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Abstract

The paper proves existence of renormalized solutions for a class of velocity-discrete coplanar station-
ary Boltzmann equations with given indata. The proof is based on the construction of a sequence
of approximations with L' compactness for the integrated collision frequency and gain term. L!
compactness of a sequence of approximations is obtained using the Kolmogorov-Riesz theorem and
replaces the L' compactness of velocity averages in the continuous velocity case, not available when
the velocities are discrete.

1 Introduction.

The Boltzmann equation is the fundamental mathematical model in the kinetic theory of gases.
Replacing its continuum of velocities with a discrete set of velocites is a simplification preserving
the essential features of free flow and quadratic collision term. Besides this fundamental aspect
they can approximate the Boltzmann equation with any given accuracy [4], and are thereby useful
for approximations and numerics. In the quantum realm they can also be more directly connected
to microscopic quasi/particle models.

A discrete velocity model of a kinetic gas, is a system of partial differential equations having the
form,

Ofi
ot

(t,Z)—F’Ulvzfz(t,Z):Ql(f)(t,Z), t>0) ZEQ, 1§Z§P7

where f;, 1 < i < p, are phase space densities at time ¢, position z, velocity v;, @ C R%, and v; € RY,
1 < i < p, are given discrete velocities. The collision operator @ = (Q;)1<i<p with gain part @,
loss part @, and collision frequency v, is given by

p
Qi(f)=Y_ TH(fufi — fify)
gk, l=1
=Qf ()= Q7 (), Q7 (f)=fim(f), i=1,...p.
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The collision coeflicients satisfy
kl kl ¥
If a collision coefficient Ff} is non-zero, then the conservation laws for momentum and energy,
v; +v; = vg + vy, \vi|2+|vj|2 = |Uk|2+|7)l‘2, (1.2)

are satisfied. The discrete velocity model (DVM) is called normal (see [5]) if any solution of the
equations

U (v;) + P(vj) = U(vg) + V(vp),

where the indices (i, j; k,[) take all possible values satisfying Fff > 0, is given by
T(v)=a+b-v+clv]

for some constants a,c € R and b € R%. This paper studies stationary solutions to coplanar models,
i.e. with v; € R?, 1 < i < p, in a strictly convex bounded open subset Q C R?, with C! boundary
01} and given indata. We consider

the generic situation of normal coplanar velocities with
no pair of velocities v;,v;j,1 <4, j < p, parallel,

and additionally that for some direction ng € R?, v;-ng >0, 1<i<p.

For stationary solutions to the Broadwell model, that does not belong to this class, see [2], [6].

Denote by n(Z) the inward normal to Z € 992. Denote the v;-ingoing (resp. v;-outgoing) part of
the boundary by

o ={Z € 0Q;v; - n(Z) > 0}, (resp. 09, ={Z € 0% v; - n(Z) < 0}).

Let

(2

st(z) =inf{s > 02 — sv; € 00}, 7 (2) =inf{s > 0;2 +sv; € 9Q; }, =z €.

2 (2) =z —sf(2)v; (vesp. z; (2) = 2+ s; (2)vi) (1.5)

for the ingoing (resp. outgoing) point on 9 of the characteristics through z in direction v;. The
boundary value problem

vi - Vfi(z) = Qi(f)(2), z€Q, (1.6)
fi(z):fbi(z)v ZE@Q;F’ 1§Z§pa 1

is considered in L' in one of the following equivalent forms;
the exponential multiplier form,

fi(2) = fulei (2))e o

i

Si
+/
0

Z(f)(zf (2)+sv;)ds

Z) sj(z)
QF ()2 (2) + svi)e™ Js ”i<f)(zi+(z)+rvi)drds, aa. z€Q, 1<i<p, (1.8)



the mild form,

sT(2)

fi(2) = fri(z(2)) +/ Z Qi(f) (2 (2) +svi)ds, aa. z€Q, 1<i<p, (1.9)
0
the renormalized form,
Qi(f)

v - VIin(l+ f;)(2) (z), z€Q, fi(z) = fui(2), 2€0Qf, 1<i<p, (1.10)

I+
in the sense of distributions.
Denote by L}F(Q) the set of non-negative integrable functions on §2. The main result of the present
paper is

Theorem 1.1
Consider a coplanar collision operator in the generic case of (1.3) additionally satisfying (1.4), and
non-negative ingoing boundary values fp;, 1 < i < p, with mass and entropy bounded,

/ v - n(z) fri(L+1n fi;)(2)do(z) < +o0, 1<i<p.
o9

There exists a stationary renormalized solution in (L}F(Q))p to the boundary value problem (1.6)-
(1.7) with finite entropy-dissipation.

Most mathematical results for stationary discrete velocity models of the Boltzmann equation have
been obtained in one space dimension. An overview is given in [8]. In two dimensions, special
classes of solutions to the Broadwell model are given in [6], [3], and [9]. The Broadwell model is a
four-velocity model, with v; + vo = v3 + v4 = 0 and vy, vy orthogonal. [6] contains a detailed study
of the stationary Broadwell equation in a rectangle with comparison to a Carleman-like system,
and a discussion of (in)compressibility aspects. A main result in [6] is the existence of continuous
solutions to the two-dimensional stationary Broadwell model with continuous boundary data for a
rectangle. The proof starts by solving the problem with a given gain term, and uses the compactness
of the corresponding twice iterated solution operator to conclude by Schaeffer’s fixed point theo-
rem. The paper [2] studies that problem in an L'-setting, with the proof broadly within the frame
of the present paper. In both those papers of ours, there is a priori control of mass and entropy
dissipation. Denoting by fi(t,-), 1 < i < 4, the density of the particles moving with velocity v; at
time ¢, the proof in [2] in an essential way uses the constancy of the sums f; + fo and f3 + f4 along
characteristics, which no longer holds in this paper. It is here replaced by a compactness property
for the collision frequency and gain parts in the exponential form of the approximations employed.
The compactness is based on assumption (1.3) and the simultaneous presence of space integrals in
two velocity directions.

