis
(refer to Section 2.2).

4. Conclusions

In the recent years, EMT and MET have been consid-
ered as an important emerging research subject, consti-
tuting a crucial event in cancer onset and spread, also
strictly related with invasive features and linked to the
consequent formation of metastasis. We have proposed
a simplified mathematical model, consisting of a system
of coupled partial differential equations for two vari-
ables, describing, in principle, two different cells pheno-
types, namely epithelial and mesenchymal. The model
system is of reaction-diffusion type and often supports
the emergence of propagating fronts under minimal as-
sumptions on the physical parameters. Of course, the
presence of a space-dependent diffusion term is crucial,
together with a little amount of nonlinearity. We also
illustrated a numerical algorithm able to furnish reli-
able approximations for the propagation speeds, which
could be useful to calibrate the model with respect to
experimental data and realistic situations.
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