The proof starts from bounded approximations with damping and convolution added, written in
exponential multiplyer form, and solved by a fixed point argument. Then the damping and convo-
lutions are removed by taking limits using L'-compactness of the integrated collision frequency and
gain term. The compactness is proven by the Kolmogorov-Riesz theorem (see [10], [11]). The limit
of the remaining approximations is obtained by using again the Kolmogorov-Riesz theorem.

2 Approximations.

The construction of the primary approximated boundary value problem with damping and convo-
lutions is similar to the Broadwell case [2]. Denote a A b the minimum of two real numbers a and



b. Take a > 0 and set

Z/@m - v;) fri(2)do(2), ={fe (LL(® Z/ fi(2)dz < cu} (2.1)

Let pq be a smooth mollifier in R? with support in the ball centered at the origin of radius o.
Outside the boundary the function to be convolved with pu, is continued in the normal direction by
its boundary value. Let jir be a smooth mollifier on 9€). Denote by

fri = (sz‘(')A g) * g, 1<i<p.

Let 7 be the map defined on K, by 7(f) = F, where F = (F;)i<i<p is the solution of

p
aFi+u-VE= Y (=l fm;f“j i L o) (2.2)
L m=1 L+ 1o I+ 7 14 25
J,6,m
Fi(2{(2)) = (= (2))- (2.3)

F = T(f) can be obtained as the limit in (L% (€2))? of the sequence (F'?)ey defined by FY = 0 and

p +1
aFLH-l + ;- VFq'H _ Flm< qu fm * Moy _ Fq f * Lo ) (2 4)
i g i - q * ok :
F (2 (2) = (21 (2)) q€N. (2.5)

The sequence (F'?),cy is monotone. Indeed,
F<F, 1<i<n,

by the exponential form of F}. If F! < Ff“, 1 < < p, then it follows from the exponential form
that FZ-qul < Fl.q+2. Moreover,

+

azpq+1+zv vrrt =y I ke g

7 Fvlp 1 —"_ fm*ua — )

i,4,0,m=1 +T k
so that

p
Z/QFqu(z)dz < cq- (2.6)
i=1

By the monotone convergence theorem, (F?),cn converges in L'(Q2) to a solution F of (2.2)-(2.3).
The solution of (2.2)-(2.3) is unique in the set of non-negative functions. Indeed, let G = (G;)1<i<p
be a non-negative solution of (2.2)-(2.3). It follows by induction that

VgeN, F!<G;, 1<i<p. (2.7)

Indeed, (2.7) holds for ¢ = 0, since G; > 0, 1 < ¢ < p. Assume (2.7) holds for ¢q. Using the
exponential form of Fiq+1 implies Fiq+1 < G;. Consequently,

F,<Gi, 1<i<p. (2.8)



Moreover, subtracting the partial differential equations satisfied by G; from the partial differential
equations satisfied by F;, 1 < ¢ < p, and integrating the resulting equation on {2, it results

aZ/ (G — F)( dz—i—Z/ ) - vi|(Gi — F;)(2)do(z) = 0. (2.9)

o0,

It results from (2.8)-(2.9) that G = F.

The map 7 is continuous in the L'-norm topology (cf [1] pages 124-5). Namely, let a sequence
(f?)4en in K, converge in (L'(Q))? to f € K,. Set F4 = T(f?). Because of the uniqueness of
the solution to (2.2)-(2.3), it is enough to prove that there is a subsequence of (F'?) converging to
F = T(f). Now there is a subsequence of (f7), still denoted (f?), such that decreasingly (resp.
increasingly) (G?) = (sup,s, ") (resp. (g?) = (inf,>4 f")) converges to f in L'. Let (S7) (resp.
(s7)) be the sequence of solutions to

P q q q q
S G SA *
aSt+v, VS = Y rl;”( -y (2.10)
jlym=1 l 14 Cmple 1 4 5 L14Y e
SH= (2) = fr(zE(2)), (2.11)
P q d a Gq *
ol Vel = 3 (e g g 212
jlm=1 1+?’1+gmk“a 1_|_ sl
stz (2) = fi(=7(2) - (2.13)

(S7) is a non-increasing sequence, since that holds for the successive iterates defining the sequence.
Then (S9) decreasingly converges in L' to some S. Similarly (s?) increasingly converges in L' to
some s. The limits S and s satisfy (2.2)-(2.3). It follows by uniqueness that s = F' = S, hence that
(F?) converges in L! to F.

The map 7T is also compact in the L'-norm topology. Indeed, let ( f%)4en be a sequence in K,
and (F q)qu = (T(f%))gen- The boundedness by k? of the terms in the collision operator, induces
uniform L' equi-continuity of (F{),en with respect to the v;-direction, as follows from the mild
form of the equations. For the umform L' equi-continuity with respect to the vj-direction, j # i,
consider for each ¢ and with f := f9 the sequence (G%"),cy defined by G%° = 0 and for r € N*

p r T
G’q’ fm * G? fj*
aG +0; VG = Y rg;.n( mfm%:za _ T : ffiza ) (2.14)
J\l,;m=1 1 + 1 + 1+ —4— L+ 25—
GI' (21 (2)) = fi(5 (), 1<i<p. (2.15)

The existence of a unique solution for each r follows as for the problem (2.2)-(2.3). By induction on
r, prove that (G9")qen is uniformly equicontinuous in the v;-direction. It holds for » = 0. Assume
it holds for r — 1 € N* and prove it for . Writing G"(z) in exponential form and using the uniform
equicontinuity in the vj-direction of (G¢"~!),en and the compactness of (f9x* 1), it comes back to
prove the uniform equicontinuity in the v;-direction of

(2) q,”
z—>/ GG“( z; (2) + sv;)ds.




First,

T (z+ hvj) = 2z, (2) + av; + by, with  lim a(h) = lim b(h) = 0,

Zi h—0 h—0

uniformly with respect to z € (2. Consequently,

s5i(z; (2)) G‘L Gq,r
/ / Gq 7 (Z;(Z + hvj) + sv;) — j( ;(2) + sv;)ds | dz
+

(z; (2)) Gq )T QT
// W(ZZ_(Z) + (a+ s)v; + byy) — #(27(2) + (a+ s)v;) | dsdz
14

(2.16)

si(z; (2) G‘L Gq,r
/ / T (7 (2) + (a + s)oi) — W( 27 (2) + svi)ds | dz. (2.17)
1+

The limit when h — 0 of (2.16) is zero, by the uniform L' equicontinuity of (G}"")en with respect
to the v;-direction. With the change of variables s — a + s in its first integral, (2.17) equals

+a q,r a q,m
/ / GGqT(z (2 )+svz)ds—/0 qum - (2) + svi)ds | dz, (2.18)

which tends to zero when h tends to zero since both integrands are bounded by k. This proves
the L' compactness of (G¥")en. For ¢ fixed, the sequence (G¥"),cn is increasing, and its limit
satisfies (2.2)-(2.3) with f = f?, so the limit equals F}. Take a subsequence of g still denoted by g,
with (f7* s ) convergent in L' to some f*° when ¢ — 0o, and a further subsequence so that (G%!)
converges to some F°>! in L. Continue by diagonalization to convergence of (G%7), to F°>" for
all r € N. The limits satisfy (2.14)-(2.15) with f % u, replaced with f°°, and G¢" with F°" giving
an increasing sequence, with limit satisfying (2.2)-(2.3), where f * 1, is replaced with f*°. So given
a sequence in K, there is a subsequence with converging image under 7. The compactness of T is
thus proved.

Hence by the Schauder fixed point theorem,

Lemma 2.1 There is a fized point in (L1 (Q))? to T i.e. a solution F € (L (2))? to

p
oF, +vi-VE = Y r’m< Fi__Fin*pa Fi _Fj* o ) (2.19)
1 (3 1 .
oty TN B 14 By B
Fi(z[(2)) = fi(z7(2)), 1<i<p. (2.20)

3 Removal of the damping and convolutions.

Let & > 1 be fixed. Denote by F'“ the solution to (2.19)-(2.20) obtained in the previous section.
Each component of F'® being bounded by a multiple of k2, (F'“)ae)o,1] is weakly compact in (LY ()P.
Denote by F* the limit for the weak topology in (L'(£2))P of a converging subsequence when o — 0.
Let us prove that for a subsequence, the convergence is strong in (L())?.

Lemma 3.1 There is a sequence (ag)qen tending to zero when q¢ — +o0o, such that (F'“1)4en
strongly converges to F* in (L' ()P when q — +o0.



Proof of Lemma 3.1
Consider the approximation scheme (f*"),cn of F¢,

;0 =0, (3.1)
P o,k+1 K
Fr  F2x - fixn
aff"”“ + v Vfia’wl = Z FZT( lFf* mm‘fﬁa N . FortT - f%w;l) ’ (3.2)
jlm=1 1+ 4 1+ = 14 82— 14+
N (2) = fi(51(2), 1<i<p, KeN (3.3)

f!is obviously given in terms of . It follows from the exponential form that Fr < fio"l, a €]0,1].
Denote by S the map from R? x RP mapping (X, Z) into W = S§(X, Z) € RP solution to

p
e F% o« Wi Zj*
oW, +v;- YW= Y T (L Ffi ’ zﬁ)
rE R B S R R R

Wiz (2) = fri(z7 (2)), 1<i<p.

Denote by

fa,l,O — $<07fo¢,l>7 fa,l,r — S(fa’l’r_l,fa’l),
F*?=8(0,F%), F* =8F*""1F%), reN-.

First,
fia,l,O < Fia,O.

Then the sequence (f*""),en (resp. (F™")pen) is increasing with limit f*? (resp. F). It follows
from fia’l’r < F", r €N, that

fOP<FEY, 1<i<p. (3.4)
Let
FRR0 = S(0,£7%), [0 = S(PTT ), e N
It follows from (3.4) that
P> F 1<i<p.
The sequence (f;" 27 en is also increasing with limit I 3 and with ff"lr > F". Hence
f° > Fp
From here by induction on «, it holds that
B o P S RN) (35)

By induction on 7, for each r the sequence ( f“”)ae]m[ is translationally equicontinuous in . The
limit sequence ( fa’Q)ae]OJ[ is also translationally equicontinuous. This is so, since given € > 0, r
and then hg can be taken so that

/(fa,Q _fa,l,r)(z)dz <¢ and /|fa,1,r(z+h) . foz,l,r(z)|dz <, ‘h| < h[)'



It can analogously be proven that for each k € N, ( fa”’“)ae]()’l[ is translationally equicontinuous in
a. Let (ag)qen be a sequence tending to zero. Take a subsequence in (oy)qen, still denoted by

(atg)gen, such that (f*2),en converges in L' to some f%2 when ¢ — +o0.

Continuing by induction gives a sequence (f%").cn satisfying

0,2k 0,2K+2 k 0,2k+3 0,2k+1
fi Sfl SF‘% Sfl sz ) HEN?
p f(),n—‘,-l fQ,n
07"{"'_1 _ . Im 1 J
Vg - sz - Gz - Z P” fQ,N+1 fOR
jilym=1 T+ =7— 1+

FN = (2) = = ).

Here, G; is the weak L' limit when o — 0 of the gain term

P
S g fE L kb
1) 1+FTZI+FT%*;LQ

7 lm=1 k

In particular, (ff’QH),ieN (resp. (‘7”1.0’2'ile

in L to some g; (resp. h;) when k — +o00. The limits satisfy
0<gi < Ff < hy,
? hi 9j

Ui'Vhi:Gi— Flm T 950
2T 1+ b14 %

7, l,m=1

p
_ G m_ 9 h
v Vei=Gim D T Tig T
&

7, lm=1
(hi = 9:) (% (2)) = 0.

Integrating and summing gives that

S [, I ni2) | = a)(2)io(2) =0

Jxen) non decreasingly (resp. non increasingly) converges

i.e. that g; = h; also on 010, . Integrating the equation satisfied by h; — g; over the part of 2 on
one side of a line orthogonal to ny, summing over 7 and using (1.4) implies that ¢ = h on that line,
hence in all of 2, and is equal to FF. (F®),en converges to F* in (L!(Q))? when ¢ — +oc. Indeed,

given n > 0, choose kg big enough so that
| £ = f <y and | f70 = FF <, 1<i<p,

7

then gy big enough, so that

2K0+1 0,2rk0+1 )2 0,2
| fros ot — g2t i<y and || 70T = 070 I<n, g > g

K3 1

Then split || F;* — FF |11 as follows,
I = Ff
2 2 0,2 0,2
< ET = 0 o+ AR = 0 N+ 0 = FE

<|| fRott — PR 2 by (3.5)

260+1 40,2041 02k0+1 _ 40,2 0,2 2
SISO = FEOT A AT = ST 4 1 = 0 o 420

K 2

<51, q2=qo.



Lemma 3.2 For any k € N*, there is a nonnegative continuous solution F* to

vi- VEf = QfF — Ffvyf, (3.9)
Fi(z1(2)) = (51 (2)), 1<i<np, (3.10)
where
P k k P k
F, F F!
k ! k l
Qj_ = Z Flgn : T)}Tkn ) Vi = Z Fzgn Pk : Fk_
jlm=t 14+ 1432 glm=1  (I+ 7)1+ )

Proof of Lemma 3.2.

Passing to the limit when ¢ — +o0 in (2.19)-(2.20) written for F%¢, implies that F* is a solution in
(L1 (Q))P to (3.9)-(3.10). It remains to prove its continuity. Using twice its exponential form and
the continuity of flf , it comes back to prove the continuity of

—&-svZ
/ / k(z;r(zf(z) + sv;) + ovj)dods, i # j, (3.11)
for given measurable bounded functions G*. The mapping

(5,0) € (0,57 ()] x [0, 5] (2" (2) + sv3)] = Z = 2

; (2 (2) + sv;) + ovj, (3.12)

is a change of variables. Indeed, the strict convexity of  and the C' regularity of 9Q imply that
z — 2 (2) is well-defined and C! for any i € {1, -+, p}. Hence the Inap (s,0) — Z is one to one and
Cl. Its Jacobian equals one since Z = Z;v; + Z;v;, with Z; = s — s; ( ) linear in s and independent
of o, and Zj = 0 — 5] T2+ (s—s(2)v )hnearma

Using this change of Varlable leads to the continuity of the map defined in (3.11). ]

Lemma 3.3 Solutions (F*)rens to (3.9)-(3.10) have mass and entropy dissipation bounded from
above uniformly with respect to k.

Proof of Lemma 3.3.

Choose an orthonormal basis (e, e,) of R? so that neither the z-direction nor the y-direction is
parallel to any of vy, ..., v,. Observe that integrating (3.9)-(3.10) over Q and summing over ¢, shows
that outflow of mass equals inflow. We shall first obtain uniformly in k, an upper bound for the
energy

P
va/ FF(2)dz
=1 /9

Recalling that the genericity condition (1.3) implies that all velocities are different from zero, the
energy bound implies an upper estimate for the mass. Write v; = e, + (;ey. Multiply the equation
for FF with & and integrate over Q, = QN {(z,y);x < a}. Set

Se=00{(z,y);z=a} and 092, =90QNQ,.
From (3.9)-(3.10) follows

p

Zsz / Frandy =36 [ (o n(2)FH2)do(2) (3.13)

i=1 /0%



For any (x,y) € Q let the line-segment through (z,y) in the z-direction (resp. y-direction) intersect
the boundary 9Q at 2~ (y) < % (y) (resp. ¥y~ (z) < yT(x)). Denote by

zo = min {2 (y)}, zg:= max {z7(y)}. (3.14)

(z,y)€Q (z,y)€Q
Integrating (3.13) on a € [z, 2] gives uniformly in k,

;fiz/QFik(z)dz = Zé}' / (/ma(”"'”(Z))Fi’“(Z)do(ZDda <o

i=1 Zo

where ¢, only depends on the given inflow. Analogously Y7, ¢? [, F¥(2)dz < ¢,. The boundedness
of energy and with it mass, follows.

The entropy dissipation estimate is proved as follows. Denote by D* the entropy production term
for the approximation F*,

F¥ FEEL ? ﬂl + ) i

- ij Fk Fk FF 1 FF FF
ijlm 91+711+TJ e ( =)(1

T])FlfFlc

Multiply (3.9) by In —L7, add the equations in 7, and integrate the resulting equation on Q. It
1+ i
leads to

k Fk:

p
F !
Z/ (Fk In FF — k(1 + ) In(1 + 4))(2) | vi - n(Z) | do(Z) + D* < a,
— Joo; k k
Moreover,

b 0 5 [02) Lae(2) < [ R (2 o) <

%

Hence
p Fk
S [ Fw () wn(2) | do(2) + D < e (3.15)
i=1 /0% 1+
The uniform entropy dissipation bound holds, since x — x1 10, +o0].
|

The following lemma replaces an entropy control of (F*).cn+, under the condition (1.4).
Lemma 3.4 Assuming (1.4), it holds that
P P
/ FFln FF(2)dz + lnkZ/ FF(2)dz < ¢y, ke N,
im1 Y 2EQFF (2)<k im1 Y 2E€QFF(2) >k

where ¢, only depends on the given inflow.

10



Proof of Lemma 3.4.
The entropy flow of (FF) is first controlled as follows. It holds that

FEm(+ 55(2) v n(2) | o2
007

Fk
< / Frin(1+ 25Y(2) | v; - n(2) | do(2)
007 FE<k k

Fk
+ / FFin(1+ =2)(2) | v -n(2) | do(Z)
07 FF>k k

2FF
< ln2/ FFZ) | vi-n(Z) | do(2) —|—/ EFIn=2(2) |v; -n(Z) | do(Z)
o0 00, FE>k k
§Cb+/ FFInF¥Z) | v -n(2) |do*(Z)—lnk/ FNZ) | vi-n(Z) | do(Z).
007 FF>k 2 Joo; Fr>k

Together with (3.15), this implies that

p

k
> / ) FFInFF(Z) | vi -n(2) | do(Z) —|—ln/ EF v -n(Z) | do(Z) < e
i—1 SO0 FF<k o0~ FF>k

2
Set
er =m0, Qa=00{(z,y);x<a}l, Se=Qn{(x,y);z=a}, 0% =02NQ,.
Multiplying the equation for Fik by In 1Fik’ 1 < i < p, summing the resulting equations and
%

integrating over €2,, implies that

p k k
o ol
Sovieno [ (FFmEF K1+ S0 W0+ 20) @ )dy
i=1 Sa

p k k
<D+ Y [ (FrmE -k S 1+ 50)) (2)(0 - n(2)de(2)
=1 a

< Cp.

An integration on [z, 2] defined in (3.14) implies that

p k k

F F
S v no/ (FFmFr — k(4 )1+ 20)) (2)dz <
i=1 Q

Moreover,

Fk
k‘/ In(1+ ?Z)(z)dz < / FF(2)dz<e, 1<i<p,
Q Q

11



and

FE
/Ff In(1 + Li)(2)dz
; k

FE
< / FFIn(1 + =2)(2)dz + / FFln(1 +
2EQGFF(2)<k k 2 FF(2)>k

k ko 257
<Iln2 [ F'(z)dz+ F; (2)dz
Q 2€Q,FF(2)>k k

k
<cp+ / FFInFF(2)dz —In / FF(2)dz.
2€00FF (2)>k zEUGFF(2)>k

k
—)(z)d=

|

And so,

p

k
> vi.no(/ Fflan(z)dan/
— €Q,F*(2)<k 2

Ff(z)dz) < ¢p.
2 zEQ;Fik(z)Zk

The use of assumption (1.4) gives

k
/ FFInFF(2)dz + ln/ FF(2)dz < ¢, 1<i<p, k>2
2EQ,FF(2)<k zELGFF(2)>k

4 The passage to the limit in the approximations.

This section contains the proof of Theorem 1.1. The main part is a proof of strong L' compactness
of (F*)en+, based on two compactness lemmas for integrated collision frequency and gain term.
Recall the exponential multiplier form for the approximations (Fk) EEN*,

sT(z
FF(2) = fE(z (2))e b Uk (i (2)4svi)ds

s G)

57 (2)
+/ Qi (2 (2) + svi)e —ft (Fk)(zj(z)er")drds, aa. z€Q, 1<i<np,
0

where Vf and Q;H’“ are defined by

k ! Fak E_ Fk
-y o
jlm (1 + )(1 + ) jlm 1 +

An i-characteristics is a segment of points [Z — s;r(Z)vi, Z), where Z € 082} . )

By the strict convexity of , there are for every i € {1,- - -p} two points of 92, denoted by Z; and
Z; such that

22 =27 (Z) and 2 (Z) = 27 (Zs).

(2

Denote by Q52 (resp. Q%) the set of points between Z; (resp. Z;) and the i-characteristics in Q at
distance € from Z; (resp. Z;). Such subsets of €2 are introduced in order that all i-characteristics
from Z € (fo U fo’)c are segments of length uniformly bounded from below in terms of e.

12



Lemma 4.1
For k € N*, i € {1,...,p} and € > 0, there is a subset Qfe of i-characteristics of 2 with measure

smaller than cye, containing Q?g or fo’ defined above, and such that for any z € Q\ Qfg,
11 si (%) 1
FH ) < Lexp(d), / VE(z + svi)ds <~ (4.2)
€ € —s;r(z) €
Proof of Lemma 4.1.
It follows from the exponential form of Fik' that
& & S;_iz) vE (z+rv)dr
Fi(z) < Ff(z+s; (z)vy)e % & , z €. (4.3)

The boundedness of the mass flow of (Ff) ken= across 0€) is
/ | vi-n(2) | Ff(Z)do(Z) < .
00

Consequently, the measure of the set {Z € 09 ; F¥(Z) > %} is smaller than cpe.
The boundedness of the mass of (ij)kEN*,lgjgp can be written

/QFJk(z)dz - /69; | v - n(Z) | (/0 Ff(Z—i—rvi)dr)da(Z) < a.

)

Hence the measure of the set

0 pQP

(z ¢ asz;;/ FHZ + rog)dr > 201,
-5 (2) €

lm

ij ;

which FF(Z) < Land [° -, FF(Z + rv;)dr < 2L, is bounded by cye. Together with (4.3), this

implies that the measure of the complement of the set of Z € 0€2;", such that

where I' = max; ;1 I'/", is smaller than cye. Hence the measure of the set of Z € 0€2; outside of

. 1 1 s; (2) .
Ff(z) < —exp (=) and / v (z + rv;)dr <
€ € —s/ ()
for z=272—sv;, 0<s< s;r(Z), is bounded by 2c¢pe. With it 2¢pe is a bound for the measure of
the complement, denoted by Qfel, of the set of i-characteristics in € such that for all points z on
the i-characteristics,

A |

1 s; (2)
FF(2) < “er and / vF(z + rvg)dr <
€

' st ()

a |

k

The sets of points Q2 and Q3 have measure of magnitude €, and are also included in QF,

Q?e = Ug:lgfep'
This ends the proof of the lemma. [ |

Given i € {1,...,p} and € in Lemma 4.1, let x¥ denote the characteristic function of the comple-
ment of Qfe. The following lemma proves the compactness of the k-sequence of integrated collision
frequencies.
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Lemma 4.2
The sequences

st (2)
</ i (2) + Svi)dS) , 1<i<p,
0 k

are strongly compact in L'(Q).

Proof of Lemma 4.2.
Let 1 < i < p. The uniform bound for the mass of (F*) proven in Lemma 3.3, implies that

/Q ( /0 i VR (2) + svi)ds) dz

is uniformly bounded with respect to k. By the Kolmogorov-Riesz theorem ([10], [11]), the compact-

ness will follow from the translational equi-continuity in L'(£2). The translational equi-continuity

+
in the v;-direction of (f(fl ) vE(z(2) + svi)ds>

¢ follows from the previous uniform bound on

keN
+
Jo <f05" (=) vE(2 (2) + svi)ds) dz. Let us prove the translational equi-continuity in the v;-direction

of each of its terms,

ya+ )

It follows from the weak L!- compactness of (F*)pen+ that

s (2) F]k
/Q </0 ((1 - X?&) 1+ %f)(l . FTJk) (2 (2) + Svi)ds)dz

L [5G FF
Fz‘;n/o ( J 7 (2 (2) + sv;)ds.
1+ L

can be made arbitrarily small for € small enough. Consider the remaining term in which X;‘PGF Jk is

Fk
bounded by %exp(%). Noticing that the translational difference of - tends to zero, when k tends
to infinity, there remains to study the translational difference in the v;-direction of

st (2)
/ (X;?GFJZ“) (zj(z) + sv;)ds.
0

Write FJ”“(z:r (2) 4 sv;) in exponential multiplier form,

+

5 () k kY (4 k k
; (stFj ) (2 (2) + svi)ds = Ai(2) + Bi(2),

where

S?_ (Z) s‘f”(zj(z)#—svi)
Al(2) = / Xl (2) + 5o [y (2 (2) + swi))e™ B Ve G v tovdo g,
0

Z7‘7
) sjr(z) . s;r(z;r(z)—&—svi) .
Bl = [ @ ) [ QF* (5 (2 (2) + su0) + ov))
S+ ZTF z SV,
o fGJ ( i (z)+sv;) 1/;.“(z;'_(z;"(z)—‘,—svi)—l-ij)deo_dS‘
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In order to prove the translational equicontinuity of (A ) it is sufficient to prove the translational
equicontinuity of

s;r(z) . s;r(z;r(z)qtsvz) .
(/ Xie (7 (2) + svi)/ vi(z) (2 (2) + svi) + Uvj)dads)
0 0

keN®

by the L}ji_n(z)(ﬁﬂﬂ compactness of (ffj(z;“(er(z) + sv;)))ken+- It is so since, by the change of

(2
variables (3.12), each of its terms is a linear combination of

F‘lk
/ —(2)z, 1<1<p,
o) (L4 21+ 1)

with domains a; j(z) C €2, continuously depending on z € €2, and such that
| aij(2) \ aij(z+h) < ch, z€Q

uniformly with respect to z.

The integral where Fl’C > A, tends to zero when A — oco. If Flk > A at one but not the other of
the two terms in the translation difference, then moving the evaluation points closer, by continuity
the larger value of Fl can be changed to A. And so we can assume Flk bounded at both evalua-
tion points in the translation difference. It follows that (A ) ken- is translationally equi-continuous.

ij is a sum of
9.

; st (2) . s;r(z;r(z)+svi) Fka
mn [ e @ ) [ — (5 (5 () + s0i) + 7v;)
0 0 a+ 55+ 5
S+ Z+ z sV,
o [n0 (2, (2)+sv;) V]]-“(z;-r(z:r(z)—i-svi)—l—ij)deo_ds

terms. Consider each one of these terms and split it into F%@(C{“ +C5+C¥F), where, for real numbers
J1 and Jo to be fixed later,

57 (2) s; (2] (2)+sv;) Fka
CF(z) = /0 X;?g(zf(z) + sv;) /o m l)(l ) (z;r(z;"(z) + sv;) + ov;)
+ + 5
1 kpk FkFk
L}g (z;r(z;r(z)+svi)+avj)>J14 ij 4’ —— (z;.L(z;r(z)—i—svi)-&-avj)
O R 2 (=) 1)
+ Z z Sv.
*fg (= ()+ 7,> (zj(zj(z)+svi)+rv]~)d7do_d8’
s (2) sT (2 (2)+sv;) Fka
k ‘ 7
C5(z) = /o Xhe (25 (2) + SUZ)/O . )(1 ) — (27 (&7 (2) + svi) + ovy)
+ I+ 5
1 k gk FkFk
Lk (z]'"(zj' (z)+svi)+m}j) <J1 ﬁ (z]'" (z;"(z)+svi)+ovj) ,FJ{'“, (z;' (Zj— (z)+svi)+crvj) >Jo
a+=ba+ ) S B
CRIORE)
_j‘g + f( ;F(z;r(z)—i-svi)-f—ij)deo_dS’
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sj‘ (2) s (z;"(z)—l-svi) Fkpk
Ch(z) = / Xé‘?e(zj(z) + svi)/ Fkl o o (zj(z:r(z) + sv;) + ov;)
0 0 14+ )1+

1 kpk
FEFRk Fk gk

[ -m (T ) . J_J
ﬁ (z]. (% (z)+sv1)+ovj)<J1W
U+ a+=) a+—Ha+—-)

* (zj' (z)+svi)+avj) <J2

(z;' (zj’ (z)+svi)+ov]-) ,F;“, (z]

st (zz+ (2)+sv;)

o i V;'C(Z;r(z;(Z)+5Ui)+TUj)deUdS.

Using the uniform boundedness of the entropy production terms (D¥)gen+ and choosing J; large
enough, C’f can be made arbitrarily small, uniformly with respect to k. For such a Ji, notice that

1 + +(,t ) k
Jiee 34 (2) S5 (Zi (2)+sv;) FE
ck <2 / Xhe (2 (2) + svi)/ ]Fk (27 (27 (2) + svi) + 0vj)
€ Jo 0 1+ T]/
1

FEEk FJ’?FI?,
Fkl i (z;r (z;“(zj(z)—ﬁ-svi)-&-ovj)<J17Fk J % (z;.r(z;r(z)—&—svi)—&-avj),Fﬁ (zj(zf(z)+svi)+avj)>t]2
a+—ba+Im) a+ -+ 40
s+(z?_(z)+sv-) F’
Sy v Fé’]", ;;k/ (zj(zf(z)—&-svi)-l—ij)dT

_J
e % dods.

By the continuity of F*, the integral with respect to o is a sum of integrals over disjoint intervals
where F]k, > Jo. The total integral is bounded by an integral of F]ki over a set where I’ ]l‘i > Jo. Using

the entropy control, f FEs T, FJI‘;’ — 0 when Jo — oo. And so choosing Jo large enough, C’§ can be
j/
made arbitrarily small, uniformly with respect to k.

It follows from the boundedness of (F}kal) on its domain of integration in C¥, that the closing
argument in the proof of translational equi-continuity for (Af j) above, can be used to conclude that

(CF)ken+ and with it (Bz’f ;) are translationally equi-continuous. This ends the proof of the lemma. m

For any i € {1,- - -, p}, the following lemma proves the compactness of the integrated gain terms
times X?& in the exponential multiplier form of the (Fik)—sequence, again by the Kolmogorov-Riesz
theorem.

Lemma 4.3
Take € > 0.The sequences

sfG) prpk Fo
(Xfe(z)/ b (2 (2) + svi)e ”f(zf(z)ﬂ"vi)drds)
0

1=1,...,p
Fk Fk ) ) ) 17
1+5)1+32)

keN*’
(4.4)

are strongly compact in L'(Q).

Proof of Lemma 4.3.
The sequence (EFF)rens being uniformly bounded in L!, the same holds for (4.4). For proving its
uniform L' equi-continuity, split the domain of integration in (z,s) €  x [0, s;(2)] into the sets
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where

Fka FFFk
(z*(z) + sv;) > Jh J (2 (2) + svy),
¢ FF Fk AT
1+ )(1+ Ly (I+)0+ )
FFFk FFFF
(resp. F,f = (2 (2) + sv;) < - (7 (2) + svi)
(I+)A+3) (1+5)A+ )

and  FJ(z] (2) + svi) > Jo),
where the integrals are arbitrarily small for J; (resp. J2) large enough, and the remaining domain,

k 1k FEpk
X ={(z.5) € x [0, 57 (2)]; ———2LIM () 1 sv) < (o () )
(1+ )(1+ ) (1+-)1+ )

and Ff(zf(z) + sv;) < Jo},

where (FlkFﬁl) is bounded uniformly with respect to k. Let us prove the L' uniform equi-continuity
of

(k) [ YO BELat )

(+55 0+ ke

on this domain. We can also restrict to a domain where both FJ¥(z;7(2) + sv;) and X (2 (2) + sv;)
are bounded, since

; FEy, -
Xie(2) (2 () + sv;)dsdz
+ + 1€ Fk Fk (3
(2,5)€X;5€[0,57 (2)],F}F (2] (2)+svi)>A (1 + Tl)(l + Tm)

J1J2€F

[ {(2,5) € Xss € 0,57 (2)], B (7 (2) + s01) 2 A},

and the measure of the set where Flk > A tends to zero when A — +o0o. And so, we have reduced
the problem to proving the L' uniform equi-continuity of

si(2) FfF
) L )d
</o Ff (=] (2)+svi) <A 1+ Fkk ) S) keN*’

which follows from the proof of Lemma 4.2. [ |

Lemma 4.4
Up to a subsequence (F¥)pen+ strongly converges in L'(€2).

Proof of Lemma 4.4.

Let F be a weak L! limit of a subsequence of (F*)zen«. For every e > 0, the sequence (x* FF)gen-
is compact in L'(2) by Lemmas 4.2-4.3. For a converging subsequence of (ngFk)keN* the limit
depends on e Choose a decreasing sequence (€,) with lim, ,~ €, = 0, and a diagonal subsequence
in k with Xzeq converging in k for all ¢, and increasing with ¢. Split Fk F into

Xe, (FE—F)+ (= XE)FF = (1= xE)F 1<i<p.
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Using that fﬂ’? sz and fgk F; are arbitrarily small for ¢, small enough, leads to the result. [ |
’LEq ZEq

Lemma 4.5
Under the assumptions of Theorem 1.1, F is a nonnegative renormalized solution of the discrete
velocity coplanar Boltzmann boundary value problem (1.6)-(1.7).

Proof of Lemma 4.5.
Start from a renormalized formulation for % FF,

—/ ©ix® In (1+Fik)(Z)vi-n(Z)da(Z)—/ eixEIn (1 + f£)(Z)vi - n(Z)do(Z)
o0~ o0t

— / Xfe In (1 + sz)vz -Vpi(2)dz
Q

k
1+ FF Z Pk T A '
Q t jlm=1 l 1'+‘?f 1+ 7?’1‘+ —

for test functions ¢ € (C1(Q))P. Use the strong L' convergence given by Lemma 4.4 for the sequence
(F¥)gen+, to pass to the limit in the left hand side of (4.5) when k — 4-o0. This gives in the limit
for the left hand side

— / ¢iln (14 F)(Z)v; - n(Z2)do(Z) — / eiln (14 f5;)(Z)v; - n(Z)do(Z)
o0~ o0t
— / In (1 + Fi)viV%(z)dz.
Q
For the passage to the limit when & — o0 in the right hand side of (4.5), given 1 > 0 there is a

subset A, of Q with [A7| < 7, such that up to a subsequence, (F},) uniformly converges to I on A,
and F' € L*°(A,). Passing to the limit when & — 400 on A, is straightforward. Moreover,

o
lim y T+ 7@ (F)()dz=0 and lim y eixi Fv) (2)dz = 0,

uniformly with respect to k, since

F; Fk
< d <1, and lim [ Ff=0,

= k
PHRT aarha+ o+ ) 0

uniformly with respect to k. The passage to the limit in the loss term follows.
The passage to the limit in the gain term can be done as follows. The uniform boundedness of the
entropy production term of (F¥) given by (3.15) in Lemma 3.3, implies that for any v > 1,

17k
/ IERGE o g (2 < o / FFob(2)dz.
1—|—F In 3

v glm=1 l 14

Take first  large, then n small. It follows that the right hand side of (4.5) converges to

Qf (F) Q; (F)
/‘Di TR PE | YT E

(2)dz,
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when k& — +oo. Consequently, F' satisfies (1.6)-(1.7) in renormalized form. |

Remark 4.1 Strong L' compactness and convergence to a renormalized solution of the discrete
velocity coplanar Boltzmann boundary value problem (1.6)-(1.7), as obtained in Section 4, would
also hold without Assumption 1.4, for a sequence of approzimations (F*)pen weakly compact in L.
This will be the frame of a following paper.
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